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Abstract. Let σ= {
σi | i ∈ I

}
be a partition of the set of all primes with σ ̸= {P}. Problem 19.84 of the Kourovka

Notebook shows that a σ-analogue of the classical Wielandt criterion of subnormality is not true in general.
In this paper, we prove a Wielandt-type σ-subnormality criterion in terms of the Baer–Suzuki width of the
class of all σ0 groups, where σ0 is the member of σ such that 2 ∈σ0.

Résumé. Soitσ= {
σi | i ∈ I

}
une partition de l’ensemble des nombres premiers deσ ̸= {P}. Le problème 19.84

du cahier Kourovka montre qu’un σ-analogue du critère de sous-normalité classique de Wielandt n’est pas
vrai en général. Dans cet article, nous prouvons un critère de sous-normalité de type Wielandt en termes de
largeur de Baer–Suzuki de la classe de tous les groupes σ0, où σ0 est le membre de σ tel que 2 ∈σ0.
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1. Introduction

All groups considered in this paper are finite.
In his seminal paper [10], Skiba introduced the subgroup embedding property of σ-

subnormality, a generalisation of subnormality for a partition σ = {
σi

∣∣ i ∈ I
}

of the set P of all
primes.

A subgroup H of a group G is called σ-subnormal in G if there is a chain of subgroups

H = H0 ⊆ H1 ⊆ ·· · ⊆ Hn =G

such that for every 1 ≤ j ≤ n, either H j−1 is a normal subgroup of H j , or H j /CoreH j (H j−1) is a
σi -group for some i ∈ I .

Severalσ-subnormality criteria have been extensively studied, yielding a prolific and inspiring
body of results. In this context, one of the particularly noteworthy lines of research is the
following σ-version of a classical result of Wielandt [7, Theorem 7.3.3].

Problem 1 (Problem 19.84 of the Kourovka Notebook [1]). Suppose that a subgroup A of a finite
group G is σ-subnormal in 〈A, Ax〉 for each x ∈G . Does it imply that A is σ-subnormal in G?

Although the answer is negative in general (see [3, Example 1]), positive answers have been
proven for the class of all σ-soluble groups [3], and the class of all 3′-groups [6].

Wielandt’s subnormality criterion is closely related with a renowned result by Baer and Suzuki
characterising the p-radical Op (G) of a group G for a given prime p: for each x ∈ G , 〈x, xg 〉 is a
p-subgroup of G for every g ∈G if and only if x ∈ Op (G)[4, Theorem I.1.14]).

Baer–Suzuki theorem cannot be extended in general to theπ-radical Oπ(G) of a group G , where
π is an arbitrary set of primes [9, Example 1], nor the soluble radical [5, Remark 1.5]. Then, the
following definition in [5] naturally arises.

Recall that a Fitting class is a class of groups which is closed by taking subnormal subgroups
and normal products.

Definition 2 ([5, Definition 1.15]). Let X be a Fitting class. The Baer–Suzuki width BS(X) is
defined as the smallest natural n such that for every group G, the X-radical X(G) coincides with
the set of elements x ∈ G such that 〈xg1 , . . . , xgn 〉 belongs to X, for every g1, . . . , gn ∈ G. If such an n
does not exist, we set BS(X) :=∞.

We write BS(π) for the Baer–Suzuki width of the Fitting class of allπ-groups. Then BS(π) = 2 for
all subsets π of odd primes [9, Theorem 1]. Baer–Suzuki theorem yields BS(N) = 2 for the Fitting
class N of all nilpotent groups, and BS(S) = 4 for the Fitting class S of all soluble groups [5,
Theorem 1.1].

Problem 1 and Definition 2 motivate the following.

Definition 3. Let σ be a partition of P. The Wielandt width W(σ) of σ is defined as the smallest
natural m such that, for every group G, the set of σ-subnormal subgroups of G coincides with the
set of subgroups H of G such that H xi isσ-subnormal in 〈H x1 , H x2 , . . . , H xm 〉, for all x1, x2, . . . , xm ∈
G and all 1 ≤ i ≤ m.

The following example in [9] shows that the Wielandt width of a partition can be arbitrarily
large.

Example 4. Let p ≥ 5 be a prime number and take π = {
q

∣∣ q ∈ P, q < p
}

and σ = {π,π′}, a
binary partition. Let G be the symmetric group of degree p, and let x be a transposition in G .
For m < p −1, any m transpositions generate a π-subgroup, that is, the subgroup 〈xg1 , . . . , xgm 〉
is a π-subgroup for every g1, . . . , gm ∈ G . If H = 〈x〉, then the subgroups H gi are σ-subnormal in
〈H g1 , . . . , H gm 〉 for every g1, . . . , gm ∈G and each 1 ≤ i ≤ m; however, H is not σ-subnormal in G .
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We denote by σ0 the member of a partition σ of P containing the prime 2. The main result of
this paper provides a σ-subnormality criterion in terms of the Baer–Suzuki width of the class of
all σ0-groups.

Theorem 5. W(σ) = BS(σ0), for every partition σ ̸= {P}.

Corollary 6 ([8, Theorem 4]). If σ0 = {2}, then a subgroup H of a group G is σ-subnormal in G if
and only if H is σ-subnormal in 〈H , H x〉 for each x ∈G.

In [11, Theorem 2] it is proved that ifπ is a proper subset ofP then r −1 ≤ BS(π) ≤ max
{
11,2(r −

2)
}
, where r is the minimal prime not in π. This yields lower and upper bounds of W(σ).

Corollary 7. Let σ ̸= {P} be a partition of P. Then, r −1 ≤ W(σ) ≤ max
{
11,2(r −2)

}
, where r is the

minimal prime not in σ0.

In particular, r ≥ 3 as 2 ∈σ0. Moreover, if r ≥ 5, then W(σ) ≥ 4. In [11] we also find the following
conjecture.

Conjecture 8 ([11, Conjecture 1]). Let π be a proper subset of P containing at least two elements,
and let r be the minimal prime not in π. Then

BS(π) =
{

r, if r ∈ {2,3},

r −1, if r ≥ 5.

Corollary 9. Let σ ̸= {P} be a partition of the set of all primes such that σ0 contains at least two
prime numbers and let r be the minimal prime not in σ0. If Conjecture 8 is true, then

W(σ) =
{

r, if r ∈ {2,3},

r −1, if r ≥ 5.

From Corollary 9, we see that if Conjecture 8 is true, then Problem 1 is true if, and only if,
σ0 = {2}.

2. Preliminary results

We shall adhere to [10] for terminology and basic results about the σ-theory of groups. Let σ ={
σi

∣∣ i ∈ I
}

be a partition of the set of all primes, and Nσ be the class of all groups that are direct
products of σi -groups. Nσ is a subgroup-closed saturated Fitting formation [10, Corollary 2.4
and Lemma 2.5]. Furthermore, theσ-subnormal subgroups of a group G are precisely the K−Nσ-
subnormal subgroups of G (see [2, Chapter 6]).

The Nσ-radical of a group G is denoted by Fσ(G). Thus, Fσ(G) is the largest normalσ-nilpotent
subgroup of G . The Nσ-residual of G is denoted by GNσ . Hence, GNσ is the smallest normal
subgroup of G with σ-nilpotent quotient.

Let snσ(G) be the set of σ-subnormal subgroups of a group G . Our first lemma collects some
basic properties of σ-subnormal subgroups (see [10, Lemma 2.6]).

Lemma 10. Let H, K and N be subgroups of a group G. Suppose that H ∈ snσ(G) and N is normal
in G. Then, the following statements hold:

(1) H ∩K ∈ snσ(K );
(2) if K ⊆ H and K ∈ snσ(H), then K ∈ snσ(G);
(3) if K ∈ snσ(G), then H ∩K ∈ snσ(G);
(4) H N /N ∈ snσ(G/N );
(5) if N ⊆ K , then K /N ∈ snσ(G/N ) if, and only if, K ∈ snσ(G);
(6) if H ∈Nσ, then H ⊆ Fσ(G); in particular, if H is σi -group, then H ≤ Oσi (G);
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(7) if H is σ-subnormal in G, then HNσ is subnormal in G (see [2, Lemma 6.1.9 and Proposi-
tion 6.1.10]);

(8) if G is σ-nilpotent, then every subgroup of G is σ-subnormal in G.

The set of all σ-subnormal subgroups of a group G is a sublattice of the subgroup lattice of G .
This result can be deduced from the results on lattice formations presented in [2, Chapter 6].
However, we give a proof for the sake of completeness.

Lemma 11. The set of all σ-subnormal subgroups of a group G is a sublattice of the subgroup
lattice of G.

Proof. By Lemma 10, we only need to prove that if U and V are σ-subnormal in G , then
X = 〈U ,V 〉 is σ-subnormal in G . Arguing by induction on |G|, we may assume that U ̸= 1 and
V ̸= 1. Let N be a minimal normal subgroup of G . By Lemma 10, X N is σ-subnormal in G . If X N
were a proper subgroup of G , then X would be σ-subnormal in X N and so in G by Lemma 10.
Hence we may assume that G = X N for every minimal normal subgroup N of G . Therefore we
may assume that CoreG (X ) = 1. By Lemma 10, A =UNσ and B =V Nσ are subnormal in G and so
they are normalised by N [4, Lemma A.14.3]. In particular, the normal closure 〈A,B〉G of 〈A,B〉
in G is contained in CoreG (X ) = 1. Thus, U and V are nilpotent. By Lemma 10, X is contained
in Fσ(G). Then 1 ̸= Fσ(G) and so we may assume that N ⊆ Fσ(G). Hence G = Fσ(G) and G is
σ-nilpotent. By Lemma 10, X is σ-subnormal in G . □

Corollary 12. Let H be a σi -subgroup of a group G for some i ∈ I and let x1, x2, . . . , xm ∈G. If H x j

is σ-subnormal in 〈H x1 , H x2 , . . . , H xm 〉 for every 1 ≤ j ≤ m, then 〈H x1 , H x2 , . . . , H xm 〉 is a σi -group.

Proof. Since H x j is a σ-subnormal σi -subgroup of 〈H x1 , H x2 , . . . , H xm 〉, by Lemma 10,

H x j ⊆ Oσi

(〈H x1 , H x2 , . . . , H xm 〉),

for every 1 ≤ j ≤ m. Thus,

〈H x1 , H x2 , . . . , H xm 〉 = Oσi

(〈H x1 , H x2 , . . . , H xm 〉).

Hence, 〈H x1 , H x2 , . . . , H xm 〉 is a σi -group. □

3. Proof of Theorem 5

Proof. Assume that BS(σ0) = m. It is clear that m ≥ 2.
Suppose that W(σ) ≤ m is not true. Then there exists a group G with a subgroup H such that

H x j is σ-subnormal in 〈H x1 , H x2 , . . . , H xm 〉 for every x1, x2, . . . , xm ∈ G , 1 ≤ j ≤ m, but H is not
σ-subnormal in G . Let us choose the pair (G , H) with |G|+ |H | minimal. Then H ̸= 1 and, by [3,
Theorem A], G is not σ-soluble.

Let N be a minimal normal subgroup of G . By Lemma 10, the subgroup H x j N /N is σ-
subnormal in 〈

H x1 N /N , H x2 N /N , . . . , H xm N /N
〉= 〈H x1 , H x2 , . . . , H xm 〉N /N

for every x1, x2, . . . , xm ∈ G , 1 ≤ j ≤ m. By the minimality of the pair (G , H), it holds H N /N ∈
sn(G/N ). Hence H N ∈ snσ(G). Moreover, if |H N | < |G|, by the minimality of (G , H), it follows
that H is σ-subnormal in H N . By Lemma 10, H is σ-subnormal in G , contrary to supposition.
Therefore, H N =G for every minimal normal subgroup N of G .

By Lemma 10, (HNσ )x j is subnormal in
〈

(HNσ )x1 , (HNσ )x2 , . . . , (HNσ )xm
〉

, for every
x1, x2, . . . , xm ∈ G and each 1 ≤ j ≤ m. In particular, for every x ∈ G the subgroup HNσ is
subnormal in

〈
HNσ , (HNσ )x

〉
. Then Wielandt’s subnormality criterion yields HNσ is subnormal

in G .
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Let M be a maximal subgroup of G containing H . By [7, Lemma 7.3.16], it holds that HNσ

is contained in CoreG (M). Assume that HNσ ̸= 1. Then, CoreG (M) ̸= 1, and therefore, G =
H CoreG (M) ⊆ M , a contradiction. Thus, HNσ = 1, and H is σ-nilpotent.

Assume by a way of contradiction that H is not a cyclic group of prime power order. Then,
H has at least two maximal subgroups H1 and H2 such that H1 ̸= H2. Since H is σ-nilpotent,
H

x j

1 and H
x j

2 are σ-subnormal in 〈H x1 , H x2 , . . . , H xm 〉 for every x1, x2, . . . , xm ∈ G and each 1 ≤
j ≤ m by Lemma 10. Thus, by Lemma 10, H

x j

i is σ-subnormal in 〈H x1
i , H x2

i , . . . , H xm
i 〉 for every

x1, x2, . . . , xm ∈G , each 1 ≤ i ≤ m, and i = 1,2. Since |Hi |+ |G| < |H |+ |G|, from the minimality of
(G , H) it follows that Hi is σ-subnormal in G , i = 1,2. By Lemma 11, H = 〈H1, H2〉 is σ-subnormal
in G , contrary to assumption. Therefore, H = 〈h〉 is a cyclic group and |H | = pn for some prime p
and some positive integer n. Consider two possible cases.

Case 1. Assume that p ∈σ0. By Lemma 12,

〈hx1 ,hx2 , . . . ,hxm 〉
is a σ0-group for every x1, x2, . . . , xm ∈ G . Since m = BS(σ0), h ∈ Oσ0 (G). Thus, H = 〈h〉 ⊆ Oσ0 (G),
and therefore, H is σ-subnormal in G , a contradiction.

Case 2. Assume that p ∉ σ0. Let σk be the member of σ containing p. Since σk ̸= σ0, σk is a set
composed of odd primes. By Lemma 12 the subgroup

〈hx1 ,hx2 , . . . ,hxm 〉
is a σk -group for every x1, x2, . . . , xm ∈ G . In particular, it follows that for every g ∈ G , 〈h,hg 〉 is
a σk -group. Applying [9, Theorem 1], we conclude that h ∈ Oσk (G), and therefore, H = 〈h〉 is
σ-subnormal in G . This final contradiction yields W(σ) ≤ BS(σ0).

We prove next that BS(σ0) ≤ W(σ). Call π :=σ0 and k := W(σ). Let x ∈G such that

〈xg1 , xg2 , . . . , xgk 〉
is a π-group for every g1, g2, . . . , gk ∈G . Then

〈X g1 , X g2 , . . . , X gk 〉
is a π-group, where X = 〈x〉. Hence X gi is σ-subnormal in 〈X g1 , X g2 , . . . , X gk 〉 for every
g1, g2, . . . , gk ∈G and each 1 ≤ i ≤ k.

Since W(σ) = k, it follows that X is σ-subnormal in G . By Lemma 10, X ⊆ Fσ(G), and hence
X ⊆ Oπ(G) as X is a π-group. Therefore, x ∈ Oπ(G).

Hence, we conclude that BS(π) ≤ k, and the proof of the theorem is complete. □
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