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Abstract. In this paper we consider a punctured Riemann surface endowed with a Hermitian metric that
equals the Poincaré metric near the punctures, and a holomorphic line bundle that polarizes the metric. We
show that the quotient of the induced Fubini-Study forms by Kodaira maps of high tensor powers of the line
bundle and the Poincaré form near the singularity grows polynomially uniformly on a neighborhood of the
singularity as the tensor power tends to infinity, as an application of the method in [5].

Résumé. Dans cet article, nous considérons une surface de Riemann épointée munie d'une métrique hermi-
tienne qui coincide avec la métrique de Poincaré pres des points de ponction, ainsi qu'un fibré en droites ho-
lomorphe qui polarise la métrique. Nous montrons que le quotient des formes induites de Fubini-Study par
les applications de Kodaira des puissances tensorielles élevées du fibré en droites et de la forme de Poincaré
pres de la singularité croit de maniére polynomiale et uniforme dans un voisinage de la singularité lorsque la
puissance tensorielle tend vers I'infini, en application de la méthode décrite dans [5].
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1. Introduction

In this paper we study the asymptotics of the induced Fubini-Study metrics by Kodaira maps
of high tensor powers of a singular Hermitian line bundle over a Riemann surface under the
assumption that the curvature has singularities of Poincaré type at a finite set. We show namely
that the quotient of the induced Fubini-Study metrics by Kodaira maps of high tensor powers
of the line bundle and the Poincaré model near the singularity grows polynomially uniformly
on a neighborhood of the singularity as the tensor power tends to infinity. In [3,4], Auvray,
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Ma and Marinescu obtained a weighted estimate in the C"-norm near the punctures for the
difference of the global Bergman kernel and of the Bergman kernel of the Poincaré model near
the singularity, uniformly in the tensor power p of the given line bundle; and an application in
arithmetic geometry is the sharp uniform asymptotics of the sup-norm of automorphic (cusp)
forms associated with a Fuchsian group of the first kind which was studied by Ullmo, Kramer...
[10,11,15]. Moreover, in [5] they also show that the quotient of the global Bergman kernel and
the Bergman kernel of the Poincaré model near the singularity tends to one up to G (p~*°). This
paper is an application of the results and the method of [4,5].

Following [17], an important application of the expansion of the Bergman kernel is the
convergence of the induced Fubini-Study forms by Kodaira maps. For more works on Bergman
kernels, cf. [6,7,9,14,18], and we refer the readers to the book [13] for a comprehensive study of
Bergman kernels. Donaldson [8] uses the expansion of the Bergman kernel to study the relation
between constant scalar curvature Kdhler metrics and Chow stability. Coming to our context, an
interesting problem is the relation between the existence of special complete/singular metrics
and the stability of the pair (X, D) where D is a smooth divisor of a compact Kdhler manifold X;
see e.g. the suggestions of [16, Section 3.1.2] and [12], for the case of “asymptotically hyperbolic
Kéahler metrics”, which naturally generalize to higher dimensions the complete metrics w studied
here.

We place ourselves in the setting of [4] which we describe now. Let T be a compact Riemann
surface and let D = {ay,...,an} < X be a finite set. We consider the punctured Riemann surface
¥ =3~ D and a Hermitian form ws on X. Let L be a holomorphic line bundle on 3, and let i be a
singular Hermitian metric on L such that:

(a) his smooth over X, and for all j = 1,..., N, there is a trivialization of L in the complex
neighborhood V; of a; in X, with associated coordinate z; such that |1|%(Zj) = |log(12j1%)|;

(B) there exists £ > 0 such that the (smooth) curvature R” of & satisfies i R" > ews over £ and
moreover, i RE = ws on Vj= Vj\ {a;}; in particular, ws = wp-~ in the local coordinate z;
on V; and (2, wx) is complete.

Here wp+ denotes the Poincaré metric on the punctured unit disc D* = D~ {0}, where D is the unit
disc, normalized as follows:

idzndz

* = — 1
wp 22 10g2 (12P) )

For p = 1, let h? := h®? be the metric induced by h on Lp|z, where LP := L®P. We denote
by H?Z) (Z,LP) the space of L?>-holomorphic sections of L” relative to the metrics h” and ws
endowed with the obvious inner product. By [13, (6.2.17)], the sections from H?z) (Z,LP) extend
to holomorphic sections of L” over X which vanish on D. In particular, the dimension dy of
Hp, (%, LP) s finite.

We denote by By (-) the Bergman kernel function of the orthogonal projection B, from the

(Z,LP). If{SZ}?Zl is an orthonormal basis of HY, (%, LP),

space of L2-sections of L” over X onto HY 2

(2)
then
dy ,
By(x):= ) |ST )| )
/=1

Note that these are independent of the choice of basis (see [13, (6.1.10)]). Similarly, let BE’* (x) be
the Bergman kernel function of (D*,wp-+,C, |log(|zI?) |p ho) with hy the flat Hermitian metric on
the trivial line bundle C.

We fix a point a € D and work in coordinates centered at a. Let ¢; be the holomorphic frame
of L near a corresponding to the trivialization in the condition (@). By the assumptions () and ()
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we have the following identification of the geometric data in the coordinate z on the punctured
disc [Dzr of radius 4r centered at a, via the trivialization ey of L,

(Z,ws,L h) with 0 < r < (4e) . 3)

(D*,a)D*,C, hID* = \log(|z|2)| . ho)

D = «
ar ID4r

In [5], Auvray, Ma and Marinescu proved the following estimates.

Theorem 1 ([5, Theorems 1.2 and 1.3]). If (Z,ws, L, h) fulfill conditions (@) and (p), then for all
keN,leN* andD,,...,Dy € {%, a%}, there exists C > 0 such that for any p € N* we have

<cp’. 4)

(D D)(B’”() 1)
1 kBE,*Z

sup
zeV1U--UVN

Let us consider the Kodaira map at level p = 2 induced by H&) (2, LP), which is a meromorphic
map defined by

Jp@: Z-->P(HY(E, L)) =CPP™!, x— {oeHY (E,LP):0(x) =0} 5)

By [5, p. 23641, Jp,(2) is an embedding for p > 1.
The L?-metric on H(OZ) (Z,LP) induces a Fubini-Study form wgs, on the projective space

P(Hp, (2, LP)*). We have by [13, Theorem 5.1.3, (5.1.21)]

1, R
pprsy = g R g 00log(By) ©
From (4) and (6) (cf. [5, Theorem 4.1]), we have, as p — +oo,
|- 1 i - . B
;]p,(Z)wFS,p = ng + E@@log(Bp )+0O(p~), %)

uniformly on V3 U V, U --- U Vi. Note that, by condition (), we have
wp* =ws = iRl = —i6510g|log(|z|2)| on Vj. (8)

The main result of the present paper is the following estimate of the quotient of the induced
Fubini-Study forms % J ; (2@Fs,p by Kodaira maps of LP and the Poincaré form wp+ (z).

Theorem 2. If (Z,ws,L, h) fulfill conditions (@) and (B), then

T o WEs, p(2)
sup PP = @(ps) as p — +oo. 9)

zeV1uU---UVN

pwp+(2)

Let us mention that the difficulty of the estimate (9) consists in the fact that BE* (+) vanishes

at 0. Moreover, by [13, Theorem 6.1.1] and (6), for any K < X compact,
1 . i L 1
;]p’(z)wps,p—ER =0(p~") onKk. (10)

We give an important example where Theorem 2 applies. Let I'  PSL(2,R) be a geometrically
finite Fuchsian group of the first kind without elliptic elements. Then X := I'H can be compacti-
fied by finitely many points D = {a;, ..., ay} into a compact Riemann surface X [4, p. 956]. Let ws
be the Kdhler-Einstein metric on X induced by the Poincaré metric wy = iﬁfé\zdlf on the upper-half
plane H.

Let ﬂ’zrp be the space of cusp forms (Spitzenformen) of weight 2p of I' endowed with the
Petersson inner product (cf. [4, p. 995]). We can form the Bergman kernel function of 5”21;) as

in (2), denoted by S’r7 [4, p. 995], then

Sy(2) = Y| f;(2)]* @Im2)*? an
J
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with {f;} any orthonormal basis of .?érp For any p >0 and z € £, define

l' —
WP gaalog(s,ﬂ (2)). (12)

As a corollary of Theorem 2, we get the following:

Corollary 3. LetT < PSL(2,R) be a geometrically finite Fuchsian group of the first kind without
elliptic elements and X := T'\H. Then

Ber,p
ws 7 (2)

— (3 -
Py =0(p°) asp— +oo. (13)

sup
zZeX

Remark 4. Corollary 3 still holds if I' has elliptic elements. In this case, the quotient £ = I'\H
is an orbifold, by the result of Dai-Liu-Ma [7, (5.25)], Ma-Marinescu [13, Section 5.4.3] on the
Bergman kernel on orbifolds and the localization of the asymptotics of the Bergman kernel on
compact part of 2, from [4, (1.15), p. 998], we know near the orbifold points, @(p®) in (13) can be
estimated as ©'(1).

Remark 5. In [2, Main Theorem 1], the authors claim a stronger estimate than (13) and they
prove their estimate by using a computation on classical modular forms, but unfortunately their
proof is not complete. As a comparison, the difficulty in proving (13) arises from the fact that
the Bergman kernel function vanishes on D, but [2, Proposition 2.3] claims that it has a uniform
strictly positive lower bound, cf. [4, Corollary 3.6] and the explanation after (15).

In [1, Main Theorem 2], the authors claim a high dimension version of (13) for ball quotients,
but unfortunately their proof is also not complete. The similar incomplete argument occurs in
the proof of [1, Proposition 3.6].

2. Proof of Theorem 2 and Corollary 3

In this section, we establish Theorem 2 and Corollary 3 by using the techniques in [5]. Our starting
point is (7), and thus we only need to work on the punctured unit disc D*. The key part in our
proof of Theorem 2 in Section 2.1 is Lemma 6 which is established in Section 2.2: for the four
terms in (26) and (27a), we get G (p~*°). The main estimate €' ( p3) is from (27b) as Bg’* (z) oscillates
too violently near |z| = e™? (cf. [4, Section 3.2]). In Section 2.3, we explain the proof of Corollary 3.

2.1. Proof of Theorem 2

From [5, (2.6) and (2.7)], we have
BE* (2) = |log(|z|2)|pﬁ2* (z), forzeD*, (14)
where
p-1 1/2
) (15)

D* _oo (p)\2, 21 . (p) _
ﬁp (Z)—lzzi(cl )1z, WlthCl —(m

From (14) and (15), we know lim,_.q BE* (2) =0 for any p. Thus, BE* has no strictly positive lower
bound. This is the main difficulty to establish Theorem 1.
By [4, Proposition 3.3], forany meN,0<b<land0<y < %, there exists € = £(b,y) > 0 such
that
D* p-1
‘ B, (@)= ——

> =0y asp— +oo. (16)
T

Cm({beP" <|z|<1},wp+)
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After reducing to some V; and identifying the geometric data on D}, and X via (3), by (1)
and (7), we have

J: wEsp(2) 1 i00log(BR (2)
p,(2) P 1 g( p )+@°(p‘°°)
pwp*(z) 27 21 p wp* (2)

17
1 D2 -C_B(z) - 2BP(z). LBD(2)
— |Z|2(10g(|zlz)) aZaZ 14 0z ,17 az=p @(p—OO).

2np (BY (z))

As |z logIZIZ% is an orthonormal frame of (T"PD*, wp+), from (16) with m = 1,2, we have

2 —
sup |Z|2(log(|Z|2)) 2 a_BE’ @|=0E ™) as p — +oo,

he‘lﬂslz|<1

(18)

0 _
B[D> (2) @(ef‘gp1 27) as p — +oo.

sup |z||10g |z|? |

be~rY <|z]<1
From (16) with m =0, (17) and (18), we get

];,(z)wFS,p (Z) 1

pwp(2) 2w o). 19

sup
be=P' <|z|<1

Thus, in order to prove Theorem 2 it suffices to show that

T oy WFs,p(2)
sup p@ P :@(;;3), (20)

0<|zl<be P"

pwp+(2)

From (1), (7), (8) and (14), we get

2 . . ) *
= |Z|2(10g|z|2)2 . #ﬁiﬁ% (Z) ﬁug (Z) — %ﬁ% (Z)aizﬁl]’:j[) (Z)

];, 2) wFS,p (Z)

+O(P™™®). (21

Akeyidea of [5] is that we use the precise formula (15), and only the lower degree (i.e., | = O (p))
part of (15) plays the essential contribution in (21). We define 6, as follows,

(p—2)
Op= : 22
g {2llogr|J (22)
and |x] is the integral part of x € R. Set
5p bp
Lp=Y Y 10-mc 2 eh)? 1z 2m,
I=1m=1
Sp oo
Ig,p = Z Z l( m)(c(p)) (C(p)) |Z|21+2m,
I=1m=6p+1
5 (23)
o) p
13117 = Z Z l(l m)(c(p)) (C(p) 2|Z|21+2m,
I=6p+1m=1

Iy, = Z Z l(l—m)(c(p)) (C(p))2|Z|21+2m'

[=6p+1m=6p+1



608 Razvan Apredoaei, Xiaonan Ma and Lei Wang

From (15) and (23), we have
|z py 0"6’7 (2) - ﬁ,, (z )——ﬁp (z )—,3,, (2)

I,m=1 I,m=1 (24)

I,m=1

= ILp + Igyp + Ig,p + I4,p'
Thus, by (21) and (24) we get

*
J (z)wFS,p(Z) 2 Il,p+12,p+13,p+l4,p

p, 2 —00
= (loglz|*)" - - +0(p™). (25)
pan-a - 108l) 27p(BY (2))°
We will show the following result.
Lemma 6.
(1) For j=2,3,4, we have
I.
2 1P -0
sup |(loglzl?) | =0 (p™™). (26)
0<|zl<be-P" (8% (Z))
(2) We have
I
sup (10g|z|2)2-+2 =0(p™™), (27a)
0<|z|<2e~P (ﬁﬂg (Z))
sup (loglzlz)z-lj—"g2 =0(p"). (27b)
e~P<|z|<be P’ (.Blg (Z))

How to get Theorem 2 from Lemma 6. Since {z € C:0 < |z| < be‘py} ={zeC:0< 2zl <
2e Plu{zeC:e™” <|zl<be P}, from (27a) and (27b), we get

Ly
(8% (2))*
From (25), (26) and (28), we get (20). The proof of Theorem 2 is completed.

=0(ph. (28)

sup (loglzlz)2 .

0<|zl<beP"

2.2. Proof of Lemma 6

From (23), we have

5, 8p Op
|Ilp|< Z |l—m|(c(p))2(c(p))2| |2+2m+Z Z 11— m|(C(p))z(c(p))zlzlznzm. (29)
m=2 1=2m=2

We first estimate the first term on the right hand side of (29). By (15), we have

()12 < B (2), (30)
and
(P2 = i —( n )p_l.(m_l)p_l—( m )’H( w2, 31
™ 2n(p-2)! \m-1 2n(p-2)! \m-1
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From (15) and (31), as ﬁ <2forl=2,wehave

9p Sp 1\~
Z(Cgp))zlzlzuﬂ)zz( ) ( (p)) |2[2¢-D
i I-1

=2

5 (32)
< zp_l Z(CEE)I)Z|Z|2U—1) < zp_lﬁﬂ;)* (Z)
1=2
From (22), (30) and (32), we have
op
3 1= mlEeP) P ) 2122 < 6 — D ()P 2 Z ()220 )2
m=2
(33)
<(6p-12P 1z ﬁ”;’ (z)2
< p2P lzP B ().
Proof of (27a). For0< |z| <2e” P, we have
2 14
2P Lzl <2Pe™P = (—) . (34)
e
Thus, by (33) and (34), for |z| < 2e™P, we get
Sp
3 1= mleP)?(eP)? |z|2+2’"<p( ) 121 85 (2)%. (35)
m=2
Next we estimate the second term on the right hand side of (29):
p 2 (P2, (P2, 21 (P2, (P22
HL=ml(c;” ) (e P12l <6, -6 (c’”) (e )?12lP2™ (as |- ml < 8)p)
p p
=2m= =2m=2 (36)
_52 |Z| Z(C(P))2|Z|2(l 1) Z (C(P))2|z|2(m—1)_
m=2
By (22), (32), (34) and (36), for |z| <2e7P, asin (35), we get
8y O . .
Z Z Il - ml(c(p))z(c(p))zlzlmzmS§i|z|4-2p_lﬁ"3 (Z)‘zp—lﬁlll]; (2)
[=2m=2 37)
<p?(2 2pl 2B (2)?
<p p zI* B, (z
Combining (29), (35) and (37), we obtain
I 2\ 2)\%P
(loglzl?)? - ——2— Sp(—) |zI(loglzI)* + p? —) |21 (loglzI?)?. (38)
(ﬁ;?;"(z))2 e e

Since the functions f(x) = x(logx®)? and g(x) = x?(logx®)?> are bounded on the interval

10,2e"P[<]0, 2], by (38), we get that there exists C; > 0 such that

o2 ()

Ly
sup |(loglz?)’- —2—| < 39)
(85 @)°

0<|z|<2e P

By (39), we get (27a).



610 Razvan Apredoaei, Xiaonan Ma and Lei Wang

Proof of (27b). From (15), (22) and (23), we have

5, 6,
Lpl< Y Y U= mlc”)P ()2 |z 22m
I=1m=1
op Op (40)
< 5]0 .6!) Z Z (CEP))Z(C;IIJ))2|Z|ZI+2m
I=1m=1

< pZ,BB* (z)z.
Therefore,
I p 2
(loglzlz)2 — .
(83" @)*
Forze {ueC:e P <|ul < be "'}, we have e 2" < |z[?> < 1. Thus, —2p < log|z|?> < 0. Therefore,
(loglzlz)2 < 4p?. Hence, by (41), we have

< p*(loglzl?) 41)

I
sup (loglzlz)2 . % < p*-4p® =4p*. (42)
e~P<|zl<be-P" By (2)
From (42), we get (27b).
Proof of Lemma 6(1) for j = 2. From (23), we have
% & (P)\2,(P) !
Lpl<d Y Ul-mic)”)(cm )Pzl
I=1m=6p+1
5 (43)
p 00
< Z l(c;p))2|z|21- Z m(cg,’;))zlzlzm,
=1 m=6,+1
asl|l-m|=Ilm-1)<Im.
From [5, (3.70)], there exists C > 0 such that for any s e N*, p = 2, we have
(p) 11 1
ey |<=Cpz2 . (44)
s p @2r)s (10g|2r|2)p/2
Next, we need the following.
Lemma 7 ([5, (3.60)]). Foranyt €N fixed, we have
1 (|z|)5r"”1 1 g
- SCP 2—’ ﬁ (Z)Z (45)
Jlog(j2r )| \2r 2
forallp>1and|zl<c' p#, wherec and A' are constants defined as follows:
1 1 / ,
'=— and ¢ =re'?¥|log(l2r1?)["*", (46)

, a =
2a’ 4|logr|

Proof. For the sake of completeness, we include a proof here. By (22), for any 7 € N fixed, we
obtain

a'psé,-1 forp>1. (47)
Thus, by (46) and (47) for 7 € N fixed, we have
206,-1)/p 2a’
(E) T (E) =l (48)
2r [log(12r?)| ~\2r) |log(12r|?)| p

forp>1,|zl<c p‘A/. Recall that the Stirling formula states

p
% =@2ap) 2P (1+0(p™") asp— +oo. (49)
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By (15), (48) and (49), for any 7 € N fixed, we have

1 12\~ 1 ((12\2er pl2
_ v (- _1((lal U
|log(|2r|2)|p/2(2r) 2r ((Zr) log(12r2)| (2n(p-2))
11 e 1
Scp 22(1_'[7’6p (z)z

forp>1,lzl<c'p~.

From now on, we assume |z| < c’p’A,, p > 1. By (15) and (22) we get

5p 6’7 * *
S UePYaP <8, Y (PP 1aP < 6,85 (2) < ppY (2).
0 =1

On the other hand, by (44), we have
1 1

(o] o0
Z m((),(f;))2|z|2m5 Z

mCp
m=6p+1 m=5,+1 @2r)y2m |10g(|27|2)|p

Sincefor0<¢<1,

fo's) |Z| 2m
—ep— m(—) .
|log(|2r|2)|pm:5p+1 2r

1-¢ (1-8?

q=N+1

we have

Therefore, by (22), (45) for 7 =1, (52) and (53), we obtain

00 4 2 2 1
Y meP P < (—) (@) Gp+1)-Cp
m=6,+1 3 2r

4\2(121\? R
S(g) (5) (p+1)C’22a/pﬁp (2).

From (43), (51) and (54), we get

Iz,p
(loglz?)’ - — 22—
(8% (2))°

"2

I
(loglzlz)z-i =C'p

(B @)°

Since c’p’A' > be P' for p > 1, we get (26) for j =2 from (56).

sup
0<|zl=c'p=4

22a'p’

0 oo ! N+1y/ N _ nreN+1
by 675‘“:( h 5q) =(§ )=(N+1)€ N

[log(12r12)”

(i) (8 ez
< (loglzl7) (Zr 3 Cp(p+1)2 -

Since the function f(x) = x?(logx?)? is bounded on the interval ]0, 1[, from (55), we get

611

(50)

(1)

(52)

(53)

(54)

(55)

(56)



612 Razvan Apredoaei, Xiaonan Ma and Lei Wang

Proof of Lemma 6(1) for j =3. We assume |z| < c’p‘A/, p > 1lasinLemma 7. From (23), we have

&
00 P
(p) (p)
Lpl< Y Y Ul-mic”) () |z
l:6p+1m 1

Op
[o0)
< Z (C(p)) |Z|21 Z (C(p) 2|Z|2m

1=6p+1 m=1

(67

asl|l—-m|=1(l-m)< I3
From (44), we have

i 2Pz < i 2c 1 1 |22
c z|“ = p z
1=6,+1 ! 1=6p+1 2r)? |10g(|2r|2)ip
(58)
c 1 (IZI)
= p— e
|log(12r12)|” I=6ya1 \2T
By a simple computation, we get for0 < ¢ <1,

5 q(quw-l:( 3 e)

q=N+1 q=N+1

EN+2 "
) ( 1- 5)
_(N+2)(IN+1DEN —2N(N +2)eN ! + N(N + 1)eN*2
- 1-9°

_ N+ + 1)¢EN
(1-¢)3
Thus,

(59)

<(E)2(5 +2)(0p+ 1| =
“lor) P P 3

Therefore, by (58) and (59), we get

R CRRT |2’<C(' ') (6p+2)(6p+1)( )3-p;(@)m. (60)
I=6p+1 |10g(|2r|2)|p 2r

By (22), (45) for T = 1 and (60), we get

(e 3
Y 2y |z|2’<c(' ') (5,,+z)(5,,+1)( )

1=6p+1

22a pﬁp (2)

(61)
<c’(| |) (p+2(p+ D ﬁp
From (15), (57) and (61), we get

L,

(B} 2)°

(62)

(log|z|2)2 . < (loglzlz)z(g) [c (p+2)(p+1)

Zap
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Since the function f(x) = x?(log x?)? is bounded on the interval ]0, 1[, from (62), we get

I 1

2 3,p 2

sup (loglzlz) = =G pT = (63)
0<\z|sc’p‘A/ (ﬁ% (Z))2 22a'p

Since c’p‘A/ > be P' for p > 1, we get (26) for j =3 from (63).

Proof of Lemma 6(1) for j = 4. We assume |z| < c’p‘A’, p > 1asin Lemma 7. By (23), we have

(o] o0

Lpls Y, Y Hl-mi)2 ()2 2 2m

I=6p+1m=6p+1

[e.°] (o]
20.(P2) 21 (p)y2,,12m
< ) Fee ) (on)lal (64)
1=6p+1 m=6,+1
> P2 T (p)y2
+ Y 1P Y meh) e
I=6p+1 m:§p+1

From (44), as in (54), we get
x 1 1

o0
(P2, 12m
(em ) l2l”™ = Cp
m:%Jrl " m:;pﬂ (Zr)2m |10g(|2r|2)|p
1 |Z|)2c’)‘p+2
<Cp————4-|— .
p|log(|2r|2)|p (Zr

| 2m

(65)

From (45) for 7 = 1 and (65), we get

)
Y e)PlEPm <4C

m=6,+1

|zl
2apﬁp ( )( ) (66)
From (54), (61), (64) and (66), we get

2
|14p|<c’(' I) (p+2)(p+ 1) 5 ﬁp (2)-4C 2apﬁp (|2zr|)

4 |z

(et v
1 (lzl
SC"p2—24ap( ) IBp

Thus, by (67) we obtain

2
(67

Lnp
By 2)°

Since the function f(x) = x*(log x?)? is bounded on the interval ]0, 1[, from (68), we get

(loglz?)* -

1 (lzl
"2
<C"p 24ap(2 ) (loglz[?)?. (68)

1
<C"pP—. (69)

2 Lup
(10g|Z|2) T, a2 24a'p

(8% (2))°

Since c’p’A' > be P for p > 1, we get (26) for j =4 from (69).

sup
0<|zl=c'p=4

The proof of Lemma 6 is completed.
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2.3. Proofof Corollary 3

Let I" be a geometrically finite Fuchsian group of the first kind, without elliptic elements, then as
explained in [4, p. 956], Z := '\H can be compactified by finitely many points D = {a;, ..., an} into
a compact Riemann surface = with genus g such that the following equivalent conditions (i)—(iv)
are fulfilled:
() ==%~Dadmitsa complete Kéhler-Einstein metric ws with Ric,,, = —ws;

(i) 2g—-2+N>0;

(iii) the universal cover of X is the upper-half plane H;

(iv) L= K5 ®05(D) is ample, where K5 = T*'0% is the canonical line bundle on X.

From [4, Lemma 6.2], there exists a singular Hermitian metric on L such that (£, ws) and the
formal square root of (L, h) satisfy the conditions («) and (f).

From [4, the proof of Lemma 6.2], ws is the Kdhler-Einstein form of constant negative
curvature —4, induced by the Poincaré form wy = iﬁz\zdlf on H, and every a € D has a coordinate
neighborhood (U, z) in £ such that in this coordinate wy is exactly given by wp+(z) on U, =
U, ~{a}. Moreover, the curvature of the line bundle (L|Z,h) is given by —2iws and thus the
curvature of the (formal) square root of (L, k) is —iws. Therefore, from [4, Corollary 2.4], we get

that for any k, m € N and any compact set K c X,

1 1
Bp(x):;p—g+@’(pfk), in C"™(K) as p — +oo. (70)

Hence, from (6), we get
];,(2) WES,p (2) 1
K 2pws(z) B 27
On the coordinate neighborhood U, of a € D, we have ws = wp+. Combine Theorem 2 and (71),
we get

=0(p™™). 71)

];'(2) wFS,p (Z)

b pws(2)

As explained in [4, (6.36)], the space (Sﬂzrp of cusp forms (Spitzenformen) of weight 2p of T’
endowed with the Petersson scalar product is isometric with the space of L? holomorphic
sections of LP over X (cf. (2)) with respect to the volume form wy and the metric #” on LP. The
Bergman kernel B, of HO® (T, LP) can be identified to the Bergman kernel Sl;, of %1;7 (cf. [4, (6.37)]).

2)
Thus, by (6) and (12), we get

=0 (p>). (72)

Ber,p

Berp I = 1, 1 1
ws "= Ed@log(Bp(z)), P Ty o@rsp = —wr + P (73)

From (72) and (73), we get (13). The proof of Corollary 3 is completed.
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