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Abstract. In this note we present a notion of harmonic oscillator on the Heisenberg group Hn which forms
the natural analogue of the harmonic oscillator on Rn under a few reasonable assumptions: the harmonic
oscillator on Hn should be a negative sum of squares of operators related to the sub-Laplacian on Hn ,
essentially self-adjoint with purely discrete spectrum, and its eigenvectors should be smooth functions
and form an orthonormal basis of L2(Hn ). This approach leads to a differential operator on Hn which is
determined by the (stratified) Dynin–Folland Lie algebra. We provide an explicit expression for the operator
as well as an asymptotic estimate for its eigenvalues.

Résumé. Dans cette note, nous présentons une notion d’oscillateur harmonique sur le groupe de Heisenberg
Hn qui forme l’analogue naturel de l’oscillateur harmonique sur Rn sous quelques hypothèses raisonnables
: l’oscillateur harmonique sur Hn devraît être une somme négative de carrés d’opérateurs liée au sous-
laplacien sur Hn , être essentiellement auto-adjoint avec un spectre purement discret, et les vecteurs propres
doivent former une base orthonormée de L2(Hn ). Cette approche conduit à un opérateur différentiel sur Hn
qui est déterminé par l’algèbre de Dynin–Folland de Lie (stratifiée). Nous fournissons une expression explicite
pour l’opérateur ainsi qu’une estimation asymptotique pour ses valeurs propres.
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610 David Rottensteiner and Michael Ruzhansky

1. Introduction

The aim of this note is to introduce a canonical harmonic oscillator on the Heisenberg group Hn .
For n = 1 and exponential coordinates (t1, t2, t3) ∈ R3 ∼= H1 the harmonic oscillator we propose is
explicitly given by

QH1 =−(
∂2

t1
+∂2

t2

)− 1

4

(
t1

2 + t2
2)∂2

t3
− (

t1∂t2 − t2∂t1

)
∂t3 +4π2t 2

3 .

Our approach is motivated by the following three realisations of the classical harmonic oscillator
QRn on Rn :

(R1) the negative sum of squares −∆+4π2 |t |2 of partial derivatives of order 1 and coordinate
multiplication operators;

(R2) the Weyl and Kohn–Nirenberg quantizations on Rn of the symbol σ(t ,ξ) := 4π2(|ξ|2+|t |2)
with t ,ξ ∈Rn ;

(R3) the image dρ1(−LHn ) of the negative sub-Laplacian −LHn on Hn under the infinitesimal
Schrödinger representation dρ1 (of Planck’s constant equal to 1) of the Heisenberg Lie
algebra hn

1, for n = 1.

The operator QRn is usually defined by the expression −∆+ 4π2 |t |2, or some scaled version of
it.2 However, the Schrödinger representation ρ1 of Hn acting on L2(Rn) and the associated Lie
algebra representation, naturally acting on S (Rn), clearly relate each of the realisations (R1)–(R3)
to the others. Moreover, each of these realisations features a sum of squares. It ought therefore to
be natural to assume that similar realisations should be available for the canonical harmonic
oscillator on Hn .

The special role of the Heisenberg Lie algebra hn in this context is not coincidental: it is
precisely the Lie algebra which is generated by the partial derivatives ∂t j and the multiplication
operators for the coordinate functions tk , j ,k = 1, . . . ,n. It is well known that hn is stratified,
therefore permits a (canonical) homogeneous structure, and that the sums of squares in the
identities above are essentially related to the first stratum of hn .

An operator on Hn satisfying criteria analogous to (R1)–(R3) should clearly involve left-
invariant (or alternatively right-invariant) vector fields on Hn , which are uniquely determined
by some vectors in hn , and a scalar potential expressed in terms of the coordinate functions on
Hn . It ought therefore to be natural to study the Lie algebra generated by the standard basis of
left-invariant vector fields, here denoted by X1, . . . , X2n+1, and the multiplication operators de-
fined by the coordinates t1, . . . , t2n+1 on hn

∼= R2n+1 which determine the coordinates in which
the vector fields are written. The resulting Lie algebra and its representation theory were first
studied in Dynin [1], and in more detail in Folland [5]. This Lie algebra, which we shall call the
Dynin–Folland Lie algebra, is in fact stratified and thus admits a sub-Laplacian. Endowed with
the canonical homogeneous structure arising from the stratification, the Dynin–Folland Lie al-
gebra together with its associated connected, simply connected Lie group, the group’s generic
irreducible unitary representations, and the associated negative sub-Laplacian (a positive Rock-
land operator) give rise to the harmonic oscillator on the Heisenberg group. We provide a concrete
formula for this operator and describe the asymptotic growth of its eigenvalues, using results by
Mohamed, Lévy-Bruhl and Nourrigat [9]

1extended to the universal enveloping algebra u(hn ).
2The factor 4π2 is due to our choice of realising the Schrödinger representation; our expression agrees with the

versions in Folland [4] or Stein [12] up to scaling.
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2. The Dynin–Folland Group and its Representations

2.1. The Dynin–Folland Lie Algebra

In order to present our results, in this and the next sections we fix the notation and recall the
fundamental results about the Dynin–Folland Lie algebra and group and its generic unitary
irreducible representations due to Dynin [1] and Folland [5]. For more details we refer to [3,5,10].

We choose the usual exponential coordinates for the Heisenberg group Hn , thus express the
group law by

(t2n+1, t2n , . . . , t1)(t ′2n+1, t ′2n , . . . , t ′1) =
(

t2n+1 + t ′2n+1 +
1

2

n∑
j=1

(t j t ′n+ j − t ′j tn+ j ), t2n + t ′2n , . . . , t1 + t ′1

)
.

We can also group the variables as t̃ 3 := t2n+1, t̃ 2 := (t2n , . . . , tn+1), t̃ 1 := (tn , . . . , t1) and rewrite the
group law as

(t̃ 3, t̃ 2, t̃ 1)(t̃ ′3, t̃ ′2, t̃ ′1) =
(

t̃ 3 + t̃ ′3 +
1

2

(〈
t̃ 1, t̃ ′2

〉−〈
t̃ 2, t̃ ′1

〉)
, t̃ 2 + t̃ ′2, t̃ 1 + t̃ ′1

)
. (1)

In these coordinates, one can realise the Schrödinger representation ρκ of formal dimension |κ|n ,
κ ∈R\ {0}, acting on f ∈ L2(Rn), as(

ρκ(t̃ 3, t̃ 2, t̃ 1) f
)
(t̃ ′1) = e2πiκ

(
t̃ 3+ 1

2 〈t̃ 1,t̃ 2〉+〈t̃ 2,t̃ ′1〉
)

f (t̃ ′1 + t̃ 1).

The real Lie algebra g̃ of operators generated by the left-invariant vector fields on Hn

X j = ∂t j −
1

2
tn+ j∂t2n+1 , Xn+ j = ∂tn+ j +

1

2
t j∂t2n+1 , X2n+1 = ∂t2n+1 , j = 1, . . . ,n,

and by the multiplication operators Yk = 2πi tk for k = 1, . . . ,2n +1 is 3-step nilpotent and, as a
vector space, isomorphic to R×R2n+1 ×hn

∼= R4n+3. If we denote by Z the multiplication by the
constant 2πi and identify the operators Z ,Y1, . . . , X2n+1 with the standard basis vectors in R4n+3,
the isomorphism is realised by equipping R4n+3 with the Lie bracket defined by

[X j , Xn+ j ] = X2n+1, [X j ,Y2n+1] =−1

2
Yn+ j , [Xn+ j ,Y2n+1] = 1

2
Y j , [Xk ,Yk ] = Z , (2)

for j = 1, . . . ,n and k = 1, . . . ,2n + 1, and vanishing brackets otherwise. We will denote this
Lie algebra by hn,2 and refer to it as the Dynin–Folland Lie algebra. The connected, simply
connected Lie group obtained by exponentiation will be referred to as the Dynin–Folland group
and denoted by Hn,2. The Lie bracket relations immediately reveal that the Lie sub-algebra
generated by Z ,Y1, . . . ,Y2n+1 is Abelian, and hence Hn,2 can be viewed as a semi-direct product of
the form R2n+2 oHn . Using exponential coordinates and identifying any element of Hn,2 with its
corresponding coordinate vector

(
z, y1, . . . , y2n+1, x2n+1, . . . , x1

) =: (z, y, x) ∈ R×R2n+1 ×R2n+1, the
Hn,2-group law can be expressed by

(z, y, x)(z ′, y ′, x ′) =
(

z + z ′+ 1

2

(〈
x, y ′〉−〈

y, x ′〉)− 1

8
〈y − y ′, [x, x ′]〉,

y + y ′+ 1

4

(
ad∗(x)y ′−ad∗(x ′)y

)
, x · x ′

)
(3)

provided we denote by
〈

x, y ′〉 the inner product
∑2n+1

j=1 x j y ′
j , by [x, x ′] the hn-Lie bracket of the

vectors
∑2n+1

j=1 x j X j and
∑2n+1

j=1 x ′
j X j in hn , by x · x ′ the x ′′-coordinates of (0,0, x ′′) = (0,0, x) ·

(0,0, x ′) ∈ H ≤ Hn,2, and by ad∗ the coadjoint representation of hn
∼=R2n+1 on h∗n ∼=R2n+1 given by

ad∗(t̃ 3, t̃ 2, t̃ 1)(t̃ ′3, t̃ ′2, t̃ ′1) = (0,−t̃ 3 t̃ ′1, t̃ 3 t̃ ′2).
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612 David Rottensteiner and Michael Ruzhansky

2.2. Stratification and Unitary Irreducible Representations

The Lie bracket (2) admits the stratification

g3 :=RZ , g2 :=R-span{Y1, . . . ,Y2n , X2n+1}, g1 :=R-span{Y2n+1, X2n , . . . , X1},

which possesses a canonical family of homogeneous dilations {Dr }r>0 on hn,2 given by

Dr (Z ) = r 3Z ,

Dr (Yk ) = r 2Yk , Dr (X2n+1) = r 2X2n+1,

Dr (Xk ) = r Xk , Dr (Y2n+1) = r Y2n+1,

(4)

for k = 1, . . . ,2n. The sub-Laplacian LHn,2 induced by the above stratification is the left-invariant
differential operator on Hn,2 corresponding to the sum of squares

X 2
1 +·· ·+X 2

2n +Y 2
2n+1 ∈ u(hn,2).

Moreover, for l := κZ∗ ∈ z(g)∗ with κ ∈ R \ {0} the matrix representation of the corresponding
symplectic form Bl = l ([ · , · ]) immediately reveals that Bl is non-degenerate on hn,2/z(hn,2) ×
hn,2/z(hn,2), i.e., up to Plancherel measure zero all unitary irreducible representations are square-
integrable modulo the centre Z (Hn,2), and its Pfaffian (characterizing the Plancherel measure) is
given by Pf(l ) = |κ|2n+1. These generic representations of Hn,2, denoted by πκ,κ ∈ R \ {0}, can be
induced by the characters χκ := e2πi 〈κZ∗, · 〉 of the normal Abelian subgroup R2n+2 ≤ Hn,2: for a
fixed κ ∈R\ {0} the action of πκ on the representation space Hκ

∼= L2(Hn) is explicitly given by(
πκ(z, y, x) f

)
(t ) = e2πiκz e2πiκ

〈
t · 1

2 x,y
〉

f (t · x) (5)

for f ∈ L2(Hn), where t · 1
2 x and t · x again denote the Hn-group products of the corresponding

coordinate vectors.

3. The Harmonic Oscillator on Hn

The representation π :=π1 for κ= 1 defined in (5) was the object of interest in Dynin’s account [1]
since it served the purpose of introducing a Weyl quantization on Hn . For our definition of the
harmonic oscillator QHn on Hn this representation plays the same crucial role as the Schrödinger
representation does for QRn . For this reason the analogue of (R3) yields a canonical definition of
QHn . The analogues of (R1) and (R2) will be an immediate consequence of our choice.

Definition 1. For the basis {Z ,Y1, . . . , X2n+1} of the Dynin–Folland Lie alebra hn,2 and the represen-
tation π=π1 ∈ Ĥn,2 realised on the representation space L2(Hn), we define the harmonic oscillator
on Hn to be the positive essentially self-adjoint operator

QHn :=dπ
(−LHn,2

)=−dπ
(
X1

)2 −·· ·−dπ
(
X2n

)2 −dπ
(
Y2n+1

)2,

whose natural domain includes the space of smooth vectors H ∞
π

∼=S (Hn).

The essentially self-adjoint differential operator QHn on Hn admits the following three reali-
sations:

(R1′) the differential operator −LHn +4π2t 2
2n+1;

(R2′) the Dynin–Weyl quantization on Hn of the symbolσ(t ,ξ) := 4π2(ξ2
1+·· ·+ξ2

2n +t 2
2n+1) with

t ,ξ ∈R2n+1;
(R3′) the image dπ(−LHn,2 ) of the negative sub-Laplacian −LHn,2 under the infinitesimal

representation dπ of the Dynin–Folland Lie algebra hn,2.

C. R. Mathématique, 2020, 358, n 5, 609-614
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Since the Lie algebra isomorphism hn,2 → g̃ defined by (2) is precisly dπ, we immediately have

QHn =−LHn +4π2t 2
2n+1

=−
(
∂t1 −

1

2
tn+1∂t2n+1

)2

−·· ·−
(
∂t2n +

1

2
tn∂t2n+1

)2

+4π2t 2
2n+1,

(6)

thus (R1′). As for Dynin’s Weyl quanization ofσ(t ,ξ) := 4π2(ξ2
1+·· ·+ξ2

2n+t 2
2n+1), it suffices to recall

that every monomial (2πi ξ j )m , j = 1, . . . ,2n+1, m ∈N, is mapped to the left-invariant differential
operator X m

j , and that multiplication by the monomial (2πi tk )m , k = 1, . . . ,2n +1, is mapped to
the multiplication operator Y m

k = (2πi tk )m . For more details we refer to [1] and [10, § 5].
Note that equivalently we could realiseπ as a direct summand of the left regular representation

of Hn,2, thereby replacing the left-invariant sub-Laplacian LHn in (6) by the right-invariant one.
The spectral asymptotics, however, would not change (cf. [9]).

4. Spectral Properties

The harmonic oscillator QHn has purely discrete spectrum in (0,∞) and we obtain the asymptotic
growth rate of its eigenvalues by employing a powerful method, which in the setting of stratified
groups was developed in Mohamed, Lévy-Bruhl and Nourrigat [9] (see also [8] for a short version
in English), and which was extended to the setting of graded groups in ter Elst and Robinson [2]. If
G is nilpotent but non-Abelian, then for almost every unitary irreducible representationπ ∈ Ĝ the
representation space Hπ is infinite-dimensional. Moreover, if G is graded, then a homogeneous
left-invariant differential operator R on G is said to be a Rockland operator if for every non-trivial
π ∈ Ĝ the operator dπ(R) is injective on the space of smooth vectors H ∞

π ⊂Hπ. This is the case
if and only if the operator R is hypoelliptic. The equivalence was conjectured by Rockland and
settled in Helffer-Nourrigat [6]. Hulanicki, Jenkins and Ludwig [7] showed that if R is positive,
then for every π ∈ Ĝ the operator dπ(R) has purely discrete spectrum in (0,∞). In particular,
every negative sub-Laplacian −L on a stratified group is a positive Rockland operator. A concrete
description of the spectrum of −dπ(L ) is due to [9], and for general dπ(R) due to [2]: in both
cases the authors showed that the number of eigenvalues of a given −dπ(L ) or dπ(R), counted
with multiplicities, asymptotically grows like the volumes of certain subsets of the corresponding
coadjoint orbit Oπ. The subsets in question are determined (up to a multiplicative constant) by
a (any) homogeneous quasi-norm on g∗. These estimates also give an asymptotic value for the
magnitude of a given eigenvalue.

In the case of G = Hn,2 and R =−LHn,2 , the realisation of π= π1 ∈ Ĥn,2 in Hπ = L2(Hn) given
by (5) makes these results readily available for dπ(R) = QHn . The choice of a convenient quasi-
norm on h∗n,2 and the fact that the coadjoint orbit Oπ is flat facilitate the computation of the
volumes in question substantially. One can use this to show:

Theorem. The harmonic oscillator QHn on the Heisenberg group Hn has a purely discrete spec-
trum spec(QHn ) ⊂ (0,∞). The number of its eigenvalues, counted with multiplicities, which are
less or equal to λ> 0 is asymptotically given by

N (λ) ∼λ 6n+3
2 ,

and the magnitude of the eigenvalues is asymptotically equal to

λk ∼ k
2

6n+3 for k = 1,2, . . . .

Moreover, the eigenvectors of QHn are in S (Hn) and form an orthonormal basis of L2(Hn).

The power 6n+3
2 bears a specific relation to the canonical homogeneous structure of hn : the

nominator 6n+3 is the homogeneous dimension of the first two strata of hn,2, i.e., of the subspace

C. R. Mathématique, 2020, 358, n 5, 609-614



614 David Rottensteiner and Michael Ruzhansky

g1 ⊕g2 ⊆ hn,2, while the denominator 2 is the homogeneous degree of −LHn,2 . For a proof of the
spectral asymptotics we refer to the preprint [11], especially the proof of Proposition 6.3. The

eigenvectors are clearly elements of
⋂∞

l=1 dom(QHn

l
) ⊆ L2(Hn); since

⋂∞
l=1 dom(dπ(R)

l
) = H ∞

π

(see [2, Prop. 2.1]), this set coincides with S (Hn). The eigenvectors form an orthonormal basis of
L2(Hn) because QHn possesses a compact resolvent as was shown for general dπ(R) in [6].
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