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Abstract. We analyze the conforming approximation of the time-harmonic Maxwell's equations using
Nédélec (edge) finite elements. We prove that the approximation is asymptotically optimal, i.e., the approxi-
mation error in the energy norm is bounded by the best-approximation error times a constant that tends to
one as the mesh is refined and/or the polynomial degree is increased. Moreover, under the same conditions
on the mesh and/or the polynomial degree, we establish discrete inf-sup stability with a constant that corre-
sponds to the continuous constant up to a factor of two at most. Our proofs apply under minimal regularity
assumptions on the exact solution, so that general domains, material coefficients, and right-hand sides are
allowed.

Résumé. On analyse I'approximation conforme des équations de Maxwell en régime harmonique par des élé-
ments finis de Nédélec. On montre I'optimalité asymptotique de I'approximation, i.e., I'erreur d’approxima-
tion en norme d’énergie est bornée par I'erreur de la meilleure approximation multipliée par une constante
qui tend vers un quand le pas du maillage tend vers zéro ou le degré polynomial tend vers I'infini. De plus,
sous ces mémes hypotheses sur le maillage et le degré polynomial, on établit une condition de stabilité inf-
sup avec une constante qui vaut au plus deux fois la valeur de la constante de stabilité du probleme continu.
Les preuves s’appliquent sous des hypotheéses de régularité minimale sur la solution, ce qui permet de consi-
dérer une large classe de domaines, propriétés matériaux et termes sources.
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1. Introduction

This work analyzes the conforming approximation of the time-harmonic Maxwell’s equations
using Nédélec (edge) finite elements. In this section, we present the model problem, outline the
main challenges in its finite element approximation, and discuss the present contributions in
view of the existing literature.

1.1. Setting

Let D cR?, d = 3, be an open, bounded, connected, Lipschitz polyhedron with boundary 4D and
outward unit normal np. For the present purposes, a polyhedron can be understood as a finite
union of tetrahedra; see, e.g., [22, Section 5.2]. We do not make any simplifying assumption on the
topology of D. We use boldface fonts for vectors, vector fields, and functional spaces composed
of such fields. More details on the notation are given in Section 2.

Given a positive real number w > 0 representing a frequency and a source term J: D — R3, and
focusing for simplicity on homogeneous Dirichlet boundary conditions (a.k.a. perfect electric
conductor boundary conditions), the model problem consists in finding E: D — R3 such that

~w?€E+Vx(u 'VxE)=] inD, (1a)
Exnp=0 ondD, (1b)

where € represents the electric permittivity of the materials contained in D and g their magnetic
permeability. Both material properties can vary in D and take symmetric positive-definite values
with eigenvalues uniformly bounded from above and from below away from zero. We assume
that w is not a resonant frequency, so that (1) is uniquely solvable in Hy(curl; D) for every J in the
topological dual space Hg(curl; D)'. The time-harmonic Maxwell’s equations (1) are one of the
central models of electrodynamics. Therefore, efficient discretizations are a cornerstone for the
computational modelling of electromagnetic wave propagation [25,35].

1.2. Main challenges when approximating (1)

To highlight the main challenges associated with the finite element approximation of (1), let us
first briefly discuss the Helmholtz problem that arises when considering polarized electromag-
netic waves. In this case, a two-dimensional domain DcR?is considered, and the component of
the electric field normal to D, E: D — R, satisfies

~w*€E-V-(i"'VE)=T inD, (2a)
E=0 onaD, (2b)

where f: D — Ris the component of J normal to D, € the normal-normal component of €, and
[ the cofactor matrix of the tangent-tangent sub-matrix of . The Helmholtz problem also arises
in other contexts, such as (three-dimensional) acoustic wave propagation.
The Laplace operator in (2) is coercive over Hy 1 (D), and the compact embedding Hy 1 (D)

2 (D) ensures that the negative term in (2a) is a compact perturbation. As a result at the
continuous level, (2) falls into the framework of the Fredholm alternative, and the Helmholtz
problem is well-posed in H(} (D) if and only if w is not a resonant frequency. Compactness
also has direct implications at the discrete level. The most common manifestation is probably
the celebrated Aubin-Nitsche duality argument. Specifically, setting w = 0 and considering
conforming Lagrange finite elements for simplicity, it is well-known that the finite element
approximation, E n, converges to F faster in the LZ(D) -norm than in the H, 1 (D) -norm.
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When w > 0, this observation can be leveraged into a technique often called Schatz’s argu-
ment [39]. The key idea is that the negative I? (f))-term in (2) becomes negligible on sufficiently
fine meshes, leaving only a coercive term and thus enabling the derivation of a Céa-like lemma.
More specifically, considering the Lagrange finite element space V), H(} (D) with mesh size h
and polynomial degree k = 1, one can show that if the mesh is sufficiently refined and/or the
polynomial degree is sufficiently increased, the finite element approximation, Ej,, is uniquely de-
fined and satisfies the following error bound:

(L=PIE~Exll = min IIE - vpll, 3)

I’J\h € Vh
where the natural energy norm for (2) is

218z |2, ~ +IE 2 VDI, - @)
LZ(D) LZ(D)’

l@l? =
and where the approximation factor y satisfies limj,,x_.¢y = 0 (the notation means that the limit
is taken by sending the ratio h/k to zero, which can, in particular, be realized by sending h
to zero with k fixed or k to infinity with h fixed). Crucially, (3) implies that the finite element
approximation is asymptotically optimal. The original argument of Schatz in [39] for conforming
finite elements requires some extra smoothness on the solution, and it has been extended in a
number of ways. Of particular importance is the seminal work [30] which tracks the dependence
of y on the frequency w, the mesh size & and the polynomial degree k. This has later been
extended to non-smooth domains and varying coefficients [10,28,31].

The challenges encountered in the Helmholtz problem (2) are also present in the time-
harmonic Maxwell’s equations (1), with one key additional difficulty: the lack of compact-
ness of the embedding Hy(curl; D) — L?(D). This is remedied by working in the subspace
Hy(curl; D) n H(div;€; D), with H(div;€; D) := {v € L2(D); V-(ev) € L2 (D)}, which compactly em-
beds into L2(D) [3,16,41]. Therefore, a crucial ingredient in the analysis of any finite element
approximation to (1) is to derive some suitable control on the divergence of the discrete solu-
tion. This is discussed in the context of Lagrange finite elements, e.g., in [6,8,17,18]. However, a
somewhat more popular approach to approximate the time-harmonic Maxwell’s equations in a
conforming setting hinges on Nédélec finite elements [37,38]. This is the approach considered
herein, and we now discuss our main contributions to this topic.

1.3. Main contributions

The Nédélec finite element approximation to (1) is Hy(curl; D)-conforming, but only weakly
H(div;€; D)-conforming. The lack of H(div;€; D)-conformity must be taken into account in
the error analysis. Early contributions to the topic are based on the concept of collective
compactness. A seminal work in this regard is [27] for lowest-order Nédélec elements, and
extensions to higher-order elements have been carried out [4,36]. We also refer the reader to [7,9],
and to [35, Section 7.3] for an overview.

Later on, duality proofs in the spirit of Schatz were proposed. For Maxwell’s equations,
the Aubin-Nitsche trick cannot be applied directly, so that an intermediate step involving a
commuting interpolation operator is added to the proof. This argument seems to date back to
the work of Girault [24] using canonical interpolation operators, and has been used for Maxwell’s
equations in [34,42]. As pointed out in [24, Remark 3.1], one drawback of using the canonical
interpolation operators is the extra regularity requirement on the exact solution. This limitation
was lifted following the development of commuting quasi-interpolation operators working under
minimal regularity assumptions (see [2,14,15,40] and [22, Chapters 22-23]). The application to
Maxwell’s equations can be found in [11,21], see also [23, Chapter 44].
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The asymptotic optimality of the Nédélec finite element approximation to the time-harmonic
Maxwell’s equations with impedance boundary conditions has been shown very recently in [33,
Theorem 9.7]. Therein, the domain boundary is assumed to be smooth and connected, and
constant material properties are considered. In particular, this allows for a frequency-explicit
analysis, i.e., the error estimate holds true under an explicit smallness condition on the mesh size
and the polynomial degree in terms of the frequency w (up to undetermined numerical factors).
In the present work, we establish a similar result, namely an error estimate of the form

(I-PINE-Epll = min [|E-wvpll, ®)
vREVY
where V7 is the Nédélec finite element space with mesh size i and polynomial degree k > 0, the
natural energy norm is X .
lwl? = w’le2wip, ,, +Ip"2Vxwlig, ), 6)
and the approximation factor y again satisfies limy,r—.oy = 0. Herein, we consider perfect
electric conductor boundary conditions. The main novelty is that our proofs are valid irrespective
of the topology of the domain Q and apply under a minimal regularity assumption on the
exact solution, so that general domains, material coeflicients and right-hand sides are allowed.
For brevity, we do not perform a frequency-explicit analysis, although we observe that the
dependence of y on key parameters can be traced following [12,32,33].

1.4. Outline

The paper is organized as follows. In Section 2, we briefly present the continuous setting, and
in Section 3, we do the same for the discrete setting. In Section 4, we present the error and
stability analysis. The main results in this section are Theorems 9 and 11. Finally, in Section 5,
we establish bounds on the approximation and divergence conformity factors introduced in the
analysis, proving that these quantities tend to zero as the mesh is refined. Incidentally, we notice
that the results established in Section 4 hold more generally when working on a generic subspace
of Hy(curl; D) which is not necessarily constructed using finite elements. The finite element
structure is used in Section 5.

The main motivation for presenting our main results using approximation factors is that these
factors encapsulate the frequency dependency in the constants appearing in the (stability and)
error estimate(s). Notice, in particular, that general situations for the material properties, such
as those discussed at the end of Section 5, are particularly challenging as it is not possible to
infer explicit frequency-dependent decay rates. Employing approximation factors also allows
us to present more clearly the main ideas related to Schatz’s duality argument in the context of
Maxwell’s equations, as shown in Section 4.

2. Continuous setting
In this section, we briefly recall the functional setting for the time-harmonic Maxwell’s equations,
formulate the model problem and examine its inf-sup stability.

2.1. Functional spaces

We use standard notation for Lebesgue and Sobolev spaces. To alleviate the notation, the
inner product and associated norm in the spaces L?(D) and L?(D) are denoted by (-,-) and
| -1l, respectively. The material properties € and v := p~! are measurable functions that take
symmetric positive-definite values in D with eigenvalues uniformly bounded from above and
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from below away from zero. It is convenient to introduce the inner product and associated

norm weighted by either € or v, leading to the notation (:,-)¢, |l lle, (+,+)y and ||+ ||y,. Whenever

no confusion can arise, we use the symbol * to denote orthogonality with respect to the inner

product (-,-)¢. Moreover, all the projection operators denoted using the symbol IT are meant to

be orthogonal with respect to this inner product; we say that the projections are L2-orthogonal.
We consider the Hilbert Sobolev spaces

H(curl; D) :={ve L*(D) | Vxv e L*(D)}, (72)
H(curl=0;D) := {v e H(curl; D) | Vxv =0}, (7b)
Hy(curl; D) :={v € H(curl; D) | Y5p (@) =0}, (7¢)
Hy(curl =0; D) := {v € Hy(curl; D) | Voxv =0}, (7d)

where the tangential trace operator v, : H(curl; D) — -3 (0D) is the extension by density of the
tangent trace operator such that y§, (v) = v| ap *1p for smooth fields. The subscript ¢ indicates
the curl operator acting on fields respecting homogeneous Dirichlet conditions. Notice that
Vx and Vpx are adjoint to each other, i.e., (Voxv,w) = (v,Vxw) for all (v, w) € Hy(curl; D) x
H(curl; D).

We consider the subspace

X§ := Hy(curl; D) n Ho(curl = 0; D)%, 8)
and we introduce the L2-orthogonal projection
I1: L*(D) — Hy(curl = 0; D). 9)
Since VH& (D) c Hy(curl =0; D), any field £ € X is such that V-(€£) = 0 in D. Hence, X
compactly embeds into L?(D) [41].

Remark 1 (Topology of D). Recalling that orthogonality is meant with respect to the inner
product (-,-)e, we have Hy(curl = 0; D)* < {v € L?(D), V-(ev) = 0} with equality if and only if
0D is connected (see, e.g., [1, Proposition 3.18] for the connection between the first de Rham
cohomology group and the connectedness of the boundary in the case of vector fields with zero
tangential component).

2.2. Model problem

We focus for simplicity on homogeneous Dirichlet boundary conditions and consider the func-
tional space

Vi = Ho(curl; D). (10)
Given a positive real number w > 0 and a source term J € (V) (the topological dual space of V),
the model problem amounts to finding E € V§ such that
b(E,w)={J,w) Y weVj, (1D
with the bilinear form defined on V{§ x V{ such that
b(v,w) = —0* (v, W)e + (Voxv, Vo x W)y, 12)

and where the brackets on the right-hand side of (11) denote the duality product between (Vg)’
and Vg. In what follows, we assume that w? is not an eigenvalue of the Vx(vVyx-) operator
in D. As a result, the model problem (11) is well-posed. We equip the space H(curl; D) and its
subspaces defined in (7) with the energy norm defined in (6), and observe that the bilinear form b
satisfies |b(v, w)| < llvllllw].
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2.3. Inf-sup stability

Forallge L2(D), let Vg€ Vg denote the unique solution to (11) with right-hand side (g, w)e, i.e.,
b(vg, w) = (g, w), for all w € V5. We introduce the (nondimensional) stability constant

Bst == sup wllvgll. (13)
geHy(curl=0;D)*
”g”e:1
Lemma 2 (Inf-sup stability). The following holds:
1 1
< inf sup |b(v,w)|<—. 14)
1+2fst pevs wevg | | Bst

llwli=1 llwi=1
Proof.

(1) Lower bound. Let v € Vg and let us set v = vg + v with vy = (I — Hg)(v) and vy = Hg(v).
Let &, € V§ be the adjoint solution such that b(w,,) = w?(w, vy)e for all w e V§. Since
vo € Hy(curl = 0; D)+ by construction, we have

ol < Bsiwlvolle < Bsellvoll, (15)
owing to the symmetry of b and the definition of B for the first bound, and the definition
of the || [I-norm for the second bound. Moreover, taking the test function w:=v € Vg in the

adjoint problem, we infer that
b(v,&) = 0* (v, v9)e = W’ || VollZ,
since vg and vy are L2-orthogonal. In addition, invoking the symmetry of b and since vy is
curl-free, we have
b(v,vo - vn) = b(vo + v, vo — vn)
= b(vg, vo) — b(vn, vr)
= llwoll® - 20* w1z + w* lwn
= llvll* - 20 lwo Iz
Combining the above two identities proves that
b(v, vy +2& - vn) = llvll*.
Finally, owing to (15), we have
llvo +2&0 — vrll® = llwo +2&lI* + w? wn
< (1+2B:0)*llwoll* + w? | vn
< (1 +2Bs0%lvll?,
since [|voll? + w?lvr |2 = llvl|?. This proves the lower bound.

(2) Upper bound. Forall ¢ € (V§)', let vy denote the unique solution to (11) with right-hand side

(¢, w). Let a denote the inf-sup constant in (14). Then a > 0 since (11) is well posed, and
llvgll

we have a~! = SUP e (vey W (see, e.g., [23, Lemma C.51]). We consider the linear forms

g€ (V) such that (pgw) = (g, w)forallwe V, for some function g € Hq(curl = 0; D)*.
Owing to the Cauchy-Schwarz inequality and the definition of the || - [|-norm, we have
[(Pewd| _ lgllelwle

-1
lpgll(vey = sup ssup —————=w [ glle.
87" weve llwll weve  llwll
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Restricting the supremum defining a ! to the above linear forms, we infer that

_ lvgll
al> su £

p Tyan - Pst
geHo(curl=0; D)~ ¢ Iglle

This proves the upper bound. O

Remark 3 (Inf-sup condition). The stability constant fs is bounded since we are assuming
that w is not a resonant frequency. This constant is expected to degenerate as w approaches a
resonant frequency since fs; essentially scales as w times the reciprocal of the distance of w to
the spectrum of the ™!V x (vVyx -) operator (see [12] and [22, Theorem 35.13]). Even if w is not
a resonant frequency, the stability constant fg; is expected to be large. Interestingly, (14) means
that, up to at most a factor of two, the inf-sup constant of the bilinear form b can be estimated
as (1+2B4) L. For a study of the Fredholmness of discrete operators in the different context of
electric field integral equations, we refer the reader to [13].

3. Discrete setting

In this section, we present the setting to formulate the discrete problem, and we introduce two
(nondimensional) quantities to be used in the error and stability analysis presented in the next
section.

3.1. Mesh and finite element spaces

Let 9, be an affine simplicial mesh covering D exactly. A generic mesh cell is denoted K, its
diameter hg and its outward unit normal ng. Let k = 0 be the polynomial degree. Let Py 4 be
the space composed of d-variate polynomials of total degree at most k and set Py 4 := [Pk'd]d.
Let Ny 4 be the space composed of the d-variate Nédélec polynomials of order k of the first kind
(recall that Py, 4 C Ni g C Py.1,4). We consider the discrete subspace:

Vi, ={vheV§| vn|x €ENka, VK€ Ty} (16)
Moreover, we let
VY, (curl = 0) := {w, € Vi | Voxv), = 0}. 17)
The L2-orthogonal projection
I, : L*(D) — V¢ (curl = 0) (18)

plays a key role in what follows. We notice that IT; o II§ = II} since Vj (curl = 0) <
Hj(curl = 0; D). We introduce the subspace

X5, =V NV, (curl = 0, (19)

which is composed of fields v, € V, such that IT} , (v),) = 0. Loosely speaking, discrete fields
in X} are discretely divergence-free (and satisfy a finite number of additional constraints when
0D is not connected).

3.2. Discrete problem

The discrete problem reads as follows: find Ej, € V7§ j such that
b(Ep, wp) ={J,wp) Y wp € Vi, (20)

The well-posedness of (20) is established in Section 4.
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3.3. Approximation and divergence conformity factors

In this section, we define two (nondimensional) quantities, the approximation factor and the
divergence conformity factor. Both factors are used in the error and inf-sup stability analysis. We
prove in Section 5 that both factors tend to zero as the mesh size tends to zero or the polynomial
degree is increased.

For all @ € Hy(curl = 0; D)%, we consider the adjoint problem consisting of finding {g € Vs
such that

b(w,lg) = (w,0) VYweVy. 2n
Taking any test function w € Hy(curl = 0; D) c V shows that
o (w,§g)e = b(w,g) = (w,0)¢ =0, (22)

where the first equality follows from Voxw = 0, the second from the definition of the adjoint
solution, and the third from the assumption @ € Hy(curl =0; D). Since w is arbitrary in
H(curl = 0; D), this proves that §g € Hy(curl = 0; D)l. Thus, {g € X¢, and owing to the compact
embedding Xg — L%(D), it is reasonable to expect that the (nondimensional) approximation
factor

Yap = sup min wllgg - vy, (23)
0 Hy(curl=0;D)* Yn€" ho
10lle=1

exhibits some decay rate as the mesh size tends to zero and/or the polynomial degree is in-
creased.
The second useful quantity is the (nondimensional) divergence conformity factor
Yavi= sup  o|T§wpl,. (24)
vpeXy,
IVoxwpllv=1

Loosely speaking, the adopted notation reminds us that yq, essentially measures how much
a discrete field that is discretely divergence-free is not pointwise divergence-free. It is again
reasonable to expect, under the same conditions as above, that y4, tends to zero.

4. Error and stability analysis

In this section, we analyze the conforming approximation (20) of the model problem (11). We
first establish an error estimate under a smallness condition on the mesh size. As usual in
duality arguments, we first assume that a discrete solution exists, and then observe that the error
estimate implies the uniqueness, and thus also the existence, of the discrete solution. Finally, we
establish an inf-sup condition under a similar assumption on the mesh size.

4.1. Error decomposition and preliminary bounds

Let us define the bilinear form b* on Vg x Vg such that
bt (v, w) = 0?* (v, w)e + (Vo x v, Vo x W)-y. (25)

We define the best-approximation operator .%ZO: Vg — VZO as follows: for all v € Vg, %Zo(v) €
V%o is such that
b*(v—Bj,(), wp) =0 YwyeVj,. (26)

Lemma 4 (Properties of ;). The best-approximation operator %, defined in (26) enjoys the
following two properties:

1B, @Il < llvll, VveVg (27a)
B,(v) e VS (curl=0)*, Ywve VS (curl=0)". (27b)
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Proof. (27a) follows from the fact that the bilinear form b* is the inner product associated
with the ||-[l-norm. To prove (27b), take any wy, € Vzo(curl = 0) in (26) and observe that
w?(v— 2B, (), wy), = bt (v— 2B, (v), wy) =0. O

Assume that Ej, solves (20). We define the approximation error and the best-approximation
error as follows:

e=E-E;,  n:=E-3%E). (28)
We consider the error decomposition e = 8 + 01, with
00 = (I-1II{)(e) € Ho(curl = 0;D)*, 011 :=1Ij(e) € Hy(curl = 0; D). (29)

The motivation behind this decomposition is that |8 || can be bounded by a duality argument,
whereas 0|01l represents a divergence conformity error. The main steps of the error analysis
are as follows: (i) bound on the L2-norm of the (loosely speaking) divergence-free part of the error
(Lemma 5); (ii) bound on the L2-norm of the curl-free part of the error (Lemma 6); (iii) bound on
the curl of the error (Lemma 8).

Lemma 5 (Bound on 8j). We have

wll@glle < vap llell, (30)
with the approximation factor y,p defined in (23).
Proof. We consider the adjoint problem (21) with data 8 := 8. Notice that 8 € Hy(curl = 0;D)*

by construction. Let {y € X{ denote the unique adjoint solution to this problem. Since e € V§, we
have
b(ey C()) = (ey 00)6‘-
Using Galerkin’s orthogonality together with (6, 817)e = 0, and multiplying by w? gives
@ 10olZ = w*(e,00)e = w’ble,§g —vy) VY vy Vi
Owing to the boundedness of the bilinear form b, we infer that
@? 1017 < w*llell 15g — vl
Invoking the approximation factor y,p gives
@*10o1% < llell YapwllBolle,
since vy, is arbitrary. This proves the claim. d
Lemma 6 (Bound on 0;). We have
A-ya)wl0nlle < w||I§m|, +yavllOoll. (€3]
Proof. We observe that IT5 (8r) = I (IT§(e)) = IIY (e) since IIj oII§ = II,. Moreover,
Galerkin’s orthogonality implies that w?(e,wp)e = —b(e,wy) =0forallwy, € V;lo(curl =0). Hence,
IT;  (e) = 0, and this proves that
O € VS, (curl = 0)*. (32)
To bound 0y, we write
161117 = (011, 85 Om) . + (011,011 — B5, (O11),, = ©1 + O,
and estimate the two terms on the right-hand side. Since 0y = Hg (@) and Hg is self-adjoint for
the inner product (-, )¢, we obtain
©1 = (01, By, (01),
= (01, 115(%81,0 (0) ) .
< 10nlle | 115(%5,0 @) |
< 10nlle yavw ™ [|Vox By Om) |,
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where we used the Cauchy-Schwarz inequality in the third line and the divergence conformity
factor defined in (24) in the fourth line (recall that .%ZO(HH) € V;O by construction and observe
that 98§ (011) € V¢, (curl = 0)* owing to (27b) and (32)). Since

[Vox 2By, 0m) |, < (|80 @ || < 10nll = w6l

owing to the definition of the || - [|-norm and the stability property (27a) of 98;0, we infer that

1©11=< YavllOnllz.
Furthermore, recalling that 0y = E — Ej, — 0, we infer that (I - %} )(@n) = n— (I — %;,)(00) by
definition of 5 and since (I — %ZO) (Ep) = 0. Thus, we obtain
02 = (011, Me — (01,00 — Bj,((00)), = O21 — O
The Cauchy-Schwarz inequality gives

102,11 =[O, Me| = |(Or, TGm) | < 101l | TIG ) .-
Concerning 0, we have

102,21 = | (011,00 — B}, (80)) |
= |(0H"%ZO(90))6|
= |(6n,115(%},(00))) |
< 10nlle | 115 (B}, 00)) |
< 10nlleyavw ' ||Vox B, 00|,
< 10nlleyavw 10oll.

Notice that we can again use the divergence conformity factor y4, since 8 € Ho(curl = 0; D)+
implies by (27b) that 3820(00) € V‘;lo(curl =0)L. Putting the above bounds on ©,; and 0,
together gives

102] < [0nlle ™ (]| I§ M|, +yavllOoll).
The estimate (31) follows by combining the above bounds on ©; and ©;. g
Remark 7 (Lemma 6). Obviously, the estimate (31) is meaningful only if y4, < 1, which holds

true if the mesh size is small enough and/or the polynomial degree is large enough; see Section 5
for further insight.

Lemma 8 (Bound on Vy x0,). We have
IVoxB0l% < || (I =T @|* + @yav +3v2p) llell® + 2y qve? 10 2. (33)
Proof. Recalling that 8¢ = (I -IIf)(e), a straightforward calculation shows that
b(89,80) = b(0, (I - TI)(e))
=b(0o, (I - 1I5) (1)) — b(Bo, (I - TI5) (Ej, — B;,(E)))
=b(0o, I-TI5) (1) — b(e, I - TIG) (Ef, — 9By, (E)))
<18oll || (7 -1 @ || - b(e, I - TIG) (Ef, — By (E))),

where we used that b(GH, I- Hg)(-)) = 0 on the third line and the boundedness of b on the
fourth line. Focusing on the second term on the right-hand side, we notice using Galerkin’s
orthogonality that

~ble, (1~ XI5) (B~ %5 (B))) = b{e, 15 (E), - 55, ()
= 2 (00, TS () - 5,(B))),
< o’ 10nle [T5(Es - 250 (B) -
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For all vy, € V7§ (curl = 0), we have
w*(Ej, — B, (E),v1), = —b(Ep, vy) — b* (%5, (E), v,)
= _b(Ev Uh) - b+(Er vh)
= w*(E, vp) - w*(E, vp)
=0,

where the first and third equalities follow from the fact that vy, is curl-free, and the second from
the definition of %8} ) and Galerkin’s orthogonality. This shows that

Ej,— %5, (E) €V, (curl = 0)*,
and, therefore, Ej, — %, (E) € X} . Using the divergence conformity factor yg4y defined in (24)
then yields
|ble, I - TI5) (Ej, — B30 (E))) | < yavwlOnlle | Vo (Ep, - 2 (B)) .
Invoking the triangle inequality and the stability property (27a) of %, gives
[Vox(En=Bio B, = [Vox (Er = B, +[[Vox (B~ j0 (B,
<llell+[|E -2, (B)|
=2|lell,

since H|E - BBZO(E) |H < |lE — Epll = llell by definition of the best-approximation operator QBZO.
Putting everything together gives

b(@0,80) < 18Il || (1 - ) ]| + 2y avw I Onilellell.
As aresult, we have
IVox8011% = b(Bo,00) + w? (10,112
< 8ol | (I - @] + 2y avwllBrillellell + w? 8o 2.

Invoking Young'’s inequality for the first and second terms on the right-hand side and using that
180112 = Vo xBo 12 + 0?1812, we infer that

IVox8ol% < || (T =T @||* + 2y avllell? + 2y ayw? 11011112 + 30?1812

The assertion now follows from the bound on 0 established in Lemma 5. Il

4.2. Error estimate

We are now ready to establish our main error estimate.

Theorem 9 (A priori error estimate and discrete well-posedness). Assume that yqy < 1. The
following holds:
(1-15Yav —4Y§p)lllE— Epll= min [IE-wvpll. (34)
VhEV;O

Consequently, if the mesh size is small enough and/or the polynomial degree is large enough so that

15yqv + 4y§p < 1, the discrete problem (20) is well-posed.

Proof.

(1) In this first step, we establish some preliminary bounds. Since [|@¢]| < llell (because llell? =
l100ll? + w1101 12), the estimate (31) implies that

A-ya)wl0nlle <[5, +yavllell. (35)
Moreover, we have

o|T5@|, < wlnle < gl < E- Exll = llell.
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Squaring (35) (recall that y4y < 1 by assumption) and using the above bound in the double
product, we obtain

(- ya o 100l < o? [T ¢ + @yar + Y5 lell® (36)
< o |T5 ) ¢ +3yavllell?,

where the last bound follows from ygy < 1. Since || TI§(®) |, < llell and yq4y < 1, (36) implies
that
(1-ya)’’18nll; < 4llell*. 37)
(2) We are now ready to prove (34). Multiplying the estimate (33) from Lemma 8 by (1 — y4y)?
(which is < 1) and using (37) gives
(1= yan)*IVoxB0l1% < || (I - T m||* + @yav +3y2p) el +2yay (A - ya)* 0?1012
<[|a-1)a ||° + A0yqs +3y2,) llell®.
Since |lel|?> = w?[10¢ |2 + w10 |12 + Vo x B |2, we infer that
(1—yan’llell® < 0?1801 + (1~ yav)*w*10nZ + (1~ yav)* Vo x B0
< y2llell? + w? | T2 + yavllel® + || - I @ ||* + L0y ay +3¥2 ) llell®  (39)
= lInll® + (13yay +4y5p) llell?,
where the second bound follows from Lemma 5, (36), and (38), and the last equality follows
from [[9||% = || (Z - TI) () H|2 +w? || TS () ||i The error estimate (34) follows by observing that
1 -ya)? = 1-2y4.
(3) If the mesh size is small enough so that 15y 4y + 4y§p < 1, the error estimate (34) implies the

uniqueness of the discrete solution. Existence then follows from the fact that (20) amounts to
a square linear system. O

(38)

Remark 10 (Asymptotic optimality). Notice that in (34), we have yqy — 0 and y,, — 0 as
h!/k — 0. Hence, we have
IE-Epll < (1+6(0) min [|E-wpll,

Vh€Vho
with limy,, o 0(h) = 0.

4.3. Inf-sup stability

We are now ready to establish our main stability result.

Theorem 11 (Inf-sup stablity). We have

1-2(y5, + Yap)
. p
min max |b(vh,wh)| > —-dv T
UhEV;lO wh€V§lO 1+2ﬁst
llopll=1 llwyll=1

(40)

Proof. We adapt to the discrete setting the arguments of the proof of Lemma 2. Let v, € V7, and

set vy, = vpo + vpn with vy == (I 115 )) (vy) € X§ ) and vy =105 (vp) € V.

(1) In this first step, we gain control on w|vyglle. Since vyg is (loosely speaking) discretely
divergence-free, but not pointwise divergence-free, we need to consider a further decom-
position of vpg. Let us set vpg = ¢y + ¢y with ¢ := (I - TI§) (v 1) and ¢y = I (v ). Notice
that

wldplle =wlvpole =wlvplle < llvpll
Let &, € X; be the unique adjoint solution such that b(w,&,) = w?(w,Py)e for all w e v
(notice that ¢, € Hy(curl = 0; D)1). We have

8ol < Bsiwlidglle < Psiwllvpolle-
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Let us set &g = B (&o). Then &, € V¢ by definition, and & € V¢ (curl = 0)* by (27b)
since &, € Hy(curl = 0; D)t. Moreover, owing to (27a), we have [|&oll < lI€yll. Using these
properties, we infer that

b(wn,&no) = b(Wno, o) + b(Win, & po)
= b(Vno, & no)
= bWno,§0) + b(Who, & o — §0)
= 0?1 dollz = yapllwnll®,
since b(wpo, o) = w* (o, Po)e = 0|yl and
[DWho, &0 —&0)| < Wnoll 1€ o — &oll < llwnoll Yapwliglle < Yapll vill%,
owing to the boundedness of the bilinear form b, the above bound on wl ¢y, and since
llvpoll < llvyll. Moreover, using the divergence conformity factor, we infer that
0?1 ppl? = 0? | wno) | < 3, IVox vnoll? < v, llwnll?.
Since lvpgll2 = llpy 12 + llpy 12, putting everything together gives
bWh, Eno) = W wpollz — (r5, + Yap) lwnll®. 41)
(2) Since b(vy, vig— vim) = lvpll2 — 202 [ vio 12, using (41) yields
b, vho +2&h0 = Vi) = lwpll* = 2075, + yap) lwnll”.
Moreover, using the same arguments as in the proof of Lemma 2 and recalling that [|& 0l <

ll€]l, we obtain

2 2 2 2 2
Nvno +28p0 — vanll® = llvpo + 28 poll° + llvpnll® = (1 + 250 Nlvpll”.

c
ho’

Remark 12 (Discrete inf-sup constant). Since Y, and Y4y tend to zero as the mesh size is small
enough and/or the polynomial degree is large enough, the discrete inf-sup constant appearing
on the left-hand side of (40) tends to (1 +28s)~!. Recall from Remark 3 that this quantity
corresponds, up to a factor of two at most, to the inf-sup constant of the bilinear form b in the
continuous setting.

Since vy, +2&5,0 — vy € VS, this concludes the proof. O

5. Bound on approximation and divergence conformity factors

In this section, we bound the two (nondimensional) quantities introduced in Section 3.3 and
used in Section 4: the approximation factor y,p and the divergence conformity factor y4y. To
this purpose, we consider the commuting quasi-interpolation operator #y L*(D) — Vi, and
j}?o . L2(D) — V‘;lo (the Raviart-Thomas finite element space of order k = 0 satisfying zero normal
boundary conditions); see [2,14,15,40] and also [22, Chapters 22-23]. Both operators are bounded
in L2(D), they are projections, and they satisfy the commuting property V x ( Zio )=4¢ ;110 (Vx)
forall v e L?(D).

For positive real numbers A and B, we abbreviate as A < B the inequality A < CB with a generic
constant C whose value can change at each occurrence as long as it is independent of the mesh
size, the frequency parameter w, and, whenever relevant, any function involved in the bound.
The constant C can depend on the shape-regularity of the mesh and the polynomial degree k as
well as on the domain Q and on the contrast for the coefficients € and v. Our main focus here is
on the limit as i — 0 with k fixed (see Remark 17 for further insight).

We introduce the notation

€max ‘= Max max max €(x)u- v, Emin = r;lein min €(x)u - u, (42)

xe€D yer? peRr? D yerd
lul=1 |v|=1 |lul=1
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and define Viax and Viin similarly. Then, 9min = vV/Vmin/€max stands for the minimum wavespeed
in the domain.

5.1. Piecewise smooth coefficients

For the sake of simplicity, we start by assuming that the coefficients are piecewise smooth in D.
Then, the following regularity results from [5,19,26] will be useful: there exists s € (0, 1] such that,
for all v € Hy(curl; D) with V-(ev) = 0 and all w € Hy(div = 0; D) with vw € H(curl; D), we have
v, w € H(D) with the estimates

Vx(vw)| (43)

e

1
1-s
Vs S €p v 19 mm”

2
2 Voxvlly,  wlgspy S €

where ¢ is a characteristic length of D introduced for dlmensmnal consistency, e.g., the diame-
ter of D. If D is convex and € and v are (globally) Lipschitz continuous, we can take s = 1.

Lemma 13 (Bound on approximation factor). Let yap be defined in (23). The following holds:

[ 1-s h S
Yaps(1+ﬁst)(w D) (“’ ) (44)

19min 19min

with the stability constant B defined in (13).

Proof. Let 0 € Hy(curl = 0; D) andlet {y € X solve the adjoint problem (21). On the one hand,
invoking (43) and using the stability constant S, we infer that

_1
1Colbso) < 5 Vi IVox &g lly < £ mfn IEll < Bsil s *w™ mfnuone
Invoking the approximation properties of ¢, leads to
1
0’10 = Fio G0l = 0 emax| S0 - o Co) |

1
S WP R ehaxlCo 15 (D) (45)

~ﬁst( H( wh )sueue.

19min
On the other hand, we have e 1 Vx (vV, x8g)=0+w Zg, so that
[Vx(WVoxZg) [ o1 = [|€ YV x (vVpxLg)]|, < 101l + 0?1 Cqlle < (1 + Bs) 1O

Since w := Vyx§g € Hy(div = 0; D) with vw € H(curl; D), we can again invoke (43), giving
1 1

wa

19l'IllIl

v 2 y 2
IVox8alusm) < 05 ° 5™ [Vx (WVoxEg) | -1 < 1+ Bs) 05 ° S (1B
19min 19min
Owing to the commuting property Vox ¢, (+) = j}%(vo x +), we infer that

|| Vox (Sg — 250 &)l = @[ Vox&o — 251 VoxEo) [,

1
S WViax 1 Vo x8gl e (D) (46)
wlp\ 7 wh \*
=1+ )( ) ( ) 0]le.
ﬁSt 'ﬁmln 19min €
(Recall that the ratio viax/Vmin can be hidden in the generic constant C.) The conclusion follows
from (45) and (46). Il

Lemma 14 (Bound on divergence conformity factor). Letyqy be defined in (24). The following

holds: X
(MD) _s( wh )s

19min

Ydv = ( (47)

19min
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Proof.

(1) Letvy € X‘;IO = VZO N V%O(curl =0)L. Let us write
vy =w+II5(vy),

with w := (I - II{) (vy). By construction, w € Hy(curl = 0; D)*, and we have w € Hy(curl; D)
since vy, € V%O c Hy(curl;D); hence, w € X(C). Invoking (43) and observing that Voxw =

Vo x vy, we infer that
1
-1

17
lwlgsipy) S €5 v, 5 IVoxvpllv.

min
Moreover, we have IS, (TI§ (v),)) = IIS  (w),) = 0 since IS, oTI§ = 1§, and vj, € V§, (curl = 0)*.
Hence, IT§ (v,) € V$ (curl = 0)* as well.

(2) Recall the commuting quasi-interpolation operator jﬁo: L*(D) — V%O. Since jﬁo leaves V%o
pointwise invariant, we have (I — j,‘;o)(vh) =0, so that

I- 2 (MG (wp) = - - 25 (w).

Moreover, since ITj(vy,) is curl-free by construction, the commuting property of _#;, implies
that

I (wy)) € VS (curl = 0).
Since Hg(v n) € V%o (curl = 0)1, we infer that
[T ¢ = (G ), T (wn),
= (5 (vp), I (vy) —jﬁo(ﬂg(vh)))e
= (MG (vp), w— Zi (W),

The Cauchy-Schwarz inequality together with the approximation properties of ¢, gives
I | = h*e sl
and we conclude using the above bound on |w|gs(p). O
Remark 15 (Bound on y4,). The above proof can be rewritten as the following statement:
wlp\ 7 wh \*
f)min) ( ) '

YawSygi=  sup wllw—fﬁo(w)ilei( (48)
0

IVoxwlly=1

19min

This shows that y4y is bounded by an approximation factor on X§ using the commuting quasi-
interpolation operator #; . Notice that only the rightmost bound uses (43).

Remark 16 (Convex domain). For a convex domain D, the factors are bounded as

wh - wh
’ Lok 1f)min '

The quantity (wh)/9min is inversly proportional to the (minimal) number of mesh elements per
wavelength. It is therefore reasonable to assume that y4, < 1. We also see that yy, is typically not
bounded for all frequencies assuming a constant number of elements per wavelength, since S
can be large. This is the standard manifestation of dispersion errors, also known in this context as
pollution effect. This is completely standard, and also happens in the (simpler) case of Helmholtz
problems. It is interesting to notice that the constraint that yq4, is small, which is specific to
Maxwell’s equations, is less restrictive than the constraint that y,p is small, which is common
to Maxwell and Helmholtz equations.

Yap < (1 + Bst)

1L)min



1098 Théophile Chaumont-Frelet and Alexandre Ern

Remark 17 (Reduced dispersion for high-order elements). When the domain D and the coeffi-
cients are smooth, it is shown in [12] that

Y - a)h )k+1
ap = )

L +(1+ )(
19min 'BSt 19min
so that y,p, is small if

oh o, 49)

19min st
For large frequencies (or frequencies close to resonant frequencies), Bs; becomes large, so that
the number of elements per wavelength needs to be increased. Nevertheless, (49) expresses
that the required increase is less important for higher order elements, which corresponds to
numerical observations. It is also expected that such a result remains true for general domains
and piecewise smooth coefficients if the mesh is suitably refined locally, but this claim has
only been established for two-dimensional problems in [10]. We finally refer the reader to [32]
where stronger results explicit in the polynomial degree k are established, but under stronger
assumptions on the domain.

Remark 18 (k convergence). When s = 1, we can consider the interpolation operators from [29],
instead of the quasi-interpolation operators ¢, and jgo considered above, thereby showing
that y,p and yqy tend to zero (and optimally so) as k is increased (and h is fixed). More generally,
a similar strategy can be employed as long as a piecewise version of the regularity shift in (43)
holds true with s > % In such a case, we can use, e.g., the interpolation operators from [20].

5.2. General coefficients

Here, we consider general coefficients € and v for which (43) may not hold for any s > 0.
Lemma 19 (Convergence of approximation factor). We havey., — 0 ash— 0.
Proof. Letus set

Be = {v € Hy(curl; D) ’ V-(ev) =0, w||Voxvly = ﬁst},

By = {we Holdiv=0;D) | [Vxvw)| 1 <1+ fsc}.

Owing to the definition (13) of the stability constant S, if @ € Hy(curl = 0; D)+ with |0 le =1and
ég € Vi satisfy b(w, &g) = (w,0)¢ for all w € V§, we have §g € 9B and ®g := Vo x &g € B,y.

Owing to the compact injections established in [41, Theorem 2.2], given any § > 0, there exists
a finite number N; of functions v; € %8¢ and w, € %8, such that, for all v € %, and all w € %,,
there exist indices j, ¢ € {1:Ns} such that

lv-vile<d, llw-wely<6.
Furthermore, the density of C2°(D) in I%(D) implies that we can find 7, w, € C°(D) such that
lv-pjlle <26, lw—w,lly, < 26.
We then write that
o 160~ Ui <180~ FEol* = |6 - FoEo |+ |00 - So@l,

Invoking the triangle inequality and the above bounds (with v := &g) gives
160 = Fio@ollle <180 = lle + 7 = Zio @] e + | 750 @5 = o) |
o= Tjlle+ |7 - 5 @)
<20+ 7= Fo @)
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where we used the L2-stability of Fro- Similarly, we obtain

| @6 - 75 &0, < 1®0 — Boclly + || @0 = 2 (@0, <26 + || @, - gz @) -
Since the functions 7; and w, are in finite number and smooth, we can assume that, if the mesh
is sufficiently refined,

~ ~ ~ d  ~
17 = Zro@ple=d, ll#;=gip@pl, =5.

This completes the proof since § > 0 is arbitrary. g

Lemma 20 (Convergence of divergence conformity factor). We haveyq, — 0 ash — 0.

Proof. We use the bound y4y <y ¢ with y 4 defined in (48). Thus, it suffices to show thaty 4 — 0
as h—0.

We consider the unit ball £ := {w € Hy(curl; D);V-(ew) =0, |Voxwl|ly < 1}. It is established
in [41, Theorem 2.2] that the embedding Hy(curl; D) n H(div;€; D) — L%(D) is compact. As a
result, given any 6 > 0, there exists a finite number N5 of elements v; € 9 such that, for all
weRB, |lw-vjle <6 for some index j € {1:Ns}. Moreover, since C°(D) is dense in L2(D), for
each j € {1:Ng}, there exists 7; € C(D) such that [[v; — 7| < 5. We have therefore shown that
for all w € 98, there exists an index j € {1: N5} such that

lw—;le <26.

We can now conclude by using the same arguments as in the above proof (notice that {w €
XS, IVoxwlly <1} < ). -
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