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Abstract. In this paper, we consider semi-extraspecial p-groups G that have an automorphism of order
|G : G'| - 1. We prove that these groups are isomorphic to Sylow p-subgroups of SUz (p?%) for some integer a.
If p is odd, this is equivalent to saying that G is isomorphic to a Sylow p-subgroup of SL3(p%).

Résumé. Dans cet article, nous considérons des p-groupes G semi-extraspéciaux qui ont un automorphisme
d’ordre |G : G'| — 1. Nous prouvons que ces groupes sont isomorphes aux p-sous-groupes de Sylow de
SU3(p?%) pour un certain entier a. Si p est impair, cela revient a dire que G est isomorphe 2 un p-sous-groupe
de Sylow de SL3(p%).
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1. Introduction

All groups in this paper are finite. A p-group G is called semi-extraspecial if G/ N is extraspecial
for every maximal subgroup N of Z(G). Semi-extraspecial p-groups and, more generally, Camina
p-groups have been a focus of extensive research (for instance, see [2,8,16,17,19,21]). We present
an overview in Section 2.

In this paper, we study semi-extraspecial p-groups G that possess an automorphism of order
|G : G'| - 1, where G’ denotes the derived subgroup as customary. Our motivation is two-fold.
On the one hand, we show that this case is extremal in the sense that |G : G'| — 1 is the maximal
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possible order of a p’-automorphism of a semi-extraspecial group G. On the other hand, semi-
extraspecial p-groups with an automorphism of this order play a fundamental role in the first
author’s work [4,5] on group algebras of finite groups in which the socle of the center is an ideal:
essentially, groups with this property can be built as central products of extensions of semi-
extraspecial p-groups G by automorphisms of order |G : G'| -1 (see [4, Theorem B]).

In our main theorem, we classify the semi-extraspecial p-groups that possess such an auto-
morphism. Our main result is the following.

Theorem 1. Let p be a prime number and let G be a semi-extraspecial p-group. Then G possesses
an automorphism of order |G : G'| — 1 if and only if G is isomorphic to a Sylow p-subgroup of
SU3(p*%) where|G:G'| = p*“.

Here, SU3(p?>%) denotes the 3-dimensional special unitary group over the field with p?¢
elements. The structure of its Sylow p-subgroups is well-understood. When p is odd, they are
isomorphic to the Sylow p-subgroups of SL3(p%), which are commonly known as Heisenberg
groups. We thus obtain the following immediate corollary.

Corollary 2. Let p be an odd prime number and let G be a semi-extraspecial p-group. Then G
possesses an automorphism of order |G : G'| -1 ifand only if G is isomorphic to a Sylow p-subgroup
of SL3(p*) where|G: G'| = p*“.

In contrast, we note that the Sylow 2-subgroups of SU3(22%) are not isomorphic to the Sylow
2-subgroups of SL3(24).

The paper is organized as follows: in Section 2, we summarize some well-known facts on semi-
extraspecial p-groups and their automorphisms. In Section 3, we then prove our main results.

2. Background

Let G be a group. As is customary, we write G’ for its derived subgroup and Z(G) for its center,
we set @(G) for its Frattini subgroup, we let Aut(G) denote the automorphism group of G, and we
write Irr(G) for the set of irreducible characters of G. Denote ord(g) for the order of an element
g € G, and max(G) for the maximal order of an element in G. For a prime number p, a p’-
automorphism of G is an automorphism of order not divisible by p.

Let G be a p-group for some prime number p. We set Q(G) := (x : xP = 1) and U(G) = (x” :
x € G). Recall that G is called special if either G is elementary abelian, or if G has class 2 and
G' = Z(G) = ®(G) holds. The group G is called extraspecial if |G'| = |Z (G)| = p holds (note that
it is easy to see and well-known when G is extraspecial that ®(G) = G' = Z(G) is an immediate
consequence of |G'| = p and G’ < Z(G), and hence, G is special).

For n,k € N, a prime number p and q := p*, we write GL,(qg) for the general linear group of
nx n-matrices with entries in F; whose determinant is not 0. It is well-known that max(GLn (q)) =
q" — 1. Elements of this order are called Singer cycles. Let SL;(q) denote the special linear group
of dimension n over F. This is the subgroup of GL,(g) consisting of elements of determinant 1.

Finally, we write SU,,(g?) for the special unitary group of dimension n over the field Fg2. We
see that SU,(¢?) is the subgroup of unitary matrices of determinant 1 in GL,(g?). Recall that a
matrix U is unitaryif U~! = U’ where U means to take the g™ powers of each entry of U (see [7]
or [12, Section I1.10]).

It is well-known that GLx(p) can be thought of as the automorphism group of a vector space V
of dimension k over the field of p elements. When V admits an alternating non-degenerate
bilinear form, then the dimension of V must be even, say 2k, and the subgroup of GL,;(p) that
preserves this form is the symplectic group SP,(p) (again see [7]).
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A finite group G is called a Camina group if for all g € G\ G', we have that g is conjugate to all
elements in gG'. This is one of several equivalent conditions that can be used to define Camina
groups (see [16, Lemma 2.2]). Dark and Scoppola have proved that a Camina group is either a
Frobenius group whose Frobenius complement is cyclic or the quaternion group, or a p-group
(see [8, Main theorem]).

The p-groups that are Camina groups have a very special structure. MacDonald has shown
that Camina 2-groups have nilpotence class 2 (see [19, Theorem 3.1]). Dark and Scoppola have
proved in [8] that the nilpotence class of a Camina p-group for odd p is 2 or 3. For Camina p-
groups of nilpotence class 2, there is an equivalent characterization. A p-group G is called semi-
extraspecial (S.E.S.) if G/ N is extraspecial for every subgroup N that is a maximal subgroup of
Z(G). Verardi has proved in [21] that G is a Camina p-group of nilpotence class 2 if and only if G
is a semi-extraspecial p-group. The third author has written an expository article [16] that covers
many of the known results including the ones mentioned in this paper about Camina groups and
related objects.

Since the groups of interest in this paper are Camina groups of nilpotence class 2, they are
semi-extraspecial p-groups, and we will refer to them as such for the remainder of this paper.
The third author has also written a paper with an extensive expository account on the known
results on semi-extraspecial p-groups in [17]. We collect well-known facts on semi-extraspecial

p-groups.

Lemma 3 ([2, Lemma 1 and Satz 1] and [14, Section 2]). Let p be a prime and let G be a semi-
extraspecial p-group. Then the following hold:
(1) we have G' = Z(G) = ®(G), so G/ Z(G) is elementary abelian;
(2) we have |G: Z(G)| = p** for some integer a;
(3) the group Z(G) is elementary abelian; writing |Z (G)‘ = p?, we have b < a, where a is as
in(2);
(4) for a nontrivial character ¢ € Irr(G), setting (xZ(G),yZ(G)>¢ = ¢(lx,y1) forall x,y € G
defines an alternating bilinear form on G/ Z(G).

Using the notation of Lemma 3, a semi-extraspecial p-group G is called ultraspecial when
a=b.

3. Proofs of the main results

Throughout, let p be a prime number. In this section, we study the structure of semi-extraspecial
p-groups with an automorphism of large order in detail and prove Theorem 1.

We begin by showing that |G : G'| — 1 is the largest possible order of a p’-automorphism of a
semi-extraspecial group G and characterize the actions of automorphisms of this order. To this
end, we first prove the following more general statement:

Lemma 4. Let G be a p-group with ‘G : <1>(G)| = p* and let ¢ be a p'-automorphism of G. Then
ord(¢) < p* —1. Equality holds if and only if ¢ permutes the nontrivial cosets of ®(G) in G
transitively.

Proof. Note that ¢ induces an automorphism ¢’ of the elementary abelian group G/®(G). Let
d = ord(¢"), so (pd acts trivially on G/®(G). By Burnside’s theorem (see [10, Theorem 5.1.4]), we
have ¢“ = 1 and hence, d = ord(¢) follows. The automorphism group of G/®(G) is isomorphic to
GLk(p). Hence, we obtain ord(¢) < max(GLk(p)) = pk — 1. Moreover, equality holds if and only if
¢’ is a Singer cycle, and therefore, permutes the nontrivial elements in G/®(G) transitively. [

We apply this lemma to S.E.S. groups.
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Corollary 5. Let G be a semi-extraspecial p-group with |G : Z(G)| = p*®.  For every p'-
automorphism ¢ of G, we have ord(p) < p*>* — 1. Moreover ord(gp) = p** — 1 if and only if ¢ per-

mutes the nontrivial cosets of Z(G) in G transitively.

Proof. When G is an S.E.S. group, we have that Z(G) = ®(G). Then we can apply Lemma 4 to
obtain the conclusion. O

To illustrate the strength of this condition, we show that if p is odd, the existence of an auto-
morphism that permutes the nontrivial cosets of Z(G) transitively forces the semi-extraspecial
group to be of exponent p. Note that the analogous statement for p = 2 cannot hold as groups of
exponent 2 are abelian.

Lemma 6. Assume p > 2 and let G be a semi-extraspecial p-group. If G has an automorphism
that acts transitively on the nontrivial cosets of G/ Z(G), then G is of exponent p.

Proof. Since G has nilpotence class 2, G/ Z(G) and Z(G) have exponent p and p is odd, the map
G/ Z(G) — Z(G) defined by xZ(G) — xP is a homomorphism with kernel Q/Z(G) and image O
(see [12, Hilfssatz II1.1.3]). By the First Isomorphism Theorem, G/ is isomorphic to U, so
|G : Q| = |U]. As normal, set |G : Z(G)| = p** and |Z(G)| = pP. If G has exponent p?, then
1 < |U| < p”. This implies that 1 < |G/Q| < p?. Hence, |Q/Z(G)| = p?*~b = p% > 1. 1t follows
that G’ = Z(G) < Q < G. On the other hand, Q is characteristic in G. This contradicts G having an
automorphism that acts transitively on the nontrivial elements in G/ Z(G) = G/G'. Therefore, G
must have exponent p. g

Now we turn to the proof of Theorem 1. To this end, we first refine the results on orders of
p’-automorphisms from Corollary 5. As is standard notation, when § is an automorphism of G,
then we write 6 z () for the restriction of 6 to Z(G).

Lemma7. LetG beasemi-extraspecial p-group with |G: Z(G)| = p*® and | Z(G)| = p®. Let§ bea
p'-automorphism of G and set d := ord(6 z(G)). Then:

1) d<p’-1;

2) 8% induces an automorphism of G/ Z(G) whose order c is the order of a p'-element of

SP24(p);
3) ord(d) =cd, wherec isasin (2).

Proof. As G' = Z(G) is characteristic, we have § 7 € Aut(Z(G)). Since Z(G) is elementary
ak;elian of order p?, we know that Aut(Z(G)) is isomorphic to GLy(p). Thus, d < max(GLy(q)) =
p’—1.

We claim that 6% induces an element &' of SP,,(p) of the same order (for the details of this
argument, see [14, Section 4]). Note that §¢ induces an automorphism &' of G/Z(G). Since
6 Z(G))d = 1, we see that 6’ has the same order as 9. Also, 6¢ stabilizes all of the irreducible
characters of G' = Z(G). Hence, 6% preserves the bilinear form (-,-), for every irreducible
character ¢ € Irr(Z(G)). We now fix a nontrivial irreducible character ¢ € Irr(Z(G)). Having
8% act on G/ Z(G) preserving (-,-)p, we see that &' is an element of SP24(p). In particular,
¢ :=ord(6") = ord(6%) is the order of a p’-element in SP,, (p). We deduce that §%¢ = (§9)¢ = 1. Note
that if ord(6) < cd, then either § () has order less than d or §’ has order less than c; therefore,
ord(d) = cd. O

We next consider the orders of p’-elements in SPa,(p). For integers a,m > 1, a Zsigmondy
prime divisor of a™ — 1 is a prime [ that divides a” — 1, but not @’ — 1 for i € {1,..., m — 1}. Note
that since a>” — 1 = (@™ — 1)(a™ + 1), the Zsigmondy prime divisors of a?”* — 1 are all divisors of
a™+1.
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Lemma8. LetG =SPy,(p).

(1) Ifa=1 the maximal order of a p'-element of G is p + 1.

() If(p,a) = (2,3) the maximal order of a p'-element (2'-element) in G that divides pza -1=
63isp®+1=9.

(3) Ifa>1orif(p,a) # (2,3), k is the order of a p'-element in G, and k is divisible by all
Zsigmondy prime divisors of p*® — 1, then k divides p® + 1.

Proof. When a = 1, we know that SP»(p) = SL»(p) and by Dickson’s classification of the sub-
groups of PSL,(qg), the maximal order of a p’-element is p + 1. If (p, a) = (2,3), we can compute
the orders of the 2'-elements of SPg(2) in Magma (or GAP). These are {1,3,5,7,9,15}. Thus, 9is the
maximal 2’-order which divides 63, as required.

Now let a > 1 and (p,a) # (2,3), so the Zsigmondy prime theorem applies. Since p>* -1 =
(p®-1)(p®+1), we see that p%+1 is divisible by the Zsigmondy prime divisors of p?>*—1. Suppose
conversely that k is the order of a p’-element of G, and k is divisible by the Zsigmondy prime
divisors of p?“ — 1. The p’-elements of G are semi-simple and thus lie in maximal tori of G. These
are of the form ]'[ﬁz1 Z; for [ € N, where Z; is a cyclic group of order p/i +1,and ji +---+j;=a
(see, for instance, [15, Section 2]). In particular, k divides lcm;’=1 (p*-1) lcm}": 1 ( p¥i+1) for some
Ulyeory U,y VLyenny Uy I, ME Zxg With X1 +Z;.":1 vj < a. Let q be a Zsigmondy prime divisor of
p?®—1. Then q must divide some p% — 1 or p¥/ + 1. Due to u; < a, the first case cannot occur, so
g divides p¥i +1 for some j. If v; < a, then g divides p*"J — 1 < p?*® — 1, which is a contradiction.
Hence, we deduce that v; = a. Since X", u; + Z;.”zl vj < a, this implies that k divides p“ +1. [

We now show that when G has the given automorphism of order |G: Z(G)|-1=|G: G| -1,
then G is ultraspecial, and we can determine the order of the restriction of the automorphism to
the center.

Corollary 9. Let G be a semi-extraspecial p-group with |G : Z(G)| = p** and | Z(G)| = p” having
an automorphism o of order p*® — 1. Then the following hold:

(1) G is ultraspecial;
(2) 0z hasorder |Z(G)| -1=p*-1;
3) o”"~ induces an automorphism of G/ Z(G) having order p® +1.

Proof. Write |G : Z(G)| = p?® and | Z(G)| = p" for some a,b € N. Proving that G is ultraspecial
is equivalent to showing a = b. Let d be the order of oz and let ¢ be the order of the
automorphism of G/Z(G) induced by od. By Lemma 7(3), we have p2“ —1 =ord(o) = cd. We
know by Lemma 7(1) that d < p” — 1 < p® - 1. Notice that ¢ = (p>** - 1)/d = (p** - 1)/ (p’ -1) =
(p**-1)/(p®—1) = p*+1. Also, c is the order of a p’-element of SP,,(p) by Lemma 7(2). When
a=1or (p,a) = (2,3), it follows that ¢ = p* + 1 by Lemma 8.

Now assume a > 1 and (p,a) # (2,3). As d is the order of a p’-element of GL;(p), it follows
that d divides H?zl (p/ - 1) since |GLy(p)| = 122} (p? - p'). Thus, no Zsigmondy prime of p?* -1
divides d, and so, these primes must divide c¢. Hence, ¢ divides p® + 1 by Lemma 8. This implies
that ¢ < p?®+ 1. In the previous paragraph, we showed that p%+1 < ¢. Thus, in all cases ¢ = p*+1.
It follows that d = p® — 1, so a = b. Conclusions (2) and (3) follow. O

For every semi-extraspecial p-group G, every automorphism of G induces a linear map on the
elementary abelian group G/G' = G/ Z(G). We say that a € Aut(G) acts irreducibly on G/ Z(G)
if a does not preserve any nontrivial F,-subspace of G/Z(G) (that is, there is no subspace
0s W s G/Z(G) with a(W) € W).

The key ingredient of the proof of Theorem 1 is the following result.
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Theorem 10 ([3, Theorem 2]). Let vy be a p'-automorphism of the non-abelian special finite p-
group G acting irreducibly on G/G' = G/ Z(G) and trivially on G' = Z(G). Set

m:=min{keN : ord(y) | (p* - D}.

Then G is isomorphic to Q/ Z, where Q is a Sylow p-subgroup of SUs(p™) and Z is a subgroup of
Z(Q).

We can now prove the first implication of Theorem 1.

Theorem 11. Let G be a semi-extraspecial p-group and suppose that G has an automorphism of
order |G : G'| - 1. Then G is isomorphic to a Sylow p-subgroup of SU3z(p>%).

Proof. Let o be an automorphism of G of order |G: G'| —1 and let v := oP“~1. We show that v
satisfies the hypotheses of Theorem 10. By Corollary 9(2), o z () has order p%—1, so v acts trivially
on Z(G). We claim that
min{keN : ord(®) | (p* - 1)} = 2a.

To see this, let k € N be minimal such that ord(w) = p% + 1 divides pk — 1. Clearly, we have k < 2a.
Now write m-(p®+1) = p¥—1. Then m = -1 (mod p®) follows. In particular, we obtain m = p®—1
and hence k = 2a. Finally, it follows from [20, Theorems 2.3.2 and 2.3.3] that the action of ¥ on
G/ Z(G) is irreducible.

With this, Theorem 10 yields that G is isomorphic to Q/ Z for a Sylow p-subgroup Q of SU3(p?%)
and a subgroup Z of Z(Q). Due to |G| = p3“ = |Q| (this follows from Corollary 9(1)), we obtain
G = Q and the claim follows. O

Remark 12. For p > 2, the Sylow p-subgroups of SU3(p?¥) and SL3(p¥) are isomorphic. To
see this, observe that a Sylow p-subgroup P of SU3(p?¥) is ultraspecial of order p3¢ and all the
centralizers of noncentral elements of P are abelian. By [21, Theorem 5.10], P is isomorphic to a
Sylow p-subgroup of SL3(pX). A colleague has pointed out that this can also be proven directly
using unitriangular matrices.

In contrast, one can show that the Sylow 2-subgroups of SL3(2¥) and SU3(2%¥) contain different
numbers of involutions and hence they are not isomorphic.

Remark 12 shows that Corollary 2 is an immediate consequence of Theorem 1. As a converse
to Theorem 11, we note the following.

Lemma 13. Let P be a Sylow p-subgroup of SU3(p?*). Then P has an automorphism of order
2k
pt—1.

Proof. This is essentially proved in [12, Satz I1.10.12(b)]. O

This completes the proof of Theorem 1. For p > 2, the automorphism groups of the Sylow
p-subgroups of SLg(pk) have been constructed in [18, Theorem 4.1]. This can be used for an
alternative proof of Lemma 13 if p is odd.

We end the note with an observation by Bill Kantor from a presentation of this paper at the
conference in Denver (Colorado) for the 75" birthday of Jon Hall in August 2024. As we have
noted above, our automorphism o acts transitively on Z(P) \ {1}. On the other hand, we know
that o transitively permutes the nontrivial cosets of Z(P) in P and each element in P\ Z(P) is
conjugate to its coset by Z(P). Hence, all the elements outside of Z(P) have the same order.
When P is a 2-group, this implies that Z(P) contains all of the involutions and o is transitively
permuting the involutions. It follows that P is a Suzuki 2-group.

In [11], Higman classified the Suzuki 2-groups into four types: type A, type B, type C, and
type D. The groups of type A have been studied more widely (see [13, Section VIIL.6]). On the
other hand, the groups of type B, type C, and type D are often S.E.S. groups, whereas the groups
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of type A are not (see [9, Table 3, Table 4, and Lemma 2.5]). We have seen that the groups in
Theorem 1 are isomorphic to the Sylow 2-subgroups of SU3(22%). The fact that these groups are
type B is mentioned in the second paragraph of [6]. We also refer the reader to the argument
given in [1].
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