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Abstract. We show that there exists an absolute constant c0 < 1 such that for all n Ê 2, any measurable set
A ⊂ Sn−1 of density at least c0 contains n pairwise orthogonal vectors. The result is sharp up to the value of
the constant c0. Moreover, we show that for all 2 É k É n a set A avoiding k pairwise orthogonal vectors has
measure at most exp

(−c1 min
{p

n,n/k
})

for some c1 > 0. Proofs rely on the harmonic analysis on the sphere
and the hypercontractive inequality.

Résumé. Nous montrons qu’il existe une constante absolue c0 < 1 telle que pour tout n Ê 2, tout ensemble
mesurable A ⊂ Sn−1 de densité au moins c0 contient n vecteurs orthogonaux deux à deux. Le résultat est
optimal à la valeur de la constante c0 près. De plus, nous montrons que pour tout 2 É k É n un ensemble A
évitant k vecteurs orthogonaux deux à deux a une mesure au plus égale à exp

(−c1 min
{p

n,n/k
})

pour c1 > 0.
Les démonstrations reposent sur l’analyse harmonique sur la sphère et l’inégalité d’hypercontractivité.

2020 Mathematics Subject Classification. 52C10, 33C45.

Funding. Zakharov’s research was supported by the Jane Street Graduate Fellowship.

Manuscript received 20 November 2024, revised 10 June 2025, accepted 12 July 2025.

1. Introduction

We are interested in the following general question: given n Ê 2 and a finite set of points P in
Sn−1 or Rn , what is the largest density of a subset A in Sn−1, resp. in Rn , which does not contain
a congruent copy of the set P?1 The most classical and well-studied case of this question is when
P = {x, y} is a 2-element set of points. Then one wants to find the largest possible density mSn−1 (t ),
resp. mRn (t ), of a set A with a forbidden distance t = dist(x, y). In the Euclidean space Rn , all
distances are equivalent, so it is enough to consider t = 1. The celebrated result of Frankl–
Wilson [12], later improved upon in [24], implies that mRn (1) decreases exponentially in n. In
the plane R2, it was recently shown [3] that any set avoiding the unit distance has density at
most 0.25− ε where ε = 0.003 > 0. This answered a question of Erdős and gave a quantitative
improvement of the fact that the measurable chromatic number of R2 is at least 5, i.e. that
one cannot partition R2 into four measurable sets avoiding unit distances (earlier, De Grey [13]
showed that this holds even without the measurability assumption).

1Here and throughout all sets are assumed to be measurable.
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More generally, there has been a lot of effort [4,9,11,23] to obtain better bounds on these
densities in small dimensions. The techniques developed in this line of work rely heavily on
harmonic and Fourier analysis and linear and semidefinite programming.

On the sphere Sn−1, the choice of the distance t is important. For the perhaps most natural
choice t = p

2, i.e. when we forbid our set to contain pairs of orthogonal vectors, Kalai’s double
cap conjecture [15] predicts that the largest set with this property is

A0 =
{

x ∈ Sn−1 : |x1| > 1p
2

}
.

For n = 3, one has |A0| ≈ 0.292 and the best current upper bound [6] is roughly 0.297. For large n,
the measure of A0 is asymptotically

(
2+ o(1)

)−n/2 and the Frankl–Wilson’s method implies an
exponential upper bound on mSn−1 (

p
2). In fact, Raigorodskii [25] showed that for any fixed

t ∈ (0,2), the function mSn−1 (t ) decays exponentially in n.
Less is known when the forbidden set P has size greater than 2. Let mSn−1 (P ) and mRn (P ),

denote the maximal density of a set A in Sn−1, resp. Rn , avoiding a congruent copy of P . In [9],
Castro-Silva, de Oliveira, Slot and Vallentin introduce a semidefinite programming approach to
this ‘higher uniformity’ problem. In large dimensions, their approach implies the following. For
k Ê 2 and t ∈ (−1,1), let ∆k,t denote the set of k unit vectors with pairwise scalar product t , note
the switch from distance to scalar product which is a more natural quantity on the sphere. Then
for any fixed k Ê 2 and t ∈ (0,1), mSn−1 (∆k,t ) decays exponentially in n. They also showed that
mRn (∆k,0) É (

1− 1
9k2 + o(1)

)n for any fixed k; this bound was later improved by combinatorial
methods in [20].

Neither of the approaches in [9] nor [20] lead to particularly strong bounds on mSn−1 (∆k,t ) in
the case when the forbidden scalar product t is non-positive or the number of forbidden points k
is close to n. For instance, the recursive semidefinite bound from [9] only leads to the trivial
upper bound mSn−1 (∆k,0) É k−1

n . To see this, let X = {x1, . . . , xn} ⊂ Sn−1 be a uniformly random
collection of n pairwise orthogonal vectors on Sn−1 (which can be obtained e.g. by applying a
uniformly random rigid motion to the standard basis). Then by linearity of expectation, we have
E|A∩X | = nµ(A). On the other hand, if A has no k pairwise orthogonal vectors then |A∩X | É k−1
for any X , and so E|A ∩ X | É k − 1 holds, giving the desired bound. In particular, when k = n
this gives an upper bound of |A| É 1− 1

n for a set A ⊂ Sn−1 which does not contain n pairwise
orthogonal vectors. On the other hand, we have the following construction:

A1 =
{

x ∈ Sn−1 : |x1| < 1p
n

}
. (1)

We claim that A1 does not contain n pairwise orthogonal vectors. Indeed, suppose that
v1, . . . , vn ∈ A1 are pairwise orthogonal. But if we let e1 = (1,0, . . . ,0) then:

1 = ∥e1∥2 = 〈e1, v1〉2 +·· ·+〈e1, vn〉2 < n

(
1p
n

)2

= 1,

a contradiction. For large n, the measure of the set A1 approaches 1p
2π

∫ 1
−1 e−t 2/2 dt ≈ 0.68, which

is the probability that a Gaussian random variable does not exceed its variance. In this note,
we address the limitations of the previous approaches and show that, up to a constant, the
example (1) is best possible and that the simple upper bound 1− 1

n is very far from the truth.

Theorem 1. There exists an absolute constant c0 < 1 such that for any n Ê 2, any subset A ⊂ Sn−1

of measure at least c0 contains n pairwise orthogonal vectors.

The set A1 above demonstrates that one cannot take c0 < 0.68 in Theorem 1. Our proof goes
through with something like c0 = 1−10−6 but we did not attempt to optimize this value.
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Using a similar approach we can show upper bounds on mSn−1 (P ) for various patterns P on
the sphere whose vectors are linearly independent and the pairwise scalar products are close to
zero. For simplicity we only give the bound in the case of pairwise orthogonal vectors.

Theorem 2. There is a constant c1 > 0 such that for any 2 É k É n we have

mSn−1 (∆k,0) É exp
(
−c1 min

{p
n, n

k

})
.

Note that taking k = n recovers Theorem 1. On the other hand, the natural ‘double cap’
construction gives a lower bound

mSn−1 (∆k,0) Ê
(
1− 1

k
+o(1)

)n/2

,

where o(1) tends to 0 with k/n → 0. So for k >∼
p

n we get matching behavior but for k <∼
p

n there
is a gap.

1.1. Hyperplane slices

Theorem 2 states that we can find a large collection of pairwise orthogonal vectors in a set
A ⊂ Sn−1 of an appropriate density. We construct these vectors inductively: we start by picking
a vector x1 ∈ A, then we pick x2 ∈ A ∩ x⊥

1 , and then we pick x3 ∈ A ∩ x⊥
1 ∩ x⊥

2 and so on (here
and throughout x⊥ stands for the hyperplane orthogonal to a vector x). If we can ensure that at
each step the intersection A∩x⊥

1 ∩·· ·∩x⊥
j is non-empty, then after k −1 steps we will produce k

pairwise orthogonal vectors in A.
In order to execute this strategy, we show that if A is sufficiently dense then we can find x1 ∈ A

so that the density of the set A∩x⊥
1 (as a subset of an (n−2)-dimensional sphere) has a good lower

bound. In what follows, we will often use expressions of the form µSn−2 (A∩x⊥) when referring to
the density of A∩x⊥ with respect to the sphere Sn−1 ∩x⊥.

The following two lemmas are designed to accomplish this in two different ranges of densities.
Before stating the lemmas, let us first give a more elementary bound which will not be sufficient
for us.

Proposition 3. Let A ⊂ Sn−1 be a set of measure α ∈ (0,1), then we have

Ex∈A µSn−2 (A∩x⊥) Êα− 1−α
n −1

.

This proposition is not new and essentially appears in many linear programming approaches
to forbidden configuration problems on Sn−1, see e.g. this is a simple corollary of the theta-
function method in [6], [9]. We give two proofs of this result: one using the elementary prob-
abilistic approach we used to show that mSn−1 (∆k,0) É k−1

n and another one using harmonic anal-
ysis on the sphere, which is the main tool of our work and which will be developed in Section 2.

First proof of Proposition 3. As before let X = {x1, . . . , xn} ⊂ Sn−1 be a uniformly random collec-
tion of n pairwise orthogonal vectors. Then by linearity of expectation we have E|X ∩A| = nα. On
the other hand, we can compute

E

(
|X ∩ A|

2

)
= ∑

1Éi< jÉn
EX 1xi∈A 1x j ∈A =

(
n

2

)
α Ex∈A µSn−2 (A∩x⊥).

Here we used the fact that if we condition on xi then x j is uniformly distributed on Sn−1 ∩x⊥
i .

So using convexity of t 7→ (t
2

)
we get(

n

2

)
α Ex∈A µSn−2 (A∩x⊥) É

(
nα

2

)
which after rearranging gives the desired bound. □
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It turns out that Proposition 3 is far from being sharp if density of A is close to 1 or 0.

Lemma 4. There exist absolute constants ε4 ∈ (0,1) and C4 Ê 1 such that the following holds for
all εÉ ε4. Let n Ê 2 and A ⊂ Sn−1 be a centrally symmetric set of density α= 1−ε. Then there exists
a point x ∈ A such that

µSn−2 (A∩x⊥) Êα− C4ε
1/2

n2 . (2)

Lemma 5. Let α ∈ (0,e−2) and let A ⊂ Sn−1 be a set of measure α. Then there exists a point x ∈ A
such that for some constant C5 > 0,

µSn−2 (A∩x⊥) Êα
(
1− C5 log(1/α)2

n

)
.

Let us point out that Lemma 5 is still true if we take the average over all x ∈ A instead of picking
one. On the other hand, this is not the case for Lemma 4: if we take A to be a spherical band of

density 1−ε then the average density of the intersection A∩ x⊥ is of order α−Θ( ε2 log2(1/ε)
n

)
. So a

crucial step in the proof of Lemma 4 is to bias the uniform distribution on A in order to increase
the average density.

Theorems 1 and 2 follow from these lemmas by an inductive argument. In case of Theorem 1,
we apply Lemma 4 repeatedly to construct a sequence of n −n0 pairwise orthogonal points in A
and then use the trivial bound µSn0−1 (∆n0,0) É 1−1/n0 to construct the remaining n0 points. In
case of Theorem 2, we use Theorem 1 to reduce to the case k É cn for a small constant c > 0 and
then iterate Lemma 5.

To prove the lemmas, we use harmonic analysis on the sphere and crucially rely on the
hypercontractive inequality on the sphere. Hypercontractive inequalities are a ubiquitous tool in
boolean analysis, in particular, they have been effectively applied to study forbidden intersection
problems in discrete product-like spaces, see e.g. [16–18]. We hope that there will be more
applications of these ideas to continuous forbidden subconfiguration problems as well.

We should point out that similar computations with measures of hyperplane slices on the
sphere were also used in other contexts, see for example [19].

2. Preliminaries

2.1. Harmonic analysis on the sphere

We recall some basic facts about the space of functions on the sphere, see e.g. [1,8,10] for a more
comprehensive account of the theory. Let L2(Sn−1) denote the Hilbert space of square-integrable
real-valued functions on the (n −1)-dimensional unit sphere Sn−1 ⊂ Rn . Let µ be the probability
measure on Sn−1 and define the scalar product of functions f , g ∈ L2(Sn−1) to be

〈 f , g 〉 =
∫

Sn−1
f (x)g (x)dµ(x).

For d Ê 0 let Hn,d be the space of homogeneous harmonic polynomials of degree d in n variables.
That is, a degree d homogeneous polynomial f ∈R[x1, . . . , xn] belongs to Hn,d if

∆ f =
n∑

i=1

∂2

∂x2
i

f = 0.

The dimension of this space is given by

dimHn,d =
(

n +d −1

n −1

)
−

(
n +d −3

n −1

)
.
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We have a natural direct sum decomposition

L2(Sn−1) = ⊕
dÊ0

Hn,d , (3)

let projn,d : L2(Sn−1) → Hn,d denote the orthogonal projection on the d-th component in (3).
Given a function f ∈ L2(Sn−1) we write f =d = projn,d ( f ) for brevity.

Fix t ∈ [−1,1] and let x, y ∈ Sn−1 be a pair of points with scalar product 〈x, y〉 = t . We define a
bilinear operator Gt on L2(Sn−1) as follows. Given functions f ,h ∈ L2(Sn−1), let

Gt ( f ,h) =
∫

SO(n)
f (g x)h(g y)dg ,

where dg is the Haar probability measure on the (compact) Lie group SO(n). It is easy to see
that this definition does not depend on the choice of points x and y . Informally speaking,
Gt ( f ,h) is the average value of the product f (x)h(y) over all pairs (x, y) ∈ Sn−1 ×Sn−1 with fixed
scalar product t . In particular, note that G1( f ,h) = 〈 f ,h〉. For arbitrary t , the operator Gt

can be diagonalized in the harmonic basis of L2(Sn−1) and we have the following, well-known,
expansion:

Gt ( f ,h) = ∑
dÊ0

Pn,d (t )〈 f =d ,h=d 〉. (4)

Here Pn,d (t ) is the family of Gegenbauer or ultraspherical polynomials. They can be uniquely
identified by the following two properties:

• for any d Ê 0, Pn,d is a degree d polynomial and we have Pn,d (1) = 1;
• for d ̸= d ′ the polynomials Pn,d and Pn,d ′ are orthogonal with respect to the measure

(1− t 2)
n−3

2 dt on the interval [−1,1].

These polynomials have the following explicit formula [1, Chapter 22]:

Pn,d (t ) = 1(n+d−3
d

) [d/2]∑
ℓ=0

(−1)ℓ
Γ
(
d −ℓ+ n−2

2

)
Γ
( n−2

2

)
ℓ!(d −2ℓ)!

(2t )d−2ℓ. (5)

For instance, the first three Gegenbauer polynomials are given by

Pn,0(t ) = 1, Pn,1(t ) = t , Pn,2(t ) = n

n −1
t 2 − 1

n −1
.

We will use some simple bounds on the values of Gegenbauer polynomials at t = 0. Note that
Pn,d (0) = 0 for odd d , since Pn,d (t ) is an odd function in this case. For even d we have

Pn,d (0) = (−1)d/2

((n−4)/2+d/2
d/2

)(n−3+d
d

) .

Using the formula
(a+b

b

)= a+b
b

(a+b−1
b−1

)
a couple of times we get that for d Ê 2:

Pn,d (0) =− d −1

n −3+d
Pn,d−2(0), (6)

so for d É 6 we have,

Pn,2(0) =− 1

n −1
, Pn,4(0) = 3

n2 −1
, Pn,6(0) =− 15

(n2 −1)(n +3)
,

and for any d Ê 4 and n Ê 2 we have∣∣Pn,d (0)
∣∣É ∣∣Pn,4(0)

∣∣É 3

n2 −1
. (7)

For every even d Ê 2 and n Ê 2 we have:∣∣Pn,d (0)
∣∣É (

d

n

)d/2

. (8)

This follows from (6) by induction starting from d = 2.
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Using (4), we can now give a second proof of Proposition 3.

Second proof of Proposition 3. Let A ⊂ Sn−1 be a set of density α and let f = 1A . Let x1, x2 be a
uniformly random pair of orthogonal vectors on Sn−1. Then by definition we have

G0( f , f ) = E f (x1) f (x2) =
∫

f (x1)

(∫
f (x2)dµSn−2 (x2)

)
dµSn−1 (x1) =α Ex∈A µSn−2 (A∩x⊥)

where the second integral is taken over Sn−1 ∩x⊥
1 . On the other hand, by (4), we have

G0( f , f ) = ∑
dÊ0

Pn,d (0)∥ f =d∥2
2 = ∥ f =0∥2

2 −
1

n −1
∥ f =2∥2

2 +
3

n2 −1
∥ f =4∥2

2 −
15

(n2 −1)(n +3)
∥ f =6∥2

2 +·· ·

Note that f =0 =α and so ∥ f =0∥2
2 =α2. On the other hand, by orthogonality we have

α= ∥ f ∥2
2 =

∑
dÊ0

∥ f =d∥2
2 =α2 + ∑

dÊ1
∥ f =d∥2

2.

So using
∣∣Pn,d (0)

∣∣É 1
n−1 for all d Ê 2, we obtain

G0( f , f ) Êα2 − 1

n −1

∑
dÊ2

∥ f =d∥2
2 Êα2 − α−α2

n −1
.

By rearranging, we get the desired lower bound on the expected measure µSn−2 (A∩x⊥). □

2.2. Hypercontractivity

Our argument relies on the classical hypercontractive inequality in Gaussian space proved by
Bonami [7], Gross [14] and Beckner [5]. Let γn denote the standard Gaussian measure on the
space Rn . For ρ ∈ [0,1] define the noise operator on the space of functions Lp (Rn ,γn) by

Tρ f (x) = Ey∼γn

[
f
(
ρx +

√
1−ρ2 y

)]
. (9)

Theorem 6. Let q Ê p Ê 1 and let ρ É
√

p−1
q−1 . For any f ∈ Lp (Rn ,γn), we have ∥Tρ f ∥q É ∥ f ∥p .

In fact, we only need a simple corollary of Theorem 6: given a degree d harmonic function
f ∈Hn,d and q Ê 2, we have

∥ f ∥Lq (Rn ,γn ) É (q −1)d/2∥ f ∥L2(Rn ,γn ). (10)

Indeed, this follows from Theorem 6 applied to f with p = 2 and ρ = 1p
q−1

and the fact that

Tρ f = ρd f for any degree d harmonic function f ∈ Hn,d . For the latter, note that the definition
of the noise operator (9) can be written as a double integral

Tρ f (x) =
∫

h(r )
∫

Sr (x)
f (y)dµSr (x)(y)dr

where Sr (x) is the sphere of radius r around x and h(r ) is some weight coefficient whose precise
form is not relevant to us. Since harmonic functions f satisfy

∫
Sr (x) f (y)dµSr (x)(y) = f (x), we

obtain Tρ f (x) = f (ρx) for any harmonic f . So if f is a harmonic homogeneous degree d
polynomial, then Tρ f (x) = f (ρx) = ρd f (x), as claimed.

For a homogeneous degree d function f the Lq -norms in the Gaussian space and on the
sphere are related as follows:

∥ f ∥Lq (Sn−1,µ) =
 Γ

( n
2

)
2

d q
2 Γ

( d q+n
2

)
1/q

∥ f ∥Lq (Rn ,γn ).
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So, converting (10) to the Lq -norms on the sphere implies that for any degree d harmonic
polynomial f ∈Hn,d and q Ê 2:

∥ f ∥Lq (Sn−1,µ) É (q −1)d/2e
d2 q

n ∥ f ∥L2(Sn−1,µ). (11)

An important corollary of this inequality is the so-called level-d inequality (see e.g. [22] for more
details in the context of analysis of boolean functions on discrete product spaces).

Proposition 7. Let n Ê 2 and f ∈ L2(Sn−1) be a 0-1 valued measurable function. Let α = E f and
suppose that 1/2 ÊαÊ 1/2n . Then for any 0 É d É log(1/α) and some constant C7 we have

∥ f =d∥2
2 Éα2

(
C7 log(1/α)

d

)d

. (12)

Proof. Let q Ê 2 and q ′ ∈ (1,2] be dual exponents which we optimize later, then by Hölder’s
inequality

∥ f =d∥2
2 = 〈 f =d , f 〉 É ∥ f =d∥q∥ f ∥q ′ .

The first term is at most (q −1)d/2e
d2 q

n ∥ f =d∥2 by (10) and the second term equals α1/q ′ =α1−1/q

since f is a 0-1 valued function with mean α. So for any q Ê 2 we get

∥ f =d∥2
2 É (q −1)d e

2d2 q
n α2−2/q .

Taking q = 2log(1/α)
d we get

∥ f =d∥2
2 É

(
2log(1/α)

d

)d

e
4d log(1/α)

n α22d É
(

4log(1/α)

d

)d

(1/α)
4d
n α2 É

(
64log(1/α)

d

)d

α2

where we used the assumption αÊ 2−n . This concludes the proof with C7 = 64. □

We also use (10) to deduce that mean zero quadratic functions are non-positive on a constant
fraction of the sphere.

Proposition 8. There is an absolute constant c8 > 0 such that for any n Ê 2 and a degree 2
harmonic function f ∈Hn,2 we have∣∣{x ∈ Sn−1 : f (x) É 0

}∣∣Ê c8.

Proof. Let X = (X1, . . . , Xn) be a sequence of n independent Gaussians Xi ∼ N (0,1) and let
Y = f (X ). Then the measure of the set of x ∈ Sn−1 with f (x) É 0 equals the probability that Y É 0.

By the assumption that f ∈ Hn,2, we have EY = 0. A special case of [21, Lemma 5.9] (see
also [2]) implies that if EY 4 É B(EY 2)2 holds for some constant B , then Pr[Y É 0] Ê 1

5B . By (10)
applied with q = 4, we have

EY 4 = ∥ f ∥4
L4(Rn ,γn ) É 34∥ f ∥4

L2(Rn ,γn ) É 34(EY 2)2,

and so the result follows with c8 = 1
345

≈ 0.002. □

3. Proofs of Lemmas 4 and 5

Proof of Lemma 4. Now we proceed to the proof of Lemma 4. We define ε4 = c8/2 and C4 =
4
p

2/c8. Let A ⊂ Sn−1 be a measurable centrally symmetric set of densityα= 1−ε for some εÉ ε4.
Let f = 1A be the indicator function of A and consider the expansion

f = ∑
dÊ0

f =d ,

where f =d ∈ Hn,d is a harmonic function of degree d . Since f is an even function, f =d = 0 for
odd d .
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By Proposition 8 applied to f =2, we have∣∣{x ∈ Sn−1 : f =2(x) É 0
}∣∣Ê c8

and so if we let B = {
x ∈ A : f =2(x) É 0

}
then we have

|B | Ê c8 −|Sn−1 \ A| Ê c8 −ε4 Ê c8/2,

if we take ε4 É c8/2. Let h = 1B and denote β= |B |. Observe that then by definition

〈 f =2,h=2〉 = 〈 f =2,h〉 =
∫

Sn−1
f =2(x)1B (x)dµ(x) É 0, (13)

so we can expand

G0( f ,h) = ∑
dÊ0

Pn,d (0)〈 f =d ,h=d 〉

= |A||B |− 1

n −1
〈 f =2,h=2〉+ 3

n2 −1
〈 f =4,h=4〉+ · · ·

Êαβ− 3

n2 −1

∑
dÊ4, even

∣∣〈 f =d ,h=d 〉∣∣,
where we used (7) in the end. By the Cauchy–Schwarz inequality and the fact that (1− f )=d =
− f =d for d ̸= 0, we have∑

dÊ4, even

∣∣〈 f =d ,h=d 〉∣∣É ( ∑
dÊ4, even

∥∥(1− f )=d ∥∥2
2

)1/2( ∑
dÊ4, even

∥g=d∥2
2

)1/2

É ∥1− f ∥2∥g∥2 É ε1/2β1/2.

and thus,

G0( f ,h) Êαβ− 3ε1/2β1/2

n2 −1
,

On the other hand, we can write

G0( f ,h) =
∫

Sn−1
1B (x)µSn−2 (A∩x⊥)dµ(x) =β Ex∈B µSn−2 (A∩x⊥),

where x⊥ is the hyperplane inRn orthogonal to x (note that the measure of the intersection A∩x⊥

is well-defined for almost every x ∈ A). Thus, we conclude that there exists a point x ∈ B ⊂ A such
that

µSn−2 (A∩x⊥) Êα− 3ε1/2β−1/2

n2 −1
Êα− 4ε1/2β−1/2

n2

using n Ê 2. Recall that β = |B | Ê c8/2 so β−1 is bounded by an absolute constant. So we get the
lower bound claimed in Lemma 4 with C4 = 4

p
2/c8. □

Proof of Lemma 5. Let A ⊂ Sn−1 be a set of density α. We will put C5 = 2C 2
7 +e4.

Let f = 1A then we have

Ex∈A µSn−2 (A∩x⊥) =α−1G0( f , f ) =α−1
∞∑

d=0
Pn,d (0)∥ f =d∥2

2, (14)

so it is sufficient to lower bound the right-hand side.
Let d0 := 2

[
log(1/α)/2

]
, note that d0 Ê 2 by the assumption that α É e−2. By the level-d

inequality, we have for all d É d0:

∥ f =d∥2
2 Éα2

(
C7 log(1/α)

d

)d

.

So by (8) we have

d0∑
d=2

∣∣Pn,d (0)
∣∣∥ f =d∥2

2 Éα2
d0∑

d=2
(d/n)d/2

(
C7 log(1/α)

d

)d

Éα2
d0∑

d=2

(
C7 log(1/α)p

n

)d

.
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So provided that log(1/α) É
p

n
2C7

, summing the geometric series gives

d0∑
d=2

∣∣Pn,d (0)
∣∣∥ f =d∥2

2 Éα2 2C 2
7 log2(1/α)

n
.

Note that if log(1/α) >
p

n
2C7

then the bound in Lemma 5 is trivially true.
For d > d0 we can use (8) to estimate

∞∑
d=d0+2

∣∣Pn,d (0)
∣∣∥ f =d∥2

2 É (d0/n)d0/2
∞∑

d=d0+2
∥ f =d∥2

2 É (d0/n)d0/2∥ f ∥2
2 = (d0/n)d0/2α.

So plugging these estimates in (14) we get

Ex∈A µSn−2 (A∩x⊥) Êα−α2C 2
7 log2(1/α)

n
− (d0/n)d0/2 Êα

(
1− (2C 2

7 +e4) log2(1/α)

n

)
as desired. □

4. Proofs of Theorems 1 and 2

Proof of Theorem 1. We prove the result using induction on n. Let ε = min
{ ε4

2 , 1
32C 2

4

}
, we are

going to prove the result for c0 = 1−ε. Denote n0 =
[ 1

2ε

]
. For n É n0 we have the easy bound (see

the introduction for the proof)

mSn−1 (∆n,0) É 1−1/n É 1−2ε (15)

so we may assume that n > n0.
Let A ⊂ Sn be a set of density at least 1−ε. Note that if A∪(−A) contains n pairwise orthogonal

vectors then so does the set A. So without loss of generality, we may assume that A is centrally
symmetric. Let m = n −n0 and use Lemma 4 to construct a sequence of pairwise orthogonal
points x1, . . . , xm ∈ A so that if we denote

µSn−1− j

(
A∩x⊥

1 ∩·· ·∩x⊥
j

)= 1−ε j

then we have for every j = 0, . . . ,m −1:

1−ε j+1 Ê 1−ε j −
C4ε

1/2
j

(n − j )2 ,

where we also denote ε0 = ε. First, we claim that ε j É 2ε for every j É m (note that this would
imply ε j É ε4 and so the application of Lemma 4 at step j is justified). Indeed, if we already know
that εi É 2ε for i = 0, . . . , j −1 then we get

ε j É ε+C4

j−1∑
i=0

ε1/2
i

(n − i )2 É ε+C4(2ε)1/2
j−1∑
i=0

1

(n − i )2 É ε+ C4(2ε)1/2

n − j
É ε+ C4(2ε)1/2

n0
.

So we get ε j É 2ε provided that n0 ÊC4
p

2/ε holds. This condition is satisfied by our choice of ε
and n0.

Taking j = n −n0, we conclude that the intersection B = A∩x⊥
1 ∩·· ·∩x⊥

n−n0
satisfies

µ(B) Ê 1−2ε> 1− 1

n0
.

By (15), the set B contains n0 pairwise orthogonal vectors y1, . . . , yn0 . Combining them with
the earlier constructed sequence of points x1, . . . , xn−n0 ∈ A gives us the desired configuration
of points. This completes the proof of Theorem 1 using Lemma 4. □
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Proof of Theorem 2. First we observe that the range k ∈ [cn,n] follows directly from Theorem 1:
if A ⊂ Sn−1 does not contain k pairwise orthogonal vectors then by Theorem 1, we have µ(A) É c0.
So if k Ê cn then we get µ(A) É exp(−c ′1n/k) with c ′1 = c(1− c0). So we may assume that k É cn
for any fixed constant c > 0. We will choose c = 1

32C5
. Note that this in particular implies that

n Ê k/c Ê 64C5.
Let A ⊂ Sn−1 be a set of density α such that

αÊ exp

(
−min

(
(1/16C5)n/k,

√
n/16C5

))
. (16)

By shrinking the set A if necessary we may also assume that µ(A) É e−2 holds (note that the
restrictions on n and k guarantee that this does not conflict with (16)).

Now we use Lemma 5 iteratively to obtain bounds on sets avoiding ∆k,0. Indeed, let
x1, . . . , xk−1 ∈ A be a sequence obtained by k−1 applications of Lemma 5 and for j = 0, . . . ,k−1 let

A j = A∩x⊥
1 ∩·· ·∩x⊥

j .

Write α j =µSn−1− j (A j ), then Lemma 5 gives for 0 É j É k −2:

α j+1 Êα j

(
1− C5 log2(1/α j )

n − j

)
.

We claim that α j Ê α2
0 for all j = 1, . . . ,k −1. Indeed, suppose that αi Ê α2

0 holds for all i É j −1
then we get

α j Êα j−1

(
1− C5 log2(1/α j−1)

n − j +1

)
Êα j−1

(
1− 8C5 log2(1/α0)

n

)
Ê ·· · Êα0

(
1− 8C5 log2(1/α0)

n

) j

where we used n − j +1 Ê n/2. So provided that log(1/α0) Ép
n/16C5, we get

α j Êα0 exp
(−16C5 log2(1/α0) j /n

)
.

So if α0 Ê exp
(− n

16C5k

)
then this implies that α j+1 Ê α2

0 as desired. Both conditions on α0 are
indeed satisfied by (16). In particular we get αk−1 Ê α2

0 > 0 and we obtain that A contains k
pairwise orthogonal vectors.

So for k É cn, we conclude that

mSn−1 (∆k,0) É exp
(
−c ′′1 min

(
n/k,

p
n

))
with c ′′1 = 1/16C5. So combining with the range k ∈ [cn,n] we obtain Theorem 2 with c1 =
min(c ′1,c ′′1 ) = 1−c0

32C5
, completing the proof. □
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