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Abstract. We establish uniform solvability estimates for the Poisson problems associated to a suitably
bounded family {Q},5 of domains in R%. The main example is that of a suitable sequence of smooth
domains that “converges” to a domain with conical points by rounding off the conical points. We give full
details for the case of a straight polygonal domain approximated by a sequence of smooth domains rounding
off its corners. The method of proof relies on a conformal modification of the metric, with respect to which
the union of our domains becomes a manifold with boundary and relative bounded geometry.
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1. Introduction

LetQ, c R be a family of bounded domains, where n belongs to a certain index set J, and let us
consider the family of Poisson problems

Aup = fn, where u, € Hy(Qn):={ue H (Q,) | un =0 on 0Q,}. 1)
Ignoring, for the moment, the precise form of our assumptions, we have the following.

Theorem 1. Under Assumption 3, there exists ny > 0 with the following property: if a < ny and
a <1, then there exists C, > 0 such that, for any n € J and any f,, € L*(Qy,), the solutions u,, of the
Poisson problems (1) satisfy

[l2er, ||H1+“(Qn) = Ca”fn”LZ(Q")-

For a single domain, it is well known that one can find ny and C, with these properties.
The main point of the above result is therefore that the bounds iy and C, are the same for all
the domains Q. The proof of this result and the bound 1y are obtained from a similar result
in weighted (or Babuska-Kondratiev) spaces, namely Theorem 4, which holds also for higher
regularity spaces. Under the additional Assumption 5, we also provide an explicit estimate for 1
(Theorem 6). Families of Poisson problems were also studied by Antoine Henrot and Michel
Pierre in their book [11], obtaining various estimates of a different kind.

The Assumptions 3 and 5 appearing in our main results are non-trivial. Thus, in order to prove
that our theorems are not empty, we illustrate them with a concrete example for J = N U {oo} =
{1,2,...} U{oo} as follows. First, for any open subset w §9-1 of the unit sphere in RY, we let Ao be
the smallest eigenvalue of (minus) the Dirichlet Laplacian —A’ := ~Agq1 on H; (w) and R, be
the (open, straight) cone with spherical cap w. If p € 0Q2 is such that there exists a neighborhood G
of p such that GNQ = GN [p+ (Ryw))] for some w), $9-1 then we say that p is a straight conical
point of Q. A point p € 6Q will be called a Diff-conical point if there exists a neighborhood G of p
such that the pair (G, GN Q) is diffeomorphic to the pair (B5(0), Bs(0) NnR.w)) [15]. It is possible
that more general classes of “conical points” can be used, but we do not address this question in
this paper.

Let us assume then that we are given an arbitrary (bounded) domain Q, c R% with N straight
conical points, let w; < S9! be the spherical cap domains associated to its conical points
(as explained in the previous paragraph). We then construct an explicit sequence Q; > Qp o
-+ 2 Qp > --- of smooth domains that “converges” to Q such that the family {Q,}c5=NU{co}
satisfies our Assumptions 3 and 5 and for which Theorem 1 is true with ny = ming{A,,}, k =
1,..., N. Informally, this amounts to “rounding off” the conical points of Q. This construction
generalizes to domains with Diff-conical points, but is significantly more involved than in the
case of straight conical points (at least in dimension = 3).

If d = 2 and if Q is a straight polygonal domain, then our proof is complete (that is, all the
details are available either here or in the preprint [8]). In this case, let ayax be the maximum angle
0f Q. Then we can takeny = - T— = ming{Ay,} and this value of 7y is known to be optimal. This
result extends the results obtained in [6,12] for a very specific rounding procedure.

Theorem 1 is based on several other results that are interesting on their own. Our first such
result is in terms of weighted (or “Babuska—Kondratiev”) spaces. (These spaces were studied, for
instance, in [1,2,4,7,13-15].) We let VM be the Levi-Civita connection on tensors on M (it acts
as the de Rham differential on functions). We shall write V = V™ when there is no danger of
confusion, as in the next definition.
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Definition 2. Let G be an open subset of a Riemannian manifold (M, g) and f: G — (0,00) be a
measurable function. The BabuSka-Kondratiev space associated to G, f, me Z, :={0,1,2,...},
and a € R, is defined by

.],’am(G;f):z{u: G—C | feavkue 12(G; 7% M, g), k < m}

For f =1 and G ¢ M = R%, we recover the usual Sobolev spaces: HNG; 1) = H™(G). We will
make this choice (i.e., weight f = 1) if there are no conical points, a case that corresponds to N =0
in the Assumption 3 below (our result is new even in this case). By “a domain” we will mean an
open, connected, bounded set. We let distys(x, y) denote the geodesic distance between x and y
in the Riemannian manifold M. For our construction to yield the desired result, we shall need a
number of assumptions, the first group of which follows next.

Assumption 3. We are given N € Z,, R € (0,1], and an index set J such that:

(i) Foreach neJ, thesetQ, c R4 is open, ¥, ={p1in, P2n---» PNn} R4 ~Qy, and Upey Qp is
a bounded subset of R". (Thus the sets 7;, are empty preciselywhen N=0€ Z...)
(i) R<infuey izjlpin—pjnl, with R=1if N=0.
(iii) x: [0,00) — [0, R/6] is a fixed smooth function such that y(¢) = ¢, for t < R/8,0< y'(r) <
1)/t for t >0, and y'(¢) =0, for t = R/5.
(iv) ¢p(x):=y(distga(x,7;)) and g, = ¢,,% dx>.
(v) Let ¢ = ¢, on {n} x R and g := ¢p~2dx?, then (U, §):=Upnes(n} x Qp, &) is a manifold
with boundary and relative bounded geometry (Definition 7).
(vi) If d =2, we also assume that U has finite width (Definition 11).

The function ¢, : RY — [0, R/6] is thus a smooth function equivalent (bounded quotients from
above and away from zero) to | x— 7| := distga (x, 73,), the distance function to 7, in R”. (The roles
of (ii) and (iii) is to ensure that ¢, is smooth outside 7;,.) We endow J with the discrete topology.

We will consider the Laplacian A on R%, acting on various function spaces. It will always be
defined on functions vanishing at the boundary, that is, we consider the Dirichlet Laplacian Ap.
In addition to this index “D,” we may decorate the Laplacian with some additional indices
that will specify its domain (as in the next theorem). On U, we shall consider the weighted
spaces &' (U;¢) associated to the flat metric and the weight ¢ (recall that ¢(n,x) = ¢, (x) =
x(distga (x,77)) on {n} x Q,) and that £ (U;¢):={u: U — C | ¢l2=25%y € [2(U; dx?), |al < m}.
A first step in the proof of Theorem 1 is the following theorem, in which we consider arbitrary
regularity Sobolev exponents me Z.,.

Theorem 4. Under Assumption 3, there exists Ny > 0 such that, for every |al < ny and every
me Z, the Dirichlet Laplacian Ap defines an isomorphism

Apma: Hgiy (Ui 0 fulyy = 0F — A2 U5 ).

a+1

By decomposing the Hilbert spaces £, (U;¢p) = @eq- £ (Qn;¢n) (Hilbert-space direct
sum), we obtain estimates that are independent of n € J for the Laplacians on the domains Q.
This observation and an interpolation argument then give Theorem 1. To obtain an estimate
on the bound 7y of the last two theorems, we need an additional assumption, which, unlike
Assumption 3, was not considered in [8]. Let B, (x) denote the open ball of radius r centered at
some x in some given metric space.

Assumption 5. If N >0, then we further assume that:

(i) there exist & > R and domains wi, < S, Wi, # S%71, such that, for all n € J and
1<sk<N, QuNBs(Pn) € Pin+Riwgp;
(i) Amin:=infg {1y} >0.
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The set pi, + (Riwgy) is, of course, nothing but the translation of the cone R, wg, with
basis wgy,. We then have the following bound on 7.

Theorem 6. Under Assumptions 3 and 5, one can take Ny = Amin in Theorems 1 and 4.

Let Qo be a domain with N conical points and let w; = wg, its associated spherical cap
domains, k =1,..., N, (thatis, the spherical cap domains defining the tangent cones at the conical
points). Our results are non-empty in the following sense (see Proposition 18 for details). Assume
N> 0andn <ming{A,,}. Then there exists a decreasing sequence of smooth domains Q,, n €N,
approaching Q. (s0 Qo < Q4), such that our assumptions are satisfied for J := N U {oo} and the
family {Q,} nenuioo) and, moreover, Amin = 1. Therefore, for this sequence, we can choose ny =7
(hence, we can arrange so that 777 is close to ming{A, }). In case Qq, has straight conical points,
then we can further arrange that our sequence Q, is such that wg,, = w for all n and, therefore,
in this case, we can take 7y = ming{A,,}. Consequently, if d = 2 and the limit domain Q, is a
straight polygonal domain with angles a, then we can choose our approximating sequence Q,
such thatny = L where apax = maxay is the maximum angle of Q. It is known (and easy)
that this value is optimal. If N = 0, then the spaces involved do not depend on a (they reduce
to the usual Sobolev spaces) and the result is true for any ny > 0 (but our result is still new and
non-trivial even in this case).

2. Preliminary material

Our uniform estimates are obtained from related estimates on manifolds with bounded geometry
and on their close cousins, the manifolds with boundary and relative bounded geometry. Our
presentation follows [4]. Let (M, g) is a smooth Riemannian manifold. Recall that VM denotes its
Levi-Civita connection and rin; (M) = 0 denotes its injectivity radius.

Definition 7. A (boundaryless) Riemannian manifold (M, g) is said to have bounded geometry if
rinj(M) > 0 and its curvature RM := (VM)2 and all its covariant derivatives (VM)*RM are bounded.

Example 8. Let ¥, = (P14, P2ns--., Pnn} € R, Gn(0):=x(distga (x, %)), &n = p,2dx?, ¢ = ¢, on
n}xR%, ned, and g:= 4)*2 dx? be as in Assumption 3. Then the disjoint union
(M, 8):= (n) x R~ 7, 80)
neJ
has bounded geometry [8]. Note that the set U of Assumption 3 is contained isometrically as an
open subset of M and that ¢y, is smooth on R~ 7.

Let H c M be a hypersurface possessing a unit normal vector field v. We let
expl(x, 1) = expM(tvy), @)
where exp, is the geodesic exponential map (defined on a neighborhood of the zero vector
in TxyM). Recall that the second fundamental form 117 of H in M is defined by m(x, vy =
vy -viy.
Definition 9. We say that H is abounded geometry hypersurface in (M, g) if

(i) (M, g) has bounded geometry and H is a closed hypersurface of M;
(ii) all covariant derivatives (VH)FII¥, k = 0, are bounded;
(iii) thereise >0 such thatexp': H x (—€,€) — M is a diffeomorphism onto its image (see (2)).

We are ready now to recall the definition of a central concept in this paper.

Definition 10. We shall say that My is a manifold with boundary and relative bounded geometry
if My is isometrically contained in a (boundaryless) Riemannian manifold M with bounded
geometry such that 0 M, is a bounded geometry hypersurface in M.
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Manifolds with boundary and relative bounded geometry were introduced in [18] (they were
called “manifolds with boundary and bounded geometry” there; the definition given here is
from [4]). For our results, when d = 2, we shall also need the “finite width” condition of [4].

Definition 11. Let (M, g) be a Riemannian manifold with boundary 0 M, and relative bounded
geometry. If the function My 3 x — distyy, (x,0My) is bounded on My, then we shall say that (Mo, g)
has finite width.

Next, to recall the definition of Sobolev spaces, we allow the Riemannian manifold (M, g) to
have boundary in this paragraph. We endow all vector bundles derived from the tangent bundle
with the Levi-Civita connection, denoted generically V. Then

W™P(M)={u|VFue LP(M; T** M, g), k< m}, mez,, 3)

and WP (M) = Npez, W™P(M), p € [L,00l. We let H™(M) = W™(M), H}(M) = {u €
H'(M) | ulyy,, = 0}, and H'(M) := H}(M)*, as usual. See also [2,10,13] and the references
therein. See also [5,16,17] for the classical theory.

To complete our review of background material, recall that a second order differential opera-
tor P is coercive on V < H!(M) if there exists Yp > 0 such that

Re(Pu,u) zypllullgrpy, uev. 4)
The Lax-Milgram Lemma and the regularity results on manifolds with bounded geometry then

give the following result (see [3,4]).

Theorem 12. Let My be a Riemannian manifold with boundary and relative bounded geometry
(Definition 7). Let P be a differential operator on My with coefficients in W™ (M) that is coercive
on H(} (My). Then P induces isomorphisms

P: H™ (My) n HY (My) — H™ 1 (My), meZ,.

3. Uniform estimates

This section is similar to [8, Section 3], to which we refer for the proofs omitted here. We have the
following result that is classical, see [1-3,8] for further details, references, and extensions.

Lemmal3. LetandU:=U,c3{ntxQ,c M= Unes{n} x (R% ~ V) be as in Assumption 3, as usual.
In particular, we endow both U and M with the metric § = ¢p~>dx?, where ¢ € €*°(M) is given by
¢(n, x) = y(distga (x, 7). Then:
(i) multiplication by ¢” induces isomorphisms
oY KU ) — K (U ),
whose norms depend continuously on a and b;
(ii) the assumption that (U,g) is a manifold with boundary and relative bounded geometry
implies that
H™U;8) = ), (U;¢);
(iii) moreover, we have X" (U; ) = P ,e5 £ (Qp; Py) (Hilbert space direct sum).

We shall need the following regularity type result that is the reformulation of a regularity result
from [3,4] after the identification in (ii) above.

Proposition 14. Let D be a second order, strongly elliptic differential operator with smooth
coefficients on a domain G < (M, g), let f: G — R, be an admissible weight, and let

Dpi=D: X[1TNG; ) n{uly =0} — £ THG .
If (G, f2g) is a domain with boundary and bounded geometry and Dy is invertible then, for any

meN, D,, is also invertible.
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The following lemma is the case a = 0 of Theorem 4. For d = 2, it was proved in [8] using the
finite width condition. For d > 2, it is proved using Hardy’s inequality instead of the finite width
condition (see [9] for details).

Lemma 15. If Assumption 3 holds, then, for any m € Z., the Dirichlet Laplacian induces
isomorphisms
Apm=A: Z"U; ) n{u) 5y = 0} — HHU; ).

Proposition 14 and a perturbation argument applied to the continuous family
P App: AU ) n{u|yy = 0F — A5 (U;¢) then yield Theorem 4, which, in turn, yields
Theorem 1, as in (8].

4. The bound ny

Recall that S9! denotes the unit sphere in RY. Let p: R4 — [0,00) denote the distance to the
origin, as usual, and let (p, x) € (0, 00) x S$-1 pe the generalized spherical coordinates of the point
x = px' € R4~ {0}. The proof of the following lemma is a simple calculation (see [9] for its proof
and further details).
Lemma 16. Let y be as in Assumption 3 and let|-| denote the norm on R4,

(i) Let&:=x(p) 'Vy(p): R~ {0} — R%. Then|é| < % and, forallaeC,

Re|V(x(p)*u) - V(x(»)~"u)
(i) The function y(t)/t is non-increasing on (0,00).

= |Vul?> - lauél?, ue€X[RY~{0}).

Recall that A, is the smallest eigenvalue of (minus) the spherical Laplacian —A’ := —Ags-1 on
H& (w). We next concentrate in the neighborhood of a singular point. We can assume that this
singular point is the origin.

Lemma 17. We use the notation of Lemma 16. Let w < S*~ be open and assume that G c R? is
a domain such that Gn B;(0) c Ryw. Let x be as in Assumption 3(iii), as usual. Then, for every
UeEX(G)andaccC, lal? < Ay, we have

Ao —lal?)x? (1) lu(x[f
v 2 _ 2 d Z(
fGnB[(O)[l ul” ~laug| dx 2 GnB,© X(0)?

Proof. Let us replace G with Gn B, (0). Let V' be the gradient on the sphere S landve H(} (w).

Then
f V' v)?dx = Awf v dx'.
w w
We extend u with 0 outside G, we integrate and estimate the resulting integrals using the above
inequality for v = u on pw, for every fixed p € (0, ), as follows:

fquIzdxzf[(apu)2+p_2|V’u|2]dx
G G
t
szp—Zlv/mzpd—ldpdx/
0 Jo

t
> /lwf flulzpd_3dpdx’
0 Jo

2
=o %dx.
G p

Finally, the last estimate and the inequality |¢| < p~! of Lemma 16 give

wl? | (Aw—laP)x2@ [ lu?
Vul? - ZdZA—Zf—dZ '
J wu® - laug?]dx= (1, - tar) [ 25 ? ¢ 17
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We can now prove Theorem 6.

Proof of Theorem 6. We will use the notation of Assumption 5. In particular,
Amin=infg ne3{de,,}, forall k =1,...,N and n € J. Let then a € (—Amnin, Amin). To prove the
theorem, we need to show that

At KLU 0) 0 {u gy = 0 — 2T (U )

is invertible. By Proposition 14, we may assume that m = 0. Lemma 13 gives that A, is similar
to ¢~ Aqp®: 1 U; ) n{u|yy = 0} — A (U; ¢). Tt is enough hence to show that the latter is
invertible. To this end, we shall prove that it is coercive.

Using the direct sum decomposition £, (U; ) = @5 A, (Qn; ¢p) of Lemma 13, it is enough
to prove that each

b Bnaty: FO=T Qi o) 0 {u g, = 0F — Hy Qi) = 7

is coercive on /€ with coercivity constant independent of n. To this end, we shall use Lemma 17
and the usual Poincaré inequality.

Let us fix then n and let u € €°(Q,). Let us consider the vector field ¢ := y(p)"'Vy(p)
of Lemma 16 with the origin replaced with py,, for each k = 1,...,N. The resulting vector
field is ¢, V¢, and has support contained in the union of the balls Bs(py,,), where § is as in
Assumption 5 (the support condition is due to the fact that ¢, is constant outside the disjoint
balls Bs(pkn), k=1,...,N). Lemma 16 gives Re [V(¢%w) - V(¢,“w) ] = [Vul? — a®|ué|* on Q,,.

For the given choice of a, let us choose also @ > 1 such that |aal| < Anin, which is possible,
since we have assumed that |a| < Apin. Part (i) of Assumption 5 allows us to use Lemma 17 with
t =46 and G = Q, (after a translation such that py,, is in the origin). Using also A,,, = Amin and
¢ =, = x(p) on Bs(pk,), we obtain (setting Gg,, := Qp N Bs(Pin))

(Amin = (@@)*)*©®) [ |ul?
f dx

62 Gin (P%z
We also remark that the usual Poincaré inequality holds on the domains Q,, with a constant Cpginc

independent of n € J, because U,,c5 0, is bounded by Assumption 3(i). Therefore, for each n€7J,
we obtain the inequality

fG [IVul® - (@@)*|uél*] dx = (5)
kn

f IVl dx = Croine f ul? dx. ©)
Qy Qn

Because |a| < Amin, we can assume that we have chosen a > 1 such that (aa)? < Amin, We
multiply (5) by @2 and (6) by 1 — @2, and add them up to obtain (recall that Gy, := Q, N Bs(Pkn))

Re(; “Agiu 0 =Re | [Vighu-Vig; )] dx

:f (IVul? - @*|uéi?] dx

Q
N
> a_zf [IVuIZ—(aa)zlucflz]dx+(l—a_2)f |Vul?dx %)
k=1 Gin Qn
N -2 24,2 2
(@™ Amin — a“) x~(6) lul -2 2
Ekgl 52 Gkngdx“‘(l_a )CPoinanlm dx

2
|ul

ch > dx
Q, ¢y

for some ¢ > 0 independent of n. This completes the proof. O
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5. Approximating a domains with conical points

Let Qo < R? be a bounded domain with N conical points % = {p1,p2,..., pn}. This means
that Q has a smooth boundary, except at the points pio, = pg, and that, near each of these
points, our domain is approximated to second order by a smooth cone. More precisely, for
each k = 1,..., N, we assume that near py, Qo is approximated by the cone py + R;wy, where
wi < S471. The cone pi + R, wy is thus the tangent cone to our domain at the point py; the
domain wj will be called the spherical cap domain associated to pi. If Qy coincides with
pr + Riwy near py, we shall say that py is a straight conical point of Q. Given the domain
Qo < R with N conical points, we will construct an explicit sequence of smooth, bounded
domains Q,, n € N, such that the family {Q,},enuioo Satisfies all conditions of Assumptions 3
and 5, with suitable wy,, and ny = Apnin = ming ,e5{A4,,} close to ming{A,,,}, as follows.

Proposition 18. Let Q., be a domain with N conical points and let 0y = Wk its associated
spherical cap domains, k = 1,...,N. We assume that oy # gd-1 for all k. Then there exists a
decreasing sequence of smooth, bounded domains Q,, n € N, such that Assumptions 3 and 5
are satisfied for J := NU {oo} and the family {Qn}nenuioo}- Moreover, using the notation of those
assumptions, we can choose our sequence (Qy) such that Q; < Qp if j,n e NU{oo}, j > n, wg, is
independent of n for n € N, and Amin := ming ,e5{w,,} is close toming{A,,} as follows.

(@) Letn <ming{A,,}. Then we can choose our sequence () such that Amin = 1.
(b) Let us assume that Qo has straight conical points. Then we can choose our sequence ()
such that wy, = wg, and hence Ayin = ming{A,,}.

Therefore, for the sequence (Q2,,) constructed in the above proposition, we can choose ny =1
as close as desired to ming{Ay,}. In the case (b), that is, if Qy has straight conical points,
we obtain a better result, in the sense that for the sequence (Q2,) constructed in the above
proposition we can choose 1y = Amin = ming{Ay,}. If, furthermore, d = 2 and the limit domain
Q is a straight polygonal domain with angles ay, then A, = alk Let amax = max{a} be the
maximum angle of Q,, then we can take ny = —Z—. Figure 1 shows an example of such a

. . . AMAX
sequence if Q, is a rectangle in the plane.
o0
0y
/ . \\
oM
Q.
0

Figure 1. A sketch of the first five domains (Q,, n =1,...,5) when the limit domain Q. is a
rectangle.
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The construction is slightly simpler if d = 2 and Q is a straight polygonal domain, so we shall
start with this case. The most important step is to construct Q, the first of our domains. Let £ >0
and consider, for each edge of Q, a straight line parallel to it and at distance ¢ on the exterior side
of that edge. The intersection points of two successive such lines will be the points py; (we take
the lines and points in cyclical order). We choose ¢ small enough such for each k, the point py;
is at distance < % to Pkeo and such that the resulting polygon p;; p2;1--- py1 contains the given
polygon Q. and does not have self-intersections. For each k € {1,2,..., N}, let Qk be a point on
the edge [p-1)1pr1] and Q;C be a point on [pk; p(k+1)1] such that

cdistga (Pi1, Pioo) = distga (Pi1, Q) = distga (pi1, Q) #0, 8)

for some ¢ < 1 fixed, and hence Qj # Q;C. See Figure 2. (Recall that we let p(v+1)1 = p11
and pgr = pn1, by the cyclical order assumption.) We then join Qi and Q). with a smooth
curve Yy contained in the polygon p11p12--- pn1, inside the disk of radius distga (pr1, Proo) With
center py;, but not containing py; and separating px; from Q. The resulting curve (formed by
the curves yy; and parts of the edges [p(x—1)1 px1]) is the boundary of a smooth domain Q,. Then
Q) is at positive distance to 7] and Q. < Q;. We also obtain that the smooth curve yy; that we
have included is at distance < R/8 to py; (so that ¢, (p) = p on this curve y;). Next, to define Q,,
for n > 1, we proceed similarly, but replacing ¢ with 27"t and making sure that, for each k, the
curve Yy, is homothetic to y1x with aratio of 27", To check that U has relative bounded geometry,
it is enough to check that its boundary dU is a bounded geometry hypersurface in M. Near the
curves Y (and their homothetic images), the conditions are satisfied because there homotheties
are isometries of (M, ). Away from these curves, the boundaries 8Q,, consist of straight lines,
where the conditions are again satisfied (this is a very particular case of a result in [8], namely
Lemma 4.9).

The proof in d dimensions for domains with straight conical points is similar, but, in addition
to the curves y, and the points at distance ¢ to the boundary, we need to include an intermediate
region smoothly joining these parts of the boundary. If we further drop the assumption of straight
conical points, we again proceed similarly, but we need to first choose domains w}c containing Wy
with )Lw;C = 1. Our example provided a sequence approximating our domain Q, from the outside.
A similar construction can be devised that will approximate our domain from the inside.

The domains obtained in Proposition 18, that is, our domains Q, and their “limit” Q. satisfy
Assumptions 3 and 5, so they also satisfy our three theorems, Theorems 1, 4, and 6.

Figure 2. Some local details of our construction for n=1and n =2.



1022 Benoit Daniel, Simon Labrunie and Victor Nistor

Acknowledgments

We thank Herbert Amann, Bernd Ammann, and Patrick Ciarlet for useful references and com-
ments.

Declaration of interests

The authors do not work for, advise, own shares in, or receive funds from any organization
that could benefit from this article, and have declared no affiliations other than their research
organizations.

References

[11 H. Amann, “Function spaces on singular manifolds”, Math. Nachr. 286 (2013), no. 5-6,
pp. 436-475.

[2] H. Amann, “Function spaces on uniformly regular and singular Riemannian manifolds”,
2025. Preprint.

[3] B. Ammann, N. Grof3e and V. Nistor, “Analysis and boundary value problems on singular
domains: an approach via bounded geometry”, C. R. Math. 357 (2019), no. 6, pp. 487-493.

[4] B. Ammann, N. Gro3e and V. Nistor, “Well-posedness of the Laplacian on manifolds with
boundary and bounded geometry”, Math. Nachr. 292 (2019), no. 6, pp. 1213-1237.

[5] H. Brezis, Functional analysis, Sobolev spaces and partial differential equations, Universi-
text, Springer, 2011, xiv+599 pages.

[6] P Ciarlet]Jr. and S. Kaddouri, “Multiscaled asymptotic expansions for the electric potential:
surface charge densities and electric fields at rounded corners”, Math. Models Methods
Appl. Sci. 17 (2007), no. 6, pp. 845-876.

[7]1 M. Costabel, M. Dauge and S. Nicaise, “Analytic regularity for linear elliptic systems in poly-
gons and polyhedra”, Math. Models Methods Appl. Sci. 22 (2012), no. 8, article no. 1250015
(63 pages).

[8] B. Daniel, S. Labrunie and V. Nistor, “Uniform estimates for a family of Poisson problems:
‘rounding up the corners’”, 2024. Online at https://arxiv.org/abs/2406.04773.

[9] B. Daniel, S. Labrunie and V. Nistor, “Uniform estimates for a family of Poisson problems:
‘rounding up the conical points’”. In final preparation.

[10] N. GroBe and C. Schneider, “Sobolev spaces on Riemannian manifolds with bounded
geometry: general coordinates and traces”, Math. Nachr. 286 (2013), no. 16, pp. 1586-1613.

[11] A. Henrot and M. Pierre, Shape variation and optimization, EMS Tracts in Mathematics,
vol. 28, European Mathematical Society, 2018, xi+365 pages.

[12] S. Kaddouri, Résolution du probleme du potentiel électrostatique dans des domaines pris-
matiques et axisymétriques singuliers. Etude asymptotique dans des domaines quasi-
singuliers, PhD thesis, ENSTA (France), 2007.

[13] M. Kohr and V. Nistor, “Sobolev spaces and V-differential operators on manifolds I: basic
properties and weighted spaces”, Ann. Global Anal. Geom. 61 (2022), no. 4, pp. 721-758.

[14] V. A.Kondrat'ev, “Boundary value problems for elliptic equations in domains with conical
or angular points”, in Transactions of the Moscow Mathematical Society for the year 1967
(Volume 16), Transactions of the Moscow Mathematical Society, vol. 16, American Mathe-
matical Society, 1967, pp. 227-313.

[15] V. A. Kozlov, V. G. Maz'ya and J. Rossmann, Spectral problems associated with corner
singularities of solutions to elliptic equations, Mathematical Surveys and Monographs,
vol. 85, American Mathematical Society, 2001, x+436 pages.


https://arxiv.org/abs/2406.04773

Benoit Daniel, Simon Labrunie and Victor Nistor 1023

[16] J.-L.Lions and E. Magenes, Non-homogeneous boundary value problems and applications.
Vol. I, Grundlehren der Mathematischen Wissenschaften, vol. 181, Springer, 1972, xvi+357
pages.

[17] J.-L.Lions and E. Magenes, Non-homogeneous boundary value problems and applications.
Vol. 1I, Grundlehren der Mathematischen Wissenschaften, vol. 182, Springer, 1972, xi+242
pages.

[18] T. Schick, “Manifolds with boundary and of bounded geometry”, Math. Nachr. 223 (2001),
pp. 103-120.



	1. Introduction
	2. Preliminary material
	3. Uniform estimates
	4. The bound eta_U
	5. Approximating a domains with conical points
	Acknowledgments
	Declaration of interests
	References

