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Abstract. We construct an exotic example of a locally compact group ¢ with a Borel 2-cocycle w such that
the non-twisted group von Neumann algebra L(%4) is a factor, while the twisted group von Neumann algebra
Ly (%) has a diffuse center.

Résumé. Nous construisons un exemple exotique d’'un groupe localement compact ¢ avec un 2-cocycle
borélien w tels que 1'algebre de von Neumann non-twistée L(¥) est un facteur, tandis que 1'algébre de von
Neumann twistée L, (%) a un centre diffus.
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1. Introduction

WhenT is a discrete group, it was already proven by Murray and von Neumann that the group von
Neumann algebra L(T') is a factor if and only if every nontrivial conjugacy class of I is infinite. In
that case, every 2-cocycle twisted group von Neumann algebra L, (I') automatically is a factor as
well. Note that in general, [2] provides a criterion for factoriality of arbitrary twisted group von
Neumann algebras L, (I') of discrete groups.

For locally compact groups ¢, there is no group-theoretic criterion for the factoriality of its
group von Neumann algebra L(¢¥). In this article, we give examples where L(%¥) is a factor, while
certain 2-cocycle twists L, (%) have a diffuse center. These counterintuitive examples provide
strong evidence that it is very unlikely that one can give an intrinsic characterization for the
factoriality of twisted group von Neumann algebras in the locally compact case.
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Theorem 1. Let p be an odd prime number and define the locally compact group G as the
semidirect product G = Q% x SLp(Q), with compact open subgroup K = Z%. Define 4 as the
restricted product 4 = H;ceN(G, K). Then ¢ admits a Borel 2-cocycle w such that L(9) is a factor
and L, (9) has a diffuse center.

Our initial motivation to search for the examples in Theorem 1 was however different. Recently
in [1], a theory of braided tensor products of von Neumann algebras was developed, where the
braiding comes from actions of locally compact quantum groups. There then arose in [1] the
natural question if the braided tensor product of two factors is always a factor. The answer turns
out to be no, and to give a counterexample, it suffices to construct an action ¢ ~% A of a locally
compact group ¢ on a von Neumann algebra A such that both L(%¥) and A are factors, while the
crossed product A x4 % is not a factor. By Theorem 1, such actions indeed exist and this is used
in the proof of [1, Corollary 8.5]. Such actions even exist with A = B(K) and @ an inner action.

These phenomena only happen in the nondiscrete case, as we show in the second result of this
article.

Proposition 2. Let G ~% A be any continuous action of a locally compact group G on a von
Neumann algebra A. Assume that both L(G) and A are factors. If G is discrete, then A Xy G is
a factor. If G is not discrete, this does not always hold.

2. Proof of Theorem 1

We deduce Theorem 1 from a series of lemmas. Lemma 3 provides a generic construction of an
action ¢ ~ M of a locally compact group ¢ on a von Neumann algebra M such that both L(¥)
and M x ¢ have other crossed product descriptions that will allow us to give examples where
L(%¥9) is a factor, while M x ¢ has a diffuse center. Moreover, as we prove in Lemma 5, we can give
such examples with M = B(K) for a separable Hilbert space K, so that M x ¥4 = L, (¢) ® B(K) for
some Borel 2-cocycle w € 724, ), by Lemma 4.

Throughout this section, we abbreviate locally compact second countable as Icsc.

Lemma3. LetG bea lcsc group and G ~* S a continuous action of G by automorphisms of a lcsc
Abelian group S. Consider the action G ~% § on the Pontryagin dual given by @ glw)=wo a;. Let
B be a continuous action of the semidirect product S x4, G on a von Neumann algebra A. Define
the semidirect product group 4 = S x 3 G and crossed product von Neumann algebra M = A x S

Then, 9 admits a continuous action on M such that M x4 = (A xg G) ® B(L*(S)). Also,
L(¥9) = L*®(S) x4 G.

Proof. We denote by (uy)xes the natural unitary operators in M = A xg S. Consider the dual
action

SAYM:y,(auy) =w(x) au, forallac A xeS,weS.
We also consider the action
G M:yglauy) = Bg(a) Ugy vy forallae A xeS§ gegG,

which is well-defined because (¢ € Aut A is an automorphism that conjugates the action (fx) xes
and the action (ﬁag(x))xes-
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By construction, yg 0y, = Ya,w) © Vg, S0 that both actions combine into a continuous action
9 ~Y M. The crossed product M X S is generated by M and unitaries ( V) yeg- BY the Takesaki
duality theorem, we find a *-isomorphism

m: Mxy, S— A®B(L(S)),
n(a)e AR L™®(S):m(a)(y) = By(a) forac A, yeS,
n(uy) =1®py for x € S, where (0x)(y) =& (x + ),
() =10we1®L>(S) forweS.
We have the natural action G ¢ M Xy S given by (g(d) = yg(d) for all g € G, d € M and
Cgvy) = Vi, (w) forallgeG,we S. By construction, M x, % = (M x, 3 X G.
Since each ag is an automorphism of the Icsc group S, it scales the Haar measure of S by a
constant 17(g), so that
Wg € %(L*(S)) : (Wed)(y) =n(g)*¢(az' (1) forge G, EeL?(S), yeS,

defines a unitary representation (Wg)geg of G on L2(S).
By construction, 7o {go al= Bg ® Ad Wy for all g € G. Since (1® Wg*)gec is a 1-cocycle for the
action (g ® Ad Wyg)geg, it follows that

(M xy8) x; G= (AxpG)®B(L*(S)).
Finally note that L(S) = L*(S) by Fourier transform, so that L(¥4) = L(S x5 G) = L®(S) Xo G. [

In Lemma 5 below, we provide a more specific variant of the construction in Lemma 3, in
which M = B(K), where K is a separable Hilbert space. By the following elementary lemma, which
is certainly well-known, it then follows that M x ¥ = L, (%) for some Borel 2-cocycle w € Z 2(4,T).
For completeness, we provide a detailed proof.

Lemma 4. Let G be a lcsc group and G ~* M a continuous action on a factor M with separable
predual. Assume that ag is an inner automorphism for every g € G. There then exists a Borel map
w: G— % M) such that ag = Adn(g) forall g € G. Then, n(g)mw(h) = Q(g, h)r(gh) forallg,he G,
whereQ € Z?(G,T) is a Borel 2-cocycle. There is a unique *-isomorphism

0: AR L5(G) — Axq G satisfying 0(a®Ag(g)) =an(g) ug forallac AandgeG,
where A is the regular Q-representation on L?(G) that generates L5(G).

Proof. Define the closed subgroup P of the Polish group G x % (M) as P = {(g, u) | ag =Adu}. By
assumption, the homomorphism (g, #) — g restricts to a surjective continuous homomorphism
P — G whose kernel {e} x T -1 is compact. By e.g. [3, Theorem 1.2], we can choose a Borel lift
G—P:g— (g,ﬂ(g)). Since M is afactorand agoay = QAgp, We find that n(g)n(h) = Q(g, h)n(gh)
forall g,h € G, where Qe 72(G,T) is a Borel 2-cocycle.

Assume that A c B(H), equip G with a left Haar measure and realize A x4, G as the von
Neumann algebra acting on L?(G, H) generated by

(a-&(h)=ap1(@E&h) and (ug-&)(h)=é(g " h) forallae A, g heG.

Define the unitary operator V on L?(G, H) by (V&)(h) = n(h)é(h). We identify L?(G, H) with
H® L?(G) and compute that

VaugV* = an(g) ® Ag(g) forallae A, geG.
So, we can define 0 = Ad V*. O

For the following lemma, recall that for an Abelian group S, a map Q: Sx S — T is called a
bicharacter if Q(-, y) and Q(x, -) are homomorphisms from Sto T for all x, y € S.



856 Stefaan Vaes

Lemma5. Let G~ S be a continuous action of a lcsc group by automorphisms of a lcsc Abelian
group S. LetQ: Sx S — T be a continuous bicharacter satisfyingﬂ(ag(x), a:g(y)) =Q(x,y) forall
x,y€S,8€G.

Assume that there exists a Icsc Abelian group T and an isomorphism 0: T x T — S such that
T — T:y— 2y isahomeomorphism of T onto T, and such that

Q0,9),00/,0)) ='W e(y) forally,y €T, ¢,¢' €T.
Then the semidirect product group 4 = S x4 G admits a Borel 2-cocycle w € Z*(4,T) such that

Z(Lw(9) 2 Z(L(G)) while Z(L(9))=Z(L®(S) XqG).

Proof. The formula 7((x, ), (y, h)) = Q(x, ag(y)) defines a continuous 2-cocycle on the semidi-
rect product group S x4 G. Choose an 7j-projective representation : S x4, G — %/ (H) on a sepa-
rable Hilbert space H. Write A = B(H) and define the inner action fz = Adw(g) of S X4 G on A.
We apply Lemma 3. We thus find a continuous action y of ¢ on M = A xg S such that

Z(Mxy,9) = Z(AxpG). M

Below we prove that M is a type [ factor B(K). So, v is an inner action that, by Lemma 4, gives rise
to a Borel 2-cocycle w on ¢ such that

M x,%=B(K)® Ly (9).

By Lemma 4 and because the 2-cocycle 7 is trivial on G x G, we have that A x5 G = B(K) ® L(G).
It then follows from (1) that Z(L,(¥)) = Z(L(G)). In Lemma 3, we already observed that
L(%) = L*°(S) x4 G.

It remains to prove that M is a type I factor. Since f is an inner action and A = B(H), it
follows from Lemma 4 that M = B(H) ® L, (S) = B(H) ® Lq(S). Consider the action T AL LT :
(Cy(F))(z) = F(2y + z). Since we assumed that y — 2y is an isomorphism of T onto T, we get
that L®(T) x; T = B(L?(T)). Denote b}\l (Aa(x)) g the canonical generating unitaries of Lq(S).
Denote the neutral elements of 7 and T by 0 and 1, resp. By definition,

Aa(0(3,1)) Aa(000,¢) = 9(1) Aa(0(1,¢)) = 9(1* Aa (00, 9)) Aa(0(y, ).
There is thus a unique *-isomorphism ©: L*(T) x; T — Lq/(S) satisfying
O(p) =1a(0,9) and O())=Aq(y,1) forallpe T<L®(T)and yeT.

It follows that Lo (S) = B(L*(T)), so that M is a type I factor. O

To prove Theorem 1, it suffices to give examples satisfying the assumptions of Lemma 5 such
that the action G ~* S is essentially free and ergodic, while the center of L(G) is diffuse. For this,
we use the following lemma.

Lemma 6. Let R be a Icsc ring that is not discrete, that has no zero divisors and for which2 € R is
invertible. Assume that (R,+) admits a continuous character w: R — T such that the bicharacter
(x,¥) — w(xy) implements an isomorphism R = R.

Let T be a countable subgroup of SLy(R) and consider the canonical actionT ~* R?. Define the
bicharacter

Q: RPxR* - T:Q(x,x), 1)) =w(xy' - x'y).
Assume that the actionT ~ R? is ergodic.

Then the semidirect product group ¢ = R x4 T has a factorial group von Neumann algebra
L(%) and admits a Borel 2-cocycle w € Z*(4,T) such that Z (L,(¥4)) = Z (L(D)).
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Proof. By a direct computation, Q(ag(x, x), ag(y,y)) = Q((x,x), (3, ¥)) forall g € T < SLy(R).

Note that the action I' ~ R? is essentially free. To prove this statement, since I' is countable, it
suffices to prove that for every matrix A € SL,(R) with A # I, the set {x € R? | A-x= x} has Haar
measure zero. Taking a nonzero row of A — I, it suffices to prove that for all a, b € R that are not
both equal to zero, the set D = {(x,x') € R? ‘ ax + bx' = 0} has Haar measure zero. Assume that
a # 0. For every fixed x' € R, because R has no zero divisors, there is at most one x € R such that
(x,x') € D. Since R is not discrete, singletons have Haar measure zero and the result follows from
the Fubini theorem.

Since we assumed that T’ ~ R? is ergodic, it follows that L®(R?) x1, T is a factor. So, L(¥) is a
factor.

By assumption, we can view R? as R x R such that Q is of the form required by Lemma 5. Since
2 € R is invertible, x — 2x is a homeomorphism of R onto R. The conclusion thus follows from
Lemma 5. U

For the following lemma, recall the notion of a restricted direct product of locally compact
groups: given a sequence of locally compact groups Gy with compact open subgroups K, the set
H;&N (G, K) is defined as the set of (g¢) xery With g € Gy for all k € Nand gy € K, for k sufficiently
large. With pointwise operations and the product topology, this is a locally compact group.

Lemma 7. In the following cases, all assumptions of Lemma 6 are satisfied.
() R =R with y(x) = exp(ix) and T = SLy(Z) or T = SL,(Q). In both cases, Z (L(I)) is 2-
dimensional.
(2) R=R" (with componentwise multiplication) with y(x) = exp(i(x1 +eeet xn)) and with
I'=SLy(2)" orT =SLy(Q)". In both cases, Z (L)) is 2" -dimensionall.
(3) Foran odd prime p, take

R=T1'@p,2y) with w(x) =U/0(Z(xk+zp))
keN keN

and yo: QplZy,—T:yo(p "r+2Zp) =expluip™"r)
forallneN, rez,
andT =SL,(Q) N Now the center of L(T) is diffuse.

Proof. In each of the three cases, we only need to prove the ergodicity of ' ~ R? and determine
the center of L(I').

(1). To prove the ergodicity of SL, (Z) ~ R2, we define the closed subgroup P c SL;, (R) of matrices
of the form (} 7). Identifying R? \ {(0,0)} with SL,(R)/P, we get that

LP®%)S2D = [%°(SL,(R)/ SLy(2))".

The right-hand side equals C1 by Moore’s ergodicity theorem, because SL;(Z) is a lattice in SL, (R)
and P is noncompact.

The action SL, (R) ~ R? is essentially transitive and thus certainly ergodic. Then also the action
of the dense subgroup SL,(Q) on R? is ergodic.

Both in SL,(Z) and in SL; (Q), every element different from I, and — I, has an infinite conjugacy
class, while + 1, are central. So, the center of L(SL»(Z)) and of L(SL2(Q)) is 2-dimensional.

(2). When T’ ~ R? is ergodic, also the product action of I x --- xT" on R%Zx..- xR? is ergodic.
Point (2) thus follows from point (1).

(3). The action SL>(Qp) ~ @% is essentially transitive and thus, ergodic. Since SL(Q) is dense in
SL2(Qp), also the action SL,(Q) ~ @,20 is ergodic. For every n € N, consider the n-fold products
', =SL(@Q"and S, = (Q)f,)". Then also T';, ~ S, is ergodic. Write K, = [[?° Zi and view

k=n+1
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X, := S, x K;, as a subset of R By definition, X, is an increasing sequence of subsets of R?
whose union equals R?.

Take a I'-invariant element F € L% (R?). For every n € N, the restriction of F;, to X, is (I', x id)-
invariant. By the ergodicity of I';, ~ S;, we find H, € L*°(K},) such that F, = 1® H, a.e. Fix
n € N. For every m > n, the function F, is the restriction of the function F,. It follows that
H, = 1" "® Hy, a.e. for every m > n. This implies that H, is essentially constant. So, F, is
essentially constant for every n. Since ,, X,, = R?, all these constants must be the same and F is
essentially constant.

Now the infinite subgroup {+ I} lies in the center of . So the center of L(T) is diffuse. ~ [J

Proof of Theorem 1. It suffices to combine Lemma 6 with Lemma 7, and to observe that the
actions of SL(2, R) on R? and R? are isomorphic. O

3. Proof of Proposition 2

Proof of Proposition 2. Assume that G is discrete and that both L(G) and A are factors. We
have to prove that A x4 G is a factor. Define Gy < G as the normal subgroup of g € G for
which ag is an inner automorphism of A. For every g € Gy, choose a unitary vg € A such that
ag = Advg. We make this choice such that v, = 1. Since A is a factor, vg is uniquely determined
up to multiplication by a scalar of modulus 1. Thus, vgv, = w(g, h) Vgn for all g, h € Gy, where
w € Z%(Gy, T) is a 2-cocycle.

Write M = A X4 G, generated by A and unitaries (ug)geg. We also define B = A x4 Go. We
denote by Eg: M — B the canonical faithful normal conditional expectation satisfying Eg(ug) = 0
for all g € G\ Gyp. We similarly denote by E4: M — A the canonical faithful normal conditional
expectation satisfying E4(ug) =0 forall g€ G\ {e}.

We start by proving that A'n M < B. Fix d € A'n M. Since A c B, also Eg(d) € A'n M. Re-
placing d by d — Eg(d), we may thus assume that Eg(d) = 0 and prove that d = 0. Fix g € G\ G.
Then forall a € A,

aEx(dug) = Exladuy) = Ex(daug) = Ex(dugag(a)) = Ea(dug)ag(a).

Since A is a factor and ag is an outer automorphism, it follows that E4(d ug) =0forall ge G\ Gy.
When g € Gy, since E4 = E4 o Eg, we have that

Ea(dug) = Ea(Ep(dug)) = Ea(Ep(d)ug) =0.

We thus conclude that EA(dug) =0forall g € G. Then also EA(duga) = EA(dug)a =0forallgeG
and a € A. It follows that E4(db) = 0 for all be M. So, E4(dd*) = 0 and it follows that d = 0.
Denote by (Wj) e, the canonical unitaries in Lg(Go). In the case of discrete groups, the
proof of Lemma 4 makes no use of the second countability assumption. So, there is a unique
*-isomorphism 0: A® L(Go) — B satisfying 0(a® Wj) = av; uy, foralla€ Aand h € Gy.
Note that Gy is a normal subgroup of G and that, for every g € G and h € Gy,

Agpg-1 = ocgoahoozg1 =ago(Ad vh)oag1 =Adag(vp).
It follows that vgje.-1 must be a multiple of ag(vy). Define yg(h) € T such that ag(vy) =

Yg(h) Vghg-1- Then for all g € G and h € Gy, we have that

*

g
= ag(a)ag(vh)*ughgfl

ugf(a® Wy) u;‘, =ugav,upu

= Yg(h) ag(a) U;hg‘l Ugpg-1

=0(ag(@) ®yg(h) Wgpg1).
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It follows that there is a unique action ¢ of G on L (Gp) satistying
(gla® Wp)=ag(a)®yg(h) Wghg—l and 0o(z=(Adug)o0 forallge G, he Gy.

Now take d € Z (M). We proved above that A'n M < B. So, d € Z (B). Using the isomorphism
6 and the assumption that A is a factor, it follows that d = 8(1 ® b) for some b € L;(Gyp) satisfying
(g(b) = bforall g € G. Since L(G) is a factor, the group G has infinite conjugacy classes. A fortiori,
the G-conjugacy class of every h € Go \ {e} is infinite. It follows that the only ({g)geg-invariant
elements of L (Gyp) are the scalars. We have proven that b € C1 and thus d € C1.

For the following reason, the proposition does not hold without the discreteness assumption.
By Theorem 1 and Lemma 4, we know that there exist locally compact groups ¢ and inner actions
¢ ~* B(K) such that L(%¥) is a factor, while B(K) x4 % has a diffuse center. O
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