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Abstract. An averaging operator on an associative algebra A is an algebraic abstraction of the time average
operator on the space of real-valued functions defined in time-space. In this paper, we consider relative
averaging operators on a bimodule M over an associative algebra A. A relative averaging operator induces a
diassociative algebra structure on the space M . The full data consisting of an associative algebra, a bimodule
and a relative averaging operator is called a relative averaging algebra. We define bimodules over a relative
averaging algebra that fits with the representations of diassociative algebras. We construct a graded Lie
algebra and an L∞-algebra that are respectively controlling algebraic structures for a given relative averaging
operator and relative averaging algebra. We also define cohomologies of relative averaging operators and
relative averaging algebras and find a long exact sequence connecting various cohomology groups. As
applications, we study deformations and abelian extensions of relative averaging algebras. Finally, we define
homotopy relative averaging algebras and show that they induce homotopy diassociative algebras.
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1. Introduction

The notion of averaging operator was first implicitly studied by O. Reynolds in 1895 [32] in the
turbulence theory of fluid dynamics. In the mathematical study of turbulence theory, such an
operator appears as the time average operator of real-valued functions defined in time-space

f (x, t ) 7−→ f (x, t ) = lim
T→∞

1

2T

∫ T

−T
f (x, t +τ)dτ.

The explicit description of an averaging operator was first defined by Kampé de Fériet [14,15]. Let
A be an associative algebra. A linear map P : A → A is said to be an averaging operator on A if

P (a) ·P (b) = P
(
P (a) ·b

)= P
(
a ·P (b)

)
, for a,b ∈ A. (1)

A pair (A,P ) consisting of an associative algebra A and an averaging operator P : A → A is called
an averaging algebra. In the last century, most studies on averaging operators have been done for
various areas of functional analysis and applied mathematics. For the convenience of the reader,
here we mention a few. In [4] G. Birkhoff showed that a positive bounded projection operator on
the Banach algebra C (X ) of real-valued continuous functions on a compact Hausdorff space X is
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an idempotent averaging operator. Later, J.L. Kelley [17] characterized idempotent averaging op-
erators on the algebra C∞(X ) of real-valued continuous functions on a locally compact Hausdorff
space X that vanish at the infinity. In [12,27], J.L.B. Gamlen and J.B. Miller discussed spectrum
and resolvent sets of averaging operators on Banach algebras. Besides all these, averaging oper-
ators are also studied in connection with probability theory. In [28] S.-T.C. Moy found relations
between averaging operators, conditional expectations and general integration theory.

In the algebraic study of averaging operators, B. Brainerd [6] considered the conditions for
which an averaging operator can be realized as a generalization of the integral operator on
the ring of real-valued measurable functions. In 2000, W. Cao [7] studied averaging operators
from algebraic and combinatorial points of view. In particular, he studied free commutative
averaging algebras and described the induced Lie and Leibniz algebras. During the same period,
J.-L. Loday [24] introduced a notion of diassociative algebra to study the universal enveloping
algebra of a Leibniz algebra. A diassociative algebra is a vector space equipped with two
associative multiplications satisfying three other associative-like compatibilities. M. Aguiar [1]
showed that an averaging operator on an associative algebra induces a diassociative algebra
structure. The general algebraic study of averaging operators on any binary operad and their
relations with bisuccessors, duplicators and Rota–Baxter operators on operad was systematically
developed in [3,29,30]. More recently, J. Pei and L. Guo [31] constructed free associative averaging
algebras using a class of bracketed words, called averaging words, and discovered their relations
with Schröder numbers. Averaging operators also appeared in the context of Lie algebras. They
are often called embedding tensors and find important connections with Leibniz algebras, tensor
hierarchies and higher gauge theories [5,22,34]. In [19] Kotov and Strobl constructed an L∞-
algebra from an embedding tensor that explains the tensor hierarchy of the bosonic sector of
gauged supergravity theories. In [33] Y. Sheng, R. Tang and C. Zhu studied the cohomology and
deformations of embedding tensors by considering the controlling algebras. See also [8,35] for
cohomological study of Rota–Baxter operators.

In this paper, we consider the notion of a relative averaging operator as a generalization of an
averaging operator. Let A be an associative algebra and M be an A-bimodule. A linear map
P : M → A is called a relative averaging operator (on M over the algebra A) if it satisfies the
identity (8), which generalizes (1). A triple (A, M ,P ) consisting of an associative algebra A, an
A-bimodule M and a relative averaging operator P is called a relative averaging algebra. For

our convenience, we denote a relative averaging algebra (A, M ,P ) by the notation M
P→ A. We

give some characterizations of a relative averaging operator. We also construct the free relative

averaging algebra over any 2-term chain complex V
f→W . Next, we show that a relative averaging

algebra naturally induces a diassociative algebra structure. Conversely, any diassociative algebra
is induced from a suitable relative averaging algebra constructed from the given diassociative
algebra. We also define a notion of bimodule over a relative averaging algebra and construct the
corresponding semidirect product. We show that a bimodule over a relative averaging algebra
gives rise to some representations of the induced diassociative algebra.

Then we first focus on the cohomology of relative averaging operators. Given an associative
algebra A and an A-bimodule M , we construct a graded Lie algebra that characterizes relative
averaging operators as its Maurer–Cartan elements. This graded Lie algebra is obtained by
applying the derived bracket construction to the graded Lie algebra constructed by Majumdar
and Mukherjee [26]. Using this characterization, we can define the cohomology of a relative
averaging operator. We further show that this cohomology can be seen as the cohomology of
the induced diassociative algebra with coefficients in a suitable representation. We also remark
that this cohomology can be used to study formal deformations of the relative averaging operator
by keeping the underlying algebra and the bimodule intact. Next, we focus on the cohomology of
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relative averaging algebras. To do this, we first construct an L∞-algebra that characterizes relative
averaging algebras as its Maurer–Cartan elements. This helps us to define the cohomology of a
relative averaging algebra (with coefficients in the adjoint bimodule). Subsequently, we consider
the cohomology of a relative averaging algebra with coefficients in an arbitrary bimodule.

In the next, we give two applications of our cohomology theory of relative averaging algebras.

At first, we consider deformations of a relative averaging algebra M
P→ A, where we simultane-

ously deform the associative multiplication on A, the A-bimodule structure on M and the rel-
ative averaging operator P . In particular, we consider formal and infinitesimal deformations of
a relative averaging algebra. Our main result in deformation theory classifies the equivalence

classes of infinitesimal deformations of a relative averaging algebra M
P→ A by the second coho-

mology group H 2
rAvg(M

P→ A). Another application of the cohomology theory is to classify abelian

extensions. More precisely, we consider abelian extensions of a relative averaging algebra M
P→ A

by a bimodule and show that isomorphism classes of such abelian extensions are classified by

the second cohomology group of the relative averaging algebra M
P→ A with coefficients in the

bimodule.
In the final part of the paper, we define homotopy relative averaging operators. Like rela-

tive averaging operators are defined on bimodules over an associative algebra, a homotopy rel-
ative averaging operator is defined on a representation space over an A∞-algebra. Given an
A∞-algebra and a representation of it, we construct a suitable L∞-algebra

(
a, {lk }∞k=1

)
. This L∞-

algebra is a generalization of the graded Lie algebra that characterizes relative averaging oper-
ators as Maurer–Cartan elements. Motivated by this, we define a homotopy relative averaging
operator as a Maurer–Cartan element of the L∞-algebra

(
a, {lk }∞k=1

)
. A triple consisting of an A∞-

algebra, a representation and a homotopy relative averaging operator is called a homotopy rel-
ative averaging algebra. We show that a homotopy relative averaging algebra induces a Diass∞-
algebra (strongly homotopy diassociative algebra) structure. This generalizes our previous result
that a relative averaging algebra induces a diassociative algebra. Finally, we show that a Diass∞-
algebra gives rise to a homotopy relative averaging algebra.

Note. It is important to mention that Wang and Zhou [39] recently considered the cohomology
and deformation theory of an averaging algebra. In their approach, they only considered the
fact that an averaging algebra induces two new associative algebra structures. However, they
have not used the fact that the induced two associative structures form a diassociative algebra.
In the present paper, we first point out the intimate relationships between averaging algebras
and diassociative algebras (see Proposition 20). In our knowledge, diassociative algebra is the
key object for the study of (relative) averaging algebras. In Proposition 32, we show that the
cohomology of a relative averaging operator can be seen as the cohomology of the induced
diassociative algebra with coefficients in a suitable representation. In Theorem 35, we find a
cohomological relation between relative averaging operators and induced diassociative algebras.
Since Wang and Zhou didn’t consider the full diassociative algebra (as the induced structure),
the above important results no longer exist in their approach. In our paper, we showed many
other results which indicate that diassociative algebras are required to study relative averaging
operators (cf. Proposition 14, and Theorems 29, 42 and 43). Thus, we believe that our approach
and the constructions (including all the graded Lie algebras and L∞-algebras) are appropriate to
deal with relative averaging algebras.

Organization of our paper. In Section 2, we recall some basic preliminaries on the cohomology
of diassociative algebras. In Section 3, we consider relative averaging operators and relative av-
eraging algebras which are the main objects of our study. We also define and study bimodules
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over a relative averaging algebra. The Maurer–Cartan characterizations and cohomology of rela-
tive averaging operators and relative averaging algebras are respectively considered in Sections 4
and 5. Applications of cohomology include deformations and abelian extensions of relative aver-
aging algebras which are respectively studied in Sections 6 and 7. Finally, in Section 8, we define
homotopy relative averaging algebras and find relations with Diass∞-algebras.

All vector spaces, linear maps and tensor products are over a field k of characteristic 0.

2. Background on diassociative algebras

In this section, we recall some necessary background on diassociative algebras. In particular, we
describe the cohomology theory of diassociative algebras. Our main references are [11,24,26].

The notion of diassociative algebras was introduced by Loday in the study of Leibniz alge-
bras [24]. The cohomology theory of diassociative algebras was developed by Frabetti [11] and
further studied by Majumdar and Mukherjee [26].

Definition 1. A diassociative algebra is a vector space D equipped with two bilinear operations
⊣,⊢ : D ×D → D that satisfy the following five identities:

(a ⊣ b) ⊣ c = a ⊣ (b ⊣ c) = a ⊣ (b ⊢ c),

(a ⊢ b) ⊣ c = a ⊢ (b ⊣ c),

(a ⊣ b) ⊢ c = (a ⊢ b) ⊢ c = a ⊢ (b ⊢ c),

(2)

for a,b,c ∈ D. A diassociative algebra as above may be denoted by the triple (D,⊣,⊢) or simply
by D.

It follows from the above definition that both the bilinear operations ⊣ and ⊢ in a diassocia-
tive algebra are associative products. Moreover, these two associative products additionally sat-
isfy three associative-like identities. Thus, any associative algebra A can be regarded as a dias-
sociative algebra in which both the operations ⊣ and ⊢ are the given associative multiplication
on A.

Let (D,⊣,⊢) be a diassociative algebra. A representation of the diassociative algebra is a vector
space M equipped with four bilinear operations (called action maps)

⊣ : D ×M −→ M , ⊢ : D ×M −→ M , ⊣ : M ×D −→ M and ⊢ : M ×D −→ M

that satisfy fifteen identities, where each set of five identities corresponds to the identities in (2)
with exactly one of a,b,c replaced by an element of M . It follows that any diassociative algebra
(D,⊣,⊢) is a representation of itself, called the adjoint representation.

Before we recall the cohomology of diassociative algebras, we need some notations about
planar binary trees. A planar binary tree with n-vertices (often called an n-tree) is a planar tree
with (n +1) leaves, one root and each vertex trivalent. Let Yn be the set of all n-trees (for n ≥ 1)
and Y0 be the set consisting of a root only, i.e.

Y0 =
{ }

, Y1 =
{ }

, Y2 =
{

,

}
,

Y3 =
{

, , , ,

}
, etc.

Note that the cardinality of Yn is given by the n-th Catalan number (2n)!
(n+1)!n! . The grafting of an

m-tree y1 ∈ Ym and an n-tree y2 ∈ Yn is an (m +n +1)-tree y1 ∨ y2 ∈ Ym+n+1 obtained by joining
the roots of y1 and y2 to a new vertex and creating a new root from that vertex. Given an n-tree
y ∈ Yn , we label the n+1 leaves of y by {0,1,2, . . . ,n} from left to right. For each n ≥ 1 and 0 ≤ i ≤ n,
there is a map (called the i -th face map) di : Yn → Yn−1, y 7→ di y , which is obtained by removing



Apurba Das 163

the i -th leaf of y . Also there are maps⋆i : Yn → {⊣,⊢}, y 7→⋆
y
i (for 0 ≤ i ≤ n), which are defined as

follows:

⋆
y
0 =

{
⊣ if y = |∨ y1 for some (n −1)-tree y1,

⊢ otherwise,

(for 1 ≤ i ≤ n −1) ⋆
y
i =

{
⊣ if the i -th leaf of y is oriented like “\”,

⊢ if the i -th leaf of y is o riented like “/”,

⋆
y
n =

{
⊢ if y = y1 ∨| for some (n −1)-tree y1,

⊣ otherwise.

Let (D,⊣,⊢) be a diassociative algebra and M be a representation of it. For each n ≥ 0, we
define the space C Y n(D, M) of all n-cochains by C Y n(D, M) := Hom

(
k[Yn]⊗D⊗n , M

)
. Then there

is a map δDiass : C Y n(D, M) →C Y n+1(D, M) given by

δDiass( f )(y ; a1, . . . , an+1) = a1⋆
y
0 f (d0 y ; a2, . . . , an+1)

+
n∑

i=1
(−1)i f (di y ; a1, . . . , ai ⋆

y
i ai+1, . . . , an+1)+ (−1)n+1 f (dn+1 y ; a1, . . . , an)⋆y

n+1 an+1,

for f ∈ C Y n(D, M), y ∈ Yn+1 and a1, . . . , an+1 ∈ D . Then it has been shown by Frabetti [11] that
(δDiass)2 = 0. In other words,

{
C Y •(D, M),δDiass

}
is a cochain complex. The corresponding

cohomology is called the cohomology of the diassociative algebra (D,⊣,⊢) with coefficients in
the representation M . We denote the n-th cohomology group by H n

Diass(D, M).
In [26] Majumdar and Mukherjee constructed a graded Lie algebra whose Maurer–Cartan

elements correspond to diassociative algebra structures on a given vector space (see also [40]).
To describe their graded Lie bracket in a more simple form, we define maps Rm;i ,n

0 : Ym+n−1 → Ym

and Rm;i ,n
i : Ym+n−1 → Yn (for m,n ≥ 1 and 1 ≤ i ≤ m) by

Rm;i ,n
0 (y) = d̂0 ◦ d̂1 ◦ · · · ◦�di−1 ◦di ◦ · · · ◦di+n−2 ◦ àdi+n−1 ◦ · · · ◦ ádm+n−1(y), (3)

Rm;i ,n
i (y) = d0 ◦d1 ◦ · · · ◦di−2 ◦�di−1 ◦ · · · ◦ àdi+n−1 ◦di+n ◦ · · · ◦dm+n−1(y), (4)

where ̂ means that the term is missing from the expression. Let D be a vector space (not
necessarily a diassociative algebra). They showed that the graded vector space C Y •(D,D) =⊕∞

n=1 C Y n(D,D) = ⊕∞
n=1 Hom

(
k[Yn] ⊗ D⊗n ,D

)
inherits a degree −1 graded Lie bracket (which

we call the Majumdar–Mukherjee bracket) given by

[ f , g ]MM :=
( m∑

i=1
(−1)(i−1)(n−1) f ◦i g

)
− (−1)(m−1)(n−1)

( n∑
i=1

(−1)(i−1)(m−1)g ◦i f

)
, (5)

where

( f ◦i g )(y ; a1, . . . , am+n−1)

= f
(
Rm;i ,n

0 (y); a1, . . . , ai−1, g
(
Rm;i ,n

i (y); ai , . . . , ai+n−1
)
, ai+n , . . . , am+n−1

)
, (6)

for f ∈ C Y m(D,D), g ∈ C Y n(D,D), y ∈ Ym+n−1 and a1, . . . , am+n−1 ∈ D (see also [9,40] for more
details). In other words,

(
C Y •+1(D,D) = ⊕∞

n=0 C Y n+1(D,D), [ · , · ]MM
)

is a graded Lie algebra.
An element π ∈ C Y 2(D,D) determines (and determined by) two bilinear maps ⊣,⊢ : D ×D → D
given by

a ⊣ b =π(
; a,b

)
and a ⊢ b =π(

; a,b
)
, for a,b ∈ D . (7)

Then it has been shown in [26] that π defines a Maurer–Cartan element in the above graded Lie
algebra if and only if (⊣,⊢) defines a diassociative algebra structure on D .
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Remark 2. Let (D,⊣,⊢) be a diassociative algebra. Consider the corresponding Maurer–Cartan
element π in the graded Lie algebra

(
C Y •+1(D,D) = ⊕∞

n=0 C Y n+1(D,D), [ · , · ]MM
)
. Then the

coboundary map δDiass : C Y n(D,D) → C Y n+1(D,D) of the diassociative algebra D with coeffi-
cients in the adjoint representation is simply given by

δDiass( f ) = (−1)n−1[π, f ]MM, for f ∈C Y n(D,D).

3. Relative averaging operators and relative averaging algebras

In this section, we first introduce relative averaging operators, relative averaging algebras and
provide various examples. Next, we consider the close relationship between relative averaging
algebras and diassociative algebras. Finally, we define and study bimodules over relative averag-
ing algebras.

Definition 3.

(1) Let A be an associative algebra and M be an A-bimodule. A relative averaging operator on M
over the algebra A is a linear map P : M → A that satisfies

P (u) ·P (v) = P
(
P (u) ·M v

)= P
(
u ·M P (v)

)
, for u, v ∈ M . (8)

Here · denotes the associative multiplication on A and ·M denotes both the left and right A-
actions on M.

(2) A relative averaging algebra is a triple (A, M ,P ) consisting of an associative algebra A, an A-
bimodule M and a relative averaging operator P : M → A.

For our convenience, we denote a relative averaging algebra (A, M ,P ) by the notation M
P→ A.

Hence (A, M ,P ) and M
P→ A represent the same mathematical structure.

Definition 4. Let M
P→ A and M ′ P ′

→ A′ be two relative averaging algebras. A morphism of relative

averaging algebras from M
P→ A to M ′ P ′

→ A′ consists of a pair (ϕ,ψ) of an algebra morphism
ϕ : A → A′ and a linear map ψ : M → M ′ satisfying

ψ(a ·M u) =ϕ(a) ·A′
M ′ ψ(u), ψ(u ·M a) =ψ(u) ·A′

M ′ ϕ(a) and ϕ◦P = P ′ ◦ψ, for all a ∈ A,u ∈ M .

Here ·A′
M ′ denotes both the left and right A′-actions on M ′. It is said to be an isomorphism if both ϕ

and ψ are linear isomorphisms.

Example 5. Any averaging algebra (A,P ) can be regarded as a relative averaging algebra A
P→ A,

where A is equipped with the adjoint A-bimodule structure. Thus, a relative averaging algebra is
a generalization of an averaging algebra.

Example 6. Let A be an associative algebra. Then the tensor product A⊗A can be equipped with
an A-bimodule structure with the left and right A-actions respectively given by

c ·A⊗A (a ⊗b) = c ·a ⊗b and (a ⊗b) ·A⊗A c = a ⊗b · c, for a ⊗b ∈ A⊗ A, c ∈ A.

Consider the map P : A⊗A → A given by P (a⊗b) = a·b, for a⊗b ∈ A⊗A. For any a⊗b, a′⊗b′ ∈ A⊗A,
we have

P (a ⊗b) ·P (a′⊗b′) = a ·b ·a′ ·b′ =
{
= P

(
a ·b ·a′⊗b′)= P

(
P (a ⊗b) ·A⊗A (a′⊗b′)

)
,

= P
(
a ⊗b ·a′ ·b′)= P

(
(a ⊗b) ·A⊗A P (a′⊗b′)

)
.

This shows that P : A ⊗ A → A is a relative averaging operator. Thus, A ⊗ A
P→ A is a relative

averaging algebra.
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Example 7. Let A be an associative algebra. Then the space

A⊕·· ·⊕ A︸ ︷︷ ︸
n copies

is an A-bimodule where the left (resp. right) A-action is given by componentwise left (resp. right)
multiplication map. Then it is easy to see that the map

P : A⊕·· ·⊕ A −→ A, P
(
(a1, . . . , an)

)= a1 +·· ·+an , for (a1, . . . , an) ∈ A⊕·· ·⊕ A,

is a relative averaging operator. In other words, A⊕·· ·⊕ A
P→ A is a relative averaging algebra.

Example 8. Let A be an associative algebra. Then for any 1 ≤ i ≤ n, the i -th projection map

Pi : A ⊕·· ·⊕ A → A, (a1, . . . , an) 7→ ai is a relative averaging operator. That is, A ⊕·· ·⊕ A
Pi−→ A is a

relative averaging algebra.

Example 9. Let A be an associative algebra and M be an A-bimodule. Suppose G is a finite group
and there are maps G × A → A, (g , a) 7→ ga and G ×M → A, (g ,u) 7→ gu that satisfy

g(a ·M u) = ga · gu, g(u ·M a) = gu · ga and g(hu) = g hu,

for a ∈ A, u ∈ M and g ,h ∈G . We define a map P : M → A by P (u) =∑
g∈G

gu. For any u, v ∈ M , we
observe that

P
(
P (u) ·M v

)= ∑
h∈G

h
(( ∑

g∈G

gu
)
·M v

)
= ∑

h∈G

( ∑
g∈G

hgu
)
·hv =

( ∑
g∈G

gu
)
·
( ∑

h∈G

hv
)
= P (u) ·P (v),

P
(
u ·M P (v)

)= ∑
h∈G

h
(
u ·M

( ∑
g∈G

gv
))

= ∑
h∈G

hu ·
( ∑

h∈G

hgv
)
=

( ∑
h∈G

hu
)
·
( ∑

g∈G

gv
)
= P (u) ·P (v).

This shows that P : M → A is a relative averaging operator, equivalently, M
P→ A is a relative

averaging algebra.

Example 10. Let A be an associative algebra and M be an A-bimodule. Let P : M → A be an
A-bimodule map, i.e.

P (a ·M u) = a ·P (u) and P (u ·M a) = P (u) ·a, for a ∈ A, u ∈ M .

Then it is easy to see that M
P→ A is a relative averaging algebra.

Example 11. In [25] Loday and Pirashvili introduced the category L M whose objects are linear

maps between vector spaces. In other words, an object in L M is of the form V
f→W , where V ,W

are vector spaces and f is a linear map. They equip L M with a tensor product which makes it
a tensor category. It has been observed that an associative object in L M is given by a datum

M
f→ A, where A is an associative algebra, M is an A-bimodule and f is an A-bimodule map.

Thus, it turns out that an associative object in L M is a relative averaging algebra.

Example 12 (Crossed modules of associative algebras [38]). A crossed module of associative
algebras is a quadruple (A, M , ·M ,d) in which A, M are both associative algebras and M is also
equipped with an A-bimodule structure (with both the left and right A-actions on M being
denoted by ·M ) and d : M → A is an algebra morphism that satisfies

d(a ·M u) = a ·du, d(u ·M a) = du ·a, (du) ·M v = u ·M (d v) = u ⋄ v, for a ∈ A, u, v ∈ M .

Here ⋄ denotes the associative multiplication on M . Thus, it follows from Example 10 that M
d→ A

is a relative averaging algebra.
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It has been observed in [2,38] that crossed modules of associative algebras are equivalent
to “strict” associative 2-algebras. Hence by following the previous example, one can construct
relative averaging algebras from strict associative 2-algebras.

In the following, we give some characterizations of relative averaging operators. We start with
the following useful result.

Proposition 13. Let A be an associative algebra and M be an A-bimodule. Then the direct sum
A⊕M inherits a diassociative algebra structure with the operations

(a,u) ⊣ (b, v) = (a ·b,u ·M b) and (a,u) ⊢ (b, v) = (a ·b, a ·M v), for (a,u), (b, v) ∈ A⊕M .

We denote this diassociative algebra simply by A⊕Diass M.

Proof. For any (a,u), (b, v), (c, w) ∈ A⊕M , we have(
(a,u) ⊣ (b, v)

)⊣ (c, w) = (
a ·b,u ·M b

)⊣ (c, w) = (
(a ·b) · c, (u ·M b) ·M c

)
,

(a,u) ⊣ (
(b, v) ⊣ (c, w)

)= (a,u) ⊣ (
b · c, v ·M c

)= (
a · (b · c),u ·M (b · c)

)
,

(a,u) ⊣ (
(b, v) ⊢ (c, w)

)= (a,u) ⊣ (
b · c,b ·M w

)= (
a · (b · c),u ·M (b · c)

)
.

Thus, it follows that(
(a,u) ⊣ (b, v)

)⊣ (c, w) = (a,u) ⊣ (
(b, v) ⊣ (c, w)

)= (a,u) ⊣ (
(b, v) ⊢ (c, w)

)
.

Similarly, one can show that(
(a,u) ⊢ (b, v)

)⊣ (c, w) = (a,u) ⊢ (
(b, v) ⊣ (c, w)

)
,(

(a,u) ⊣ (b, v)
)⊢ (c, w) = (

(a,u) ⊢ (b, v)
)⊢ (c, w) = (a,u) ⊢ (

(b, v) ⊢ (c, w)
)
.

This completes the proof. □

Proposition 14. Let A be an associative algebra and M be an A-bimodule. A linear map
P : M → A is a relative averaging operator (on M over the algebra A) if and only if the graph
Gr(P ) = {(

P (u),u
) ∣∣ u ∈ M

}
is a subalgebra of the diassociative algebra A⊕Diass M.

Proof. For any u, v ∈ M , we have
(
P (u),u

) ⊣ (
P (v), v

) = (
P (u) · P (v),u ·M P (v)

)
. This is in

Gr(P ) if and only if P (u) · P (v) = P
(
u ·M P (v)

)
. Similarly, the product

(
P (u),u

) ⊢ (
P (v), v

) =(
P (u) ·P (v),P (u) ·M v

)
is in Gr(P ) if and only if P (u) ·P (v) = P

(
P (u) ·M v

)
. In other words, Gr(P )

is a subalgebra of the diassociative algebra A ⊕Diass M if and only if P is a relative averaging
operator. □

Let (D,⊣,⊢) be a diassociative algebra. A linear map N : D → D is said to be a Nijenhuis
operator on the diassociative algebra D if for all a,b ∈ D ,

N (a) ⊣N (b) :=N
(
N (a) ⊣ b +a ⊣N (b)−N (a ⊣ b)

)
,

N (a) ⊢N (b) :=N
(
N (a) ⊢ b +a ⊢N (b)−N (a ⊢ b)

)
.

Proposition 15. Let A be an associative algebra and M be an A-bimodule. A linear map P : M → A
is a relative averaging operator (on M over the algebra A) if and only if the map NP : A⊕M → A⊕M,
NP

(
(a,u)

) = (
P (u),0

)
for (a,u) ∈ A ⊕ M, is a Nijenhuis operator on the diassociative algebra

A⊕Diass M.

Proof. For any (a,u), (b, v) ∈ A⊕M , we have

NP (a,u) ⊣NP (b, v) = (
P (u),0

)⊣ (
P (v),0

)= (
P (u) ·P (v),0

)
.
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On the other hand, we have

NP
(
NP (a,u) ⊣ (b, v)+ (a,u) ⊣NP (b, v)−NP

(
(a,u) ⊣ (b, v)

))
=NP

((
P (u) ·b,0

)+ (
a ·P (v),u ·M P (v)

)− (
P (u ·M b),0

))
= (

P
(
u ·M P (v)

)
,0

)
.

This shows that NP (a,u) ⊣ NP (b, v) = NP
(
NP (a,u) ⊣ (b, v) + (a,u) ⊣ NP (b, v) −NP

(
(a,u) ⊣

(b, v)
))

holds if and only if P (u) ·P (v) = P
(
u ·M P (v)

)
. Similarly, one can show that

NP (a,u) ⊢NP (b, v) =NP
(
NP (a,u) ⊢ (b, v)+ (a,u) ⊢NP (b, v)−NP

(
(a,u) ⊢ (b, v)

))
holds if and only if P (u) ·P (v) = P

(
P (u) ·M v

)
, for u, v ∈ M . Combining these, we get that NP is a

Nijenhuis operator on the diassociative algebra A ⊕Diass M if and only if P is a relative averaging
operator. □

Free relative averaging algebra

Let V
f→W be a 2-term chain complex. Consider the tensor algebra of W ,

T (W ) = k⊕W ⊕W ⊗2 ⊕·· ·⊕W ⊗n ⊕·· ·
with the concatenation product. Then the space T (W )⊗V ⊗T (W ) can be given a T (W )-bimodule
structure with the left and right actions given by

(w ′
1 · · ·w ′

p ) · (w−m · · ·w−1 ⊗ v0 ⊗w1 · · ·wn) = w ′
1 · · ·w ′

p w−m · · ·w−1 ⊗ v0 ⊗w1 · · ·wn ,

(w−m · · ·w−1 ⊗ v0 ⊗w1 · · ·wn) · (w ′
1 · · ·w ′

p ) = w−m · · ·w−1 ⊗ v0 ⊗w1 · · ·wn w ′
1 · · ·w ′

p ,

for w ′
1 · · ·w ′

p ∈ T (W ) and w−m · · ·w−1 ⊗ v0 ⊗w1 · · ·wn ∈ T (W )⊗V ⊗T (W ). Then it is easy to see

that T (W )⊗V ⊗T (W )
P ( f )−−−→ T (W ) is a relative averaging algebra, where

P ( f )(w−m · · ·w−1 ⊗ v0 ⊗w1 · · ·wn) = w−m · · ·w−1 f (v0)w1 · · ·wn .

Remark 16. Let V be any vector space. Consider the 2-term chain complex V
idV−−→ V . Then it

follows that T (V )⊗V ⊗T (V )
P (idV )−−−−−→ T (V ) is a relative averaging algebra.

Definition 17. Let V
f→ W be a 2-term chain complex. The free relative averaging algebra over

V
f→ W is a relative averaging algebra M (V )

P ( f )−−−→ A (W ) equipped with a morphism (i , j ) of

complexes from V
f→W to M (V )

P ( f )−−−→A (W ) that satisfies the following universal condition:

for any relative averaging algebra M
P→ A and a morphism (ϕ,ψ) of complexes from

V
f→W to M

P→ A, there exists a unique morphism (ϕ̃,ψ̃) of relative averaging algebras

from M (V )
P ( f )−−−→A (W ) to M

P→ A that makes the following diagram commutative:

(∗)

M
P // A

V

ψ

bb

j

||

f
// W

ϕ

;;

i

##

M (V )

ψ̃

OO

P ( f )
// A (W ).

ϕ̃

OO

Proposition 18. Let V
f→ W be a 2-term chain complex. Then the relative averaging algebra

T (W )⊗V ⊗T (W )
P ( f )−−−→ T (W ) is free over the chain complex V

f→W .
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Proof. We define maps i : W → T (W ) and j : V → T (W )⊗V ⊗T (W ) by

i (w) = w and j (v) = 1⊗ v ⊗1, for w ∈W , v ∈V .

Let M
P→ A be any relative averaging algebra and (ϕ,ψ) be a morphism of complexes from V

f→W

to M
P→ A. We define maps ϕ̃ : T (W ) → A and ψ̃ : T (W )⊗V ⊗T (W ) → M by

ϕ̃(w1 · · ·wn) =ϕ(w1) · · ·ϕ(wn),

ψ̃(w−m · · ·w−1 ⊗ v0 ⊗w1 · · ·wn) = (
ϕ(w−m) · · ·ϕ(w−1)

) ·M ψ(v0) ·M
(
ϕ(w1) · · ·ϕ(wn)

)
,

for w1 · · ·wn ∈ T (W ) and w−m · · ·w−1⊗v0⊗w1 · · ·wn ∈ T (W )⊗V ⊗T (W ). Then it is easy to see that

the pair (ϕ̃,ψ̃) is a morphism of relative averaging algebras from T (W )⊗V ⊗T (W )
P ( f )−−−→ T (W ) to

M
P→ A and satisfies the universal condition (∗). □

Functorial relations with diassociative algebras

Proposition 19.

(1) Let M
P→ A be a relative averaging algebra. Then the vector space M carries a diassociative

algebra structure with the bilinear operations

u ⊣P v := u ·M P (v) and u ⊢P v := P (u) · v, for u, v ∈ M . (9)

We denote this diassociative algebra simply by MP .

(2) Let M
P→ A and M ′ P ′

→ A′ be two relative averaging algebras and (ϕ,ψ) be a morphism between
them. Then ψ : M → M ′ is a morphism between induced diassociative algebras (from MP to
M ′

P ′ ).

Proof. (1). Since P : M → A is a relative averaging operator, it follows from Proposition 14 that
Gr(P ) is a subalgebra of the diassociative algebra A⊕Diass M . The inherited diassociative structure
on Gr(P ) is given by (

P (u),u
)⊣ (

P (v), v
)= (

P (u) ·P (v)︸ ︷︷ ︸
=P (u·M P (v))

,u ·M P (v)
)

and (
P (u),u

)⊢ (
P (v), v

)= (
P (u) ·P (v)︸ ︷︷ ︸
=P (P (u)·M v)

,P (u) ·M v
)
,

for u, v ∈ M . As the vector space M is isomorphic to Gr(P ) via u↭
(
P (u),u

)
, for u ∈ M , we have

a diassociative algebra structure on M which is precisely given by (9).

(2). For any u, v ∈ M , we have

ψ(u ⊣P v) =ψ(
u ·M P (v)

)=ψ(u) ·A′
M ′ ϕP (v) =ψ(u) ·A′

M ′ P ′(ψ(v)
)=ψ(u) ⊣P ′ ψ(v),

ψ(u ⊢P v) =ψ(
P (u) ·M v

)=ϕP (u) ·A′
M ′ ψ(v) = P ′(ψ(u)

) ·A′
M ′ ψ(v) =ψ(u) ⊢P ′ ψ(v).

This proves that ψ : MP → M ′
P ′ is a morphism of diassociative algebras. □

The above proposition shows that there is a functor F : rAvg → Diass from the category of
relative averaging algebras to the category of diassociative algebras. In the following, we will
construct a functor in the other direction.

Let (D,⊣,⊢) be a diassociative algebra. Let DAss be the quotient of D by the ideal generated by
the elements a ⊣ b − a ⊢ b, for a,b ∈ D . Then DAss is an associative algebra, where the product
is given by [a] · [b] := [a ⊣ b] = [a ⊢ b], for [a], [b] ∈ DAss. Moreover, the vector space D is a DAss-
bimodule, where the left and right DAss-actions on D are respectively given by

[a] ·D b = a ⊢ b and b ·D [a] = b ⊣ a, for [a] ∈ DAss, b ∈ D .
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With these notations, the quotient map q : D → DAss is a relative averaging operator as

q(a) ·q(b) = [a] · [b] =
{
= [a ⊢ b] = [

[a] ·D b
]= q

(
q(a) ·D b

)
,

= [a ⊣ b] = [
a ·D [b]

]= q
(
a ·D q(b)

)
,

for a,b ∈ D . Thus, D
q→ DAss is a relative averaging algebra. Moreover, the induced diassociative

algebra structure on D coincides with the given one, as

a ⊣q b = a ·D q(b) = a ⊣ b and a ⊢q b = q(a) ·D b = a ⊢ b, for a,b ∈ D .

Let (D,⊣,⊢) and (D ′,⊣′,⊢′) be two diassociative algebras and ψ : D → D ′ be a morphism
between them. Then it is easy to verify that the pair (ϕ,ψ) is a morphism of relative averaging

algebras from D
q→ DAss to D ′ q ′

→ D ′
Ass, where ϕ : DAss → D ′

Ass is given by ϕ
(
[a]

) = [
ψ(a)

]
, for

[a] ∈ DAss. This construction yields a functor G : Diass → rAvg from the category of diassociative
algebras to the category of relative averaging algebras.

Proposition 20. The functor G : Diass→ rAvg is left adjoint to the functor F : rAvg→Diass. More

precisely, for any diassociative algebra (D,⊣,⊢) and a relative averaging algebra M
P→ A, we have

HomDiass(D, MP ) ∼= HomrAvg(D
q→ DAss, M

P→ A).

Proof. Let ψ ∈ HomDiass(D, MP ). We define a map ϕψ : DAss → A by ϕψ
(
[a]

) = P
(
ψ(a)

)
, for

[a] ∈ DAss. Then it is easy to see that ϕψ is an algebra morphism. Moreover, we have

ψ
(
[a] ·D b

)=ψ(a ⊢ b) =ψ(a) ⊢P ψ(b) = Pψ(a) ·M ψ(b) =ϕψ(
[a]

) ·M ψ(b),

ψ
(
b ·D [a]

)=ψ(b ⊣ a) =ψ(b) ⊣P ψ(a) =ψ(b) ·M Pψ(a) =ψ(b) ·M ϕψ
(
[a]

)
,

for [a] ∈ DAss, b ∈ D . Further, ϕψ ◦q = P ◦ψ. Thus, (ϕψ,ψ) ∈ HomrAvg(D
q→ DAss, M

P→ A).

On the other hand, if (ϕ,ψ) ∈ HomrAvg(D
q→ DAss, M

P→ A), then ψ ∈ HomDiass(D, MP ). Finally,
the above two correspondences are inverses to each other. □

Bimodules over relative averaging algebras

Here we introduce bimodules over relative averaging algebras. We show that a bimodule over a
relative averaging algebra gives two representations of the induced diassociative algebra.

Definition 21. Let M
P→ A be a relative averaging algebra. A bimodule over it consists of a tuple

(N
Q→ B , l ,r ) in which N

Q→ B is a 2-term chain complex with both B and N are A-bimodules, and
l : M ×B → N and r : B ×M → N are bilinear maps (called the pairing maps) satisfying

l (a ·M u,b) = a ·N l (u,b), l (u ·M a,b) = l (u, a ·B b), l (u,b ·B a) = l (u,b) ·N a, (10)

r (a ·B b,u) = a ·N r (b,u), r (b ·B a,u) = r (b, a ·M u), r (b,u ·M a) = r (b,u) ·N a, (11)

and

P (u) ·B Q(n) =Q
(
P (u) ·N n

)=Q
(
l
(
u,Q(n)

))
, (12)

Q(n) ·B P (u) =Q
(
r
(
Q(n),u

))=Q
(
n ·N P (u)

)
, (13)

for a ∈ A, b ∈ B, u ∈ M and n ∈ N . Sometimes we denote a bimodule as above by the complex

N
Q→ B when the bilinear maps l and r are clear from the context.

Example 22 (Adjoint bimodule). Let M
P→ A be a relative averaging algebra. Then it is easy to

see that the tuple (M
P→ A, lad,rad) is a bimodule over the relative averaging algebra M

P→ A, where
the pairing maps lad : M × A → M and rad : A ×M → M are respectively the given right and left
A-actions on M . This is called the adjoint bimodule.
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Example 23 (Bimodule over an averaging algebra [39]). Let (A,P ) be an averaging algebra. A
bimodule over it consists of a pair (M ,Q) in which M is an A-bimodule and Q : M → M is a linear
map satisfying for a ∈ A, u ∈ M ,

P (a) ·M Q(u) =Q
(
P (a) ·M u

)=Q
(
a ·M Q(u)

)
,

Q(u) ·M P (a) =Q
(
Q(u) ·M a

)=Q
(
u ·M P (a)

)
.

This is equivalent to the fact that the tuple (M
Q→ M , ·M , ·M ) is a bimodule over the relative

averaging algebra A
P→ A.

Let A be an associative algebra. Given an element r = ∑
r(1) ⊗ r(2) ∈ A ⊗ A, we consider the

following three elements

r13r12 =
∑

r(1) · r̃(1) ⊗ r̃(2) ⊗ r(2),

r12r23 =
∑

r(1) ⊗ r(2) · r̃(1) ⊗ r̃(2)

and r23r13 =
∑

r(1) ⊗ r̃(1) ⊗ r̃(2) · r(2)

of A ⊗ A ⊗ A. Here
∑

r̃(1) ⊗ r̃(2) is another copy of r. An element r ∈ A ⊗ A is called an averaging
element if it satisfies

r13r12 = r12r23 = r23r13. (14)

Let r = ∑
r(1) ⊗ r(2) ∈ A ⊗ A be an averaging element. Then the map P : A → A defined by

P (a) =∑
r(1) ·a · r(2), for a ∈ A, is an averaging operator on A. To see this, we observe that

P (a) ·P (a′) =∑
r(1) ·a · r(2) · r̃(1) ·a′ · r̃(2)

=
{=∑

r(1) · r̃(1) ·a · r̃(2) ·a′ · r(2) = P
(
P (a) ·a′) (since r13r12 = r12r23),

=∑
r(1) ·a · r̃(1) ·a′ · r̃(2) · r(2) = P

(
a ·P (a′)

)
(since r12r23 = r23r13),

for a, a′ ∈ A. In other words, (A,P ) is an averaging algebra. If M is any A-bimodule, we define a
linear map Q : M → M by Q(u) =∑

r(1) ·M u ·M r(2), for u ∈ M . Then it is easy to verify that (M ,Q)
is a bimodule over the averaging algebra (A,P ).

Example 24. Let M
P→ A and M ′ P ′

→ A′ be two relative averaging algebras, and let (ϕ,ψ) be a

morphism between them (see Definition 4). Then the tuple (M ′ P ′
→ A′, l ,r ) is a bimodule over

the relative averaging algebra M
P→ A, where the A-bimodule structure on A′ is induced by the

algebra morphism ϕ : A → A′, and the A-bimodule structure on M ′ is given by a ·M ′ m′ =ϕ(a) ·A′
M ′

m′ and m′ ·M ′ a = m′ ·A′
M ′ ϕ(a), for a ∈ A, m′ ∈ M ′. Moreover, the pairing maps l : M × A′ → M ′ and

r : A′×M → M ′ are respectively given by

l (u, a′) =ψ(u) ·A′
M ′ a′ and r (a′,u) = a′ ·A′

M ′ ψ(u), for u ∈ M , a′ ∈ A′.

Note that any bimodule over an associative algebra can be dualized. More generally, if A is an
associative algebra and M is an A-bimodule then the dual space M∗ can be equipped with an
A-bimodule structure with left and right A-actions given by

(a ·M∗ f )(u) = f (u ·M a) and ( f ·M∗ a)(u) = f (a ·M u), for a ∈ A, f ∈ M∗, u ∈ M .

In the following result, we give the dual construction of a bimodule over a relative averaging
algebra.

Proposition 25. Let M
P→ A be a relative averaging algebra and (N

Q→ B , l ,r ) be a bimodule over

it. Then (B∗ Q∗
→ N∗, l∗,r∗) is also a bimodule, where B∗, N∗ are equipped with dual A-bimodule

structures and the pairings l∗ : M ×N∗ → B∗ and r∗ : N∗×M → B∗ are respectively given by

l∗(u, fN )(b) = fN
(
r (b,u)

)
and r∗( fN ,u)(b) = fN

(
l (u,b)

)
, for u ∈ M, fN ∈ N∗, b ∈ B .
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Proof. For any a ∈ A, u ∈ M , fN ∈ N∗ and b ∈ B , we first observe that

l∗(a ·M u, fN )(b) = fN
(
r (b, a ·M u)

) (11)= fN
(
r (b ·B a,u)

)= l∗(u, fN )(b ·B a) = (
a ·B∗ l∗(u, fN )

)
(b),

l∗(u ·M a, fN )(b) = fN
(
r (b,u ·M a)

) (11)= fN
(
r (b,u) ·N a

)= (a ·N∗ fN )
(
r (b,u)

)= l∗(u, a ·N∗ fN )(b),

l∗(u, fN ·N∗ a)(b) = fN
(
a ·N r (b,u)

) (11)= fN
(
r (a ·B b,u)

)= l∗(u, fN )(a ·B b) = (l∗(u, fN ) ·B∗ a)(b).

This shows that the identities in (10) hold for the dual structure. Similarly, one can verify the
identities in (11) for the dual structure. Finally, for any u ∈ M , fB ∈ B∗ and n ∈ N , we have(

P (u) ·N∗ Q∗( fB )
)
(n) =Q∗( fB )

(
n ·N P (u)

)
= fB

(
Q

(
n ·N P (u)

))
=

{
= fB

(
Q(n) ·B P (u)

)= (
P (u) ·B∗ fB

)(
Q(n)

)=Q∗(
P (u) ·B∗ fB

)
(n),

= fB
(
Q ◦ r

(
Q(n),u

))= l∗
(
u,Q∗( fB )

)(
Q(n)

)=Q∗(
l∗

(
u,Q∗( fB )

))
(n).

Similarly, we have(
Q∗( fB ) ·N∗ P (u)

)
(n) =Q∗( fB )

(
P (u) ·N n

)
= fB

(
Q

(
P (u) ·N n

))
=

{
= fB

(
Q ◦ l

(
u,Q(n)

))= r∗(
Q∗( fB ),u

)(
Q(n)

)=Q∗(
r∗(Q∗( fB ),u)

)
(n),

= fB
(
P (u) ·B Q(n)

)= (
fB ·B∗ P (u)

)(
Q(n)

)=Q∗(
fB ·B∗ P (u)

)
(n).

This shows that the identities in (12) and (13) also hold for the dual structure. Hence (B∗ Q∗
→

N∗, l∗,r∗) is a bimodule over the relative averaging algebra M
P→ A. □

Let M
P→ A be a relative averaging algebra. Then (A∗ P∗

→ M∗, l∗,r∗) is a bimodule, where the
pairings l∗ : M ×M∗ → A∗ and r∗ : M∗×M → A∗ are respectively given by

l∗(u, fM )(a) = fM (a ·M u) and r∗( fM ,u)(a) = fM (u ·M a) for u ∈ M , fM ∈ M∗, a ∈ A.

Note that this bimodule is dual to the adjoint bimodule given in Example 22.

Let M
P→ A be a relative averaging algebra and (N

Q→ B , l ,r ) be a bimodule over it. Since B is an
A-bimodule, one can consider the semidirect product algebra A⊕B with the product

(a,b) ·⋉ (a′,b′) = (a ·a′, a ·B b′+b ·B a′), for (a,b), (a′,b′) ∈ A⊕B .

It has been shown in [10] that the vector space M ⊕ N carries a bimodule structure over the
semidirect product algebra A⊕B with left and right (A⊕B)-actions respectively given by

(a,b)▷ (u,n) = (
a ·M u, a ·N n + r (b,u)

)
and (u,n)◁ (a,b) = (

u ·M a, l (u,b)+n ·N a
)
, (15)

for (a,b) ∈ A⊕B and (u,n) ∈ M ⊕N . With these notations, we have the following result.

Theorem 26 (Semidirect product). Let M
P→ A be a relative averaging algebra and (N

Q→ B , l ,r )

be a bimodule over it. Then M ⊕N
P⊕Q−−−→ A⊕B is a relative averaging algebra.

Proof. We have already seen that A ⊕B is an associative algebra (with the semidirect product
structure) and M ⊕N is an (A ⊕B)-bimodule with left and right actions given by (15). Next, for
any (u,n), (u′,n′) ∈ M ⊕N , we observe that

(P ⊕Q)(u,n) ·⋉ (P ⊕Q)(u′,n′) = (
P (u),Q(n)

) ·⋉ (
P (u′),Q(n′)

)
= (

P (u) ·P (u′),P (u) ·B Q(n′)+Q(n) ·B P (u′)
)

= (
P

(
P (u) ·M u′),Q

(
P (u) ·N n′)+Q

(
r
(
Q(n),u′)))

= (P ⊕Q)
(
P (u) ·M u′,P (u) ·N n′+ r

(
Q(n),u′))

= (P ⊕Q)
((

(P ⊕Q)(u,n)
)
▷ (u′,n′)

)
.
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Also, we have

(P ⊕Q)(u,n) ·⋉ (P ⊕Q)(u′,n′) = (
P (u) ·P (u′),P (u) ·B Q(n′)+Q(n) ·B P (u′)

)
= (

P
(
u ·M P (u′)

)
,Q

(
l
(
u,Q(n′)

))+Q
(
n ·N P (u′)

))
= (P ⊕Q)

(
u ·M P (u′), l

(
u,Q(n′)

)+n ·N P (u′)
)

= (P ⊕Q)
(
(u,n)◁

(
(P ⊕Q)(u′,n′)

))
.

This proves that P⊕Q : M⊕N → A⊕B is a relative averaging operator. In other words, M⊕N
P⊕Q−−−→

A⊕B is a relative averaging algebra. □

Proposition 27. Let M
P→ A be a relative averaging algebra and (N

Q→ B , l ,r ) be a bimodule over
it. Then the vector space N carries a representation of the induced diassociative algebra MP with
the action maps given by 

⊣ : MP ⊗N → N , u ⊣ n = l
(
u,Q(n)

)
,

⊢ : MP ⊗N → N , u ⊢ n = P (u) ·N n,

⊣ : N ⊗MP → N , n ⊣ u = n ·N P (u),

⊢ : N ⊗MP → N , n ⊢ u = r
(
Q(n),u

)
.

(16)

Proof. To prove the result, we consider the semidirect product relative averaging algebra M ⊕
N

P⊕Q−−−→ A ⊕ B given in Theorem 26. Then it follows that the vector space M ⊕ N carries a
diassociative algebra structure (denoted by (M ⊕N )P⊕Q ) with the operations

(u,n) ⊣P⊕Q (u′,n′) = (u,n)◁
(
P (u′),Q(n′)

)= (
u ⊣P u′, l

(
u,Q(n′)

)+n ·N P (u′)
)
,

(u,n) ⊢P⊕Q (u′,n′) = (
P (u),Q(n)

)
▷ (u′,n′) = (

u ⊢P u′,P (u) ·N n′+ r
(
Q(n),u′)),

for (u,n), (u′,n′) ∈ M ⊕ N . This shows that the diassociative algebra MP has a representation
on N with the structure maps (16), and the diassociative algebra (M ⊕N )P⊕Q is nothing but the
semidirect product of the diassociative algebra MP with the representation N . □

Proposition 28. Let M
P→ A be a relative averaging algebra and (N

Q→ B , l ,r ) be a bimodule over it.
Then the vector space B can be given a representation of the induced diassociative algebra MP with
the action maps given by

⊣ : MP ⊗B → B , u ⊣ b = P (u) ·B b −Q
(
l (u,b)

)
,

⊢ : MP ⊗B → B , u ⊢ b = P (u) ·B b,

⊣ : B ⊗MP → B , b ⊣ u = b ·B P (u),

⊢ : B ⊗MP → B , b ⊢ u = b ·B P (u)−Q
(
r (b,u)

)
.

(17)

Proof. We first consider the semidirect product relative averaging algebra M ⊕ N
P⊕Q−−−→ A ⊕ B .

Then it follows from Proposition 15 that the map

NP⊕Q : (A⊕B)⊕ (M ⊕N ) −→ (A⊕B)⊕ (M ⊕N ), (a,b,u,n) 7−→ (
P (u),Q(v),0,0

)
is a Nijenhuis operator on the diassociative algebra (A ⊕B)⊕Diass (M ⊕N ). Hence there is a new
diassociative structure on the vector space A ⊕B ⊕M ⊕N (deformed by the Nijenhuis operator
NP⊕Q ). It can be checked that this diassociative structure on A ⊕ B ⊕ M ⊕ N restricts to a
diassociative algebra structure on the vector space B ⊕M . The structure is precisely given by

(b,u) ⊣ (b′, v) = (
b ·B P (v)︸ ︷︷ ︸

:=b⊣v

+P (u) ·B b′−Q
(
l (u,b′)

)︸ ︷︷ ︸
:=u⊣b′

,u ⊣P v
)
,

(b,u) ⊢ (b′, v) = (
b ·B P (v)−Q

(
r (b, v)

)︸ ︷︷ ︸
:=b⊢v

+P (u) ·B b′︸ ︷︷ ︸
:=u⊢b′

,u ⊢P v
)
,
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for (b,u), (b′, v) ∈ B ⊕M . This expression shows that the diassociative algebra MP has a represen-
tation on B with the action maps (17). □

4. The controlling algebra and cohomology for relative averaging operators

Given an associative algebra A and an A-bimodule M , here we construct a graded Lie algebra
whose Maurer–Cartan elements are precisely relative averaging operators. This characterization
allows us to define the cohomology of a relative averaging operator. Subsequently, we show that
this cohomology of a relative averaging operator can be seen as the cohomology of the induced
diassociative algebra with coefficients in a suitable representation.

Let A be an associative algebra and M be an A-bimodule. Consider the vector space D = A⊕M
and the Majumdar–Mukherjee graded Lie algebra

g=
(⊕∞

n=0 C Y n+1(D,D) =⊕∞
n=0 Hom

(
k[Yn+1]⊗D⊗n+1,D

)
, [ · , · ]MM

)
associated with the vector space D . Note that the diassociative algebra structure on D (see
Proposition 13) gives rise to a Maurer–Cartan element ∆ ∈ g1 in the graded Lie algebra g (i.e.
we have [∆,∆]MM = 0), where ∆ is given by{

∆
(

; (a,u), (b, v)
)= (a,u) ⊣ (b, v) = (a ·b,u ·M b),

∆
(

; (a,u), (b, v)
)= (a,u) ⊢ (b, v) = (a ·b, a ·M v),

(18)

for (a,u), (b, v) ∈ D . Moreover, it is easy to see that the graded subspace

a=
∞⊕

n=0
C Y n+1(M , A) =

∞⊕
n=0

Hom
(
k[Yn+1]⊗M⊗n+1, A

)
is an abelian Lie subalgebra. Let p : g → g be the projection onto the subspace a. Then
ker(p) ⊂ g is a graded Lie subalgebra and im(p) = a. Moreover, ∆ ∈ ker(p)1. Hence by
Kosmann-Schwarzbach’s derived bracket construction [18], the shifted graded vector space sa=⊕∞

n=1 C Y n(M , A) = ⊕∞
n=1 Hom

(
k[Yn] ⊗ M⊗n , A

)
carries a graded Lie algebra structure with the

bracket

� f , g � := (−1)m[
[∆, f ]MM, g

]
MM,

for f ∈C Y m(M , A) and g ∈C Y n(M , A). In terms of ◦i operations (see (6)), the above bracket is

� f , g � =
m∑

i=1
(−1)(i−1)n f ◦i (∆◦1 g )−

m∑
i=1

(−1)i n f ◦i (∆◦2 g )

− (−1)mn
{ n∑

i=1
(−1)(i−1)m g ◦i (∆◦1 f )−

n∑
i=1

(−1)i m g ◦i (∆◦2 f )

}
+ (−1)mn(∆◦1 f )◦m+1 g − (∆◦1 g )◦n+1 f .

Explicitly, the bracket is given by

� f , g �(y ;u1, . . . ,um+n)

=
m∑

i=1
(−1)(i−1)n f

(
Rm;i ,n+1

0 (y);u1, . . . ,ui−1,

∆
(
R2;1,n

0 Rm;i ,n+1
i (y); g

(
R2;1,n

1 Rm;i ,n+1
i (y);ui , . . . ,ui+n−1

)
,ui+n

)
,ui+n+1, . . . ,um+n

)
−

m∑
i=1

(−1)i n f
(
Rm;i ,n+1

0 (y);u1, . . . ,ui−1,

∆
(
R2;2,n

0 Rm;i ,n+1
i (y);ui , g

(
R2;2,n

2 Rm;i ,n+1
i (y);ui+1, . . . ,ui+n

))
,ui+n+1, . . . ,um+n

)
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− (−1)mn
n∑

i=1
(−1)(i−1)m g

(
Rn;i ,m+1

0 (y);u1, . . . ,ui−1,

∆
(
R2;1,m

0 Rn;i ,m+1
i (y); f

(
R2;1,m

1 Rn;i ,m+1
i (y);ui , . . . ,ui+m−1

)
,ui+m

)
,ui+m+1, . . . ,um+n

)
+ (−1)mn

n∑
i=1

(−1)i m g
(
Rn;i ,m+1

0 (y);u1, . . . ,ui−1,

∆
(
R2;2,m

0 Rn;i ,m+1
i (y);ui , f

(
R2;2,m

1 Rn;i ,m+1
i (y);ui+1, . . . ,ui+m

))
,ui+m+1, . . . ,um+n

)
+ (−1)mn∆

(
R2;1,m

0 Rm+1;m+1,n
0 (y); f

(
R2;1,m

1 Rm+1;m+1,n
0 (y);u1, . . . ,um

)
,

g
(
Rm+1;m+1,n

m+1 (y);um+1, . . . ,um+n
))

−∆
(
R2;1,n

0 Rn+1;n+1,m
0 (y); g

(
R2;1,n

1 Rn+1;n+1,m
0 (y);u1, . . . ,un

)
,

f
(
Rn+1;n+1,m

n+1 (y);un+1, . . . ,um+n
))

, (19)

for y ∈ Ym+n and u1, . . . ,um+n ∈ M . This graded Lie bracket can be extended to the graded space
C Y •(M , A) =⊕∞

n=0 C Y n(M , A) =⊕∞
n=0 Hom

(
k[Yn]⊗M⊗n , A

)
by the following rules:

� f , a�(y ;u1, . . . ,um) =
m∑

i=1
f
(
y ;u1, . . . ,ui−1, a ·M ui −ui ·M a,ui+1, . . . ,um

)
+ f (y ;u1, . . . ,um) ·a −a · f (y ;u1, . . . ,um),

�a,b� = a ·b −b ·a, for f ∈C Y m(M , A), y ∈ Ym and a,b ∈ A =C Y 0(M , A).

With all the above notations, we have the following interesting result.

Theorem 29. Let A be an associative algebra and M be an A-bimodule. Then the pair(
C Y •(M , A),� · , · �) is a graded Lie algebra. Moreover, a linear map P : M → A is a relative aver-

aging operator if and only if P ∈C Y 1(M , A) is a Maurer–Cartan element in the graded Lie algebra(
C Y •(M , A),� · , · �).

Proof. The first part follows from the previous discussion. To prove the second part, we first
observe that any linear map P : M → A can be identified with an element (denoted by the same
notation) P ∈C Y 1(M , A), where P

(
;u

)= P (u), for u ∈ M and the unique tree ∈ Y1. With this
identification, it follows from (19) that

�P,P�( ;u, v
)= 2

(
P

(
∆

(
;P (u), v

)︸ ︷︷ ︸
=0

)+P
(
∆

(
;u,P (v)

)︸ ︷︷ ︸
=u·M P (v)

)−∆(
;P (u),P (v)

)︸ ︷︷ ︸
=P (u)·P (v)

)
,

�P,P�( ;u, v
)= 2

(
P

(
∆

(
;P (u), v

)︸ ︷︷ ︸
=P (u)·M v

)+P
(
∆

(
;u,P (v)

)︸ ︷︷ ︸
=0

)−∆(
;P (u),P (v)

)︸ ︷︷ ︸
=P (u)·P (v)

)
,

for u, v ∈ M . Hence P is a Maurer–Cartan element (i.e. �P,P� = 0) if and only if P is a relative
averaging operator. □

Let A be an associative algebra and M be an A-bimodule. In the previous theorem, we have
seen that any relative averaging operator P : M → A can be considered as a Maurer–Cartan
element in the graded Lie algebra

(
C Y •(M , A),� · , · �). Hence a relative averaging operator P

induces a differential

dP := �P,−� : C Y n(M , A) −→C Y n+1(M , A), for n ≥ 0,

which makes
{
C Y •(M , A),dP

}
into a cochain complex. The corresponding cohomology is called

the cohomology of the relative averaging operator P , and the n-th cohomology group is denoted
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by H n
P (M , A). Moreover, the differential dP makes the triple

(
C Y •(M , A),dP ,� · , · �) into a differen-

tial graded Lie algebra. This differential graded Lie algebra controls the deformations of the rela-
tive averaging operator P (see the theorem below). For this reason, we call the differential graded
Lie algebra

{
C Y •(M , A),dP

}
as the controlling algebra for the operator P .

Theorem 30. Let P : M → A be a relative averaging operator. For any linear map P ′ : M → A, the
sum P +P ′ is also a relative averaging operator if and only if P ′ is a Maurer–Cartan element in the
differential graded Lie algebra

(
C Y •(M , A),dP ,� · , · �).

Proof. Note that the sum P +P ′ is a relative averaging operator if and only if �P +P ′,P +P ′� = 0,
equivalently,

�P,P ′�+�P ′,P�+�P ′,P ′� = 0.

This holds if and only if dP (P ′)+ 1
2 �P ′,P ′� = 0, which is equivalent to the fact that P ′ is a Maurer–

Cartan element in the differential graded Lie algebra
(
C Y •(M , A),dP ,� · , · �). □

In the next, we show that the cohomology of a relative averaging operator P : M → A can be
seen as the cohomology of the induced diassociative algebra MP with coefficients in a suitable
representation on A. We start with the following result which is a particular case of Proposition 28.

Proposition 31. Let P : M → A be a relative averaging operator. Then there is a representation of
the induced diassociative algebra MP on the vector space A with the action maps

⊣ : MP × A −→ A, u ⊣ a = P (u) ·a −P (u ·M a),

⊢ : MP × A −→ A, u ⊢ a = P (u) ·a,

⊣ : A×MP −→ A, a ⊣ u = a ·P (u),

⊢ : A×MP −→ A, a ⊢ u = a ·P (u)−P (a ·M u).

It follows from the above proposition that one may define the cohomology of the induced
diassociative algebra MP with coefficients in the above representation on A. More precisely, we
consider the cochain complex

{
C Y •(MP , A),δP

Diass

}
, where C Y n(MP , A) := Hom

(
k[Yn]⊗M⊗n , A

)
for n ≥ 0, and the coboundary map δP

Diass : C Y n(MP , A) →C Y n+1(MP , A) given by

δP
Diass( f )(y ;u1, . . . ,un+1) = u1⋆

y
0 f (d0 y ;u2, . . . ,un+1)

+
n∑

i=1
(−1)i f

(
di y ;u1, . . . ,ui (⋆y

i )P ui+1, . . . ,un+1
)+ (−1)n+1 f (dn+1 y ;u1, . . .un)⋆y

n+1 un+1,

for f ∈ C Y n(MP , A), y ∈ Yn+1 and u1, . . . ,un+1 ∈ M . Here (⋆y
i )P represents the product ⊣P or

⊢P accordingly when ⋆
y
i is given by ⊣ or ⊢. We denote the n-th cohomology group of cochain

complex
{
C Y •(MP , A),δP

Diass

}
by H n

Diass(MP , A).

Proposition 32. Let P : M → A be a relative averaging operator. Then the coboundary operators
dP and δP

Diass are related by

dP ( f ) = (−1)nδP
Diass( f ), for f ∈C Y n(M , A).

Proof. For any y ∈ Yn+1 and u1, . . . ,un+1 ∈ M , we have(
dP ( f )

)
(y ;u1, . . . ,un+1)

= �P, f �(y ;u1, . . . ,un+1)

= P
(
∆

(
R2;1,n

0 (y); f
(
R2;1,n

1 (y);u1, . . . ,un
)
,un+1

))
− (−1)nP

(
∆

(
R2;2,n

0 (y);u1, f
(
R2;2,n

2 (y);u2, . . . ,un+1
)))

− (−1)n
n∑

i=1
(−1)i−1 f

(
Rn;i ,2

0 (y);u1, . . . ,ui−1,∆
(
Rn;i ,2

i (y);P (ui ),ui+1
)
,ui+2, . . . ,un+1

)
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+ (−1)n
n∑

i=1
(−1)i f

(
Rn;i ,2

0 (y);u1, . . . ,ui−1,∆
(
Rn;i ,2

i (y);ui ,P (ui+1)
)
,ui+2, . . . ,un+1

)
+ (−1)n∆

(
R2;2,n

0 (y);P (u1), f
(
R2;2,n

2 (y),u2, . . . ,un+1
))

−∆(
R2;1,n

0 (y); f
(
R2;1,n

1 (y);u1, . . . ,un
)
,P (un+1)

)
= (−1)n

{
∆

(
R2;2,n

0 (y);P (u1), f
(
R2;2,n

2 (y),u2, . . . ,un+1
))

−P
(
∆

(
R2;2,n

0 (y);u1, f
(
R2;2,n

2 (y);u2, . . . ,un+1
)))

+
n∑

i=1
(−1)i f

(
Rn;i ,2

0 (y);u1, . . . ,ui−1,

∆
(
Rn;i ,2

i (y);P (ui ),ui+1
)+∆(

Rn;i ,2
i (y);ui ,P (ui+1)

)︸ ︷︷ ︸
=ui (⋆

y
i )P ui+1

,ui+2, . . . ,un+1
)

+ (−1)n+1∆
(
R2;1,n

0 (y); f
(
R2;1,n

1 (y);u1, . . . ,un
)
,P (un+1)

)
− (−1)n+1P

(
∆

(
R2;1,n

0 (y); f
(
R2;1,n

1 (y);u1, . . . ,un
)
,un+1

))}
= (−1)n

{
u1⋆

y
0 f (d0(y);u2, . . . ,un+1)+

n∑
i=1

(−1)i f (Rn;i ,2
0 (y);u1, . . . ,ui−1,ui (⋆y

i )P ui+1, . . . ,un+1)

+ (−1)n+1 f (dn+1(y);u1, . . . ,un)⋆y
n+1 un+1

}
(as R2;2,n

2 (y) = d0(y) and R2;1,n
1 (y) = dn+1(y))

= (−1)n(
δP

Diass( f )
)
(u1, . . . ,un+1).

This completes the proof. □

It follows from the above proposition that the cohomology of a relative averaging operator P is
isomorphic to the cohomology of the diassociative algebra MP with coefficients in the represen-
tation A. That is,

H•
P (M , A) ∼= H•

Diass(MP , A).

Remark 33. The cohomology of a relative averaging operator P is useful to study deformations
of the operator P by keeping the underlying algebra and bimodule intact. See [8] for the similar
deformation theory of relative Rota–Baxter operators.

Cohomological relation with diassociative algebras

Let P : M → A be a relative averaging operator. In the following, we find the relation between the
cohomology of the relative averaging operator P and the cohomology of the induced diassocia-
tive algebra MP with coefficients in the adjoint representation. To do this, we define a collection
{Θn}∞n=0 of maps

Θn : C Y n(M , A) −→C Y n+1(MP , Mp )

by

Θn( f )(y ;u1, . . . ,un+1) =


(−1)n+1u1 ·M f (y1;u2, . . . ,un+1) if y = |∨ y1 for some n-treey1,

f (y1;u1, . . . ,un) ·M un+1 if y = y1 ∨| for some n-tree y1,

0 otherwise,

(20)

for u1, . . . ,un+1 ∈ M . Then we have the following.

Lemma 34. For f ∈C Y m(M , A) and g ∈C Y n(M , A), we have[
Θm( f ),Θn(g )

]
MM =Θm+n

(� f , g �).
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In other words, the collection {Θn}∞n=0 defines a morphism of graded Lie algebras from
(
C Y •(M , A),

� · , · �) to
(
C Y •+1(MP , MP ), [ · , · ]MM

)
.

Proof. Let y ∈ Ym+n+1 be an (m+n+1)-tree and u0,u1, . . . , . . . ,um+n be elements of M . If y = |∨y1,
for some (m +n)-tree y1, then[
Θm(P ),Θn(Q)

]
MM

(
y ;u0,u1, . . . ,um+n

)
=

(m+1∑
i=1

(−1)(i−1)nΘm(P )◦i Θn(Q)− (−1)mn
n+1∑
i=1

(−1)(i−1)mΘn(Q)◦i Θm(P )

)(
y ;u0,u1, . . . ,um+n

)
=Θm(P )

(
Rm+1;1,n+1

0 (y);Θn(Q)
(
Rm+1;1,n+1

1 (y);u0, . . . ,un
)
,un+1, . . . ,um+n

)
+

m∑
i=1

(−1)i nΘm(P )
(
Rm+1;i+1,n+1

0 (y);u0, . . . ,ui−1,

Θn(Q)
(
Rm+1;i+1,n+1

i+1 (y);ui , . . . ,ui+n
)
,ui+n+1, . . . ,um+n

)
− (−1)mn

{
Θn(Q)

(
Rn+1;1,m+1

0 (y);Θm(P )
(
Rn+1;1,m+1

1 (y);u0, . . . ,um
)
,um+1, . . . ,um+n

)
+

n∑
i=1

(−1)i mΘn(Q)
(
Rn+1;i+1,m+1

0 (y);uo , . . . ,ui−1,

Θm(P )
(
Rn+1;i+1,m+1

i+1 (y);ui , . . . ,ui+m
)
,ui+m+1, . . . ,um+n

)}
= (−1)m+n+1u0 ·M

(�P,Q�(y1;u1, . . . ,um+n)
)

= (
Θm+n�P,Q�)(y ;u0,u1, . . . ,um+n).

On the other hand, if y = y1 ∨|, for some (m +n)-tree y1, and u1, . . . ,um+n+1 are elements of M ,
then[
Θm(P ),Θn(Q)

]
MM(y ;u1,u2, . . . ,um+n+1)

=
(m+1∑

i=1
(−1)(i−1)nΘm(P )◦i Θn(Q)− (−1)mn

n+1∑
i=1

(−1)(i−1)mΘn(Q)◦i Θm(P )

)(
y ;u0,u1, . . . ,um+n

)
=

m∑
i=1

(−1)(i−1)nΘm(P )
(
Rm+1;i ,n+1

0 (y);u1, . . . ,ui−1,Θn(Q)
(
Rm+1;i ,n+1

i (y);ui , . . . ,ui+n
)
, . . . ,um+n+1

)
+ (−1)mnΘm(P )

(
Rm+1;m+1,n+1

0 (y);u1, . . . ,um ,Θn(Q)
(
Rm+1;m+1,n+1

m+1 (y);um+1, . . . ,um+n+1
))

− (−1)mn
{ n∑

i=1
(−1)(i−1)mΘn(Q)

(
Rn+1;i ,m+1

0 (y);u1, . . . ,ui−1,

Θm(P )
(
Rn+1;i ,m+1

i (y);ui , . . . ,ui+m
)
, . . . ,um+n+1

)
+ (−1)mnΘn(Q)

(
Rn+1;n+1,m+1

0 (y);u1, . . . ,un ,Θm(P )
(
Rn+1;n+1,m+1

n+1 (y);un+1, . . . ,um+n+1
))}

= (�P,Q�(y ;u1, . . . ,um+n)
) ·M um+n+1 =

(
Θm+n�P,Q�)(y ;u1, . . . ,um+n+1).

Finally, for any other y ’s in Ym+n+1 (that are not of the form |∨ y1 or y1 ∨|), one can easily verify
from the partial compositions (6) that[

Θm(P ),Θn(Q)
]
(y ;u0,u1, . . . ,um+n) = 0 = (

Θm+n�P,Q�)(y ;u0,u1, . . . ,um+n).

This concludes the proof. □

Let πP ∈ C Y 2(MP , MP ) be the Maurer–Cartan element corresponding to the induced diasso-
ciative algebra MP . In other words, πP is given by

πP
(

;u, v
)= u ⊣P v and πP

(
;u, v

)= u ⊢P v, for u, v ∈ M .
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Then it follows from the above lemma and the fact that a differential graded Lie algebra
morphism preserves Maurer–Cartan elements, we have the following commutative diagram:

C Y n(M , A)
Θn //

δP
Diass=(−1)n dP

��

C Y n+1(MP , MP )

δDiass=(−1)n [πP ,· ]MM
��

C Y n+1(M , A)
Θn+1

// C Y n+2(MP , MP ).

As a consequence, we get the following result.

Theorem 35. Let P : M → A be a relative averaging operator. Then there is a morphism

Θ• : H•
P (M , A) −→ H•+1

Diass(MP , MP )

from the cohomology of the relative averaging operator P to the cohomology of the induced
diassociative algebra MP with coefficients in the adjoint representation.

5. The controlling algebra and cohomology for relative averaging algebras

In this section, we first construct an L∞-algebra whose Maurer–Cartan elements are precisely rel-
ative averaging algebras. Next, given a relative averaging algebra, we construct the correspond-
ing controlling L∞-algebra. Finally, we define the cohomology of a relative averaging algebra with
coefficients in a given bimodule.

L∞-algebras

The notion of L∞-algebras (also known as strongly homotopy Lie algebras) first appeared in the
work of Lada and Stasheff [21]. In this paper, we follow the equivalent definition by a degree
shift [20].

Definition 36. An L∞-algebra is a pair
(
L, {lk }∞k=1

)
consisting of a graded vector space L =⊕

i∈ZLi

equipped with a collection
{
lk : L⊗k → L

}∞
k=1 of degree 1 graded linear maps that are graded

symmetric in the sense that

lk (xσ(1), . . . , xσ(k)) = ϵ(σ)lk (x1, . . . , xk ), for k ≥ 1 and σ ∈Sk ,

and satisfy the following higher Jacobi identities:∑
i+ j=n+1

∑
σ∈S(i ,n−i )

ϵ(σ) l j
(
li (xσ(1), . . . , xσ(i )), xσ(i+1), . . . , xσ(n)

)= 0,

for all n ≥ 1 and homogeneous elements x1, . . . , xn ∈ L. Here ϵ(σ) is the Koszul sign that appears in
the graded context.

Throughout the paper, we assume that all L∞-algebras are weakly filtered [13] (see also [23]).
Thus, certain infinite sums in L are always convergent.

Definition 37. Let
(
L, {lk }∞k=1

)
be an L∞-algebra. An element α ∈ L0 is said to be a Maurer–Cartan

element of the L∞-algebra if it satisfies

l1(α)+ 1

2!
l2(α,α)+·· ·+ 1

n!
ln(α, . . . ,α)+·· · · = 0 i.e.

∞∑
k=1

1

k !
lk (α, . . . ,α) = 0.
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If
(
L, {lk }∞k=1

)
is an L∞-algebra and α ∈ L0 is a Maurer–Cartan element of it, then one can

construct a new L∞-algebra
(
L, {lαk }∞k=1

)
on the same graded vector space L with the structure

maps given by

lαk (x1, . . . , xk ) = lk (x1, . . . , xk )+ l1+k (α, x1, . . . , xk )+·· ·+ 1

n!
ln+k (α, . . . ,α︸ ︷︷ ︸

n copies

, x1, . . . , xk )+·· · ·, for k ≥ 1.

This is called the L∞-algebra obtained from
(
L, {lk }∞k=1

)
twisted by the Maurer–Cartan element α.

Remark 38 ([13]). Letα be a Maurer–Cartan element of the L∞-algebra
(
L, {lk }∞k=1

)
. Then for any

α′ ∈ L0, the sum α+α′ is a Maurer–Cartan element of the L∞-algebra
(
L, {lk }∞k=1

)
if and only if α′

is a Maurer–Cartan element of the twisted L∞-algebra
(
L, {lαk }∞k=1

)
.

There is a well-known construction of an L∞-algebra given by Voronov [37]. Let (g,a, p,∆) be
a quadruple consisting of a graded Lie algebra g (with the graded Lie bracket [ · , · ]), an abelian
graded Lie subalgebra a ⊂ g, a projection map p : g→ g with im(p) = a and ker(p) ⊂ g a graded
Lie subalgebra, and an element ∆ ∈ ker(p)1 that satisfies [∆,∆] = 0. Such a quadruple is called a
V -data.

Theorem 39. Let (g,a, p,∆) be a V -data.

(1) The graded vector space a can be equipped with an L∞-algebra with the structure maps

lk (a1, . . . , ak ) = p
[· · ·[[∆, a1], a2

]
, . . . , ak

]
, for k ≥ 1.

(2) Let h ⊂ g be a graded Lie subalgebra that satisfies [∆,h] ⊂ h. Then the graded vector space
s−1h⊕a can be given an L∞-algebra with the structure maps

l1
(
(s−1x, a)

)= (−s−1[∆, x], p
(
x + [∆, a]

))
,

l2
(
(s−1x,0), (s−1 y,0)

)= (
(−1)|x|s−1[x, y],0

)
,

lk
(
(s−1x,0), (0, a1), . . . , (0, ak−1)

)= (
0, p

[· · ·[[x, a1], a2
]
, . . . , ak−1

])
, k ≥ 2,

lk
(
(0, a1), . . . , (0, ak )

)= (
0, p

[· · ·[[∆, a1], a2
]
, . . . , ak

])
, k ≥ 2,

for homogeneous elements x, y ∈ h (which are considered as elements s−1x, s−1 y ∈ s−1h by a
degree shift) and homogeneous elements a1, . . . , ak ∈ a. Up to permutations of the above inputs,
all other maps vanish.

Maurer–Cartan characterization of relative averaging algebras

Let A and M be two vector spaces. Consider the graded Lie algebra

g= (⊕∞
n=0 C Y n+1(A⊕M , A⊕M), [ · , · ]MM

)
associated to the vector space A ⊕M . For any k, l ≥ 0, let A k,l be the direct sum of all possible
(k+l ) tensor powers of A and M in which A appears k times and M appears l times. For instance,

A 2,0 = A⊗ A, A 0,2 = M ⊗M and A 1,1 = (A⊗M)⊕ (M ⊗ A).

Then for any n ≥ 1, there is an isomorphism (A ⊕M)⊗n ∼= ⊕
k+l=n A k,l of vector spaces. A linear

map f ∈C Y n+1(A⊕M , A⊕M) is said to have bidegree k|l with k + l = n if

f
(
k[Yn+1]⊗A k+1,l )⊂ A,

f
(
k[Yn+1]⊗A k,l+1)⊂ M

and f = 0 otherwise.



180 Apurba Das

We denote the set of all linear maps of bidegree k|l by C Y k|l (A ⊕M , A ⊕M). Note that there are
natural isomorphisms

C Y k|0(A⊕M , A⊕M) ∼= Hom
(
k[Yk+1]⊗ A⊗k+1, A

)⊕Hom
(
k[Yk+1]⊗A k,1, M

)
,

C Y −1|l (A⊕M , A⊕M) ∼= Hom
(
k[Yl ]⊗M⊗l , A

)
.

Moreover, we have the following interesting result.

Proposition 40. For f ∈C Y k f |l f (A⊕M , A⊕M) and g ∈C Y kg |lg (A⊕M , A⊕M), we have

[ f , g ]MM ∈C Y k f +kg |l f +lg (A⊕M , A⊕M).

Proof. Let f ∈ C Y m+1(A ⊕M , A ⊕M) and g ∈ C Y n+1(A ⊕M , A ⊕M). Then we have k f + l f = m
and kg + lg = n. For any y ∈ Ym+n+1, 1 ≤ i ≤ m +1 and x1 ⊗·· ·⊗xm+n+1 ∈A k f +kg +1,l f +lg , we have

( f ◦i g )
(
y ; x1, . . . , xm+n+1

)
= f

(
Rm+1;i ,n+1

0 (y); x1, . . . , xi−1, g
(
Rm+1;i ,n+1

i (y); xi , . . . , xi+n
)
, . . . , xm+n+1

)
. (21)

Note that the term g
(
Rm+1;i ,n+1

i (y); xi , . . . , xi+n
)

is nonvanishing only when the tensor product
xi ⊗xi+1 ⊗·· ·⊗xi+n lies in A kg +1,lg or lies in A kg ,lg +1.

Case 1. Let xi ⊗ xi+1 ⊗·· ·⊗ xi+n ∈A kg +1,lg . In this case, g
(
Rm+1;i ,n+1

i (y); xi , . . . , xi+n
) ∈ A. Hence

the tensor product

x1 ⊗·· ·⊗xi−1 ⊗ g
(
Rm+1;i ,n+1

i (y); xi , . . . , xi+n
)⊗xi+n+1 ⊗·· ·⊗xm+n+1 ∈A k f +1,l f .

As a consequence, the term (21) lies in A.

Case 2. Let xi ⊗ xi+1 ⊗·· ·⊗ xi+n ∈A kg ,lg +1. In this case, g
(
Rm+1;i ,n+1

i (y); xi , . . . , xi+n
) ∈ M . Hence

the tensor product

x1 ⊗·· ·⊗xi−1 ⊗ g
(
Rm+1;i ,n+1

i (y); xi , . . . , xi+n
)⊗xi+n+1 ⊗·· ·⊗xm+n+1 ∈A k f +1,l f .

As a consequence, the term (21) also lies in A. Therefore, we always have ( f ◦i g )(A k f +kg +1,l f +lg ) ⊂
A. Similarly, we can show that

( f ◦i g )(A k f +kg ,l f +lg +1) ⊂ M

and f ◦i g = 0 otherwise.

By interchanging the roles of f and g , we get similar results for g ◦i f . Therefore, it follows from (5)
that

[ f , g ]MM(A k f +kg +1,l f +lg ) ⊂ A,

[ f , g ]MM(A k f +kg ,l f +lg +1) ⊂ M

and [ f , g ]MM = 0 otherwise.

Hence we get that [ f , g ]MM ∈C Y k f +kg |l f +lg (A⊕M , A⊕M). □

As a consequence of the previous proposition, we get the following.

Proposition 41. Let A and M be two vector spaces. Then:

(i) h=C Y •|0(A⊕M , A⊕M) =⊕∞
n=0 C Y n|0(A⊕M , A⊕M) ⊂ g is a graded Lie subalgebra;

(ii) a=C Y −1|•+1(A⊕M , A⊕M) =⊕∞
n=0 C Y −1|n+1(A⊕M , A⊕M) ⊂ g is an abelian subalgebra.

Next, we construct a V -data as follows. Let g = (⊕∞
n=0 C Y n+1(A ⊕ M , A ⊕ M), [ · , · ]MM

)
be the

graded Lie algebra associated to the vector space A ⊕ M . Consider the abelian Lie subalgebra
a = ⊕∞

n=0 C Y −1|n+1(A ⊕ M , A ⊕ M), and let p : g → g be the projection onto the subspace a.
Then the quadruple (g,a, p,∆ = 0) is a V -data. Moreover, it follows from Proposition 41 that
h=⊕∞

n=0 C Y n|0(A⊕M , A⊕M) is a graded Lie subalgebra of g that obviously satisfies [∆,h]MM ⊂ h.
Hence by applying Theorem 39, we obtain the following.
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Theorem 42. Let A and M be two vector spaces. Then there is an L∞-algebra structure on the
graded vector space s−1h⊕a with the structure maps {lk }∞k=1 are given by

l2
(
(s−1 f ,0), (s−1g ,0)

)= (
(−1)| f | s−1[ f , g ]MM,0

)
,

lk
(
(s−1 f ,0), (0,h1), . . . , (0,hk−1)

)= (
0, p

[· · ·[[ f ,h1]MM,h2
]

MM, . . . ,hk−1
]

MM

)
, k ≥ 2,

for homogeneous elements f , g ∈ h (considered as elements s−1 f , s−1g ∈ s−1h) and homogeneous
elements h1, . . . ,hk−1 ∈ a. Up to permutations of the above entries, all other maps vanish.

Let A and M be two vector spaces. Suppose there are maps

µ ∈ Hom(A⊗2, A), lM ∈ Hom(A⊗M , M), rM ∈ Hom(M ⊗ A, M) and P ∈ Hom(M , A).

We define an element∆ ∈ h1 =C Y 1|0(A⊕M , A⊕M) = Hom
(
k[Y2]⊗A⊗2, A

)⊕Hom
(
k[Y2]⊗A 1,1, M

)
by

∆
(

; (a,u), (b, v)
)= (

µ(a,b),rM (u,b)
)

and ∆
(

; (a,u), (b, v)
)= (

µ(a,b), lM (a, v)
)
, (22)

for (a,u), (b, v) ∈ A⊕M . Note that ∆ can be regarded as an element s−1∆ ∈ (s−1h)0.

Theorem 43. With the above notations, Aµ := (A,µ) is an associative algebra, MlM ,rM
:=

(M , lM ,rM ) is an Aµ-bimodule and P : M → A is a relative averaging operator (in short, MlM ,rM

P→
Aµ is a relative averaging algebra) if and only if α = (s−1∆,P ) ∈ (s−1h⊕ a)0 is a Maurer–Cartan
element of the L∞-algebra

(
s−1h⊕a, {lk }∞k=1

)
.

Proof. First observe that l1
(
(s−1∆,P )

)= 0. Moreover, it follows from Proposition 40 that

[∆,P ]MM ∈C Y 0|1(A⊕M , A⊕M),[
[∆,P ]MM,P

]
MM ∈C Y −1|2(A⊕M , A⊕M)

and
[[

[∆,P ]MM,P
]

MM,P
]

MM ∈C Y −2|3(A⊕M , A⊕M).

Since the space C Y −2|3(A ⊕ M , A ⊕ M) is trivial, we have
[[

[∆,P ]MM,P
]

MM,P
]

MM = 0. As a
consequence, we have lk

(
(s−1∆,P ), . . . , (s−1∆,P )

)= 0 for k ≥ 4. Hence

∞∑
k=1

1

k !
lk

(
(s−1∆,P ), . . . , (s−1∆,P )

)
= 1

2!
l2

(
(s−1∆,P ), (s−1∆,P )

)+ 1

3!
l3

(
(s−1∆,P ), (s−1∆,P ), (s−1∆,P )

)
= (− 1

2 s−1[∆,∆]MM, 1
2

[
[∆,P ]MM,P

]
MM

)
.

(23)

Observe that

[∆,∆]MM = 0 if and only if Aµ is an associative algebra and MlM ,rM is an Aµ-bimodule,[
[∆,P ]MM,P

]
MM = 0 if and only if P is a relative averaging operator (cf. Theorem 29).

Thus, it follows from (23) that α = (s−1∆,P ) is a Maurer–Cartan element of the L∞-algebra(
s−1h⊕a, {lk }∞k=1

)
if and only if MlM ,rM

P→ Aµ is a relative averaging algebra. □

Let MlM ,rM

P→ Aµ be a given relative averaging algebra. Here µ denotes the associative
multiplication on A, and lM ,rM respectively denote the left and right A-actions on M . We have
seen in the previous theorem that α = (s−1∆,P ) ∈ (s−1h⊕a)0 is a Maurer–Cartan element of the
L∞-algebra

(
s−1h⊕ a, {lk }∞k=1

)
, where ∆ is given by (22) or (18). Therefore, we can consider the

L∞-algebra
(
s−1h⊕a, {l (s−1∆,P )

k }∞k=1

)
twisted by the Maurer–Cartan elementα= (s−1∆,P ). Then by

following Remark 38, we get the next result.
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Theorem 44. Let MlM ,rM

P→ Aµ be a given relative averaging algebra with the corresponding
Maurer–Cartan element α= (s−1∆,P ) ∈ (s−1h⊕a)0. Suppose there are maps

µ′ ∈ Hom(A⊗2, A),

l ′M ∈ Hom(A⊗M , M),

r ′
M ∈ Hom(M ⊗ A, M)

and P ′ ∈ Hom(M , A).

Then MlM+l ′M ,rM+r ′M
P+P ′
−−−→ Aµ+µ′ is a relative averaging algebra if and only if α′ = (s−1∆′,P ′) is a

Maurer–Cartan element of the L∞-algebra
(
s−1h⊕a, {l (s−1∆,P )

k }∞k=1

)
, where ∆′ is defined in similar

to (22).

The above theorem shows that the L∞-algebra
(
s−1h⊕ a, {l (s−1∆,P )

k }∞k=1

)
controls the defor-

mations of the relative averaging algebra MlM ,rM

P→ Aµ. For this reason, the L∞-algebra(
s−1h⊕ a, {l (s−1∆,P )

k }∞k=1

)
is called the controlling algebra for the given relative averaging algebra

MlM ,rM

P→ Aµ.

Remark 45. Let M
P→ A be a relative averaging algebra. Since the corresponding controlling

algebra
(
s−1h⊕a, {l (s−1∆,P )

k }∞k=1

)
is an L∞-algebra, it follows that (l (s−1∆,P )

1 )2 = 0. We will use this

fact in the construction of the cochain complex of the relative averaging algebra M
P→ A.

Cohomology of relative averaging algebras (with adjoint bimodule)

Here we will define the cohomology of a relative averaging algebra M
P→ A (with coefficients in

the adjoint bimodule). For each n ≥ 0, we define an abelian group C n
rAvg(M

P→ A) by

C n
rAvg(M

P→ A) =


0 if n = 0,

Hom(A, A)⊕Hom(M , M) if n = 1,

Hom(A⊗n , A)⊕Hom(A n−1,1, M)⊕Hom
(
k[Yn−1]⊗M⊗n−1, A

)
if n ≥ 2.

Before we define the coboundary map δrAvg : C n
rAvg(M

P→ A) → C n+1
rAvg(M

P→ A), we observe the

following. First, there is an embedding Hom
(
(A⊕M)⊗n , A⊕M

)
,→ Hom

(
k[Yn]⊗(A⊕M)⊗n , A⊕M

)
,

f 7→ f̃ , where f̃ is given by

f̃ (y ; x1, . . . , xn) = f (x1, . . . , xn), for all y ∈ Yn and x1, . . . , xn ∈ A⊕M .

With this, the classical Gerstenhaber bracket [ · , · ]G on the graded space
⊕∞

n=1 Hom
(
(A⊕M)⊗n , A⊕

M
)

embeds into the Majumdar–Mukherjee bracket [ · , · ]MM. When we restrict the above embed-
ding, we obtain embeddings

Hom(A⊗n , A),−→ Hom
(
k[Yn]⊗ A⊗n , A

)
, f 7−→ f̃ ,

Hom(A n−1,1, M),−→ Hom
(
k[Yn]⊗A n−1,1, M

)
, g 7−→ g̃ .

Note that an element ( f , g ) ∈ C 1
rAvg(M

P→ A) = Hom(A, A) ⊕ Hom(A, A) can be identified with

the element
(
s−1( f̃ + g̃ ),0

) ∈ (s−1h⊕ a)−1. Here we assume that a−1 = 0. Similarly, an element

( f , g ,γ) ∈ C n≥2
rAvg(M

P→ A) can be identified with the element
(
s−1( f̃ + g̃ ),γ

) ∈ (s−1h⊕a)n−2. Using

the above identifications, we now define a map δrAvg : C n
rAvg(M

P→ A) →C n+1
rAvg(M

P→ A) by

δrAvg
(
( f , g )

)=−l (s−1∆,P )
1

(
s−1( f̃ + g̃ ),0

)
, for ( f , g ) ∈C 1

rAvg(M
P→ A), (24)

δrAvg
(
( f , g ,γ)

)= (−1)n−2l (s−1∆,P )
1

(
s−1( f̃ + g̃ ),γ

)
, for ( f , g ,h) ∈C n≥2

rAvg(M
P→ A). (25)
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It follows from Remark 45 that (δrAvg)2 = 0. In other words,
{
C •

rAvg(M
P→ A),δrAvg

}
is a cochain

complex. The corresponding cohomology is called the cohomology of the relative averaging

algebra M
P→ A. We denote the corresponding n-th cohomology group by H n

rAvg(M
P→ A).

Note that

δrAvg
(
( f , g ,γ)

)
= (−1)n−2l (s−1∆,P )

1

(
s−1( f̃ + g̃ ),γ

)
= (−1)n−2

∞∑
k=0

1

k !
lk+1

(
(s−1∆,P ), . . . , (s−1∆,P )︸ ︷︷ ︸

k times

,
(
s−1( f̃ + g̃ ),γ

))
= (−1)n−2

{
l2

(
(s−1∆,0),

(
s−1( f̃ + g̃ ),0

))+ l3
(
(s−1∆,0), (0,P ), (0,γ)

)
+ 1

n!
ln+1

((
s−1( f̃ + g̃ ),0

)
, (0,P ), . . . , (0,P )︸ ︷︷ ︸

n times

)}
(as the other terms vanish)

= (−1)n−2
(
−s−1[∆, f̃ + g̃ ]MM,

[
[∆,P ]MM,γ

]
MM + 1

n!

[· · ·[[︸ ︷︷ ︸
n times

f̃ + g̃ ,P ]MM,P
]

MM, . . . ,P
]

MM

)
=

(
(−1)n−1s−1[∆, f̃ + g̃ ]MM,

(−1)n[
[∆,P ]MM,γ

]
MM︸ ︷︷ ︸

= δP
Diass(γ)

+ (−1)n

n!

[· · ·[[ f̃ + g̃ ,P ]MM,P
]

MM, . . . ,P
]

MM︸ ︷︷ ︸
= hP ( f , g ) (say)

)
. (26)

Using the above identifications, the term (26) (which lies in (s−1h⊕a)n−1) can be identified with
the element(

(−1)n−1[µ, f ]G, (−1)n−1[µ+ lM + rM , f + g ]G, δP
Diass(γ)+hP ( f , g )

)
∈C n+1

rAvg(M
P→ A).

Here the first component (−1)n−1[µ, f ]G is nothing but δHoch( f ), where δHoch is the Hochschild
coboundary operator of the associative algebra A with coefficients in the adjoint A-bimodule.
We denote the second component (−1)n−1[µ+ lM + rM , f + g ]G ∈ Hom(A n,1, M) by the notation
δ

f
Hoch(g ) and it is given by(
δ

f
Hoch(g )

)
(a1, . . . , an+1) = a1 ·M ( f + g )(a2, . . . , an+1)

+
n∑

i=1
(−1)i g (a1, . . . , ai−1, (µ+·M )(ai , ai+1), . . . , an+1)+ (−1)n+1( f + g )(a1, . . . , an) ·M an+1,

for a1 ⊗ ·· ·⊗ an+1 ∈ A n,1 (i.e. all ai ’s are from A except one, which is from M). Finally, to better
understand the term hP ( f , g ), we first realize an element of Hom

(
k[Yl ]⊗ (A ⊕ M)⊗l , A ⊕ M

)
as

a degree (l − 1) coderivation on the free dendriform coalgebra
⊕∞

n=1 k[Yn] ⊗ (s−1 A ⊕ s−1M)⊗n .
See [36] for details. With this identification, the Majumdar–Mukherjee bracket can be seen as the
commutator bracket of coderivations on the dendriform coalgebra

⊕∞
n=1 k[Yn]⊗(s−1 A⊕s−1M)⊗n .

Hence, for any y ∈ Yn (say y = y1 ∨ y2 for some unique (i − 1)-tree y1 ∈ Yi−1 and (n − i )-tree
y2 ∈ Yn−i ) and u1, . . . ,un ∈ M ,(

hP ( f , g )
)
(y ;u1, . . . ,un)

= (−1)n

n!

n∑
j=0

(−1) j

(
n

j

)(
P ◦ · · · ◦P︸ ︷︷ ︸

j times

◦( f̃ + g̃ )◦ P ◦ · · · ◦P︸ ︷︷ ︸
(n − j ) times

)
(y ;u1, . . . ,un)

= (−1)n

n!

{
n! f

(
P (u1), . . . ,P (un)

)−n(n −1)!P g
(
P (u1), . . . ,ui , . . . ,P (un)

)}
= (−1)n{

f
(
P (u1), . . . ,P (un)

)−P g
(
P (u1), . . . ,P (ui−1),ui ,P (ui+1), . . . ,P (un)

)}
.
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Hence the coboundary map δrAvg is given by δrAvg
(
( f , g ,γ)

) = (
δHoch( f ),δ f

Hoch(g ),δP
Diass(γ) +

hP ( f , g )
)
, for ( f , g ,γ) ∈C n

rAvg(M
P→ A).

Let M
P→ A be a relative averaging algebra. In the following, we construct a long exact sequence

that connects the cohomology of the operator P and the cohomology of the full relative averaging

algebra M
P→ A. We first consider a new cochain complex

{
C •

AssBimod(AM A , AM A),δAssBimod
}
,

where

C 0
AssBimod(AM A , AM A) = 0 and C n≥1

AssBimod(AM A , AM A) = Hom(A⊗n , A)⊕Hom(A n−1,1, M).

The coboundary map δAssBimod is given by

δAssBimod
(
( f , g )

)= (
δHoch( f ),δ f

Hoch(g )
)
, for ( f , g ) ∈C n≥1

AssBimod(AM A , AM A).

We denote the n-th cohomology of this complex by H n
AssBimod(AM A , AM A). Since this cohomology

captures precisely the information of the associative algebra A and the A-bimodule M , we call
this cohomology the cohomology of the associative bimodule AM A (i.e. associative algebra A
together with the A-bimodule M).

Theorem 46. Let M
P→ A be a relative averaging algebra. Then there is a long exact sequence

· · · −→ H n−1
P (M , A) −→ H n

rAvg(M
P→ A) −→ H n

AssBimod(AM A , AM A) −→ H n
P (M , A) −→ ·· · . (27)

Proof. Note that there is a short exact sequence of cochain complexes

0 −→ {
C Y •−1(MP , A),δP

Diass

}−→ {
C •

rAvg(M
P→ A),δrAvg

}
−→ {

C •
AssBimod(AM A , AM A),δAssBimod

}−→ 0

with obvious maps between complexes. This short exact sequence induces the long exact
sequence (27) on the cohomology groups. □

Cohomology of an averaging algebra (with coefficients in the adjoint bimodule). Let A
P→ A be

an averaging algebra. For each n ≥ 0, we define the space C n
Avg(A

P→ A) of n-cochains by

C n
Avg(A

P→ A) =


0 if n = 0,

Hom(A, A) if n = 1,

Hom(A⊗n , A)⊕Hom
(
k[Yn−1]⊗ A⊗n−1, A

)
if n ≥ 2.

Then there is an embedding i : C n
Avg(A

P→ A) ,→C n
rAvg(A

P→ A) given by

i ( f ) = ( f , f ), for f ∈C 1
Avg(A

P→ A), (28)

i ( f ,γ) = ( f , f ,γ), for ( f ,γ) ∈C n≥2
Avg (A

P→ A). (29)

Let ( f ,γ) ∈C n
Avg(A

P→ A). Here we assume that γ= 0 when n = 1. Then

δrAvg
(
i ( f ,γ)

)= δrAvg
(
( f , f ,γ)

)= (
δHoch( f ),δ f

Hoch( f )︸ ︷︷ ︸
=δHoch( f )

,δP
Diass(γ)+hP ( f , f )

) ∈ im(i ).

This shows that the map δrAvg : C n
rAvg(A

P→ A) →C n+1
rAvg(A

P→ A) restricts to a map

δAvg : C n
Avg(A

P→ A) −→ C n+1
Avg (A

P→ A)

that satisfies δrAvg ◦ i = i ◦δAvg. Explicity, the map δAvg is given by

δAvg
(
( f ,γ)

)= (
δHoch( f ),δP

Diass(γ)+hP ( f , f )
)
, for ( f ,γ) ∈C n

Avg(A
P→ A).
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It follows from the condition (δrAvg)2 = 0 that the map δAvg is also a differential (i.e. (δAvg)2 = 0).

Hence
{
C •

Avg(A
P→ A),δAvg

}
is a cochain complex. The corresponding cohomology is called

the cohomology of the averaging algebra A
P→ A. We denote the n-th cohomology group by

H n
Avg(A

P→ A).
The next result shows that the cohomology of an averaging algebra fits into a long exact

sequence. This is a particular case of Theorem 46.

Theorem 47. Let A
P→ A be an averaging algebra. Then there is a long exact sequence

· · · −→ H n−1
P (A, A) −→ H n

Avg(A
P→ A) −→ H n

Hoch(A, A) −→ H n
P (A, A) −→ ·· · .

Here H n
P (A, A) is the n-th cohomology group of the averaging operator P and H n

Hoch(A, A) is the
n-th Hochschild cohomology group of the associative algebra A.

Cohomology of relative averaging algebras (with arbitrary bimodule)

Here we will introduce the cohomology of a relative averaging algebra with coefficients in a
bimodule. We will use this cohomology in Section 7 to study abelian extensions.

Let M
P→ A be a relative averaging algebra and (N

Q→ B , l ,r ) be a bimodule over it. For each

n ≥ 0, we define the space of n-cochains C n
rAvg(M

P→ A; N
Q→ B) by

C n
rAvg(M

P→ A; N
Q→ B) =


0 if n = 0,

Hom(A,B)⊕Hom(M , N ) if n = 1,

Hom(A⊗n ,B)⊕Hom(A n−1,1, N )⊕Hom
(
k[Yn−1]⊗M⊗n−1,B

)
if n ≥ 2.

To define the coboundary map, we first consider the cochain complex
{
C •

rAvg(M ⊕ N
P⊕Q−−−→ A ⊕

B),δrAvg
}

of the semidirect product relative averaging algebra M ⊕N
P⊕Q−−−→ A ⊕B (given in Theo-

rem 26) with coefficients in the adjoint bimodule. Then for each n ≥ 0, there is an obvious inclu-
sion

C n
rAvg(M

P→ A; N
Q→ B) ,−→ C n

rAvg(M ⊕N
P⊕Q−−−→ A⊕B).

Moreover, the map δrAvg : C n
rAvg(M ⊕N

P⊕Q−−−→ A ⊕B) →C n+1
rAvg(M ⊕N

P⊕Q−−−→ A ⊕B) restricts to a map

(denoted by the same notation) δrAvg : C n
rAvg(M

P→ A; N
Q→ B) → C n+1

rAvg(M
P→ A; N

Q→ B). Hence{
C •

rAvg(M
P→ A; N

Q→ B),δrAvg
}

becomes a cochain complex. Note that the restricted map δrAvg is
explicitly given by

δrAvg
(
( f , g ,γ)

)= (
δHoch( f ),δ f

Hoch(g ),δP
Diass(γ)+hP,Q ( f , g )

)
,

for ( f , g ,γ) ∈ C n
rAvg(M

P→ A; N
Q→ B). Here δHoch is the Hochschild coboundary operator of the

associative algebra A with coefficients in the A-bimodule B , and for any f ∈ Hom(A⊗n ,B), the
map δ f

Hoch : Hom(A n−1,1, N ) → Hom(A n,1, N ) is given by(
δ

f
Hoch(g )

)
(a1, . . . , an+1) = (l +·N )

(
a1, ( f + g )(a2, . . . , an+1)

)
+

n∑
i=1

(−1)i g
(
a1, . . . , ai−1, (µ+ lM + rM )(ai , ai+1), . . . , an+1

)
+ (−1)n+1(r +·N )

(
( f + g )(a1, . . . , an), an+1

)
,
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for g ∈ Hom(A n,1, N ) and a1 ⊗ ·· · ⊗ an+1 ∈ A n,1. The map δP
Diass is the coboundary operator

of the induced diassociative algebra MP with coefficients in the representation B (given in
Proposition 28). Finally, the map hP,Q ( f , g ) is given by(

hP,Q ( f , g )
)
(y ;u1, . . . ,un) = (−1)n(

f
(
P (u1), . . . ,P (un)

)−Qg
(
P (u1), . . . ,ui , . . . ,P (un)

))
,

for y ∈ Yn (which can be uniquely written as y = y1∨ y2 for some (i −1)-tree y1 and (n−i )-tree y2)
and u1, . . . ,un ∈ M .

The cohomology of the complex
{
C •

rAvg(M
P→ A; N

Q→ B),δrAvg
}

is called the cohomology of the

relative averaging algebra M
P→ A with coefficients in the bimodule (N

Q→ B , l ,r ). We denote the

n-th cohomology group by H n
rAvg(M

P→ A; N
Q→ B).

Remark 48. In Example 23 we have seen that a bimodule over an averaging algebra can be seen
as a bimodule over the corresponding relative averaging algebra. With this view, one can define
the cohomology of an averaging algebra with coefficients in a bimodule over it.

6. Deformations of relative averaging algebras

In this section, we study formal and infinitesimal deformations of a relative averaging algebra in
terms of the cohomology theory. In particular, we show that the set of all equivalence classes of

infinitesimal deformations of a relative averaging algebra M
P→ A has a bijection with the second

cohomology group H 2
rAvg(M

P→ A).
Let R be a commutative unital ring with unity 1R . An augmentation of R is a homomorphism

ε : R → k satisfying ε(1R ) = 1k. Throughout this section, we assume that R is a commutative
unital ring with an augmentation ε. Given such R, one may always define the notion of R-relative
averaging algebra similar to Definition 3(2) by replacing the vector spaces and linear maps by R-
modules and R-linear maps. In other words, an R-relative averaging algebra is a relative averaging
algebra in the category of R-modules. Morphisms between R-relative averaging algebras can

be defined similarly. Note that any relative averaging algebra M
P→ A can be regarded as an R-

relative averaging algebra, where the R-module structures on A and M are respectively given by
r ·a = ε(r )a and r ·u = ε(r )u, for r ∈ R, a ∈ A, u ∈ M .

Definition 49. An R-deformation of a relative averaging algebra M
P→ A consists of a quadruple

(µR , lR ,rR ,PR ) of R-bilinear maps

µR : (R ⊗k A)× (R ⊗k A) −→ R ×k A,

lR : (R ⊗k A)× (R ⊗k M) −→ R ⊗k M ,

rR : (R ⊗k M)× (R ⊗k A) −→ R ⊗k M

and an R-linear map PR : R ⊗k M −→ R ⊗k A

such that the following conditions hold:

(i) (R⊗k A,µR ) is an R-associative algebra, (R⊗k M , lR ,rR ) a bimodule over it and the R-linear

map PR : R⊗kM → R⊗k A is a relative averaging operator; in other words, R⊗kM
PR−−→ R⊗k A

is an R-relative averaging algebra by considering the above structures on R⊗k A and R⊗kM;

(ii) the pair (ε⊗k idA ,ε⊗k idM ) : (R ⊗k M
PR−−→ R ⊗k A)⇝ (M

P→ A) is a morphism of R-relative
averaging algebras.
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Definition 50. Let M
P→ A be a relative averaging algebra. Two R-deformations (µR , lR ,rR ,PR )

and (µ′
R , l ′R ,r ′

R ,P ′
R ) are said to be equivalent if there exists an isomorphism of R-relative averaging

algebras

(Φ,Ψ) : (R ⊗k M
PR−−→ R ⊗k A) −⇝ (R ⊗k M

P ′
R−−→ R ⊗k A)

satisfying (ε⊗k idA)◦Φ= (ε⊗k idA) and (ε⊗k idM )◦Ψ= (ε⊗k idM ).

We will now consider the cases when R = k[[t ]] (the ring of formal power series) and R =
k[[t ]]/(t 2) (the local Artinian ring of dual numbers). In the first case, an R-deformation is
called a formal deformation, and in the second case, an R-deformation is called an infinitesimal
deformation. A more precise description of formal deformation is given below.

Definition 51.

(1) Let MlM ,rM

P→ Aµ be a given relative averaging algebra. A formal deformation of it consists of a
quadruple (µt , lt ,rt ,Pt ) of formal sums

µt =
∞∑

i=0
t iµi , lt =

∞∑
i=0

t i li , rt =
∞∑

i=0
t i ri and Pt =

∞∑
i=0

t i Pi (30)

(whereµi : A×A → A, li : A×M → M, ri : M×A → M and Pi : M → A are bilinear/linear maps,
for i ≥ 0, with µ0 =µ, l0 = lM , r0 = rM and P0 = P) such that A[[t ]] = (

A[[t ]],µt
)

is an associative
algebra over k[[t ]], and M [[t ]] = (

M [[t ]], lt ,rt
)

is a bimodule over the algebra A[[t ]], and the k[[t ]]-

linear map Pt : M [[t ]] → A[[t ]] is a relative averaging operator. In other words, M [[t ]]
Pt−→ A[[t ]]

is a relative averaging algebra over k[[t ]].
(2) Two formal deformations (µt , lt ,rt ,Pt ) and (µ′

t , l ′t ,r ′
t ,P ′

t ) are equivalent if there exists a pair
(ϕt ,ψt ) of formal sums

ϕt =
∞∑

i=0
t iϕi and ψt =

∞∑
i=0

t iψi

(where ϕi : A → A and ψi : M → M are linear maps, for i ≥ 0, with ϕ0 = idA and ψ0 = idM )
such that

(ϕt ,ψt ) :
(
M [[t ]]

Pt−→ A[[t ]]
)−⇝ (

M [[t ]]
P ′

t−→ A[[t ]]
)

is an isomorphism of relative averaging algebras over k[[t ]]. Then we write (µt , lt ,rt ,Pt ) ∼
(µ′

t , l ′t ,r ′
t ,P ′

t ).

It follows from the above definition that a quadruple (µt , lt ,rt ,Pt ) given by (30) is a formal

deformation of the relative averaging algebra M
P→ A if the following system of equations hold:∑

i+ j=n
µi

(
µ j (a,b),c

)= ∑
i+ j=n

µi
(
a,µ j (b,c)

)
, (31)

∑
i+ j=n

li
(
µ j (a,b),u

)= ∑
i+ j=n

li
(
a, l j (b,u)

)
, (32)

∑
i+ j=n

ri
(
l j (a,u),b

)= ∑
i+ j=n

li
(
a,r j (u,b)

)
, (33)

∑
i+ j=n

ri
(
r j (u, a),b

)= ∑
i+ j=n

ri
(
u,µ j (a,b)

)
, (34)∑

i+ j+k=n
µi

(
P j (u),Pk (v)

)= ∑
i+ j+k=n

Pi
(
l j (Pk (u), v)

)= ∑
i+ j+k=n

Pi
(
r j

(
u,Pk (v)

))
, (35)

for all a,b,c ∈ A, u, v ∈ M and n ≥ 0. These are called the deformation equations. Note that the

deformation equations hold for n = 0 as MlM ,rM

P→ Aµ is a relative averaging algebra.
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For n = 1. It follows from (31) that

µ1(a ·b,c)+µ1(a,b) · c =µ1(a,b · c)+a ·µ1(b,c), for a,b,c ∈ A,

which is equivalent to δHoch(µ1) = 0. To summarize the identities (32), (33), (34) for n = 1, we
define an element β1 ∈ Hom(A 1,1, M) by

β1(a,u) = l1(a,u) and β1(u, a) = r1(u, a), for a ∈ A, u ∈ M . (36)

Then we get that δµ1

Hoch(β1) = 0. Finally, the identity (35) for n = 1 is equivalent to(
δP

Diass(P1)+hP (µ1,β1)
)
(y ;u, v) = 0, for y = , and u, v ∈ M .

Combining these, we get that δrAvg(µ1,β1,P1) = 0. In other words, (µ1,β1,P1) ∈ Z 2
rAvg(M

P→ A) is a

2-cocycle in the cochain complex of the relative averaging algebra M
P→ A with coefficients in the

adjoint bimodule.
Next, let (µt , lt ,rt ,Pt ) and (µ′

t , l ′t ,r ′
t ,P ′

t ) be two equivalent formal deformations of a relative

averaging algebra MlM ,rM

P→ Aµ. Then it follows from Definition 51(2) that there exists a pair
(ϕt ,ψt ) of formal sums such that the following hold:∑

i+ j=n
ϕi

(
µ j (a,b)

)= ∑
i+ j+k=n

µ′
i

(
ϕ j (a),ϕk (b)

)
,∑

i+ j=n
ψi

(
l j (a,u)

)= ∑
i+ j+k=n

l ′i
(
ϕ j (a),ψk (u)

)
,∑

i+ j=n
ψi

(
r j (u, a)

)= ∑
i+ j+k=n

r ′
i

(
ψ j (u),ϕk (a)

)
,∑

i+ j=n
ϕi ◦P j =

∑
i+ j=n

P ′
i ◦ψ j ,

for a,b ∈ A and u ∈ M . As before, all these relations hold for n = 0 as ϕ0 = idA and ψ0 = idM .
However, for n = 1, we get that

µ1(a,b)−µ′
1(a,b) = a ·ϕ1(b)+ϕ1(a) ·b −ϕ1(a ·b),

β1(a,u)−β′
1(a,u) = a ·M ψ1(u)+ϕ1(a) ·M u −ψ1(a ·M u),

β1(u, a)−β′
1(u, a) = u ·M ϕ1(a)+ψ1(u) ·M a −ψ1(u ·M a),

P1 −P ′
1 = P ◦ψ1 −ϕ1 ◦P.

Combining these relations, we get that

(µ1,β1,P1)− (µ′
1,β′

1,P1) = (
δHoch(ϕ1),δϕ1

Hoch(ψ1),hP (ϕ1,ψ1)
)= δrAvg

(
(ϕ1,ψ1)

)
.

Thus, equivalent formal deformations give rise to cohomologous 2-cocycles.
As mentioned earlier, an infinitesimal deformation of a relative averaging algebra is an R-

deformation, where R = k[[t ]]/(t 2). Thus, an infinitesimal deformation can be regarded as
a truncated version (modulo t 2) of formal deformation. Equivalences between infinitesimal
deformations can be defined similarly.

Theorem 52. Let M
P→ A be a relative averaging algebra. Then there is a bijection

(infinitesimal deformations of M
P→ A)/∼ ↭ H 2

rAvg(M
P→ A).

Proof. Let (µt = µ+ tµ1, lt = l + t l1,rt = r + tr1,Pt = P + tP1) be an infinitesimal deformation of

the relative averaging algebra M
P→ A. Then one can show that (similar to formal deformation)

the triple (µ1,β1,P1) ∈ Z 2
rAvg(M

P→ A) is a 2-cocycle, where β1 ∈ Hom(A 1,1, M) is given by (36).
Moreover, equivalent infinitesimal deformations give rise to cohomologous 2-cocycles. Hence,
there is a well-defined map

Γ : (infinitesimal deformations of M
P→ A)/∼ −→ H 2

rAvg(M
P→ A).
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To obtain a map in the other direction, we first consider a 2-cocycle (µ1,β1,P1) ∈ Z 2
rAvg(M

P→ A).
Then it is easy to see that the 2-cocycle (µ1,β1,P1) induces an infinitesimal deformation

(µt =µ+ tµ1, lt = l + t l1,rt = r + tr1,Pt = P + tP1)

of the relative averaging algebra M
P→ A, where the maps l1,r1 are defined from β1 by (36).

Let (µ′
1,β′

1,P ′
1) be another 2-cocycle cohomologous to (µ1,β1,P1), i.e. (µ1,β1,P1)− (µ′

1,β′
1,P ′

1) =
δrAvg

(
(ϕ1,ψ1)

)
, for some (ϕ1,ψ1) ∈ C 1

rAvg(M
P→ A). Then it is easy to verify that the corre-

sponding infinitesimal deformations (µt , lt ,rt ,Pt ) and (µ′
t , l ′t ,r ′

t ,P ′
t ) are equivalent via the pair

(ϕt = idA +tϕ1,ψt = idM +tψ1). As a consequence, we obtain a map

Θ : H 2
rAvg(M

P→ A) −→ (infinitesimal deformations of M
P→ A)/∼.

Finally, it is routine task to check that the maps Γ andΘ are inverses to each other. This completes
the proof. □

7. Abelian extensions of relative averaging algebras

Our aim in this section is to study abelian extensions of a relative averaging algebra M
P→ A by a

bimodule (N
Q→ B , l ,r ) of it. We show that the isomorphism classes of such abelian extensions are

in bijective correspondence with the second cohomology group H 2
rAvg(M

P→ A; N
Q→ B).

Let M
P→ A be a relative averaging algebra and N

Q→ B be a 2-term chain complex (not

necessarily a bimodule). Note that N
Q→ B can be regarded as a relative averaging algebra with

the trivial associative multiplication on B and the trivial B-bimodule structure on N . With this
consideration, we have the following definition.

Definition 53. An abelian extension of a relative averaging algebra M
P→ A by a 2-term chain

complex N
Q→ B is a relative averaging algebra M̂

P̂→ Â with a short exact sequence of relative
averaging algebras of the form

0 // N
i //

Q

��

M̂
p
//

P̂
��

M //

P

��

0

0 // B
i
// Â p

// A // 0.

(37)

Sometimes, we denote an abelian extension as above by the relative averaging algebra M̂
P̂→ Â when

the exact sequence is understood.

A section of the abelian extension (37) is given by a pair (s, s) of linear maps s : A → Â and
s : M → M̂ satisfying p ◦ s = idA and p ◦ s = idM . Given any section (s, s), we define two bilinear
maps (both denoted by the same notation) ·B : A×B → B and ·B : B × A → B by

a ·B b = s(a) ·Â i (b) and b ·B a = i (b) ·Â s(a), for a ∈ A, b ∈ B .

These two maps make B into an A-bimodule. Similarly, there are two bilinear maps (both
denoted by the same notation) ·N : A×N → N and ·N : N × A → N given by

a ·N n = s(a) ·M̂ i (n) and n ·N a = i (n) ·M̂ s(a), for a ∈ A, n ∈ N .

Here ·M̂ denotes both the left and right Â-actions on M̂ . These two maps make N into an A-
bimodule. Finally, we define bilinear maps l : M ×B → N and r : B ×M → N by

l (u,b) = s(u) ·M̂ i (b) and r (b,u) = i (b) ·M̂ s(u), for u ∈ M , b ∈ B .
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It is straightforward to see that the maps l ,r satisfy the identities (10) and (11). Finally, for any
u ∈ M and n ∈ N ,

P (u) ·B Q(n) = sP (u) ·Â iQ(n)

= P̂ s(u) ·Â P̂ i (n)

=
{
= P̂

(
P̂

(
s(u)

) ·M̂ i (n)
)

= P̂
(
s(u) ·M̂ P̂ i (n)

)
=

{
= P̂

(
sP (u) ·M̂ i (n)

)=Q
(
P (u) ·N n

)
,

= P̂
(
s(u) ·M̂ iQ(n)

)=Q
(
l
(
u,Q(n)

))
.

Similarly, one can show that

Q(n) ·B P (u) = iQ(n) ·Â sP (u)

= P̂ i (n) ·Â P̂ s(u)

=
{
= P̂

(
P̂ i (n) ·M̂ s(u)

)
= P̂

(
i (n) ·M̂ P̂ s(u)

)
=

{
= P̂

(
iQ(n) ·M̂ s(u)

)=Q
(
r
(
Q(n),u

))
,

= P̂
(
i (n) ·M̂ sP (u)

)=Q
(
n ·N P (u)

)
.

Combining all these, we get that (N
Q→ B , l ,r ) is a bimodule over the relative averaging algebra

M
P→ A. This is called the induced bimodule structure starting from the abelian extension (37).

Note that this bimodule structure is independent of the choice of section. To see this, let (s′, s′)
be any other section of (37). Then we observe that s(a)− s′(a) ∈ ker(p) = im(i ) and s(u)− s′(u) ∈
ker(p) = im(i ), for a ∈ A and u ∈ M . Let ·′B , ·′N and l ′,r ′ be the maps induced by the section (s′, s′).
Then we have

a ·B b −a ·′B b = (
s(a)− s′(a)

) ·Â i (b) = 0 and b ·B a −b ·′B a = i (b) ·Â
(
s(a)− s′(a)

)= 0,

a ·N n −a ·′N n = (
s(a)− s′(a)

) ·M̂ i (n) = 0 and n ·N a −n ·′N a = i (n) ·M̂
(
s(a)− s′(a)

)= 0,

l (u,b)− l ′(u,b) = (
s(u)− s′(u)

) ·M̂ i (b) = 0 and r (b,u)− r ′(b,u) = i (b) ·M̂
(
s(u)− s′(u)

)= 0.

Hence our claim follows.

Definition 54. Let M
P→ A be a relative averaging algebra and N

Q→ B be a 2-term chain complex.

Two abelian extensions M̂
P̂−→ Â and M̂ ′ P̂ ′

−→ Â′ are said to be isomorphic if there is an isomorphism

(ϕ,ψ) : (M̂
P̂−→ Â)⇝ (M̂ ′ P̂ ′

−→ Â′) of relative averaging algebras that makes the following diagram
commutative:

0 // N //

��

M̂ //
ψ

  

��

M

��

// 0

0 // N //

��

M̂ ′ //

��

M //

��

0

0 // B // Â //
ϕ

  

A // 0

0 // B // Â′ // A // 0.

(38)

Let M̂
p̂−→ Â and M̂ ′ p̂ ′

−→ Â′ be two isomorphic abelian extensions as in the above definition.
Then it is easy to see that the corresponding induced bimodules on the 2-term chain complex

N
Q→ B are the same.
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Notation 55. Let M
P→ A be a relative averaging algebra and (N

Q→ B , l ,r ) be a given bimodule

over it. We denote by Ext(M
P−→ A; N

Q→ B) the set of all isomorphism classes of abelian extensions

of M
P→ A by the 2-term complex N

Q→ B so that the induced bimodule coincides with the
prescribed one.

In the following result, we parametrize the space Ext(M
P−→ A; N

Q→ B) by the second cohomol-
ogy group of the relative averaging algebra.

Theorem 56. Let M
P→ A be a relative averaging algebra and (N

Q→ B , l ,r ) be a given bimodule

over it. Then there is a bijective correspondence between Ext(M
P−→ A; N

Q→ B) and the second

cohomology group H 2
rAvg(M

P−→ A; N
Q→ B).

Proof. Let M̂
P̂→ Â be an abelian extension of the relative averaging algebra M

P→ A by the 2-term

complex N
Q→ B representing an element in Ext(M

P→ A; N
Q→ B). Let (s, s) be a section. Then we

define a triple (α,β,γ) of maps

α ∈ Hom(A⊗2,B), α(a,b) = s(a) ·Â s(b)− s(a ·b),

β ∈ Hom(A 1,1, N ),

{
β(a,u) = s(a) ·M̂ s(u)− s(a ·M u),

β(u, a) = s(u) ·M̂ s(a)− s(u ·M a),

γ ∈ Hom(M ,B), γ(u) = (P̂ ◦ ŝ − s ◦P )(u),

for a,b ∈ A and u ∈ M . Then it is easy to verify that (α,β,γ) ∈ Z 2
rAvg(M

P→ A; N
Q→ B) is a 2-cocycle

in the cohomology complex of the relative averaging algebra M
P→ A with coefficients in the

bimodule (N
Q→ B , l ,r ). Moreover, the corresponding cohomology class in H 2

rAvg(M
P→ A; N

Q→ B)
doesn’t depend on the choice of the section.

Let M̂
P̂→ Â and M̂ ′ P̂ ′

→ Â′ be two isomorphic abelian extensions. For any section (s, s) of the
first abelian extension, we have

p ′ ◦ (ϕ◦ s) = p ◦ s = idA and p ′ ◦ (ψ◦ s) = p ◦ s = idM .

Thus (ϕ◦ s,ψ◦ s) is a section of the second abelian extension. If (α′,β′,γ′) ∈ Z 2
rAvg(M

P→ A; N
Q→ B)

is the 2-cocycle corresponding to the second abelian extension and its section (ϕ◦ s,ψ◦ s), then

α′(a,b) = (ϕ◦ s)(a) ·Â′ (ϕ◦ s)(b)− (ϕ◦ s)(a ·b)

=ϕ(
s(a) ·Â s(b)− s(a ·b)

)
=ϕ(

α(a,b)
)

=α(a,b) (∵ϕ
∣∣
B = idB ).

Similarly, one can show that β′ = β and γ′ = γ. Thus, we obtain (α,β,γ) = (α′,β′,γ′). As a
consequence, we obtain a well-defined map

Λ : Ext(M
P→ A; N

Q→ B) −→ H 2
rAvg(M

P→ A; N
Q→ B).

To obtain a map in the other direction, we take a 2-cocycle (α,β,γ) ∈ Z 2
rAvg(M

P→ A; N
Q→ B). Take

Â = A⊕B and M̂ = M ⊕N , and consider bilinear maps

µÂ : Â× Â −→ Â, µÂ

(
(a,b), (a′,b′)

)= (
a ·a′, a ·B b′+b ·B a′+α(a, a′)

)
,

lM̂ : Â× M̂ −→ M̂ , lM̂

(
(a,b), (u,n)

)= (
a ·M u, a ·N n + r (b,u)+β(a,u)

)
,

rM̂ : M̂ × Â −→ M̂ , rM̂

(
(u,n), (a,b)

)= (
u ·M a, l (u,b)+n ·N a +β(u, a)

)
,
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for (a,b), (a′,b′) ∈ Â and (u,n) ∈ M̂ . Then it is easy to see that (Â,µÂ) is an associative algebra and
(M̂ , lM̂ ,rM̂ ) is a bimodule over it. Finally, we define a map P̂ : M̂ → Â by

P̂
(
(u,n)

)= (
P (u),Q(n)+γ(u)

)
, for (u,n) ∈ M̂ .

Then P̂ is a relative averaging operator. In other words, M̂
P̂→ Â is a relative averaging algebra.

This is an abelian extension of the relative averaging algebra M
P→ A by the 2-term chain complex

N
Q→ B , and defines an element in Ext(M

P→ A; N
Q→ B). Finally, let (α,β,γ) and (α′,β′,γ′) be

two cohomologous 2-cocycles, say (α,β,γ)− (α′,β′,γ′) = δrAvg
(
(κ,η)

)
, for some (κ,η) ∈C 1

rAvg(M
P→

A; N
Q→ B). If M̂ ′ P̂ ′

→ Â′ is the relative averaging algebra induced by the 2-cocycle (α′,β′,γ′), then
the pair of maps

(ϕ,ψ) : (M̂
P̂→ Â) −⇝ (M̂ ′ P̂ ′

→ Â′)
is an isomorphism of abelian extensions, whereϕ : Â → Â′,ϕ(a,b) = (

a,b+κ(a)
)

andψ : M̂ → M̂ ′,
ψ(u,n) = (

u,n +η(u)
)
. This shows that there is a well-defined map

Υ : H 2
rAvg(M

P→ A; N
Q→ B) −→ Ext(M

P→ A; N
Q→ B).

Finally, the maps Λ and Υ are inverses to each other. This shows the required bijection. □

8. Homotopy relative averaging algebras and homotopy diassociative algebras

In this section, we first consider Diass∞-algebras introduced by Loday. However, our definition
is more simple to use. Next, we introduce the homotopy relative averaging operators and
homotopy relative averaging algebras. We show that a homotopy relative averaging algebra
naturally induces a Diass∞-algebra structure. We first recall some basic definitions related to
A∞-algebras [16].

Definition 57. An A∞-algebra is a pair
(

A, {µk }∞k=1

)
consisting of a graded vector space A =⊕

i∈Z Ai together with a collection {µk }∞k=1 of degree 1 graded linear maps µk : A⊗k → A, for k ≥ 1,
satisfying the following identities (called higher associativities)∑

k+l=n+1

n−l+1∑
i=1

(−1)|a1|+···+|ai−1|µk
(
a1, . . . , ai−1,µl (ai , . . . , ai+l−1), ai+l , . . . , an

)= 0, (39)

for all n ≥ 1 and homogeneous elements a1, . . . , an ∈ A.

Let A = ⊕
i∈Z Ai be a graded vector space. Let T (A) = ⊕∞

n=1 A⊗n be the free tensor algebra
over the graded vector space A. For each n ∈ Z, let C n(A, A) := Homn

(
T (A), A

)
be the space

of all degree n graded linear maps from the graded vector space T (A) to A. Thus, an element
µ ∈C n(A, A) is given by a sum µ=∑∞

k=1µk , where µk : A⊗k → A is a degree n linear map, for k ≥ 1.
For µ=∑∞

k=1µk ∈C m(A, A) and ν=∑∞
l=1νl ∈C n(A, A), we define a bracket [µ,ν] ∈C m+n(A, A) by

[µ,ν] :=
∞∑

s=1

∑
k+l=s+1

(
µk ◦νl − (−1)mnνl ◦µk

)
,

where

(µk ◦νl )(a1, . . . , as ) =
s−l+1∑

i=1
(−1)|a1|+···+|ai−1|µk

(
a1, . . . , ai−1,νl (ai , . . . , ai+l−1), ai+l , . . . , as

)
.

The graded vector space
⊕

n∈ZC n(A, A) with the above bracket is a graded Lie algebra.
An element µ = ∑∞

k=1µk ∈ C 1(A, A) is a Maurer–Cartan element of the graded Lie algebra(⊕
n∈ZC n(A, A), [ · , · ]) if and only if the pair

(
A, {µk }∞k=1

)
is an A∞-algebra.

Let
(

A, {µk }∞k=1

)
be an A∞-algebra. A representation of this A∞-algebra is given by a pair(

M , {ηk }∞k=1

)
that consists of a graded vector space M =⊕

i∈ZMi with a collection
{
ηk : A k−1,1 →
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M
}∞

k=1 of degree 1 linear maps satisfying the identities (39) when exactly one of the variables
a1, . . . , an comes from M and the corresponding linear operation µi or µ j replaced by ηi or η j .
Like the ungraded case, here A k−1,1 denotes the direct sum of all possible tensor powers of
A and M in which A appears k − 1 times (and hence M appears exactly once). Note that any
A∞-algebra

(
A, {µk }∞k=1

)
can be realized as a representation of itself, where ηk =µk , for k ≥ 1.

Definition 58. A Diass∞-algebra (also called a strongly homotopy diassociative algebra) is a pair(
D, {πk }∞k=1

)
consisting of a graded vector space D =⊕

i∈ZDi equipped with a collection of degree 1
graded linear maps

{
πk : k[Yk ]⊗D⊗k → D

}∞
k=1 satisfying the following set of identities∑

k+l=n+1

n−l+1∑
i=1

(−1)|a1|+···+|ai−1|πk
(
Rk;i ,l

0 (y);

a1, . . . , ai−1,πl
(
Rk;i ,l

i (y); ai , . . . , ai+l−1
)
, ai+l , . . . , an

)= 0, (40)

for all n ≥ 1, y ∈ Yn and homogeneous elements a1, . . . , an ∈ D. The maps Rk;i ,l
0 and Rk;i ,l

i are
described in (3), (4).

Note that any diassociative algebra can be realized as a Diass∞-algebra concentrated in degree
−1. More precisely, if (D,⊣,⊢) is a diassociative algebra then s−1D (considered as a graded vector
space with (s−1D)−1 = D and (s−1D)i = 0 for i ̸= −1) can be given a Diass∞-algebra structure with
the operations

{
πk : k[Yk ]⊗ (s−1D)⊗k → s−1D

}∞
k=1 given by

π2
(

; s−1a, s−1b
)= s−1(a ⊣ b),

π2
(

; s−1a, s−1b
)= s−1(a ⊣ b)

and πk = 0 for k ̸= 2.

Remark 59. Let
(
D, {πk }∞k=1

)
be any Diass∞-algebra. Using the higher diassociative identities (40)

and the mathematical induction on k, we can show that

πk (y ; a1, . . . , ak ) =πk (y ′; a1, . . . , ak ), for a1, . . . , ak ∈ D ,

when both of y, y ′ ∈ Yk can be written as the grafting of a (i −1)-tree and (k − i )-tree.

Proposition 60. Let
(

A, {µk }∞k=1

)
be an A∞-algebra and

(
M , {ηk }∞k=1

)
be a representation of it. Then

the graded vector space A⊕M can be equipped with a Diass∞-algebra structure with the operations{
πk : k[Yk ]⊗ (A⊕M)⊗k → A⊕M

}∞
k=1 given by

πk
(
y ; (a1,u1), . . . , (ak ,uk )

)= (
µk (a1, . . . , ak ),ηk (a1, . . . , ai−1,ui , ai+1, . . . , ak )

)
, (41)

for k ≥ 1, y ∈ Yk (which can be uniquely written as y = y1 ∨ y2 for some (i −1)-tree y1 ∈ Yi−1 and
(k − i )-tree y2 ∈ Yk−i ) and (a1,u1), . . . , (ak ,uk ) ∈ A⊕M.

We denote the above Diass∞-algebra simply by A⊕Diass∞ M . Note that A⊕Diass∞ M generalizes
the diassociative algebra of Proposition 13 in the homotopy context. It is important to mention
that the converse of the above proposition is also true. More precisely, let A = ⊕

i∈Z Ai and
M =⊕

i∈ZMi be two graded vector spaces equipped with two collections
{
µk : A⊗k → A

}∞
k=1 and{

ηk : A k−1,1 → M
}∞

k=1 of degree 1 graded linear maps. Then
(

A, {µk }∞k=1

)
is an A∞-algebra and(

M , {ηk }∞k=1

)
is a representation if and only if

(
A⊕M , {πk }∞k=1

)
is a Diass∞-algebra, where the maps

πk ’s are given in (41).
In the following, we construct a graded Lie algebra whose Maurer–Cartan elements corre-

spond to Diass∞-algebra structures on a given graded vector space. Let D = ⊕
i∈ZDi be a

graded vector space. For each n ∈ Z, we define the space C Y n(D,D) := Homn
(
k[Y ]⊗T (D),D

)
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whose elements are of the form π = ∑∞
k=1πk , where πk : k[Yk ] ⊗ D⊗k → D is a degree n lin-

ear map. For π = ∑∞
k=1πk ∈ C Y m(D,D) and ϖ = ∑∞

l=1ϖl ∈ C Y l (D,D), we define an element
{[π,ϖ]} ∈C Y m+n(D,D) by

{[π,ϖ]} =
∞∑

s=1

∑
k+l=s+1

(
πk ⋄ϖl − (−1)mnϖl ⋄πk

)
, (42)

where

(πk ⋄ϖl )(y ; a1, . . . , as ) =
s−l+1∑

i=1
(−1)|a1|+···+|ai−1|πk

(
Rk;i ,l

0 (y); a1, . . . ,ϖl (Rk;i ,l
i (y); ai , . . . , ai+l−1), . . . , as

)
,

for y ∈ Ys = Yk+l−1 and homogeneous elements a1, . . . , as ∈ D . The bracket {[ · , · ]} is the graded
version of the Majumdar–Mukherjee bracket given in (5). In particular, the bracket {[ · , · ]} makes
the graded space

⊕
n∈ZC Y n(D,D) =⊕

n∈ZHomn
(
k[Y ]⊗T (D),D

)
into a graded Lie algebra.

Proposition 61. Let D be a graded vector space. Then there is a one-to-one correspondence
between Diass∞-algebra structures on the graded vector space D and Maurer–Cartan elements of
the graded Lie algebra

(⊕
n∈ZC Y n(D,D), {[ · , · ]}).

Proof. Note that an element π ∈ C Y 1(D,D) = Hom1
(
k[Y ]⊗T (D),D

)
is equivalent to having a

collection
{
πk : k[Yk ]⊗D⊗k → D

}∞
k=1 of degree 1 graded linear maps. Then it follows from (42)

that {[π,π]} = 0 if and only if the collection {πk }∞k=1 defines a Diass∞-algebra structure on D . □

Given an A∞-algebra and a representation of it, we will now introduce the notion of a
homotopy relative averaging operator. Let

(
A, {µk }∞k=1

)
be an A∞-algebra and

(
M , {ηk }∞k=1

)
be a

representation of it. Consider the graded Lie algebra

g=
(⊕

n∈ZC Y n(A⊕M , A⊕M) =⊕
n∈ZHomn

(
k[Y ]⊗T (A⊕M), A⊕M

)
, {[ · , · ]}

)
associated to the graded vector space A ⊕M . Then it is easy to see that the graded subspace a=⊕

n∈ZC Y n(M , A) =⊕
n∈ZHomn

(
k[Y ]⊗T (M), A

)
is an abelian Lie subalgebra of g. Let p : g→ g be

the projection map onto the subspace a. On the other hand, since A⊕Diass∞ M = (
A⊕M , {πk }∞k=1

)
is a Diass∞-algebra, it defines a Maurer–Cartan element π=∑∞

k=1πk ∈C Y 1(A⊕M , A⊕M) of the
graded Lie algebra g (i.e. {[π,π]} = 0). Further, the element π ∈ ker(p)1. Hence we obtain a V -
data (g,a, p,π). Therefore, by Theorem 39(1), the graded vector space a inherits an L∞-algebra
structure with the operations

{
lk : a⊗k → a

}∞
k=1 given by

lk (γ1, . . . ,γk ) = p
{[

. . .
{[

{[π,γ1]},γ2
]}

, . . . ,γk
]}

,

for homogeneous γ1, . . . ,γk ∈ a. This L∞-algebra can be seen as the homotopy analogue of the
graded Lie algebra given in Theorem 29. Our next definition is motivated by the Maurer–Cartan
characterization of a relative averaging operator given in Theorem 29.

Definition 62. A homotopy relative averaging operator on
(
M , {ηk }∞k=1

)
over the A∞-algebra(

A, {µk }∞k=1

)
is a Maurer–Cartan element of the L∞-algebra

(
a, {lk }∞k=1

)
.

It follows from the above definition that a homotopy relative averaging operator is an element
P =∑∞

k=1 Pk ∈ Hom0
(
k[Y ]⊗T (M), A

)
that satisfies

∞∑
k=1

1

k !
lk (P, . . . ,P ) = 0. (43)

In other words, P must satisfy
∑∞

k=1
1
k ! p

{[· · ·{[{[π,P ]},P
]}

, . . . ,P
]} = 0, which is equivalent to the

condition that p(e{[−,P ]}π) = 0. Note that a homotopy relative averaging operator can be equiva-
lently described by a collection P = {

Pk : k[Yk ]⊗M⊗k → A
}∞

k=1 of degree 0 linear maps satisfying
p(e{[−,P ]}π) = 0.
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While expanding the equation (43), we observe that the map P1 ∈ Hom0
(
k[Y1] ⊗ M , A

) =
Hom0(M , A) satisfies

µ2
(
P1(u),P1(v)

)= P1
(
η2

(
P1(u), v

))+µ1
(
P2

(
;u, v

))+P2
(

;η1(u), v
)+ (−1)|u|P2

(
;u,η1(v)

)
,

µ2
(
P1(u),P1(v)

)= P1
(
η2

(
u,P1(v)

))+µ1
(
P2

(
;u, v

))+P2
(

;η1(u), v
)+ (−1)|u|P2

(
;u,η1(v)

)
,

for all u, v ∈ M . Similarly, the maps P2,P3, . . . satisfy some other identities with respect to the
A∞-algebra structure on A and representation on M .

Definition 63. A homotopy relative averaging algebra is a triple (A, M ,P ) consisting of an A∞-
algebra A = (

A, {µk }∞k=1

)
, a representation M = (

M , {ηk }∞k=1

)
and a homotopy relative averaging

operator P = {Pk }∞k=1. We often denote a homotopy relative averaging algebra as above by

M
{Pk }∞k=1−−−−−→ A.

Proposition 64. Let M
{Pk }∞k=1−−−−−→ A be a homotopy relative averaging algebra. Then

(
M , {πP

k }∞k=1

)
is

a Diass∞-algebra, where

πP
k (y ;u1, . . . ,uk ) = (e{[−,P ]}π)(y ;u1, . . . ,uk ), for k ≥ 1, y ∈ Yk and u1, . . . ,uk ∈ M .

Proof. We have {[
e{[−,P ]}π,e{[−,P ]}π

]}= e{[−,P ]}{[π,π]} = 0 (as {[π,π]} = 0).

This shows that e{[−,P ]}π is a Maurer–Cartan element of the graded Lie algebra g. Hence the collec-
tion of maps {πk }∞k=1 defines a Diass∞-algebra structures on M , where πk = (e{[−,P ]}π)

∣∣
k[Yk ]⊗M⊗k ,

for k ≥ 1. This completes the proof. □

Note that the above proposition can be also understood in the following way. Let
(

A, {µk }∞k=1

)
be an A∞-algebra and

(
M , {ηk }∞k=1

)
be a representation of it. Then there is an L∞-algebra

morphism(
a=⊕

n∈ZHomn
(
k[Y ]⊗T (M), A

)
, {lk }∞k=1

)
Φ={Φk }k≥1−−−−−−−→

(
s−1

(⊕
n∈ZHomn

(
k[Y ]⊗T (M), M

))
, {[ · , · ]}

)
extending the natural map Φ1 which is the graded version of the map (20). For an arbitrary
element P = ∑∞

k=1 Pk ∈ Hom0
(
k[Y ] ⊗ T (M), A

)
, it is easy to see that Φ(P ) = e{[−,P ]}π. Thus,

P = ∑∞
k=1 Pk is a homotopy relative averaging operator (i.e. Maurer–Cartan element in the L∞-

algebra
(
a, {lk }∞k=1

)
) implies that Φ(P ) defines a Diass∞-algebra structure on M .

A homotopy relative averaging operator {Pk }∞k=1 is said to be strict if Pk = 0 for k ̸= 1. It follows
from (43) that a strict homotopy relative averaging operator is a degree 0 linear map P : M → A
that satisfies

µk
(
P (u1), . . . ,P (uk )

)= P
(
ηk

(
P (u1), . . . ,ui , . . . ,P (uk )

))
, for k ≥ 1 and 1 ≤ i ≤ k.

A strict homotopy relative averaging algebra is a triple that consists of an A∞-algebra, a repre-
sentation and a strict homotopy relative averaging operator. In this case, Theorem 64 reads as
follows.

Theorem 65. Let M
P→ A be a strict homotopy relative averaging algebra. Then

(
M , {πP

k }∞k=1

)
is a

Diass∞-algebra, where

πP
k (y ;u1, . . . ,uk ) := ηk

(
P (u1), . . . ,ui , . . . ,P (uk )

)
,

for k ≥ 1, y ∈ Yk (which can be uniquely written as y = y1 ∨ y2 for some (i −1)-tree y1 ∈ Yi−1 and
(k − i )-tree y2 ∈ Yk−i ) and u1, . . . ,uk ∈ M.
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In the following, we show that any Diass∞-algebra is always induced from a strict homotopy
relative averaging algebra. Let

(
D, {πk }∞k=1

)
be a given Diass∞-algebra. Consider the graded vector

space D/I which is obtained from D quotient by the homogeneous ideal I generated by the set{
πk (y ; a1, . . . , ak )−πk (y ′; a1, . . . , ak )

∣∣ k ≥ 1, y, y ′ ∈ Yk and a1, . . . , ak ∈ D
}
.

It is easy to see that the graded vector space D/I carries an A∞-algebra structure with the
operations

{
µk : (D/I )⊗k → D/I

}∞
k=1 given by

µk
(
[a1], . . . , [ak ]

)= [
πk (y ; a1, . . . , ak )

]
, for k ≥ 1 and [a1], . . . , [ak ] ∈ D/I .

We denote this A∞-algebra structure simply by DAss∞ . It is also easy to check that the A∞-algebra
DAss∞ has a representation on the graded vector space D with the action maps

ηk
(
[a1], . . . , [ai−1], ai , [ai+1], . . . , [ak ]

)=πk (y ; a1, . . . , ak ),

for k ≥ 1, [a1], . . . , [ai−1], [ai+1], . . . , [ak ] ∈ DAss∞ and ai ∈ D . Here y ∈ Yk is any k-tree which is the

grafting of some (i −1)-tree and (k − i )-tree. Moreover, D
q→ DAss∞ is a strict homotopy relative

averaging algebra, where q is the quotient map. Further, the induced Diass∞-algebra structure
on D coincides with the given one.

Remark 66. Given a 2-term A∞-algebra (i.e. an A∞-algebra whose underlying graded vector
space is concentrated in arities 0 and 1), one can explicitly define its representation. In this case,
it is also worth to explicitly write a homotopy relative averaging operator. A 2-term homotopy
relative averaging algebra is a 2-term A∞-algebra together with a representation of it and a
homotopy relative averaging operator. A 2-term homotopy relative averaging algebra is said to be
“skeletal” if the underlying 2-term A∞-algebra and its representation both are skeletal. Similar to
the work of Baez and Crans [2], one may show that skeletal 2-term homotopy relative averaging
algebras bijectively correspond to third cocycles of relative averaging algebras introduced in
Section 5. This gives another reason for considering planar binary trees in the study of (relative)
averaging algebras.
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