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Every recurrent network has a potential
tending to infinity

Tout réseau récurrent a un potentiel tendant vers l'infini
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Abstract. A rooted network consists of a connected, locally finite graph G, equipped with edge conductances
and a distinguished vertex o. A nonnegative function on the vertices of G which vanishes at o, has Laplacian 1
at o, and is harmonic at all other vertices is called a potential. We prove that every infinite recurrent rooted
network admits a potential tending to infinity. This is an analogue of classical theorems due to Evans and
Nakai in the settings of Euclidean domains and Riemannian surfaces.

Résumé. Un réseau enraciné est un graphe G localement fini et connexe, doté de conductances sur les arétes
et d'un sommet distingué o. Un potentiel est une fonction sur les sommets de G qui est positive, s’annule
en o, a un laplacien 1 en o et est harmonique en tous les autres sommets. Nous prouvons que tout réseau
enraciné, récurrent et infini admet un potentiel tendant vers l'infini. Il s’agit d'un analogue de théoremes
classiques de Evans et Nakai dans le cadre des domaines euclidiens et des surfaces riemanniennes.
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1. Introduction

A rooted network (G, ¢, 0) consists of a connected, locally finite graph G = (V, E), endowed with
positive edge weights c¢: E — (0,00) and a distinguished vertex o € V. The corresponding network
random walk with transition probabilities p(x, y) = cx/cy is reversible, with reversing measure
Cx = X z~x Cxz- Define the network Laplacian of a function f: V — R by
Af(l/) = Z ny(f(x) _f(U))
X~V

A potential on (G, c,0) is a function h: V — [0,00) that is harmonic off o (i.e., Ah(v) = 0 for
every vertex v # o), normalized so that /(o) = 0 and Ah(o) = 1. In every infinite rooted network
there is at least one potential, see Claim 5. Our focus is on recurrent networks.

We say that a function h: V — [0,00) tends to infinity and write h — oo, if for all M > 0 the
set {v € V: h(v) < M} is finite. Observe that on Z, the potentials h; (n) = max(n,0) for n € Z and
hy(n) = max(—n,0) do not tend to infinity, but any non-trivial convex combination of them does.
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On 72, on the other hand, it is well known that there is a unique potential & with h(v) = ©(log|v|)
as v — oo, see [6, Sections 12 and 31]. Recently there has been renewed interest in recurrent
potential theory, motivated by close connections to unimodular random networks and uniform
spanning trees in work of Berestycki, van Engelenburg and Hutchcroft, see [1,2].

Theorem 1. On any infinite recurrent rooted network there exists a potential which tends to
infinity.

The earliest theorem of this type is due to G. C. Evans [3] who showed that every compact
polar set K in R? supports a probability measure such that its Newtonian potential is infinite
on K. Using Evans’ approach, Nakai [4] proved that every parabolic noncompact Riemannian
surface admits a function which is harmonic off a compact set and tends to infinity (i.e., its level
sets are compact). In Nakai’s proof, the set K is replaced by the Stone-Cech boundary of the
surface. Nakai’s argument can be adapted to prove Theorem 1, but the use of the Stone-Cech
compactification makes this argument non-constructive. Here we present a more constructive
probabilistic approach, using the minimax theorem.

Remark 2. Theorem 1 implies that if a rooted network admits a unique potential, then it must
tend to infinity. This answers a question raised following [1, Proposition 5.1].

Remark 3. Itiswell known that the existence of a potential tending to infinity implies recurrence.
Indeed, let & be a potential, let {X;} be the network random walk and consider the hitting time
Ty = min{n >0:X, = 0}. Then h(X,a¢,) is a nonnegative martingale, whence it almost surely
converges; this contradicts transience if 2 — oo.

2. Preliminaries
2.1. Dipoles and potentials

The Green kernel G, (x, y) of the random walk {X},} ;>0 killed at o is defined by

Go(x,9):= Y Py(Xn =y, To>n).
n=0

The corresponding Green density,
Go(x, y)
y
is symmetric by reversibility. A dipole from o to another vertex y in a network (G, ¢) is a function
f:V —[0,00), for which f(0) =0and

YveV Af(w)=1,1)-1y().

8o(x,y) =

Claim 4. In a recurrent network, the Green density g,(-,y) for the killed random walk is a dipole
fromo toy. Moreover, sup , go(x, y) <oo foreachx € V.

Proof. First observe that g,(-,y) is harmonic off {o,y} and satisfies g,(0,y) = 0. Second,
Ago(+, ¥)(y) = —1, since

Cx
Y Coy(8on ) 8o, 1)) =Go () — Y C—yGo(x,y) =1. 1)
X~y X~y =y
Also, c
Ago(+,1)(0) =Y Cox8o(x,¥) = Z G (y,x)ﬂ =1, )
X~0

where the last equality is obtained by summing, over n = 0 the 1dent1ty

Y Pyn=x, To>n)cc =Py (X1 =0, To>n) =P, (1= n+1)
X

and using recurrence. Thus, g, (-, y) is a dipole.
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Lastly, the identity (2) implies that g, (x, y) < ¢} for every x ~ 0. More generally, since go(-, )
is superharmonic off o, for any x # o we have g,(x, y) < Hle c;i{ \x;» Where x, ..., x, is a simple

path from o to x. d

Claim 5. The space of potentials on a recurrent infinite rooted (G, c, 0) is a nonempty, compact,
convex subset of RV endowed with the product topology.

Proof. By Claim 4, for any sequence of vertices y, — oo, Cantor diagonalization yields a subse-
quential pointwise limit of g, (-, y,), and any such limit is a potential. Next, for any potential h
we have h(x) < Hle c;i{l X where Xy, ..., x, is a simple path from o to x, by the argument in the
proof of Claim 4, so the set of potentials is a closed subset of a compact product space. Finally,

convexity is obvious. d

2.2. The Doob transform determined by a potential

Any potential h defines a Markov chain on the state space S, = {v: h(v) > 0} via the Doob h-
transform that has transition probabilities
p(x, y)h(y)

hix)
The corresponding Markov chain {Y,},>¢ is called the h-process. Write [P’Z for the law of the k-
process with initial distribution p and [EZ for the corresponding expectation.

For any finite sequence y = (y1,...,Y) in V, we write Py, (y) == H;‘zz p(yi=1,7i)-Ifyis contained
in Sy, we define I]J’;’1 (y) similarly using p"(y;_1,7:). We have the telescoping product

plx,y) =

Pl () =Py, (1) ZE—% (3)
We will use the initial distribution yj, defined by
Un(v) =coph(v) forallv~o. 4)
Observe that
Py (Y) = Coy, ROYDPY, (1) = oy, Py, (0 h(yie) = coPo(0Y) Ry ). 5)

There is a standard relation between the Green kernels of the k-process and the network
random walk killed at o.

Claim 6. Let h be a potential on a recurrent rooted network (G, c,0). Then the h-process {Y,} =0
is transient. Moreover, its Green kernel G"(x, y) = ¥ 120 P" (Y} = y), defined for x, y € Sy, satisfies
h(y)
G'(x, ) = Golx, ) =, 6

(x,) = Go(x y)h(x) (6)
and forallv e Sy,

G (up, v) = h(w)cy, @
where Gh(,u, V)= Zx,u(x)Gh(x, V).
Proof. Transience will follow once we show G"(x, y) < co. To prove (6), we sum (3) over all paths
from x to y that avoid o. Note that by harmonicity of & off o0, any such path is contained in Sj,.
Next, (7) follows from (6) by

G'(pn ») =Y. cohG",3) = h(1) Y. covGo (1, 1) = h(Y)cy,
v v

using (2) and the symmetry of g, (-, ) in the last step. O
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Claim 7. Let h be a potential for a recurrent rooted network (G, c,0) and consider the h-pro-
cess{Yy} started at v € Sy,. Then for every M >0,

P (h(Y) > M) —1 asl— .
This was also observed in [2, Lemma 5].

Proof. Recall that {X},} is the network random walk. By (3), we have

h(Xy) M

h

Py (h(Ye) < M) =E, ) Linxp<Mand 1020 | < ) Py(to=0),

which tends to 0 as £ — oo by recurrence. g

3. Proof of main theorem

Let d(-,-) denote graph distance. For any integer r > 0, we set
B(o,r)={w:d(o,w) <r} and  0B(o,r)={w:d(o,w)=r},

Next we state a formally weaker version of Theorem 1, where we can choose a different potential
for each radius, and show that it implies the theorem.

Lemma8. Let¥ be the set of potentials on a recurrent infinite rooted network (G, c, 0). Then

M(r):=max min w(v)—oo0 asr— oo. (8)
yeV¥ vedB(o,r)

Remark 9. For every integer r > 0 and v € ¥, the minimum of ¥ on V' \ B(o, r) is attained on
0B(o,1). Indeed, let {X;} be the network random walk started at w ¢ B(o,r) and let 7, be the
hitting time of 0B(o,r). Then ¥(X;A.,) is a positive martingale, so by recurrence and optional
stopping,

Y(w) =Ey[p(Xs,)] 2 yefa%l(%,r)w(v)'

Consequently, M(r) = maxyey Minyev\p(o,r) ¥(w) is non-decreasing in r.

Proof of Theorem 1 given Lemma 8. For each integer r, let ¥, be a potential where the maxi-
mum in the definition (8) of M(r) is attained. For every n = 1, choose r, such that M(r;) = n2".
By Claim 5,

o0
h:= Z Zinwrn
n=1
is a potential. Next, if w ¢ B(o,ry), then h(w) = 27"y, (w) = n. Thus, for each n, the set
{veV:h(v) < n}is finite. O

3.1. Preliminary lemmas

The following lemma shows that if the dipoles g,(-,v,) converge to a potential h, then the
network random walks conditioned on 7,, < T, converge weakly to the h-process. We actually
need this for dipole mixtures. Given a probability measure 7 on V, write

go(,m =Y N(W)go(-, ).
v

Lemmal0. Let(G,c,0) bearecurrent rooted network. Let r, — oo be a sequence of integers and for
each n letn,, be a probability measure supported on 0B (o, ry,). Assume that the sequence g,(-,1r,)
converges pointwise to a potential h as n — oo. Then for any finite path y in Sy, starting at a
neighbor of o, we have

> 0, WP, (oy| Ty <T5) — P (Y) asn—oco. 9)
v
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Proof. First note that for v, w different from o, we have g,(w,v) = P, (7, < 70)g0(v, V) and by
path reversal,
 _ y _ -1 _ -1
CoPo(Ty <T4) = cuPy(To <T,) = CuGo(v, 1) =go(v, ).
Therefore, if y = (y1,...,Y¢) does not contain the vertex v, then
Py, (Ty <To)

[FDO(TU < T;) = COPO(OY)go(Y[, U). (10)

Po(oy |ty <T§) =Po(0y)
Integrating this with respect to 1, gives

Y N (WP (0y |10 < 75) = coPo(0Y)80 (Y2, 11r,) — CoPo(0Y) (Y (),

v

as n — oo by our hypothesis. This yields the desired result by (5). 0

Let h be a potential and set Ty = inf{t > 0: h(X;) = M} where {X;} is the network random
walk. Optional stopping for the nonnegative martingale h(X;x7,) gives P, (Ty < 74) < h(v)/ M.
Careful path reversal and conditioning yields the following.

Lemma 11. Let h be a potential for a recurrent rooted network (G, ¢, 0) and let v # o be a vertex.
Then the network random walk {X;} satisfies
h(v)

Po(h(Xp)zM|1,<7}) < SR

forall M > 0 and integer0 < ¢ < d(o,v), wheret} = min{r>1: X; = o}.
Proof. We may assume that h(v) < M. Since ¢ < d (o, v) we have
Po(h(Xe) =M |1, <7}) <Po(Ty <7y |70 <T}). (11)
Recall that ¢,P,(t, < 7}) = ¢,P, (7, < T}) by path reversal. Similarly,
CoPo(Ty <Ty<TH)=CyPy(Ty <To<T}),
$0 Po(Tm <Ty|To<Ty)=Py(Tm <To|T0o<T}). (12)

Consider the random walk started at v and write L = max{t < 7, : X; = v}. Then Xy,..., Xy, is
distributed as a random walk started at v, conditioned on 7, < 7}, and stopped at 0. Hence

Po(Tv <To|To<Th)=Py(Ise(L,1o): h(Xs) = M) <P, (Ty < 7). (13)
To bound the last probability we note that S; = h(X;s;,) is a non-negative martingale, so by
optional stopping
h(v)=E,So=E, St,, =2 MP, (T < T0).
Combining this with (11), (12) and (13) concludes the proof. O

3.2. Proof of Lemma 8

Recall that ¥ denotes the set of potentials on (G,c,0). Given an integer r > 0, let Y, be the
compact space of probability measures on B(o, r). Observe that for every ¢: V — R

Uerarlli’l(r(},r)W(y) 211;1;1%{?;17(12)1//(1/) 1D

Next, we will apply Sion’s minimax theorem [5] to the function f,: ¥ x Y, — R, defined by
fpm= Y ny).

veoB(o,r)

Asnoted in Claim 5, the set W is a convex subset of the linear space R" endowed with the product
topology. Additionally, it is clear that f, is continuous and bilinear and that Y, is a compact
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convex subset of the linear topological space R9?(®"), Hence the assumptions of Sion’s theorem
hold, and we obtain, using (14), that M(r) defined in (8) satisfies
M(r) = maxmin f, (y,n) = minmax f; (¥, n). (15)
ye¥ neY, neY, ye¥

For each integer r > 0, let n, € Y, denote a minimizer of the right-hand side of (15). By
Claim 4, there exists a sequence r,, — oo such that g,(-,7;,,) converges pointwise to a function
h: V —[0,00). Clearly h is a potential.

Fix m > 0. By Claim 7, there exists an integer ¢ such that [FDZh (h(Yy) = 2m) = 1/2. We now apply
Lemma 10 and sum (9) over all paths y = (y1,...,Y¢) < Sy, such that h(y,) = 2m. We infer that

r}ilgo;nrn(v)Po(h(Xg) =2m|t, <1}) =P} (R(Y,) =2m) = 1/2.

Lemma 11 states that if < r,, and v € dB(o, 1), then
h(v)
Po(h(Xe) Z2m|T,<75) < o
Combining the last two inequalities yields that
liminf f;, (h,nr,) = lilgrlg}f;nrn(v)h(v) >m.

In conjunction with (15), this gives that liminf,, M(r,) = m for every m > 0. Since M(r) is non-
decreasing (Remark 9), it must tend to infinity as r — oco. 0
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