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Abstract. Using an elementary argument, we show that for all rational numbers @ such that neither @ nor 3a

is a rational square, the equation

x* —dax? —4ocy2 + y4 =—6a’

has no rational solutions. This answers Hindes’ two questions and generalizes his theorem (Theorem 1.1)

in “Rational points on certain families of symmetric equations”, Int. J. Number Theory 11 (2015), no. 6, pp.
1821-1838.

Résumé. En utilisant un argument élémentaire, nous montrons que pour tous les nombres rationnels «a tels
que ni @ ni 3a n'est un carré rationnel, I'équation
x—4ax? —4ocy2 + y4 =—6a’

n'a pas de solutions rationnelles. Ceci répond aux deux questions de Hindes et généralise son théoréme
(Theorem 1.1) dans “Rational points on certain families of symmetric equations”, Int. J. Number Theory 11
(2015), no. 6, pp. 1821-1838.
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1. Introduction

Let a, b € Q. Consider the symmetric quartic equation
rax*+ay’+y'=b 1)
with rational numbers x, y. When a = 0, equation (1) reduces to the Fermat quartic
x+yt=b @)

Dem’janenko [6] studied rational solutions of (2) using the elliptic curve y> = x(x* + b). Sil-
verman [10] extended Dem’janenko’s result to number fields. Hindes [8] further extended
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Dem’janenko’s method to study rational solutions of a family of equations (1) with a # 0. For
each pair of rational numbers (a, b) with b(a® +4b)(a? + 2b) #0, let us define the curves

{F:F(ayb): x*+ax?+ay*+y* = b, 3)

E=Egp: y* = x(x* —4ax - (16b+4a?)).
There are two maps ¢y, ¢, : F4 ) — E(q,p) given by

P1(x,y) = (-4x%, x(8y* +4a)),
$2(x,y) = (—4y%, y(8x% +4a)).

For each squarefree positive integer a, let F@ = Fy.qq2.p) and EW = Eg.qq2.p)- Hindes [8,
Theorem 1.1] proved the following theorem.

Theorem 1. Let F and E be the symmetric quartic and elliptic curves defined in (3) corresponding
to (a, b) = (—4,—6). Then the following statements hold.

(1) Ifp is a prime number such that p = 1 mod 24, then F\P is everywhere locally solvable.

(2) The global root number WEP)=-1 for all positive, odd primes.

(3) Ifa>7-10" is square-free and rank(E'‘¥ (Q)) < 1, then F'® (Q) = @.

(4) Ifp# +1mod 16, thenrank(EP)) < 2.

(5) Assuming the parity conjecture, if p >3- 1074 and p = 25 mod 48, then FP(Q) = @, and

F'P) breaks the Hasse principle.

Hindes posed the following two questions about Theorem 1.

(1) Is part (3) of Theorem 1 still true when a < 7-10°* and a # 3?
(2) Is F577) (Q) empty?

In this paper, we answer these two questions by proving the following theorem.

Theorem 2. Let a be a rational number such that a and 3a are not rational squares. Then the
equation
xt—dax® - 4ocy2 + y4 =—6a’ 4)

has no rational solutions.

Theorem 2 provides a significant generalization of parts (3) and (5) of Theorem 1. The
conditions @ > 7-1074 and rank(E*(Q)) < 1 in part (3) are not necessary. The assumption of the
parity conjecture and the condition p > 3-107 in part (5) are not required. In contrast to Hindes’
approach, our proof of Theorem 1 is short and elementary. For other studies on the rational
solutions to (2), see Bremner and Morton [3], Serre [9], Flynn and Wetherell [7], Cohen [5], and
Bremner and Tho [4].

Combining part (1) of Theorem 1 with Theorem 2, we obtain the following corollary.

Corollary 3. Let p be a prime number such that p =1 mod 24. Then:

(1) FV) is everywhere locally soluble;
@ FPQ=g.
In particular, F'P) is a counterexample to the Hasse principle.

2. Proof of Theorem 2

Proof. Assume that (x, y) is a rational solution to (4). Equation (4) can be written in the form

(x* —2a)* + ()* - 2a)* = 20°. (5)
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Since the equation X? + Y? = 2 has a parameterization

—?-2r-1 P-2r-1
To2+1 7 T T 241 ]
it follows from (5) that there exists a rational number ¢ such that
—-2-2t-Da
Wopq =2 Da
2+1
>, (?-2t-Da
—oq ="
y 2+1
Hence
, (P-2t+3)a
Xt = ——
2+1
,  BrF-2t+a ®)
B 2+1
Let v = xy/a. Then we obtain
v2=(2-2t+3)(3t2 -2t +1). @

Let € be the quartic curve defined by (7). Since € has a rational point (1,2), it is an elliptic curve.
MAGMA [2] shows that a Weierstrass model of € is

y2 =x3—x*- 2X, 8)

which has the Mordell-Weil group isomorphic to (Z/ 27)%. Note that € with model (8) is labeled
as 96A in Table I in the classical book of Birch and Kuyk [1]. The table also shows that € has rank 0
with the Mordell-Weil group isomorphic to (Z/22)?.

Since equation (7) has four rational solutions (¢, v) = (x1,+2), they are all rational solutions
of (7). It follows from (6) that if neither & nor 3a is a rational square, then (4) admits no rational
solutions, completing the proof of Theorem (2). U
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