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Abstract. A classical result by Solodov states that if a group acts on the line such that any non-trivial element
has at most one fixed point, then the action is either abelian or semi-conjugate to an affine action. We show
that the same holds if we relax the assumption, requiring that any non-trivial element has at most 2 fixed
points.

Résumé. Un résultat classique de Solodov stipule que si un groupe agit sur la droite de telle sorte que tout
élément non trivial a au plus un point fixe, alors I'action est soit abélienne, soit semi-conjuguée a une action
affine. Nous montrons qu'il en va de méme si nous relachons I'hypothése, en exigeant que tout élément non
trivial ait au plus deux points fixes.
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1. Introduction

Let X be a topological space, and G < Homeo(X) a subgroup of homeomorphisms of X. Given
N e N, we say that G has at most N fixed points if every non-trivial element of G has at most N
fixed points. When N = 0, we simply say that the action of G on X is free. A natural problem is to
characterize actions with at most N fixed points.

Question 1. Given N € N, which subgroups of Homeo(X) have at most N fixed points?
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Here we will address this problem for the case when X = Rand N = 2, extending classical works
by Hélder (discussing the case N = 0), and Solodov (case N = 1). These classical results essentially
state that the only examples of groups with such property are the classical ones, namely the group
Isom. (R) of translations (N = 0) and the group Aff(R) of affine transformations of R (N = 1). To
state the results, given a subgroup G < Homeo(R), we denote by G, = GnHomeo. (R) its normal
subgroup (of index at most 2) of elements preserving the orientation of R.

Theorem 2 (Hoélder). Every subgroup G < Homeo(R) acting freely on R is abelian and moreover
its action is semi-conjugate to an action by translations.

Actually, Holder’s original paper [10] was only considering abelian groups, and the general
statement was later extended by Conrad to any group in [6, Section 3.8] (see also [9, Theorem 6.10]
and [7, Section 3.1] for a careful and more recent exposition).

Theorem 3 (Solodov). Let G < Homeo(R) be a subgroup with at most 1 fixed point. Then:

o either the action of G admits a unique fixed point and G, is abelian,
« or the action of G is semi-conjugate to an action by affine transformations.

Proofs of Solodov’s theorem [15, Theorem 3.21] were also given by Barbot [3, Théoréme 2.8]
and Kovacevi¢ [12], see also the discussion in Ghys [9, Theorem 6.12] and in Farb—Franks [8].

Remark 4. Note that the first case in Theorem 3 cannot be improved by saying that G itself is
abelian. For example, one can consider the subgroup G < Homeo(R) generated by the elements

j:x— —x,and
2x ifx=0,
f;x»-»{

3x ifx=o.
It is straightforward to check that f and j do not commute, and the fact that log2 and log3 are
rationally independent ensures that every non-trivial element has x = 0 as unique fixed point.

The main result of this note is about the next case which is not covered by the previous
theorems, that is, when N = 2.

Theorem 5. Consider a subgroup G < Homeo(R) with at most 2 fixed points. Then we have two
possibilities:
o G, is abelian, and every fixed point of a non-trivial element of G, is a global fixed point of
Gy, or
o the action of G is semi-conjugate to an action by affine transformations.

In other words, there is no new interesting group with at most two fixed points. In fact,
the group of affine transformations Aff(R) is the only known example of group with at most N
fixed points, for any N = 1, which acts minimally on the real line. This suggests the following
conjecture.

Conjecture 6. Let N € N and let G < Homeo(R) be a subgroup with at most N fixed points. Let
I c R be a maximal interval without global fixed points for G,. Then the restriction of the action
of G to I is semi-conjugate to the action by affine transformations.

Remark 7. The above conjecture holds true under higher regularity assumptions. Indeed, a
result by Akhmedov [1,2] gives that any subgroup of Diff’, ([0, 1]), with r > 1, with at most N fixed
points is solvable. On the other hand, a classical result of Plante [14] gives that if a solvable group
acts on the line such that the set of fixed point of any element acting non-trivial is discrete, then
the action is semi-conjugate to an affine action. Using results from Bonatti, Monteverde, Navas
and Rivas [5], it is not difficult to conclude that if the affine action is non-abelian, then the semi-
conjugacy is actually a conjugacy.
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2. Preliminaries

Let us first introduce the classical notion of (semi-)conjugacy for group actions on the line.
We say that a function h: R — R is a monotone proper map if h is non-decreasing and
limy_ 4o (x) = £o00. Let G and F be two subgroups of Homeo(R). We say that the action of G
is positively semi-conjugate to F if there exist a surjective morphism 8: G — F, and a continuous,
monotone proper map h: R — R, which is equivariant, in other words

0(g)h=hg, foreverygeg.

The map h is called a positive semi-conjugacy, and when h is a homeomorphism, we say that
it is a positive conjugacy, in which case we also say that G and F are positively conjugate. In
our discussion, we will only consider positive (semi-)conjugacies, and therefore we will drop the
adjective positive when referring to them.

There exists a natural equivalence relation for subgroups of Homeo(R) given by

G ~ F if, and only if, G and F are conjugate.

However, semi-conjugacy does not define directly an equivalence relation (but one can slightly
modify the definition so that it actually defines an equivalence relation, see for instance [11]).

The notion of conjugacy and semi-conjugacy can be transferred to homeomorphisms by
stating that f and g in Homeo(R) are (semi-)conjugate by the (semi-)conjugacy h if the subgroups
(f) and (g) are (semi-)conjugate by the (semi-)conjugacy h. In this case, the surjective morphism
0: (f) — (g) is the identity or the inversion, which implies that fh = hg or f‘1 h=hg. If we are
in the second case, we replace our notation by saying that f~! and g are (semi-)conjugate by the
(semi-)conjugacy h.

Given a group action on a space X, we define the minimal invariant subset as the smallest (by
inclusion) closed non-empty subset of X such that the orbit of every point is contained in the
subset. Such subsets always exist for actions on compact topological spaces. This is however not
the case for general actions on non-compact spaces. We have however the following result.

Lemma 8. Let G be a subgroup of Homeo(R) with at most N fixed points, then R contains a
minimal invariant subset for the action of G. More precisely, the closure of any G-invariant subset
contains a minimal invariant subset.

The proof of this result will be a direct application of the following stronger lemma (see for
instance [13, Proposition 2.1.12]).

Lemma 9. Ler G be a subgroup of Homeo(R) and I a bounded open interval of R such that the
orbit of any point x € R intersects I, then the closure of any orbit G.x contains a minimal invariant
subset for the action of G.

Proof of Lemma 8. We will assume that there are no global finite orbits for the action of G,
otherwise every orbit would either be a minimal invariant subset or contain one in its closure.
Therefore, there are no global fixed points to the action of G, and, since every element has at
most N fixed points, we can choose N +1 elements {g1,...,gy,,} € G+ such that no point is fixed
by all g,,. We define the function F: R — R as:
— +1
F(x):= ne{lr{%%Jrl}gn (x).

One can observe that F is increasing, continuous and F(x) > x, for all x € R. Now, let I be any
bounded open interval containing [0, F(0)] and we claim that every orbit intersects I. Indeed, for
all x € R there exists k € Z such that Fk(x) <0and Fk+! (x) =0, so we have

F*(x) = F(F* () € [0, F(0)) < I.
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Therefore, the orbit of every point intersects the interval I and, by Lemma 9, we conclude that
the closure of the orbit of any point contains a minimal invariant subset for the action of G. [J

Lemma 10. Let G be an abelian subgroup of Homeo(R) with at most N fixed points, then every
fixed point of a non-trivial element is globally fixed by G .

Proof. If G acts freely than there is nothing to prove. Assume that there exists a non-trivial
element f € G with a fixed point x € R. Then for every g € G we have fg(x) = gf(x) = g(x),
and therefore G.x c Fix(f). Since Fix(f) is finite, it follows that the orbit G.x is finite as well. Since
elements in G, preserve the orientation, we deduce that x is fixed by G... 0

The complete classification for the minimal invariant subsets of group actions on R is given in
the following classical theorem (the proof in [9] for the case of actions on the circle can be easily
adapted to the case of actions on the line, see also Beklaryan [4, Theorem 1 and Proposition 1]).

Theorem 11. Let G be a subgroup of Homeo(R) with a minimal invariant subset M. Then, the
closure of any orbit contains a minimal invariant subset for the action of G. Moreover, there are
four mutually exclusive possibilities.

1. All the orbits are dense and M =R is the only minimal invariant subset.

2. All minimal invariant subsets are global finite orbits.

3. All minimal invariant subsets are closed orbits of G, which are discrete and unbounded.
Moreover, there exists an element g € G without fixed points such that all minimal
invariant subsets are orbits of g.

4. There exists a unique minimal invariant subset M which is an unbounded Cantor set, i.e.
perfect, totally disconnected and unbounded.

Remark 12. Note that in the case of closed orbits as minimal invariant subsets, the action
is semi-conjugate to an action by isometries, in particular G, is semi-conjugate to a group of
translations.

3. Group actions on the line with at most 2 fixed points

The main purpose of this section is to prove Theorem 5. For this, we first analyze the situation
when the action admits a global fixed point, and this is essentially based on Solodov’s theorem
(Theorem 3).

Lemma 13. Let G be a subgroup of Homeo., (R) with at most 2 fixed points, admitting a global
fixed point. Then G is abelian and any point which is fixed by a non-trivial element is globally
fixed.

Proof. Let x be the global fixed point and denote by G_o < Homeo, ((—00,x)) and Gie <
Homeo, ((x,+00)) the subgroups obtained by considering the restriction of the action of G
to the two G-invariant half-lines, respectively. Note that the morphisms G — G., are both
isomorphisms, as elements in one of the kernels fix a half-line and thus are globally trivial. Notice
that if either G_, or G, is abelian, this implies that G is also abelian and so there is nothing to
prove. So we will assume that none of them is abelian, and look for a contradiction. Since every
element of G has at most one fixed point other than x, it follows that both G_o, and G4, act
with at most 1 fixed point and therefore, by Solodov’s theorem (Theorem 3), both G_, and G
are semi-conjugate to non-abelian subgroups of Aff, (R). Now, any element g € G which is non-
trivial in the abelianization G/[G, G], gives in G_, and G, elements which are semi-conjugate
to homotheties, and thus g admits at least three fixed points, giving the desired contradiction. [
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We next move to the case where the action has no global fixed points. We first introduce some
terminology which will provide the combinatorial set-up for the core of the proof of Theorem 5:
for orientation-preserving homeomorphisms it is natural to consider whenever its graph is above
or below the identity, and since we are restricting ourselves to homeomorphisms with at most N
fixed points, this information can be encoded in a finite string as in the following definition.

Definition 14. Let h € Homeo. (R) be an orientation-preserving homeomorphism with Fix(h) =
{x1,...,xn}, where x; < --- < x,,. We say that h is of type (ey,,...,€p) for e, € {+,-} if the sign of
h —id restricted to (xx, Xx+1) is €x for every k € {0, ..., n} (here we write xg = —co and X,+1 = +00).

Remark 15. The notion presented in Definition 14 is invariant by conjugation (in Homeo (R))
and for every h € Homeo, (R) and n € N*, h and h" are of the same type, but & and h~! are of
opposite types (every coordinate has the opposite sign).

We can now discuss the main technical lemma, which describes the case when the group
contains an element with two fixed points.

Lemma 16. Let G be a subgroup of Homeo(R) with at most 2 fixed points, whose action admits
no global fixed point. Assume there exists an element g € G such that Fix(g) = {x, y}, with x < y.
Then, the orbit of x does not intersect the interval (x, y).

Proof. First, observe that since g has two distinct fixed points it cannot be an orientation-
reversing homeomorphism, so g € G. Furthermore, we will suppose that G, has no global fixed
point, otherwise, by Lemma 13, both x and y would be globally fixed by G, and the orbit of x
would be contained in {x, y} which satisfies the statement. Now, we will structure the proof by
considering all the possible types for g. To start with, we argue that it is enough to restrict to the
cases where the type of g is (+, +,+), (-, +,+), (+,+,—) and (+,—, +), since all the 28 possible types
are reduced to these cases by considering g~

Arguing by contradiction, let us suppose that there exists f € G with f(x) € (x,y). We claim
that we can take f to be order preserving. Indeed, assume f € G~ G,. If f(y) € [x, f(x)), then
fz(x) € (x,y): this is because the interval [x, y] is then preserved by f (and hence by f2), and if
f?(x) ¢ (x,y), then it must be f2(x) = x, which is possible only if f(x) = y (and this is not the case
after the assumption on f). So in this case the element f? € G, satisfies the desired condition.
When f(y) € (—oo, x), then the conjugate ¢ = fg f~! fixes exactly the points f(y) and f(x), and
we have that the point x is in the interval (f(y), f(x)), so that either ¢ or ¢! (both in G,) moves x
inside (x, f(x)), as desired.

Now, let f € G; with f(x) € (x,y). In this case f(y) # y, otherwise the subgroup defined by
(g, ) = G would act with at most 2 fixed points with one of them being globally fixed, and by
Lemma 13, this would imply that x is also globally fixed by (f, g), which is not the case.

Case 1(a): g is of type (+,+,+) and f(y) < y. Consider h = fgf‘1 € Gy, itis of type (+, +,+) with
Fix(h) = {f(x), f(»)} satisfying that x < f(x) < f(y) < y, then one can observe that h(x) € (x,)
but h(y) > y, so we take f’ = h and we are reduced to the next case (Case 1(b)).

Case 1(b): g is of type (+,+,+) and y < f(y). Consider h= fgf~! € G4, itis of type (+, +, +) with
Fix(h) = {f(x), f ()} satisfying that x < f(x) < y < f(y), therefore:

e hg™l'(x)=h(x)> x;

* hg7}(f0) <h(f(0) = fl0;

s hg7' =hy) >y

 hg H(F W) <h(F W) = FW;
which implies that 2g™! has a fixed point in each of the intervals (x, f(x)), (f(x),y) and (y, f(3))-
This contradicts the assumption that G has at most 2 fixed points.
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Case 2(a): g is of type (—, +,+) and f(y) < y. Consider h= fgf~! € G,, itis of type (-, +, +) with
Fix(h) = { fx),f (y)} satisfying that x < f(x) < f(y) < y. Take n € N sufficiently large such that
g"(x—1) < h(x—1) and g"(y +1) > h(y +1). Then we have:

o hg™"(h(x-1))> h(x-1);

o hg7"(x)=h(x)<x;

e hg "M =hy)>y;

o hg™"(h(y+1D)<h(y+1).
This implies that hg~" has a fixed point in each of the intervals (h(x—1), x), (x, ) and (y, h(y+1)),
which gives the desired contradiction.

Case 2(b): g is of type (-, +,+) and y < f(y). Consider h= fgf~! € G4, itis of type (-, +, +) with
Fix(h) = {f(x),f(y)} satisfying that x < f(x) < y < f(¥). Then one can observe that 1l e (x, ¥)
but 271 (y) < y, so we take f’ = h~! and we are back to Case 2(a).

Case 3(a): g is of type (+,+,—) and f(y) <y. Consider h = fgf‘1 € Gy, itis of type (+,+,—) with
Fix(h) = {f (%), f()} satisfying that x < f(x) < f(y) < y. Take n € N sufficiently large such that
g Mx-1)< h~l(x-1)and g y+1)> h‘l(y+ 1). Then we have:

o« hlg"(hl(x-1)>h1(x-1);

o hlg(x)=h1(x) < x;

o hlg"(y=h"ty) > y;

o« hlg"(hl(y+D)<hl(y+D).
This implies that h! g" has a fixed point in each of the intervals (h_l(x - 1),x), (x,y) and
(y,h~1(y+ 1)), which again gives the desired contradiction.

Case 3(b): g is of type (+,+,—) and y < f(y). Consider h= fgf’1 € Gy, itis of type (+, +, —) with
Fix(h) = {f(x), f(y)} satisfying that x < f(x) < y < f(y). Then one can observe that g(f(x)) €
(f(x), f(») but g(f(»)) < f(¥), so we take g’ = h and f’ = g and we are back to Case 3(a).

Case 4(a): g is of type (+,—,+) and f(y) < y. This is by far the most complex case, and its proof
will be given by a long construction.
First, we remark that as the action of G, has no global fixed point, we can find two elements
u, v € G; such that u(y) < x and v(x) > y.
Define the following elements of G..:
e h=fgf! of type (+,—,+), with Fix(h) = {f(x), f (1)} = (%, 7};
o fu=ugu ! oftype (+,—,+) with Fix(f,) = {u(x), u(»)};
o fy=vgv ! of type (+,—,+) with Fix(f,) = {v(x), v()}.
These points satisfy the order relation

ux)<u(y)<x<xi<y<y<vuvx <vy).

Now, observe that there exists n; € N, such that for every n = n; one has h™"(x) < f,jl(x), and
thus
R f,h 7" (x0) < W f,(f, 1 (0) = K (x) < %
On the other hand, there exists n, € N such that for every n = ny one has h' f,,(y) > y+2, and thus
R b "y >k, " =h"f,() >y +2.

Let n = max{ni, np} and define s = h" f, h™" € G4, so we have s(x) < X and y+2 < s(3).
Similarly, one can observe that there exists m; € N, such that for every m = m; one has
g "(fu(x)) >y, and thus

g"fug" W =g"fulx)>7y.
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On the other hand, there exists m, € N such that for every m = m;, one has g™ (fu(y)) <y +1,
and thus
g8 " fug"WM=g"fuy<y+1.
Let m = max{m,, m,} and define t = g~ f,,g™ € G, so we have y < t(x) and #(y) < y+ 1.
We also observe that Fix(s) = {h"(v(x)), h"(v(p))} and Fix(¢) = {g7™(u(x)), g™ (u()))}, and
we have
g "M (u®)<g™(uy) <uy) <x<y<vx) <h'(v)<h"(vy).

Now, let z; :==g=™ (u(x)) € R, so that z; is a fixed point of ¢, which is smaller than both fixed points
of s, which is of type (+, —, +). Therefore, t(z1) = z; and s(z1) > z;. Similarly, let z, := h”(v(y)) €R,
so that z; is a fixed point of s, which is larger than both fixed points of ¢, which is of type (+, —, +).
Therefore, s(zy) = 22 and #(zp) > z,. This leads to the following inequalities:

o t(z1) =21 < s(z1);

o t(X)>y>X>s(x);

o t(Y<y+l<y+2<s(y);

o 1(z2) > zp = S(2p).
This implies that £s™' € G is a non-trivial element with at least one fixed point in each of the
intervals (z1,x), (x,y) and (y,2), adding up to at least 3 fixed points. This contradicts the
hypothesis that G has at most 2 fixed points.

Case 4(b): g is of type (+,—,+) and y < f(y). Consider h = fgf‘1 € G4, itis of type (+, —, +) with
Fix(h) = {f(x), f()} satisfying that x < f(x) < y < f(y). Then one can observe that h(x) € (x, y)
but h(y) < y, so we take f’ = h and we are reduced to the previous case (Case 4(a)).

As we have covered all possible situations, we conclude that if there exists an element g € G
such that Fix(g) = {x, y}, then the orbit of x by G does not intersect the interval (x, y). g

Proof of Theorem 5. If the action of G, admits a global fixed point, then Lemma 13 implies
that G, is abelian. We assume next that the action of G4 has no global fixed point. If G has
at most 1 fixed point, then we conclude by Solodov’s theorem (Theorem 3) that the action is
semi-conjugate to an affine action. When G contains elements with exactly two fixed points,
Lemma 16 implies that any interval of the form (x, y), where x, y are fixed by some non-trivial
element, is wandering. Now, the complement R ~ G.(x, y) contains a minimal invariant subset
which is either discrete or uncountable. From Remark 12, if the minimal set is discrete then G is
semi-conjugate to a group of translations, thus it is abelian and free of fixed points. For the latter
case, a non-decreasing map h: R — R that collapses all these intervals to single points defines a
semi-conjugacy of the action of G to an action with at most 1 fixed point, so that we are reduced
to the previous case. O
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