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1. Introduction

In [14,15] we give foundations for the enumeration of holomorphic curves with Lagrangian
boundary in Calabi–Yau 3-folds. The basic idea is that the obstruction to invariance arising from
codimension one boundaries in moduli can be exactly identified with the HOMFLYPT framed
skein relations (Figure 1) on the boundaries of the holomorphic curves themselves. Thus we
retain invariance by counting curves with boundary on L by the isotopy class of their boundary
in the framed skein module Sk(L), i.e., the free module generated by framed links in a three-
manifold L, modulo the skein relations. That is, the invariant is an element of the framed skein
module.

That there should be some such marriage of holomorphic curve counting and knot theory was
long predicted by the string theorists [17,26,29], who moreover made predictions of the resulting
curve counts [2,3]. These predictions have in some sense been mathematically confirmed:
although a theory of open Gromov–Witten invariants was missing, one can nevertheless formally
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Figure 1. The HOMFLYPT skein relations. Here we will take z = q1/2 −q−1/2.

compute by equivariant localization [7,18,20,21]. The computations typically reduce to the
Hodge integral formula of [16].

In our new setting we have a definition, but no longer have access to equivariant localization:
to define skein valued invariants we must perturb the holomorphic curve equation so that the
boundaries of curves are embedded; necessarily breaking the C∗ action as the fixed points of the
latter are generally multiple covers.

On the other hand we have a new tool: equations in the skein coming from the study of 1-
dimensional moduli spaces of holomorphic curves. Indeed, by the same arguments guaranteeing
invariance of the skein valued Gromov–Witten invariant, the boundary of such a 1-dimensional
moduli space must vanish in the skein. Thus if we can compute this boundary by some other
means, we obtain an equation. This idea was proposed and studied (nonrigorously) in [1,10,13];
our new technology [14,15] makes it rigorous and more general (the previous works can in
retrospect be understood as valued in a specialization of the skein). In the language of these
papers the result of this paper is a skein valued recursion relation for the skein valued Gromov–
Witten partition function, see Section 3 for a discussion.

When the Calabi–Yau X and Lagrangian L are noncompact with ideal boundary (∂X ,∂L) where
∂L is a Legendrian in the contact manifold ∂X , we may study moduli of holomorphic curves with
positive punctures asymptotic to Reeb chords of L. The simplest imaginable case is when there
are only Reeb chords of Conley–Zehnder index ≥ 1. In this case, the boundary of the moduli of
curves with one positive puncture splits as a ‘product’ of disks in the symplectization of (∂X ,∂L),
and curves without punctures in the interior of (X ,L), see Proposition 9. Examples of this kind
include the one we study here: X =C3 or the resolved conifold, and L a toric brane. Toric branes
have the topology of a solid torus, and there is one topological type of such for each ‘leg’ of the
toric diagram [3].

Let us clarify what is meant by product. Recall that the framed skein module Sk(L) is the
quotient of framed isotopy classes of embedded links in L by the skein relations [27,28]. Note
that Sk(∂L) := Sk

(
∂L × [0,1]

)
is an algebra, by concatenation of intervals. For a similar reason this

algebra acts on Sk(L). The disks in the symplectization (after choosing capping paths) determine
some element AL ∈ Sk(∂L). The curves in the interior determine an element ΨL ∈ Sk(L). Using
the above action we can consider ALΨL ∈ Sk(L); the fact that it arises as a boundary gives us the
equation ALΨL = 0.

Thus if we can determine AL , and solve equations in the skein, we can recoverΨL . Determin-
ing AL is essentially the subject of (a generalization of) Legendrian contact homology [11,12]; in
the cases at hand, finding these curves is elementary.
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Skein modules of 3-manifolds are generally complicated, but here L is a solid torus T and its
skein is very well studied, see [25]. Denote by T the product of a torus and the interval; then
Sk(T) acts on Sk(T). Fixing a choice of longitude on ∂T, we denote by P1,0 the meridian, P0,1 the
longitude, and more generally Pa,b the curve of slope a/b for a,b relatively prime. The key point
for us is that diagonalizing the action of P0,1 on Sk(T) yields the basis corresponding to irreducible
quantum group representations and indexed by pairs of partitions, see [25, Section 4]. In fact our
invariants can be seen geometrically to live in the ‘positive part’ Sk+(T) in which one of these
partitions is empty. We denote the corresponding basis of this positive part by Wλ, see [4,19] for
algebraic and geometric properties of these basis elements.

The only nontrivial facts we need from skein module theory are the following identities, which
can be found in e.g., [22,24] (we use the notation of [25]:

P1,0Wλ =
( e+a(q1/2 −q−1/2)cλ(q)

) ·Wλ, (1)

P0,1Wλ =
∑

λ+□=µ
Wµ. (2)

Here, eis an unknot (circle bounding a disk and framed by the normal to the disk), and cλ(q)
is the content polynomial of the partition λ. We recall basic notations for partitions (e.g., the
content polynomial, the hook length, □∈λ, and µ=λ+□) below in Section 4.

We now state our results.

Theorem 1. Let L be a toric brane in C3. Then the skein-valued holomorphic curve count
Ψ ∈ Sk+(L) satisfies the relation

( e−P1,0 +aLγP0,1)Ψ= 0,

where aL is the HOMFLY-PT framing variable of L (the framing variable is denoted a in the skein
relation of Figure 1). Here γ is a signed monomial in the framing variable aL , i.e., γ = ±ap

L ,
depending on framing choices. This equation has a unique solution of the form 1+·· · , namely:

Ψ=∑
λ

γ|λ|Wλ

∏
□∈λ

q−c(□)/2

qh(□)/2 −q−h(□)/2
,

where c denotes the content and h the hook-length. This is the skein-valued count of curves in C3

ending on L.

The proof of Theorem 1 consists in three parts: finding the geometric disks in the symplectiza-
tion in Proposition 5; determining the coefficients with which they appear in Proposition 10, and
finally solving the skein equation in Proposition 13. The resultingΨ should be compared to [20,
Theorem 7.1].

We treat similarly the case of the unknot conormal.

Theorem 2. Let L be the unknot conormal in T ∗S3 and let σ be an orientation of S3. Let
Ψσ ∈ Sk+(L)⊗Sk(S3) denote the corresponding skein valued holomorphic curve count. Then, for
one of the orientations σ:( e−P1,0 +γ(aL aP0,1 −a−1P1,1)

)
Ψσ = 0 =⇒ Ψσ =∑

λ

γ|λ|Wλ

∏
□∈λ

aq−c(□)/2 −a−1qc(□)/2

qh(□)/2 −q−h(□)/2
,

and for the opposite orientation −σ:( e−P1,0 −γ(aL a−1P0,1 −aP1,1)
)
Ψ−σ = 0 =⇒ Ψ−σ =∑

λ

γ|λ|Wλ

∏
□∈λ

aqc(□)/2 −a−1q−c(□)/2

qh(□)/2 −q−h(□)/2
.

Here γ is a signed monomial in the framing variables (a, aL) (i.e., γ = ±ap aq
L ), depending on

framing choices. The solutions Ψ±σ are interchanged by reversing the orientation of S3 (and
correspondingly taking a 7→ a−1 and q1/2 7→ −q1/2), and give the skein valued curve counts.
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We determine the symplectization disks for Theorem 2 in Proposition 7 (known by another
method already in [11]), find their coefficients in Proposition 11, and then solve the skein
equation in Proposition 14.

Remark 3. The substitution Q = a2 in Theorem 2 gives the corresponding formula for curves in
the resolved conifold ending on a toric brane on an external leg.

Remark 4. In [14,15], we count curves of Euler characteristic χ by z−χ. In this article we set
z = q1/2 − q−1/2. We do this because the eigenvalues of P1,0 are naturally expressed in the
variable q , but would be some complicated power series in the variable z. In particular, the
poles in the formula of Theorem 1 imply the existence of bare curves of arbitrarily low Euler
characteristic of any given non-minimal area.

2. Holomorphic curves in the symplectization

We determine the holomorphic curves with boundary on the Lagrangians under consideration in
the R-invariant regions of C3 and T ∗S3, respectively. We find them by viewing the contact man-
ifold under consideration as a pre-quantization bundle and studying the Lagrangian projection
of the torus. Alternatively, one can find the curves via Morse theory: draw the front of the Legen-
drian in suitable coordinate systems on the contact manifold and study flow trees, see Remarks 6
and 8.

Consider C3 with coordinates (x1 + i y1, x2 + i y2, x3 + i y3) and symplectic form ω=∑3
j=1 dx j ∧

dy j as a Weinstein manifold with Liouville vector field V = ∑3
j=1(x j∂x j + y j∂y j ). Then the ideal

contact boundary ofC3 is the standard contact 5-sphere S5 with contact form
∑

j (x j dy j −y j dx j ).
The Reeb vector field is then i ·V and the Reeb flow is periodic with orbits given by intersections
of S5 with complex lines through the origin or in other words fibers of the Hopf fibration π : S5 →
CP 2. The toric Lagrangian in C3 is parameterized by (α,β,r ) ∈ S1 × S1 × [0,∞) by the formula
(α,β,r ) 7→ (

(r 2 +δ)
1
2 e iα,r e iβ,r e−i (α+β+ π

2 )
)
, for some fixed δ> 0 [3]. The Lagrangian is asymptotic

to a Legendrian torus we denote TAV ⊂ S5.

Proposition 5. After generic perturbation, the Legendrian torus TAV has a single Reeb chord of
index one, and all other Reeb chords of higher index. There are three rigid curves at infinity with
one positive puncture asymptotic to this chord; all are disks and after appropriate choice of capping
paths, the boundaries of these three curves are: (1) contractible, (2) the longitude, and (3) the
meridian of TAV .

Proof. Consider the Hopf map π : S5 → CP 2. It acts as follows on TAV , parameterized by
(α,β) ∈ (S1)2 as above, in projective coordinates:

π(α,β) = [
e i (2α+β) : e i (2β+α) : i

]
.

Thus the image π(TAV ) is the Clifford torus in CP 2, and the map has degree
∣∣2 1

1 2

∣∣ = 3 and is a
covering map. Thus, for any ζ ∈ π(TAV ), the pre-image π−1(ζ) in TAV consists of three points on
a Hopf fiber, where the second and third points are obtained from the first by rotation 2π

3 and 4π
3 ,

respectively.
Thus, any point p ∈TAV is the starting point of infinitely many Reeb chords of TAV of actions

k · 2π
3 , k > 0, and there are no other Reeb chords starting at p. It follows that any Reeb chord of

TAV has action k · 2π
3 , some k > 0 and, furthermore, that the collection of Reeb chords of action

k0 · 2π
3 for fixed k0 is a Bott family with Bott manifold TAV (take the starting point of the chord as

Bott parameter).
It is straightforward to check that the Maslov class of TAV equals zero, that the first Bott family

of Reeb chords of action 2π
3 , corresponding to k0 = 1, has Conley–Zehnder index equal to 1, and
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that Bott families corresponding to k0 > 1 have indices > 1. This means that moduli spaces of
holomorphic curves in the symplectizationR×S5 ≈C3 \{0} with boundary on R×TAV that are not
trivial Reeb chord strips have dimension ≥ 1 and dimension = 1 only if the curve has exactly one
positive puncture at a Reeb chord c of action 2π

3 .
Consider a holomorphic curve u in C3 \ {0} with positive puncture at a fixed Reeb chord c of

action 2π
3 . Then the projection of u, π◦u, is a holomorphic curve in CP 2 with boundary on the

Clifford torus, where the boundary passes through the point π(c). By Stokes’ theorem the area
of π(c) equals one third of the area of CP 1 and by monotonicity of the Clifford torus the Maslov
index of the curve then equals 2. Consequently, holomorphic curves with positive puncture at c
are lifts of Maslov index 2 curves with boundary on the Clifford torus which passes through a
given point π(c). For fixed ζ= π(c), the only such curves are the three disks depicted in Figure 2.
The boundaries of these disks are well-known and easy to find from the S1-actions. This then
gives the three curves described above. □

Remark 6. It is also possible to find the disks in the proof of Proposition 5 via flow trees of
Legendrian fronts. The Legendrian torus TAV was studied in detail in [9] and the flow trees were
determined in [8].

We turn to the unknot conormal, and write T dfor the Legendrian conormal torus at infinity.

Proposition 7. After generic perturbation, the Legendrian torus T dhas a single Reeb chord of
index one, and all other Reeb chords of higher index. There are four rigid curves at infinity; all disks,
each with a positive puncture at the index one Reeb chord. After appropriate choice of capping
paths, the boundaries of these four curves are: (1) contractible, (2) the longitude, (3) the meridian,
and (4) the slope (1,1) curve of T d.
Proof. Consider ST ∗RP 3 as the pre-quantization bundle of local CP 1 ×CP 1 and ST ∗S3 as its
double cover. Here the Legendrian unknot conormal projects to the product (Clifford) torus in
CP 1×CP 1 (which itself lifts to the Legendrian conormal of the real projective line) and is a double
cover of this projection. As for the toric brane above, holomorphic curves project to holomorphic
curves with boundary on the product torus and there are four such disks, see Figure 2 (right). The
boundaries of these curves are evident from the moment map (and well known). We deduce the
result by taking their lifts to T d. □

Remark 8. Proposition 7 can also be proved using flow tree methods: represent ST ∗S3 as J 1S2,
the front of the unknot conormal and corresponding flow trees (and holomorphic disks) were
described in [11].

Figure 2. Holomorphic curves at infinity can be seen from toric geometry: the Legendrian
torus at infinity of C3 and T ∗S3 project 3-to-1 and 2-to-1 to the Clifford torus in CP 2

and CP 1 ×CP 1, respectively. The red dot indicates the Clifford torus and the blue lines
holomorphic disks in the moment polytopes of CP 2 (left) and CP 1 ×CP 1 (right).
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3. Relations from infinity

We study one-dimensional moduli spaces of disconnected holomorphic curves with boundary
on a Lagrangian L in the symplectic manifold X where (X ,L) has ideal contact boundary (∂X ,∂L).
Our curves will have one positive puncture at an index one Reeb chord of ∂L at infinity. By
SFT-compactness [5], this moduli space has (assuming transversality) two kinds of boundaries:
(1) those arising from SFT-splittings into two level curves, an R-invariant component in the
symplectization joined at Reeb chords at its negative end to rigid curves with positive punctures
in (X ,L), and (2) those arising from boundary degenerations of holomorphic curves in (X ,L).
Exactly as in [14,15] the second type of boundary can be canceled by counting curves by their
boundaries in the skein module of the L. Hence the first type of boundary must itself vanish,
when counted appropriately (with signs) in the skein module. When the Legendrian boundary
∂L ⊂ ∂X has the property that all Reeb chords have non-negative grading (as is the case for knot
conormals in T ∗S3) then the curves in the R-invariant region give equations in degree zero Reeb
chords with coefficients in the skein. If the Reeb chords can be eliminated from this system of
equations we obtain an element in the skein of ∂L × [0,1] that annihilates the element in Sk(L)
given by all rigid curves.

In the cases at hand, there are no Reeb chords of degree zero, so no elimination is necessary.
In addition the single Reeb chord of degree one has the least action among all Reeb chords, so we
need not argue for transversality in order to invoke SFT compactness.

Proposition 9. Let (X ,L) be the toric brane in C3 or the unknot conormal in T ∗S3 as above. Then
after arbitrarily small perturbation, all Reeb chords of ∂L have degrees ≥ 1 and there is a unique
degree one Reeb chord c. The moduli space M (c) of holomorphic curves with positive puncture
at c is one dimensional, and any SFT-type boundary must correspond to a single curve in the R-
invariant region, plus curves without punctures in (X ,L).

Proof. Since c has minimal action, no curve in M (c) can have any negative puncture. The result
then follows by SFT-compactness. □

Let us write Ψ ∈ Sk(T) for the count in the skein of the interior curves and A ∈ Sk(T) for the
count in the skein of the outside disks. We have the equation AΨ = 0, where the product means
the action of Sk(T) on Sk(T).

We distinguish the two cases above by writingΨAV ,AAV for the toric brane in C3, andΨ d,A d
for the case of the unknot.

Above we have determined the holomorphic curves which contribute to AAV ,A d. We should
also determine the coefficients of the corresponding terms. The geometric multiplicities are in
each case ±1, but we have not yet determined the sign. In the skein we must also remember the
framing of the boundary and the related 4-chain intersection of the curves. In principle these
could be computed directly; instead we will determine them from the equation AΨ= 0, using the
first (easy to compute) term of Ψ. We write aL for the framing variable in the skein of the toric
brane or of the conormal of the unknot. We will use the filtration on the positive skein module
Sk+(T) given by homological degree. Note that the degree of a basis element Wλ in Sk(T) equals
the number of boxes in the partition λ.

Proposition 10. We have

ΨAV = 1+ γ

q1/2 −q−1/2
W□+O (2)

where γ=±ak
L is some signed power of aL depending on framing choices. For the same choices,

±(aL)m AAV = e−P1,0 +aLγP0,1,

for some integer m.
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Proof. Let us first explain the formula for ΨAV . The zeroeth term in the count of disconnected
curves is 1 by definition. The first term counts the embedded disk sitting above the corresponding
‘leg’ of the toric diagram. More precisely, the toric brane on the first leg is

(α,β,r ) 7→ (
(r 2 +δ)

1
2 e iα,r e iβ,r e−i (α+β+ π

2 )),

and the disk is the radius
p
δ-disk in the first complex coordinate line. The boundary of this disk

is the longitude of the Lagrangian solid torus, hence gives W□. By definition disks are counted
by (q1/2 − q−1/2)−1. We absorb framing, 4-chain, and sign conventions in γ, which is a signed
monomial in aL .

For AAV , we know what disks must contribute; hence:

AAV =±a
n0,0
L

e±a
n1,0
L P1,0 ±a

n0,1
L P0,1.

We rescale so the coefficient of the eterm is 1:

AAV ∼ e+γ1,0P1,0 +γ0,1P0,1.

Here the coefficients γi , j are signed monomials in aL . We solve for them using (1) and (2).
Consider the zeroeth order term in AAVΨAV , which P0,1, as an O (1)-term in Sk(T), cannot affect.
This is (1+γ1,0) e, so we find γ1,0 =−1. Now we have:

( e−P1,0 +γ0,1P0,1)
(
1+γ(q1/2 −q−1/2)−1W□+O (2)

)= 0.

After expanding the product, the coefficient of W□ is γ0,1 −aLγ. We learn γ0,1 = aLγ. □

Let us treat similarly the second case. We write a for the framing variable in S3 and use
filtration by homological degree in Sk(T).

Proposition 11. We have

Ψ d= 1+γ a −a−1

q1/2 −q−1/2
W□+O (2)

where γ=±ak
L is some signed power of aL depending on framing choices. For the same choices, one

of the following holds:

±am
L A d= e−P1,0 +γ(aL aP0,1 −a−1P1,1)

or

±am
L A d= e−P1,0 +γ(−aL a−1P0,1 +aP1,1),

for some integer m. Note these possibilities differ by a 7→ −a−1 (which however will also change the
value of γ).

Proof. Let us explain the formula forΨ d. Here the first term arises because as we discuss in [14]
there is a unique cylinder, whose boundary is the meridian in the conormal and the unknot in S3.
Evaluating the unknot in the skein of S3 gives the term a−a−1

q1/2−q−1/2 , and γ contains any extra 4-chain
intersections, framing of the knots, etc.

We have seen what disks contribute, so up to scalar multiple

A d∼ e+γ1,0P1,0 +γ0,1P0,1 +γ1,1P1,1.

Here the γi , j are signed monomials in the framing variables. We solve for the γi , j in terms of γ.
Exactly as for the previous case, we learn from the degree zero term that γ1,0 =−1. Then from the
W□ term we learn

γaL(a −a−1) = γ0,1 +aLγ1,1.

Recall the γ are all monomials. Thus either: (1) γ0,1 = γaL a and γ1,1 = −γa−1, or (2) γ0,1 =
−γaL a−1 and γ1,1 = γa. This yields the two possibilities stated in the proposition. □
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4. Reminders of partition combinatorics

By a partition λ we mean a finite nonincreasing sequence of integers λ1 ≥ λ2 ≥ ·· · . We write
|λ| :=∑

λi , and ℓ(λ) for the ‘number of parts’ i.e. the number of nonzero λi . We discuss partitions
in terms of their Young diagrams; see Figure 3. We discuss a square in the diagram by writing
□∈λ. Each square has an arm, leg, coarm, and coleg as depicted in Figure 3.

If λ is a partition and □ ∈ λ then its hook, Hookλ(□), is the union of the square itself, and its
arm and leg. The hooklength h(□) is the total number of boxes in the hook, i.e. the length of the
arm plus the length of the leg plus one. The content c(□) is the length of the coarm minus that of
the coleg. See Figure 4.

Figure 3. Left: The Young diagram of the partition 6+4+2. Right: The arm, leg, coarm, and
coleg of the black square are indicated in red, green, blue, and yellow, respectively.

0 1 2 3 4 5

−1 0 1 2

−2 −1

8 7 5 4 2 1

5 4 2 1

2 1

Figure 4. Left: In each square we write the value of c(□). The content polynomial is
q−2 +2q−1 +2+2q +2q2 +q3 +q4 +q5. Right: In each square we write the value of h(□).

As practice with these notions, and because we need it later, let us prove the following result.

Lemma 12.
∑

□∈λ c(□)+h(□)+1 ≡ 0 (mod 2).

Proof. The quantity in question is
∑

□∈λ coarm(□) − coleg(□) + arm(□) + leg(□), which mod 2
agrees with

∑
□∈λ coarm(□) + coleg(□) + arm(□) + leg(□). Each term is the length of the row

containing the box plus the height of the column containing the box, hence we are summing
the squares of the row lengths and column heights. This has the same parity as the sum of the
row lengths and the column heights, which is 2|λ|, hence zero mod 2. □

We need some q-numbers. We write [n]q := 1+ q + ·· · + qn−1. Consider a partition λ. The
content polynomial of λ is

cλ(q) := ∑
□∈λ

qc(□).

Note cλ(1) = |λ|.
If □∈λ then its q-hooklength is

h□(q) := ∑
■∈Hookλ(□)

qc(■),

where the sum runs over all squares ■∈ Hookλ(□) ⊂ λ. Note that h□(1) = h(□) and that in fact is
some power of q times the quantum integer of the hook length, h□(q) = q p□

[
h(□)

]
q . The hook

polynomial is

hλ(q) := ∏
□∈λ

h□(q) = q
∑

□∈λ p□
∏
□∈λ

[
h□(1)

]
q = ∏

□∈λ
q

3
2 c(□)[h□(1)

]
q . (3)
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We write λ+□ = µ to indicate that µ is a partition whose Young diagram can be obtained by
adding one box to that of λ. We will need the formula:

cµ(q)

hµ(q)
= ∑
λ+□=µ

q−c(□)

hλ(q)
, (4)

where the content c(□) in the right-hand side is the content of □∈λ.
This formula is the specialization of the ‘weighted hook length branching rule’ of [6] to xi = q

and y j = q−1. (It is asserted there that some q-specialization, presumably this one, can be
obtained from the branching rule for Hall–Littlewood polynomials on [23, p. 243].) Note at q = 1
and multiplied by |λ|!, this is just the usual branching rule for dimensions of representations of
the symmetric group.

Actually we will use this formula after multiplying both sides by qc(µ), where c(µ) =∑
□∈µ c(□).

Then the formula reads:

cµ(q) · qc(µ)

hµ(q)
= ∑
λ+□=µ

qc(λ)

hλ(q)
. (5)

5. Calculation

Proposition 13. Any solution of ( e−P1,0 +aLγP0,1)Ψ= 0 is a scalar multiple of

Ψ=∑
λ

γ|λ|Wλ

∏
□∈λ

q−c(□)/2

qh(□)/2 −q−h(□)/2

Proof. Note that (P1,0 − e) is diagonal in the Wλ basis, with eigenvalues proportional to the
content polynomials. In particular it is invertible, and we may rewrite the equation as Ψ =
aLγ(P1,0 − e)−1P0,1Ψ. Combining (1) and (2), we have:

aLγ(P1,0 − e)−1P0,1Wλ =
γ

(q1/2 −q−1/2)

∑
λ+□=µ

Wµ

cµ(q)
. (6)

We write Ψ = ∑
λψλWλ. From (6), the equation for Ψ becomes the following recursion for its

coefficients:

ψµ = γ

cµ(q)(q−1/2 −q1/2)

∑
λ+□=µ

ψλ. (7)

In particular, we see that each ψµ is determined by the ψλ with fewer boxes, so the solution is
unique up to scalar multiple.

It remains to show that our proposedΨ satisfies the recursion (7). We rewrite the coefficients
(using the last equality in (3)):

ψν = γ|ν|
∏
□∈ν

q−c(□)/2

qh(□)/2 −q−h(□)/2
= γ|ν| ∏

□∈ν

q−c(□)/2[
h(□)

]
q (q1/2 −q−1/2)

= γ|ν|

(q1/2 −q−1/2)|ν|
qc(ν)

hν(q)
.

After cancelling the appropriate powers of γ, (q1/2 − q−1/2), the recursion (7) (and hence the
proposition) now reduces to (5). □

With only slightly more work we can also show the following.

Proposition 14. Any solution to the equation
( e−P1,0 +γ(aL aP0,1 − a−1P1,1)

)
Ψσ = 0 is a scalar

multiple of

Ψσ =∑
λ

γ|λ|Wλ

∏
□∈λ

aq−c(□)/2 −a−1qc(□)/2

qh(□)/2 −q−h(□)/2
.
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Meanwhile any solution to the equation
( e− P1,0 + γ(−aL a−1P0,1 + aP1,1)

)
Ψ−σ = 0 is a scalar

multiple of

Ψ−σ =∑
λ

γ|λ|Wλ

∏
□∈λ

aqc(□)/2 −a−1q−c(□)/2

qh(□)/2 −q−h(□)/2
.

The products in the two cases are interchanged by taking a 7→ a−1 and q1/2 7→ −q1/2.

Proof. We expandΨ :=Ψσ in coefficientsΨ=∑
λψλWλ. Again using invertibility of (P1,0 − e)−1

we rewrite the equation as

Ψ= γ(P1,0 − e)−1(aL aP0,1 −a−1P1,1)Ψ.

We abbreviateΩ := (P1,0 − e)−1(aL aP0,1 −a−1P1,1). From the skein relation we have:

(q1/2 −q−1/2)P1,1 = [P1,0,P0,1]

and noting moreover that [P1,0,P0,1] = [P1,0 − e,P0,1], we compute

Ω= aL a(P1,0 − e)−1P0,1 − a−1

q1/2 −q−1/2

(
P0,1 − (P1,0 − e)−1P0,1(P1,0 − e)).

Again using (1) and (2), we have:

ΩWλ =
1

q1/2 −q−1/2

∑
λ+□=µ

Wµ ·
(

a

cµ(q)
−a−1

(
1− cλ(q)

cµ(q)

))

= 1

q1/2 −q−1/2

∑
λ+□=µ

Wµ · a −a−1qc(□)

cµ(q)
.

ThusΨ is a solution if

ψµ = γ

cµ(q)(q−1/2 −q1/2)

∑
λ+□=µ

(a −a−1qc(□))ψλ. (8)

Using (3) we rearrange our proposed solution slightly:

ψν = γ|ν|
∏
□∈ν

aq−c(□)/2 −a−1qc(□)/2

qh(□)/2 −q−h(□)/2

= γ|ν| ∏
□∈ν

aq−c(□)/2 −a−1qc(□)/2[
h(□)

]
q (q1/2 −q−1/2)

= γ|ν|

(q1/2 −q−1/2)|ν|
1

hλ(q)

∏
□∈ν

(aqc(□) −a−1q2c(□)).

It is now immediate from (5) that our proposed solution satisfies the recursion (8). The proof of
the second formula, forΨ−σ, is similar.

It is clear that the formulas are interchanged by a 7→ a−1 and q1/2 7→ −q1/2 up to a sign given
by the parity of

∑
□∈λ c(□)+h(□)+1; which was computed in Lemma 12. □

Remark 15. Let us write
〈

Wλ( e)〉 ∈ Sk(S3) for the element in the skein corresponding to the
Wλ cable of a standard unknot. It is well known that under the identification of Sk(S3) with an
appropriately localized polynomial ring in a, q1/2, we have〈

Wλ( e)〉= ∏
□∈λ

aqc(□)/2 −a−1q−c(□)/2

qh(□)/2 −q−h(□)/2
.

Thus our formula may also be written

Ψ′ =∑
λ

γ|λ|Wλ ·
〈

Wλ( e)〉.
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