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1. Introduction
1.1. Threshold phenomena in weighted ¢?

Given positive numbers w = (wy)5.,, we denote by 0% (w) the Hilbert space of distributions S
on T satisfying

1/2
||S||[2(w)=(Z|§(ﬂ)|2LU|n|) < oo.
7

We uniquely identify a distribution S on T with its Fourier coefficients, thus we shall often use the
notation S € £2(1), instead of the natural alternative {S (m)},, € £%(A). 1tis straightforward to verify
that ¢?(w) is separable, containing the trigonometric polynomials as a dense subset. If w, = 1
is constant, then we retain the classical lz—space, which by Parseval’s Theorem can be identified
with L?(T,dm), the space of square integrable functions f on the unit-circle T:

Zlf(n)|2=fvlf(()|2dm(()<oo,

where dm denotes the arc-length measure on T. Now it is of interest to exhibit function
theoretical properties of elements belonging to £ (w). A natural question that arises is: when does
02(w) contain the continuous functions on T? The following observation clarifies that Parseval’s
Theorem gives rise to the following threshold phenomenon.

Proposition 1. Let (1,), be positive numbers with A, | +co. Then there exists a continuous
function f onT, such that

S IF @[ Ay = co.
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2 Adem Limani

This observation is certainly expected, and likely well-known to experts. In fact, the failure
of the embedding of the continuous functions into ¢2(1), as demonstrated by Proposition 1, has
the immediate dual implication that #?(w) contains elements that are not Fourier coefficients of
complex Borel measures on T, whenever w;, | 0. For the reader’s convenience, we outline short
proofs in the appendix.

Our main purpose in this note is to find the precise threshold for when ¢2(w) always consists
of continuous functions in T, thus complementing the above observation.

1.2. Topologically bad support

Our main result is a weighted ¢?-analogue of Kérner’s topological Ivashev-Musatov Theorem
in [7].

Theorem 2. Let (1,), be positive numbers satisfying the following hypotheses:
M) X = +oo;
(i) thereexists C > 1, such that foralln=1:
C ", <Ar<CA,, n<k<2n.
Then there exists a positive function f € L°°(T,dm) such that supp(f dm) has empty interior, and

Y|P A < oo,
n

Our theorem is essentially sharp, since if the hypothesis in (i) is violated, then Cauchy-
Schwartz inequality implies

sl (g <

hence any element in £?(1) belongs to the so-called Wiener algebra, and are thus continuous
on T. Primary examples of spaces for which our Theorem 2 applies to are Dirichlet-type space of
elements f € L2(T,dm) with

YIFmPa+in) <co, 0<y<l.

In this classical framework, it is a well-known fact that one can exhibit elements which are not
continuous, while if y > 1, classical Sobolev embeddings ensure containment into Hoélder-type
spaces. For instance, see [2]. At the end of Section 2, we shall explain why Theorem 2 cannot
simply be derived from methods involving sparse Fourier support, such as Riesz-type products
and lacunary series.

A natural follow-up question is whether the regularity hypothesis (ii) is truly necessary, or if it
can be replaced by a more natural monotonicity condition. Our next observation clarifies these
points.

Theorem 3. There exists a sequence of positive, increasing numbers (A,), with A, 1 +oo and
Yu t = +o0, such that whenever S is a non-zero distribution in T with

X IS)[* Ay < 00,
n
then supp(S) =T.

This result is essentially similar to Kérner’s Theorem 1.2 in [5], and our proof will take inspira-
tion from it. It remains unclear what a “critical” version of Theorem 2 would entail, which aligns
well with other uncertainty principles in harmonic analysis, such as the Ivashev-Musatov The-
orem and the Beurling-Malliavin Multiplier Theorem. For further discussions on related topics,
see [6] and [3].
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1.3. A Baire category version

It turns out that the elements appearing in the statement of Theorem 2 are generic. To this
end, let ¢ denote the collection of non-empty compact subsets of T equipped with the so-called
Hausdor{f metric

d (E,K) =supdist({, K) + supdist(¢, E).
(eE ek

It is straightforward to verify that (¢, d«) is a complete metric space. We can actually offer the
following Baire category version of Theorem 2.

Theorem 4. Let(A,), be positive numbers satisfying the hypotheses (i)—(ii) of Theorem 2. Consider
the collection %L¢(A) < £%(A) x € of ordered pairs (f, E) satisfying the properties:

(i) supp(f) < E;

(i) 0=sf() =2 for(eT;
equipped with the metric

dy((f,E),(8,K) = dg(E K) + I f - gllep.

Then the sub-collection of pairs (f, E) € L« (A1) with E having no interior is generic in the complete
metric space (L¢ (M), dy).

Our principal emphasis will be to prove Theorem 4, from which Theorem 2 follows as an
immediate corollary.

1.4. Organization and notation

The paper is organized as follows: Section 2 is devoted to proving Theorem 4, where we take
inspiration from work of T. W. Kérner in [7]. In Section 3, we deduce Theorem 3 from a slightly
stronger result, which utilizes a simple but useful lemma of Kérner and Meyer. In the appendix,
we give short sketches of proofs for Proposition 1.

For two positive numbers A, B > 0, we will frequently use the notation A < B to mean that
A < ¢B for some positive constant ¢ > 0. If both A < B and B < A hold, we will write A = B.

2. Bounded functions with bad support
2.1. The doubling condition

The following lemma summarizes how the hypothesis (ii) of Theorem 2 will be used throughout.
By means of substituting 1,, with max(1,,1), we may without loss of generality always assume
that A, =1 for all n.

Lemma 5. Let (1,), be positive numbers with the hypothesis (ii) of Theorem 2. Then there exists
M(A) > 1 such that for any integer M > M(A), the following statements hold:

A+m™MA, <a+m™MA,, l<m<n, 0
n :M-1 M
] n
> <10MN)—, n=1,23,..., )
j=1 Aj An
> L <M(/1)—1 n=1,2,3 3)
S A M nMAy,’ A

Note that the second condition means that A,,(1+7)~M is non-increasing whenever M > M(A),
which we shall use frequently. In particular, this implies that 1, has at most polynomial growth.
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Proof. The proof is simple. Let C(1) > 1 be the constant appearing in the hypothesis (ii) of
Theorem 2. Fix two arbitrary integers 1 < m < nand let [ =<log,(n/m) be the integer with n < 2!m.
Repeatedly, using the assumption (ii) on (1,),, we readily get

1+mM

Ap < AnCOH <A, ——— )
n=AnCA) = m(1+m)M

l<m<n,

whenever M > M(A) large enough. The claim in (2) readily follows from (1): jM=1/2 ; being non-
decreasing, by means of further enlarging M (A7), if necessary. In order to prove (3), we first note
that

Ayi2/8 < CN)27 4Ny j1 240D < 1,240 1 20,1,2,...
whenever, say A > 100log C(A). With this at hand, we get that for any n = 1:

1 1 1 1 ; 1
LI ) T
j>n A]’]M_H j>logn k=2i AjkM1 j>logn /12f2]M Ann# j>logn AnnM
whenever M > A. O

2.2. A smooth localizing function

The proof of our result hinges on the following principal lemma on uniformly bounded functions
with small amplitudes.

Lemma 6. Let (A,), be positive numbers satisfying the hypotheses (i)—(ii) of Theorem 2. Then
there exists an integer N(A) > 0 such that for any N = N(A) the following statement holds: for any
0<e <1, thereexistsw, € C°(T), such that:
i) Osy<l4+eonT;
(i) v =0 in a neighborhood of 1, whose length tends to zero as € — 0;
(i) f;yedm=1;
(iv) Sup,4|We ()| = min(e, c(N)e' "N |n|™N), where ¢(N) > 0 is a constant only depending
on N;
W) T oso|Te ()| Ay < €2

In order to prove our lemma we shall need the following building block from the work of
T. W. Korner, see [7, Lemma 20].

Lemma 7 (T. W. Korner). Given positive integers M, S > 0, there exists constants A(M, S) > 0 and
6 (M, S) > 0 such that the following statement holds: for any 0 <n < 1/2, one can find smooth real-
valued functions g, m,s satisfying the following conditions:
@ gnm,s) =1, for|{ -1 <6(M, S)n;

(i) -S'=gyms<lonT;

(i) gy,m,5(0) =0;

(iv)

. . M -M
|8n,m,5(m)]| <nAWM, S)min(1, (ninl)™, (ninl)™"), n#o.

Furthermore, the parameters A(M, S),6(M,S) — 0 as S — co.

Proof of Lemma 6. Fix a number M > M(A) as in the statement of Lemma 5. Let 0 < € < 1, pick
an integer S = S(¢) > 2/¢, such that

1
Le= )Y —=1le 4)
1/e<j<S(e) Vi
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This is possible due to hypothesis (i) of Theorem 2. Now applying Lemma 7, we consider
functions of the form

1 1
= ]_ _—— ’ € -I]—)
We(l) 1B 1/£<]Z<S(s) Fy 81jmse ), ¢

where the functions g1/;,um,s() are as in Kérner’s Lemma. Now the properties (i)-(iii) are imme-
diate consequences of the corresponding properties of the g’s from Korner’s Lemma. Note that
the statement in (iv) follows from item (iv) of Kérner’s Lemma, since our sum only involves terms
Jj > 1/e. It therefore remains only to verify (v). Since all functions involved are real-valued, we
only need to estimate the positive Fourier coefficients. The Fourier terms will be decomposed
into the following three terms:

ZI@(H)|2M=( Yo+ Y o+ X )|@(n)|21n.

n>0 l1sn<l/e 1/esns<S(e) n>S(e)

In order to estimate the first term, we shall utilize the estimate in (iv) of Kérner’s Lemma, in
conjunction with (3) of Lemma 5, as follows:

2
1 1
Y s —5 Y ( > ]|§1/1,M,S<e)(”)|)
1/¢e

2
lsn<l/e L(e) lsn<l/e An <j=S(e)

2
A(M, S)? oM 1
= L(£)2 Z Annt Z A iM+1
1=n<l/e 1/e<j<S(e) iJ

2
- A(M,g) Y Aan?M
L(e) /1[1/51 l=sn<l/e

_AMLS? 1
L(€)?2  edpyg
AM, S)?
< -
L(e)
In the last step, we again utilized the condition (ii) of (A,),, but in the following different way:
1
EA[1/e]

1
= Z — < L(e). 6)
l/e<j<2/e V]

The third term is estimated in similar way as the first, using (iv) of Kérner’s Lemma, but now in
conjunction with (2) of Lemma 5:

_ A2(M, S) p) 1 )
Eieors 5 (5 ;4)-( e

n>$ n>s 1 1/e<j<S Aj
2 2M
- A°(M,S) Z 1 S
17(e) SM issn

_ A(M,8) Se)
L&) Asee)
_ AWM, S8)
L(e)
In the last step, again an estimate as (5) involving S(¢). In order to estimate the first sum, we shall
need to further decompose the Fourier coefficients of . into the following two terms:

Ye(n) = ! > ! —g (n)+ ! > ! —g (n) =1 (n) +P2(n)
1/j,M,S(¢e) 1/j,M,S(e) 1 2 )
¢ L(e) &) 1yesien AT TS L(e) ne S5 A
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for 1/e < n < S(¢). Applying (iv) of Kérner’s Lemma in conjunction with (2) of Lemma 5, we get

A1\ 2
Y (7, s A AZM( - 1)
1/e<n<S$ L©)?*  yisnes WM \1g=jzn Aj
_ AWM, S)? 1
L(E)Z 1/esn<S An
AWM, 9)?
L@
Arguing similarly for the second term, instead using (3) of Lemma 5, implies
2 2 2
> [wfans 0y AnnZM( e I
1/e<ns<S$ L@E*  1je<nss j>n Ajjre L(e)
Combining, we arrive at ¥ 50| ¥z (1) |21n < A(M, S(E))Z/L(E) < A(M, S(e))ze. The proof follows by
a simple re-scaling argument in the parameter € > 0. U

2.3. A Baire category argument

In order to carry out the Baire category argument, we need to set up an appropriate functional
theoretical framework.

Lemma8. The subset. %, c £*(A) consisting of elements f € L°(T,dm) with
0<fW)<2, dm-ae (€T,
forms a closed subset of £%(1).

Proof. The proofis simple, hence we only sketch it. Since the set .#) is convey, it suffices to show
that the set is weakly closed. To this end, we note that for any positive ¢ € C*°(T), one has

Osf f(pdeZf @pdm.

T T

Now choosing ¢ to be Poisson kernels w.r.t. the unit-disc {Izl < 1} and using standard properties
of their boundary behavior, one easily concludes the proof. g

Note that %) only defines a cone in £2(1). We denote by £ c.#) x € the collection of ordered
pairs (f, E) with f € %) and E a compact set, such that

supp(f) € E.

We now record the following simple lemma, whose proof is immediate from Lemma 8 and
standard properties of support.

Lemma9. The set £) of ordered pair (f, E) equipped with the metric
dy((f,B), (g, K) = If - gl +de(EK),
becomes a complete metric space.
We outline the principal result in this subsection.

Proposition 10. Let (1), be positive numbers satisfying the hypotheses (i)—(ii) from Theorem 2.
Forany a€ T, consider the set

&a={(f,E) € £ : E does not meet an open arc containing a}.

Then &, is an open and dense subset in the metric space (£),d)).
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Proof. To see why &, open, let (f,E) € &, and pick 6 > 0 such that the arc I,5(a) centered at a
of length 46 does not meet E. Now if d,l((f, E), (g, K)) < 0/2, then we in particular have that
d¢(E,K) <6/2, hence we can infer that I5,,(a) N K = ¢. This shows that &, is indeed open.
In order to verify that &, is dense, it suffices to show that for any (f,E) € £, and any 6 > 0,
there exists (g, K) € &, such that
dr((f, B), (g, K)) <.
By means of re-scaling f and employing a simple argument involving convolution with a smooth
approximate of the identity, we may actually assume that f € C*°(T) with 0 < f({) <2 -6 for all
{ € T. We now invoke Lemma 6. There exists an integer N(A) > 0, such that for any N > 100N (1),
the following statement holds. For any 0 < € < 1, there exists ¥, € C*°(T) such that:
(i) 0syeg<l+eonT,;
(i) ¥, =0inaneighborhood J.(1) of { = 1, whose length tends to zero as € — 0;
(ii) [ryedm=1;
(iv) sup,,.o|¥e(n)| < min(e, c(N)e
on N;
W) Lnso|@e ()] Ajuy < €2.
Now set f:({) = f({)-w.({a) and E,; = E\ J.(a). It easily follows that the pair (f, E;) belongs to £,
and we have dy (E, E;) — 0 as € — 0+. Therefore, it only remains to show that

Jim 3| et = Fonf*m =0.

Since all functions involved are real-valued, we only need to estimate the sum for n = 0. First we
write

fem) = f(n) = Zf(m)e"“(”‘m’@(n—m)z( DY )f(m)ei“(”‘m)@(n—m)=:zl+22.

m#n \m|<sn/2  |m|>n/2
m#n

In order to make the second sum small, we use property (iv) and the smoothness of f. Hence for
any desirable value of A > 0, there exists C(A) > 0, such that

<g¢ Z |f(m)| <

\m|>n/2

1=N|n|=N), where c(N) > 0 is a constant only depending

C(A)e
1+mA

Z ]’E(m)eia(nfm)ﬁ/\g(n -m)

\m|>n/2
m#n

This in conjunction with the property (1) of (1), in Lemma 5 gives

Z 2

n=0

|m|>n/2
m#n

It remains only to estimate the Fourier coefficients of X;, which we shall split into two further
parts. Let M(g) — +oo as € — 0+ be a parameter to be specified later. For 0 < n < M(g), we make
use of the property (v) of w,, which gives

2

0<n<M(e)

A
A < C(A)?e? > m <C'(A). 6)

2

Y Fme Mg (n—m)| Ay

|m|<n/2
= Y ¥ [fmf ¥ |Fn-mlA,

0<sn<M(e) |m|<n/2 |m|<n/2

= 2 —~ 2
= Y X fm|" X |[wem-m[A-m
0<n<M(e) |m|sn/2 |m|<n/2

<2 Y Y |fmf =eMEIfI.

0<n<M(e) |m|<n/2
In the first step, we used Cauchy-Schwartz inequality for the inner sum, while in the second step
we used the assumption A, = ;- whenever |m| < n/2. Moving forward, it remains only to
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estimate the sum for n = M(¢). This time, we instead make use of property (iv), in the following
way:
2 2

|mlsn/2

SC(N)ZEZ_ZN( Y |fmm|in-m™

|ml<n/2
2.2-2N_-2N 2
< C(N)°¢ n ||f||[1.

With this estimate at hand, we get

2
~ S _ A
Yol Y fme MG (n-m)| Ay s CIN?ISfIETHN Y S ®)
n=M(e)l|m|<n/2 n=M(e) 1t
Utilizing part (1) of Lemma 5, we obtain
g2-2N An < g2-2N Amee) 1 < g2-2N Amce)
i 12N M(eND | 42 ) n2N-N() M(g)2N-1

Now choosing M(g) = £73/2

)3

n=M(g)
since N > 100N (A) in view of (1) of Lemma 5. Now since (6) and (7) can also be made arbitrarily
small, we conclude

and returning back to (8), we arrive at
2
Y Fme Mg (n—m)| Ay £ Apsn(@HENTIB 0, e — 0+

|m|<n/2

. = ENY)
Jr ,;Jff(”) = f[ A =0.
This proves that &, is dense in the metric space (£),d,). U
With this at hand, we easily complete the proof Theorem 4.

Proof of Theorem 4. Pick a countable dense subset {a;}; = T and note that according to Propo-
sition 10, and the Baire category theorem, the set & = n jé"aj is dense in ;. Now whenever
(f,E) € &, then En{aj}; = @ by construction, hence E cannot have any interior point. Since
supp(f) < E, we conclude that f satisfies the required properties. U

2.4. Functions with sparse Fourier support

Here, we briefly explain why techniques involving sparse Fourier support cannot simply prove
Theorem 2. To this end, given a subset of integers A, we denote by Cx (T) the closed subspace of
continuous functions f on T with the property that supp(f) < A. Now a set A is said to be a Sidon
set if there exists C(A) > 0, such that

Y|fm]=cw séuplf(()l, V feCa(T).
n eT

Examples of Sidon sets include lacunary sequence A = (Ng) with infy Ni.1/Ng > 1, which is a
classical result due to Zygmund. For instance, see [10, Chapter 5], or [4, Lemma 1.4 in Chapter V].
A remarkable arithmetic characterization of Sidon sets was given by G. Pisier in [9]. Given
an integer n, we denote by R(n,A) the number of ways to write n = ¥ ;€;1; as finite linear
combinations of 1; € A and with ¢; € {-1,0,1} for all j. G. Pisier proved that A is a Sidon set
if and only if there exists a number 0 < y < 1, such that for any finite subset I' c A, we have
supR(n,T) <3"",
nez
where |T'| denotes the cardinality of the subset I'. In other words, representations of integers
involving finite sub-collections of A must be exponentially sparser. For further connections to
Riesz products, we also refer the reader to the work of J. Bourgain in [1]. See also Kronecker’s
Theorem on independent sets in [4, Chapter VI]. This clarifies why methods involving sparse
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Fourier spectrum, such as Riesz products and Hadamard lacunary series, cannot readily be
used to produce functions appearing in Theorem 2. However, it was recently proved in [8] that
methods involving sparse Fourier support can yield other results, of similar flavor.

3. Indispensability of regularity hypothesis

The proof of Theorem 3 will actually be derived from the following stronger statement.

Theorem 11. Let ® be a positive increasing function on (0,00). There exist increasing positive
numbers (Ay), with A,, 1 +oo, such that

Y ®(1/2,) = +oo,
n

but if S is a non-zero distribution on T with S € £*(A), then supp(S) = T.

The proof of Theorem 11 rests on a lemma from the work of T. W. Kérner, whose surprisingly
short and simple proof is attributed to Y. Meyer.

Lemma 12 (Kérner-Meyer [5, Lemma 2.1]). Given N =1 andy,6 > 0, there existse = €(N,y,6) >
0, such that the following statement holds: whenever S is a distribution on T with

W) Tinen|Sm[* 2y;

(i) supj,>y|S(n)| <e;
then sup;cy dist(¢, supp(S)) < 6.

With this lemma at hand, we can give a short proof of our principal observation in this section.
The argument below requires a modification of the proof of [5, Theorem 1.2], adapted to our
setting.

Proof of Theorem 11. Set N; = ¢; =1, and suppose that positive integers Nj < N, < --- < N, and
positive numbers €] > €2 > -+ > € > 0 have already been constructed. Now pick Ny > Ng, such
that

(Ni1 - Np@(ez2 2 = 1.

Invoking the Kérner-Meyer Lemma, we can find a number 0 < €441 < € such that the following
statement holds: whenever S is a distribution on T with
. SN2 e

Dk Tinng., (S| =275

(ii) Sup|n\>1vk+1|5(n)| = €kt
then sup;et dist(¢,supp(9)) < 27k, Define the corresponding sequence of positive numbers (1,,) ,
as follows: foreach k=0,1,2,... set A, = 22k ei, and interpolate the intermediate values of 1/1,,
linearwise,

2 2
1 &€ Nia1—n 3 n— N,
—= b By kL K Ny<n<Npy, k=01,2,...

An 228 Npyy = N 220%D Ny = Ng

Clearly, (1,), is increasing with A,  +co. Furthermore, it follows from the monotonicity of ® in
conjunction with the constructions of (Vi) that

Ni+1— N, 1
Y q>(1mn)z%¢(siz—2"‘1)z§, k=0,1,2,...,

Ni<n<(Nps1+Ng)/2

hence ), ®(1/A,) = +oco. Now let S be an arbitrary non-zero distribution on T with

Z|§(n)|2/1|n| < 00.
n
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We claim that both (i) and (i) must hold for all sufficiently large k. Indeed, the former
statement follows from S € ¢2, while the second property follows from the crude estimate:

~ ~ 1
sup |Sn)|° < 1S A < N

[1n]>Ni41 Ni+1 |n|>Niqq Nis1

2
S‘L:k+1’

which holds for sufficient large k. Therefore, sup;c dist(¢,supp(9)) < 27¥ holds for all sufficiently
large k, and we conclude that supp(S) =T. O
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Appendix A.

We outline the simple proof of Proposition 1 below.

Proof of Proposition 1. Pick a trigonometric polynomial Ty which satisfies
@ ITollre=1;
(i) I1Tollz=1/2
and let Ny > 0 denote its degree. For instance, such polynomials can be found by taking k() =
e®e© and passing to appropriate Fejér means. Now choose ny > 2N, and take a subsequence
(n) j with the properties that
Z 1
j An;

J

< 00, nj+1—nj22N0, j=0,1,2,...

Set T;({) ={" T({) for j=0,1,2,..., and consider a function f of the form

1
fQ =) —T;), (eT.
j \/ A'nj
Since (1//An;) j is summable, the Weierstrass M-test ensures that f is continuous on T. Using
the mutually disjoint Fourier support of (T}) j, we also have
a2 1 2 2 1
Yo=Y ¥ [Gufan=LYTml=Y 1 =c
n j nj nj<|nl=nj+No jn j

where we in the penultimate step also utilized the monotonicity of A,,. U

Now let w;, | 0 and we assume that ¢2(w) is contained in the Banach space M(T) of complex
finite measures on T, equipped with the usual total variation norm. The closed graph theorem
then ensures that there exists C(w) > 0, such that for any S € #?(w) one can find p € M(T) with
Sn) = fi(n) for all n, and || gl = C(W) (1Sl p2(y)- Now it is straightforward to verify that 2(1/w)
is the dual (and pre-dual) of £2(w), in the classical sequence pairing. Therefore, for any N > 0 and
any continuous function f in T, we have

| ram
T

o 21

2 |fff——=" sup
InlsN Win| gl 2,1

We arrive at a contradiction with Proposition 1 by letting N — co. In conclusion, £2(w) contains

genuine distributions, whenever wy, | 0.

Zf(n)%| < sup

Il v =C(w)

< C(w)sup|f Q)|
(eT

supp(S)S[-N,N]
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