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Abstract. We develop a functorial approach to the study of n-abelian categories by reformulating their axioms
in terms of their categories of finitely presented functors. Such an approach allows the use of classical
homological algebra and representation theory techniques to understand higher homological algebra. As
an application, we present two possible generalizations of the axioms “every monomorphism is a kernel”
and “every epimorphism is a cokernel” of an abelian category to n-abelian categories. We also specialize our
results to modules over rings, thereby describing when the category of finitely generated projective modules
over a ring is n-abelian. Moreover, we establish a correspondence for n-abelian categories with additive
generators, which extends the higher Auslander correspondence.

Résumé. Nous développons une approche fonctorielle de I'étude des catégories n-abéliennes en reformu-
lant leurs axiomes en termes de leurs catégories de foncteurs de présentation finie. Une telle approche per-
met d'utiliser les techniques de 1'algébre homologique classique et de la théorie des représentations pour
comprendre 1'algebre homologique supérieure. Comme application, nous présentons deux généralisations
possibles des axiomes « tout monomorphisme est un noyau » et « tout épimorphisme est un conoyau » d’'une
catégorie abélienne aux catégories n-abéliennes. Appliqués au cas des modules sur les anneaux, nos résultats
nous permettent également de décrire quand la catégorie des modules projectifs de type fini sur un anneau
est n-abélienne. De plus, nous établissons une correspondance pour les catégories n-abéliennes a généra-
teurs additifs, qui étend la correspondance d’Auslander supérieure.
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1. Introduction

Higher homological algebra has its origin in [30], where Iyama started the study of n-cluster tilting
subcategories of abelian categories. In order to capture the intrinsic properties of such subcat-
egories, Jasso introduced the notion of an n-abelian category in [33], which was a breakthrough
and crucial to settle higher homological algebra as a subject in its own right. In fact, Jasso proved
in [33, Theorem 3.16] that an n-cluster tilting subcategory of an abelian category is an n-abelian
category, while the converse was proved, independently, by Kvamme in [38, Corollary 1.3] and
by Ebrahimi and Nasr-Isfahani in [15, Theorem A]. Thus, these concepts coincide, and one can
use them interchangeably. There is, however, an advantage of considering n-abelian categories,
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which is the conceptual clarity they provide, given their analogy with abelian categories. Indeed,
n-abelian categories can be regarded as “longer” or “higher” versions of abelian categories, with
the latter being recovered from the former when n = 1. Hence the name “higher homological
algebra”, which concerns not only n-abelian categories, but also n-exact categories, defined by
Jasso in [33], (n + 2)-angulated categories, introduced by Geiss, Keller and Oppermann in [21],
and n-exangulated categories, defined by Herschend, Liu and Nakaoka in [27].

In this paper, we propose to advance the conceptual clarity provided by n-abelian categories
by investigating them through a functorial approach. We follow the philosophy that functors over
a category are its “representations”, and can be useful to understand its properties. This idea was
made precise by Mitchell in [44], where it was supported that additive functors over a preadditive
category are analogues of modules over a ring. The use of functor categories to understand a
category itself goes back to the works of Freyd [20] and of Auslander [1]. In fact, much of the
present paper was influenced by the functorial approach to representation theory employed by
Auslander in [1-4] and several other papers.

The use of functor categories to the study of n-abelian categories allows the use of classi-
cal homological algebra and representation theory techniques to investigate higher homolog-
ical algebra. Indeed, throughout this paper, we describe properties of n-abelian categories in
terms of their categories of finitely presented functors, which are abelian, thereby obtaining
classical homological algebra descriptions (with a representation theory flavor) for higher ho-
mological algebra phenomena. Once this is done, one can work with functors and then ob-
tain new insights on n-abelian categories by “translating” results for functors to the language
of higher homological algebra. Similar approaches have also been considered in several papers,
asin [9,10,14,17,18,26,31,34,38,47,48], where functor categories were used to study classical and
higher homological algebra aspects of additive categories.

Let us outline the sections and main results of this paper.

Section 2 provides the reader with the conventions we follow, and concise backgrounds on
functor categories, ideals of categories, projectively stable categories and higher homological
algebra in the context of n-abelian categories.

In Section 3, we explore the idea that n-kernels and n-cokernels are projective resolutions
in functor categories. Then we reformulate the axioms of an n-abelian category in terms of its
categories of finitely presented functors. These reformulations are summarized in Theorem 9,
the main result of this paper.

Section 4 is devoted to the study of von Neumann regular categories. Through the functorial
approach, we give an alternative proof of a result of Jasso, which characterizes von Neumann
regular categories as the categories that are n-abelian for more than one (equivalently, for every)
positive integer n. This is Proposition 16.

In Section 5, we consider the double dual sequence of a finitely presented functor, and some
of its properties, which are used to prove further results in this paper. As an application, we show
in Corollary 19 how the cases n = 1 and n = 2 for n-abelian categories can be distinguished in
terms of the existence of finitely presented functors that are reflexive but not projective.

In Section 6, we use the functorial approach to obtain two possible generalizations of the ax-
ioms “every monomorphism is a kernel” and “every epimorphism is a cokernel” of an abelian cat-
egory to n-abelian categories, which are registered in Theorems 27 and 33. These generalizations
are stated in terms of m-segments, m-cosegments, pre-m-segments and pre-m-cosegments,
which are certain sequences consisting of m morphisms, that recover the notions of monomor-
phisms and epimorphisms when m = 1.

Section 7 contains results that aim to characterize n-abelian categories with enough injectives
or enough projectives in terms of the global and dominant dimensions of their categories of
finitely presented functors. Its main result is Theorem 47.
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In Section 8, we specialize previous results to rings and modules over rings. By doing so, we
describe in Theorem 52 when the category of finitely generated projective modules over a ring is
n-abelian. Such a description leads to a correspondence for n-abelian categories with additive
generators, which extends the higher Auslander correspondence to rings that are not necessarily
Artin algebras. This is Theorem 60.

In Appendix A, we introduce the tensor product of finitely presented functors, and we prove in
Theorem 67 that the global dimensions of the categories of finitely presented contravariant and
covariant functors over a coherent category coincide.

In Appendix B, we state alternative ways of expressing part of the axioms given in Theorem 9,
which are related to the grade of finitely presented functors. Consequently, we obtain another
characterization of n-abelian categories in Theorem 70.

Appendix C covers a few known results on n-abelian categories from the functorial perspec-
tive, as a further exposition of the functorial approach.

2. Preliminaries
2.1. Conventions

Throughout this paper, C will be an additive and idempotent complete category (see the defini-
tions below) and n will be a positive integer. All subcategories are assumed to be full.

Let A be a category. Given two objects X, Y € A, we denote the collection of morphisms from
XtoYinAbyA(X,Y). Wewrite g f € A(X, Z) for the composition of two morphisms f € A(X,Y)
and g € A(Y, Z) in A, and we denote the identity morphism of an object X € A by 1x or 1.

An object P € A is said to be projective if for every epimorphism g € A(X,Y) and every
morphism f € A(BY), there is a morphism h € A(P, X) for which f = gh. We say that A has
enough projectives if for every X € A, there is an epimorphism P — X in A with P projective.
Dually, an object I € A is injective if for every monomorphism g € A(X, Y) and every morphism
f e A(X, I), there is a morphism h € A(Y, I) such that f = hg. We say that A has enough injectives
if for every X € A, there is a monomorphism X — I in A with I injective.

We say that a category A is preadditive if A(X,Y) is an abelian group for every X,Y € A and
the composition of morphisms in A is bilinear. If A is a preadditive category that has a zero
object and every finite collection of objects in A admits a direct sum, then A is called additive.
We say that A is idempotent complete if every idempotent morphism f in A (that is, f2 = f) can
be written as f = gh, where g and & are morphisms in A such that hg = 1.

Let A be an additive and idempotent complete category. Given a subcategory B of A, we
denote by add B the subcategory of A consisting of the direct summands of finite direct sums of
objects in B. We remark that add B is an additive and idempotent complete category. Moreover,
observe that add B = B if and only if B is closed under finite direct sums and direct summands
in A. If B has only one object, say X, then we denote addB by add X. We say that A has an
additive generator if there is some X € A for which A = add X, and in this case, X is called an
additive generator of A. We will denote the endomorphism ring of X € A by End(X).

Let A be an abelian category. For each X € A, we denote the projective dimension of X by pd X.
We also denote the global dimension of A by gl.dim(A). Moreover, Ab will stand for the category
of abelian groups.

Finally, by a ring, we mean an associative ring with identity. For aring A, a right A-module will
be referred to as A-module, and a left A-module will be regarded as a A°’-module. We denote
the category of A-modules by Mod A, while the category of finitely presented A-modules will be
denoted by mod A. We also let proj A be the category of finitely generated projective A-modules.
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2.2. Functor categories

In this subsection, we review some basic definitions and results concerning functor categories.
The reader may find more details in [1-3,19,20,35,37,44].

We call a contravariant additive functor from C to Ab a right C-module. We denote by
Mod € the category whose objects are the right C-modules and whose morphisms are natural
transformations. That is, for F, G € Mod C, the collection of morphisms from F to G is given by the
natural transformations from F to G, and we denote it by Hom(F, G). In general, Hom(F, G) might
not be a set, although it is indeed a set if C is skeletally small, in which case Mod € is a locally small
category. A left C-module is a covariant additive functor from C to Ab, that is, a right C°P-module.
We give preference to work with right C-modules, with the case of left C-modules being recovered
by taking C°P in place of C. We will call a right C-module a C-module, and a left C-module will be
referred to as a C°P-module.

A sequence

FLG_ﬁ.H

in Mod € is called exact when
FOO 25 6 25 H

is exact in Ab for every X € C. In words, a sequence in Mod C is exact if and only if each of its
components is an exact sequence of abelian groups.

When C is skeletally small, the category Mod C is abelian, and a sequence in Mod C is exact in
the above sense if and only if it is exact as a sequence in an abelian category. We remark that, in
this case, kernels, cokernels and direct sums in Mod € are computed componentwise. If C is not
skeletally small, then Mod € might not be locally small, which prevents us from saying that Mod C
is a preadditive category. However, Mod € still has kernels, cokernels and direct sums, which are
computed componentwise, and basic results that hold for abelian categories also hold for Mod €.

It follows from the Yoneda lemma that, for every X € C, the representable functor C(—, X)
is a projective object in ModC. We say that a C-module F is finitely generated if there is an
epimorphism C(—, X) — F in Mod € for some X € C. We denote by proj C the subcategory of Mod €
consisting of the finitely generated projective C-modules. We recall that the Yoneda embedding
€ — Mod € induces an equivalence of categories € — projC since C is additive and idempotent
complete. Therefore, every object in projC is isomorphic to C(—, X) for some X € €, and every
morphism in proj € is isomorphic to C(—, f) for some morphism f in C.

A C-module F is finitely presented if there is an exact sequence

C—X) cen C(-Y) —F—0

in Mod C for some f € C(X,Y). Such an exact sequence is called a projective presentation of F. We
denote by mod € the subcategory of Mod € consisting of the finitely presented C-modules. The
category mod C is always locally small, regardless if C is skeletally small or not. We also remark
that the category mod C is additive, it has cokernels, its projective objects are given by projC and
it has enough projectives.

The next result is folklore, see, for example, [35, Proposition 2.3] and [44, p. 18]. It tells us,
in particular, that the category mod C determines C up to equivalence of categories. In fact, € is
recovered from mod C by taking its projective objects.

Proposition 1. Let B and C be additive and idempotent complete categories. The following are
equivalent:

(a) the categories B and C are equivalent;
(b) the categories mod B and mod C are equivalent.
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If B and C are skeletally small, then the above items are also equivalent to:
(c) the categories Mod B and Mod C are equivalent.

Proof. It is easy to see that if B and C are equivalent categories, then so are mod B and modC.
Conversely, if there is an equivalence of categories mod B = mod C, then it induces an equivalence
on the subcategories of projective objects, hence there is an equivalence proj B ~ projC. Since the
Yoneda embedding induces equivalences B = projB and C = projC, we deduce that there is an
equivalence B = C. Therefore, items (a) and (b) are equivalent.

Next, assume that B and C are skeletally small. Again, it is easy to see that if B and C are
equivalent categories, then so are ModB and Mod C. Conversely, if there is an equivalence of
categories ModB =~ ModC, then it induces an equivalence projB =~ projC, see [19, Chapter 5,
Exercise G] or [23, Theorem 2.7.2]. Hence, as above, we conclude that there is an equivalence
B =~ C. Thus, items (a) and (c) are equivalent. O

As a final observation, we do not assume € to be skeletally small in this paper. This will
not cause any issues, as we mainly work with the category modC, and only componentwise
constructions and arguments are used when dealing with Mod C.

2.3. Ideals

As in [25], a two-sided ideal of C, or for short, an ideal of C, is a collection J of morphisms in C
with the property that In C(X, Y) is a subgroup of C(X, Y) for all X,Y € C, and such that fgheJ
for all morphisms f, h € € and g € J, whenever the composition fgh makes sense. For X,Y € C,
we denote INC(X,Y) =J(X,Y). If J is an ideal of €, then we define the category C/J as follows:
the objects of C/J are the same as the objects of C, but given X, Y € C, we set

C/NX,Y)=CX, V/IX,Y),

where the above expression is a quotient of abelian groups.

For the rest of this subsection, let B be a subcategory of € such that add B = B.

We say that a morphism f € C(X,Y) factors through B if there are g € C(B,Y) and h € C(X, B)
with B € B such that f = gh. We define the ideal generated by B, which we denote by (B), to be
the ideal of C consisting of the morphisms in C that factor through B. The following proposition
is well-known. It says that taking the quotient of C by (B) “annihilates” precisely the objects in B.

Proposition 2. The following are equivalent for an object X € C:
(@) X=0inC/(B);
(b) 1x€(B);
(c) XeB.

Proof. Left to the reader. O

The next result, due to Heller, tells us that isomorphic objects in C/(B) differ in C up to direct
sums of objects in B.

Theorem 3. Given two objects X,Y € C, we have X = Y in C/(B) if and only if there are A,B € B
suchthatX® A=Y eBinC.

Proof. See [25, Theorem 2.2]. Observe that, because C is idempotent complete, C is a category
“with cancellation”, which is assumed in [25, Theorem 2.2]. O

In view of Theorem 3, we adopt the following notation (whenever it is convenient): we denote
an object X € C by X @ B when it is considered to be in the category C/(B). In this notation,
Theorem 3 says that, for X,Y € C, we have X @ B = Y & B if and only if there are A, B € B with
XeA=Ye®B.
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2.4. The projectively stable category

Let A be an additive and idempotent complete category, and let P(A) be the subcategory of
projective objects of A. The projectively stable category of A is the category A/(P(A)), which
we denote by A. Note that, for X, Y € A, the collection of morphisms from X to Y in A is given by
the quotient of abelian groups

AX,Y) = AX, Y)I(PA))(X,Y).

When A = modC, we have P(A) = projC and we write A = mod €. Moreover, in this case, for
F,G € mod €, we denote A(F, G) by Hom(F, G).
Now, suppose that A is an abelian category with enough projectives, and take some X € A. If

00— K-—P — X —0

is an exact sequence in A with P € P(A), then K is called a syzygy of X and we denote it by QX.
Despite this notation, observe that syzygies are not unique. However, if

0—J] —Q—X—0

is another exact sequence in A with Q € P(A), then it follows from Schanuel’s lemma that
K& Q = J& P. Therefore, we conclude from Theorem 3 that K and J are isomorphic in A. In
symbols, K® P(A) = J& P(A). Hence a syzygy of X becomes unique up to isomorphism in the
projectively stable category A. Given a positive integer j, we define a j™* syzygy of X recursively
by letting it be a syzygy of a (j — 1) syzygy of X, agreeing that a 0 syzygy of X is X. We denote it
by Q/ X, which is unique up to isomorphism in the category .A. We remark that the syzygy defines
afunctor Q: A — A in the obvious way. Similarly, given a positive integer j, the j th syzygy defines
a functor Q/: A — A, which coincides with the composition of j copies of Q. For more details,
see [6, Proposition 2.7] or [25, Section 3].

2.5. Higher homological algebra

In this subsection, we recall some basic definitions from [33].
Let f € C(X,Y) be amorphism in C. An n-kernel of f is a sequence

Sn By

X, B X S X

of morphisms in € with the property that

Cl—fw) Cl-./f2) C-M) €./

0 — C(-, Xy €= X1 CX) — €, Y)

is exact in Mod C. Dually, an n-cokernel of f is a sequence

y Loy, &L By

of morphisms in € for which

C(gn,—) C(g2,-) C(g1,-) C(f-)

0 — C(Yp,-) Chm,-) —— C¥,-) — C(X,-)

is exact in Mod C°P.

We say that C has n-kernels if every morphism in C has an n-kernel, and that € has n-cokernels
if every morphism in € has an n-cokernel.

An additive and idempotent complete category C is called n-abelian if it satisfies the following
axioms:

(A1) Chas n-kernels;
(A1)°P € has n-cokernels;
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(A2)  for every monomorphism f € C(X,Y) in C and for every n-cokernel

y Loy &L By

of f, the sequence

x Loy 8L sy

is an n-kernel of g;
(A2)°P for every epimorphism f € C(X,Y) in € and for every n-kernel

X, B By Gy

of f, the sequence

Xn_lﬁ,...i,xi,y

is an n-cokernel of f;,.
Rigorously, we should label the above axioms with the positive integer n. However, n is fixed
throughout this text, so we feel comfortable not doing so.
Note that 1-kernels, 1-cokernels and 1-abelian categories coincide with kernels, cokernels and
abelian categories, respectively. Hence n = 1 recovers the classical case.
Finally, recall that an n-exact sequence in C is a sequence

h 1 h hz hl
Iny) == Iy = o — 7y — Ly

of morphisms in € with the property that

C(—hn+1) C(—,hp) C(—,hy) C(—,h1)
0 — C(=, Zn41) —5 C(—, Zy) % G-, 7)) —=5 C(—,Z)
and
C(hy,-) C(h,-) C(hp,-) C(hps1,-)
0 — C(Z,—) —== C(Z},—-) —=— - C(Zn,~) —=—= C(Zys1,-)

are exact sequences in Mod € and in Mod C°P, respectively. Observe that 1-exact sequences are
the same as kernel-cokernel pairs (which are also known as short exact sequences). Thus, we
might think of n-exact sequences as “n-kernel-n-cokernel pairs”.

3. The functorial approach

The idea behind the functorial approach is that “representations” of a category C, which are
modules over C, can be used to understand C. Following this perspective, we might also choose
to restrict our attention to modules that are finitely presented, and then aim to understand € by
investigating the categories mod C and mod C°P. The goal of this paper is to develop this idea for
the case when C is an n-abelian category. In this section, we take the first steps into this direction,
and we reformulate the axioms for a category C to be n-abelian in terms of mod € and mod C°P.

We begin by giving equivalent statements for the axioms (A1) and (A1)°P of an n-abelian
category. Later on, we will do the same for the axioms (A2) and (A2)°P.

Let fe€ C(X,Y) and g € C(Y, Z). Recall that f is a weak kernel of g if

C-.N C(-.8

C(-X) C(-Y) — C(-,2)
is exact in Mod €. Dually, g is a weak cokernel of f if
C(g,— C(f,-
ez &2 ey, 22 e o)

is exact in Mod G°P.
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We say that C has weak kernels if every morphism in C has a weak kernel, and that C has weak
cokernels if every morphism in € has a weak cokernel.

Note that if C has n-kernels, then C has weak kernels. Dually, if € has n-cokernels, then € has
weak cokernels. It is, therefore, of our interest to consider categories having weak kernels and
weak cokernels. Regarding these properties, we have the following well-known result.

Proposition 4. An additive and idempotent complete category C has weak kernels if and only if
mod € is an abelian category.

Proof. See [1, Proposition 2.1] and [2, p. 41], or [20, Theorem 1.4] or [37, Lemma 2.1.6]. O

Observe that, by taking C°P in place of C in Proposition 4, we conclude that C has weak
cokernels if and only if mod C°P is an abelian category.

Before we continue, let us introduce some nomenclature. We say that C is right coherent if the
category mod C is abelian. Dually, C is called left coherent if the category mod C°P is abelian. If C
is both right and left coherent, then we say that C is coherent.

It follows from the Yoneda lemma that if € is right coherent, then a sequence in mod C is exact
in mod € if and only if it is exact in Mod C, see [2, p. 41]. Similarly, if € is left coherent, then a
sequence in mod C°P is exact in mod C°P if and only if it is exact in Mod C°P.

We can now describe the axioms (A1) and (A1)°P in terms of the categories mod € and mod C°P,
respectively. In fact, consider the following axioms:

(F1)  Cisright coherent and gl.dim(modC) < n+1;
(F1)°P QCisleft coherent and gl.dim(mod C°P) < n+1.

Proposition 5. The axioms (A1) and (A1)°P are equivalent to (F1) and (F1)°P, respectively.

Proof. We only prove that (A1) and (F1) are equivalent. Then, by taking C°P in place of C, we can
deduce that (A1)°P and (F1)°P are equivalent.

Suppose that € satisfies the axiom (Al). Then C has weak kernels, and we conclude that C
is right coherent, by Proposition 4. Moreover, let F € mod € be arbitrary, and take a projective
presentation

C(-,
e, x) 22 ecyy — F— 0

of Fin mod C with f € C(X, Y). Then, by taking an n-kernel of f, we get a projective resolution

0 — C(-Xy) — -+ — C(-X) — C-X) — C=Y) — F—0

of F in modC, so that pd F < n+ 1. Therefore, gl.dim(modC) < n+ 1.
Conversely, assume that C satisfies the axiom (F1). Given a morphism f € C(X,Y), let F €
mod € be the cokernel of C(—, f), and consider the projective presentation

CN

C—X) C(-Y) — F —0

of F in modC induced by f. Because gl.dim(modC) < n+1, we can extend this projective
presentation to a projective resolution of F in mod C as the one in the previous paragraph, which
gives an n-kernel of f, by the Yoneda lemma. g

We define a pre-n-abelian category to be an additive and idempotent complete category that
satisfies the axioms (A1) and (A1)°P. By Proposition 5, an additive and idempotent complete
category is pre-n-abelian if and only if it satisfies the axioms (F1) and (F1)°P.

At this point, an intriguing phenomenon is brought to light. In fact, note that, by Theorem 67,
if C is coherent, then the global dimensions of mod € and mod €°P coincide. Thus, if € is coherent,
then C satisfies (F1) if and only if C satisfies (F1)°P. By Propositions 4 and 5, this means that if C
has weak kernels and weak cokernels, then € satisfies (Al) if and only if € satisfies (A1)°P. There
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is, therefore, aredundancy in the definition of a pre-n-abelian category (and also in the definition
of an n-abelian category).

Proposition 6. Let C be an additive and idempotent complete category. If C has weak kernels and
weak cokernels, then C has n-kernels if and only if C has n-cokernels.

Proof. Follows from the previous discussion. 0

Before moving on to the axioms (A2) and (A2)°P, let us pause to ponder on how n-kernels and
n-cokernels were considered in the proof of Proposition 5.

Given a morphism f in C, let us define m(f) = Coker C(—, f), which belongs to mod €, and
m°P(f) = Coker C(f,—), which lies in mod C°P. The proof of Proposition 5 shows that if C has n-
kernels, then the n-kernels of f are obtained by taking projective resolutions of m(f) in mod € that
extend the projective presentation of m(f) induced by f. Dually, if C has n-cokernels, then the
n-cokernels of f are obtained by taking projective resolutions of m°P(f) in mod C°P that extend
the projective presentation of m°P(f) induced by f.!

Observe how in the above paragraph we insisted that n-kernels of f do not come from
arbitrary projective resolutions of m(f), but by those extending the projective presentation of
m(f) induced by f. Dually, for n-cokernels of f. This is because m(f) and m°P(f) also have
projective presentations induced by morphisms other than f. Motivated by [2, Chapter III]
and [9, Section 3], let us elaborate on this comment.

Let Mor € be the category of morphisms in C. Given f € C(X,Y), g € C(Z, W) and a morphism
(x,y): f — gin MorC, that is, a commutative square

x-L.y

|
Z?W

in G, we define m(x, y) to be the unique morphism m(f) — m(g) in mod C which makes the
diagram with exact rows below commute.

C0N

C(—X) C(—Y) — m(f) — 0
e<—,x)l le(—,y) lm(x,y)
C(-2) C(=W) — m(g) — 0

C(-,8)

It is easy to see that this defines an additive functor m: Mor € — mod €, which is dense and full.
However, the functor m is not an equivalence of categories, because it is not faithful. In fact, we
can check that the following are equivalent for a morphism (x, y) in Mor C as above:

(@ m(x,y)=0;
(b) thereis some r € C(Y, Z) with y = gr;
(c) (x,y) factors in Mor C through a split epimorphism in €.

Nonetheless, if we let SplitEpi be the subcategory of MorC consisting of the split epimor-
phisms in C, then, by the above discussion, the functor m induces an equivalence of categories
Mor C/{Split Epiy — mod €, which we also denote by m. In the references that we have previously
mentioned, this equivalence is given in [2, p. 38] and [9, Corollary 3.9].

lwith this perspective, we see that n-kernels and n-cokernels are not unique if n = 2, as it was observed in [33,
Remark 2.3]. Clearly, this is the case because projective resolutions are not unique. One way of achieving uniqueness for
n-kernels and n-cokernels would be by considering minimal projective resolutions of objects in mod € and in mod €°P,
respectively. We do not explore this subject in this paper, but we refer the reader to [23, Section 3.2] for some insights on
it.
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Dually, there is also an additive (but contravariant) functor m°?: MorC — mod C°P, which is

dense and full. Under the previous settings, we can verify that the following are equivalent:

(@) m°P(x,y) =0;

(b) thereissome reC(Y,Z)withx=rf;

(©) (x,y) factors in Mor € through a split monomorphism in €.
Consequently, by letting SplitMono be the subcategory of MorC consisting of the split
monomorphisms in €, we conclude that m°" induces an anti-equivalence of categories
Mor C/(Split Mono) — mod C°P, which we also denote by m°®P.

We can now compare how different the projective presentations of objects in mod € and in
mod C°P are. Let F € mod € and suppose that f,g € MorC are such that m(f) =~ F and m(g) = F.
Then? m(f @ Split Epi) = m(g ® Split Epi), which implies that f @ Split Epi = g ® Split Epi. Hence it
follows from Theorem 3 that there are s, ¢ € Split Epi such that f @ s = g @ ¢ in Mor C. Therefore, f
and g differ up to direct sums of split epimorphisms in €. Dually, if F € modC°P and f, g € MorC
satisfy m°P(f) = F and m°P(g) = F, then there are s, t € Split Mono with fe& s= g& ¢ in MorC. In
this case, f and g differ up to direct sums of split monomorphisms in C.

To summarize our pondering, we can say that n-kernels and n-cokernels in € are given by
well-chosen projective resolutions of objects in mod € and in mod C°P, respectively. But there
seems to be an issue with this approach to n-kernels and n-cokernels: it relies on two distinct
categories, namely, mod € and mod C°P. In view of this apparent issue, it would be interesting to
have a tool which could enable us to transit between mod € and mod C°P in such a way that for a
morphism f in €, the morphism C(—, f) in mod € would be sent to C(f, —) in mod C°P, and vice
versa. Let us explain how we can obtain such a tool.

Following [7, p. 336], given F € modC, let F* be the C°°’-module defined by F*(X) =
Hom(F, C(-, X)) for each X € € and F*(f) = Hom(F,C(-, f)) for each morphism f in €. We call
F* the dual of F. If « € Hom(F, G) for F,G € mod €, then we let a*: G* — F* be the morphism of
C°P-modules given by (a*)x = Hom(a, C(-, X)) for each X € C. This defines a contravariant func-
tor (=)*: modC — Mod C°P. It follows from the Yoneda lemma that C(—, X)* = C(X, -) for each
X € €, and also that, for each f € C(X,Y), there is a commutative diagram

e
e, v 220 e x

:1 1:

C(Y, =)~ X, )

in Mod C°P whose vertical arrows are the isomorphisms given by the Yoneda lemma. Thus, (—)*
sends C(—, X) to C(X,-), and C(—, f) to C(f,—), up to isomorphisms. Moreover, observe that if

HLGLF—»O

is a sequence in mod € which is exact in Mod €, then

0— r <o Lo
is exact in Mod C°P. Therefore, if F € mod € and if

CM

C—X) C(-Y) — F — 0

is an exact sequence in ModC with f € C(X,Y), then, from the previous observations, we
conclude that there is an exact sequence

C(f,-)

0 — F* — C(Y,-) CXx,-)

2Recall the notation introduced in Section 2.3.
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in Mod C°P. Consequently, if C is left coherent, then F* € mod C°P. Thus, when C is left coherent,
we can consider (—)* as a functor from mod € to mod C°P.

By taking C°P in place of € in the above discussion, we also obtain a contravariant functor
(=)*: modC° — ModC. In this case, it follows from the Yoneda lemma that, for each X € C
and each morphism f in €, the functor (-)* sends C(X,-) to C(—, X), and C(f,-) to C(—, f), up
to isomorphisms. Moreover, when C is right coherent, we can consider (-)* as a functor from
mod C°P to mod C.

To conclude, the tool that we have mentioned before is the contravariant functor (-)*. It gives
dualities (-)*: proj € < proj C°P and, when C is coherent, it gives contravariant additive functors
(=)*: mod € < mod C°P.

Next, we move towards the axioms (A2) and (A2)°P. In order to understand these axioms in
terms of the categories mod € and mod C°P, first we need to define a “transpose” of a module.

Following [6, Definition 2.5] and [7, p. 337], given F € mod C, if f is a morphism in € for which
m(f) = F, then m°P(f) is called a transpose of F. Note that transposes are not unique. Indeed,
if f is a morphism in € with m(f) = F and if s is a split epimorphism in €, then m(f & s) = F,
but m°P(f & s) = m°P(f) ® m°P(s) and m°P(s) # 0 if s is not an isomorphism. However, if f and g
are morphisms in € such that m(f) = F and m(g) = F, then we know from previous discussions
that there are s, t € Split Epi with f @ s = g& t in Mor C. Hence m°P(f) @ m°P(s) = m°P(g) & m°P (),
and we can check that m°P(r) € proj C°P for all r € Split Epi. Consequently, by Theorem 3, there is
an isomorphism m°P(f) @ proj C°? =~ m°P(g) @ proj C° in the projectively stable category mod C°P.
Thus, a transpose of F is unique up to isomorphism in mod C°P, see also [6, pp. 50-51].

For F € mod C, we use the notation Tr F to denote a transpose of F. By the above paragraph,
Tr F @ proj C°P is unique up to isomorphism. We also remark that, from the previous discussion
concerning the functor (—)*, for a morphism f € C(X, Y), there is an exact sequence

0 — m()* — e, L ex,) — moP(f) — 0
in ModC°P. If m(f) = F, then we might use the notation Tr F for m°P(f), and the above exact
sequence becomes

e —
0 — F* — ev,—) Y2, ex,-) — TrF — 0.

By interchanging the roles of C and C°P, we see that if F € mod C°P, then a transpose of F is
given by m(f), where f is a morphism in € for which m°P(f) = F. In this case, TrF & projC is
unique up to isomorphism. Furthermore, for a morphism f € C(X, Y), there is an exact sequence

0 — mP(f)* — C—x) - e, y) — m(f) — 0

in Mod C. If m°P(f) =~ F, then we might write the above exact sequence as

€N

0 — F* — C(—,X) C(-Y) — TrF — 0.

We remark that the transpose defines contravariant functors Tr: modC — modC°P and
Tr: modC° — modC in the obvious ways. Moreover, it is not difficult to check that Tr? =
TroTr =1, hence Tr is a duality between the projectively stable categories mod € and mod C°P.
We will not use these facts in this paper, though. The interested reader may find more details
in [5, p. 13], [6, Proposition 2.6] and [7, pp. 337-338].

Now, if F € mod € and if € is left coherent, then, for each positive integer i, define E!(F) to be
the C-module given by E'(F)(X) = Ext’(Tr £ C(X,-)) for X € € and E'(F)(f) = Ext(Tr E C(f,-))
for a morphism f in €. Here, Ext’ is taken in the abelian category mod €°P. Observe that, even
though Tr F is not uniquely determined by F, we know that transposes of F differ only up to direct
sums with projectives, hence E! (F) is well defined (up to isomorphism). As in [6, Definition 2.15],
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for a positive integer k, we say that F is k-torsion freeif E'(F) = 0 for all 1 < i < k. We remark that
if F € proj C, then F is k-torsion free for every positive integer k.

By taking C°P in place of C, note that if F € mod C°P and if € is right coherent, then E!(F) is the
€°P-module given by E!(F)(X) = Exti(TrE €(-, X)) for X € € and ENP)(f) = Exti(TrF, e, 1N)
for a morphism f in C. In this case, F is k-torsion free when Ei(F)=0foralll<i< k, and if
F € proj C°P, then F is k-torsion free for every positive integer k.

In the next result, Proposition 7, we describe how we can determine when a finitely presented
C-module F is k-torsion free by making use of a morphism f in € for which m(f) = F. Of course,
a similar result also holds for the case of finitely presented C°P-modules. The reader might want
to compare Proposition 7 with [6, Theorem 2.17] and [30, Proposition 1.1.1].

Proposition 7. Assume that C is coherent, let f € C(X,Y) be a morphism in C, and let k be a
positive integer. The following are equivalent:

(@) m(f) is k-torsion free;

(b) for every exact sequence

C(gk,-) C(g2,-) Clg1,-) C(f,-)

C(Yx, ) Chm,-) —— CY,-) — C(X,-)

in mod C°P, the sequence

C(-, C(-, C(-, e,
C-X) Leh, C(-,Y) Ls, C(—, 1) R w10

is exact in mod C;
(c) there is an exact sequence

Clgr - Clga— Clgi- Cf-
B 8D oy, ) S8 ey, -y 2L e, )

G(Ykr _)
inmod C°P for which

C(-, C(-, C(-, C(-,
C=X) R C(-,y) ——& C(—, 1) G o8

e(_) Yk)

is exact in mod C.

Furthermore, if m(f) is k-torsion free and pd m°P(f) < k+ 1, then the morphism gy in item (c) can
be chosen so that C(gy,—) isa monomorphism.3

Proof. Let

C(gr,—) C(g2,-) Cg1,-) C(f,-)
g7, L&D oy ) S8 ey, G

C(Yg,-) CXx,-)

be an exact sequence in mod C°P. Such a sequence can be considered as the beginning of a
projective resolution of m°P(f) in mod €°P. If Z € €, then, by applying Hom(—,C(Z,-)) to the
above sequence,! we get a complex in Ab which is, by the Yoneda lemma, isomorphic to

Cz,N C(Z,g1) C(Z,g2) C(Z,gr)
ez, x) 220 ez, vy S48 ez, 1) LA 8k

C(Z, Y).

This complex is an exact sequence in Ab if and only if Ext’(m°P(f),€(Z,~)) =0 forall 1 <i < k.
Therefore, the sequence

C-./f Cl-,g1) C(-,g) C(-,8k)

C=X) C-Y) —— C(- 1)

G(—, Yki)

is exact in mod € if and only if m(f) is k-torsion free.
From the above paragraph, we deduce that (a) implies (b), and that (c) implies (a). Next, we
show that (b) implies (c).

3That is, gk can be chosen to be an epimorphism in €.
4Observe that this is the same as applying the functor (—)* and then evaluating at Z.



Vitor Gulisz 1135

Suppose that item (b) holds. Since mod C°P is an abelian category with enough projectives,
there is an exact sequence

C(gr,— C(ge,— Clg1,— C(f,-
(Y —) —8eD, S8 oy oy S8 ey, ) S e,
in mod C°P, In this case, it follows from item (b) that
C(-,/f) C(-,g81) C(-,82) C(-,8%)

C=X) — CY) —— C(- 1) €=, Yx)

is exact in mod C.

Finally, observe that if pd m°P(f) < k + 1, then the above sequence in mod C°P can be chosen
so that C(gy, —) is a monomorphism. In fact, it suffices to take a projective resolution of m°P(f)
in mod C°P with the smallest length as possible. O

We are ready to describe the axioms (A2) and (A2)°P of an n-abelian category in terms of mod €
and mod C°P, respectively. For a coherent category C, consider the following axioms:

(F2)  every F € mod C with pd F <1 is n-torsion free;

(F2)°P every F € mod C°P with pd F < 1 is n-torsion free.

Proposition 8. If C is a pre-n-abelian category, then the axioms (A2) and (A2)°P are equivalent
to (F2) and (F2)°P, respectively.

Proof. Assume that C is a pre-n-abelian category, so that, by Proposition 5, both mod € and
mod C°P are abelian categories of global dimension at most 7 + 1. Below, we only prove that (A2)
and (F2) are equivalent. By duality, we obtain that (A2)°P and (F2)°P are also equivalent.

Suppose that C satisfies the axiom (A2). Let F € mod € be such that pd F < 1. Then there is a
projective resolution

e,
0 — ex) ey —F—o0
of F in mod € with f € C(X,Y), so that m(f) = F. Note that f is a monomorphism in €. Since
gl.dim(mod C°P) < n + 1, we can extend the projective presentation

ey, Y ex, ) — moP(f) — 0

of m®P(f) in mod C°P to a projective resolution

Clgn,—) Clg2,-) C(g1,-) C(f,-)
0 — Oy —) S8r7h L C8T oy 1y S8 oy ) ST ey, ) . mop(f) — 0

of m°P(f) in mod C°P. In this case,

y Loy &L By

is an n-cokernel of f. From the axiom (A2), we conclude that

)(i>yﬂ,..._’,yrk1

is an n-kernel of g;. Therefore, the sequence

C(-,f) C(-,g1) C(-,g2) C(-,gn)
Do, y) S8 oy, Sog L s

0— C—X) Cl= Y

is exact in mod €. Thus, it follows from Proposition 7 that m(f) is n-torsion free, hence so is F.
Conversely, suppose that C satisfies the axiom (F2). If f € C(X, Y) is a monomorphism in C,

then the sequence

0 — ex) 22 e y) — m(f) — o

is exact in mod €. Hence pd m(f) < 1, which implies that m(f) is n-torsion free. If

y Loy, &L By
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is an n-cokernel of f, then

C(gn,— Clga,— elg1,-) e~
0 — C(¥y,-) =82 8D ey ) S8 ey, 202 ex, o
is an exact sequence in mod C°P. By Proposition 7, the sequence
C(-,/ C(-,81) C(-,82) C(~,8n
0 — % —L e, y) L ey L L E0E) ey,
is exact in mod €. Consequently,
x Loy 8L gy
is an n-kernel of g,. O

We can now state the main result of this paper.

Theorem 9. An additive and idempotent complete category C is n-abelian if and only if C satisfies
the following axioms:

(F1)  Cisright coherent and gl.dim(modC) < n+1;
(F1)°P C is left coherent and gl.dim(mod C°P) < n+1;
(F2)  every F € modC with pd F <1 is n-torsion free;
(F2)°P every F € mod C°P with pd F <1 is n-torsion free.

Proof. Follows from Propositions 5 and 8. O

From now on, we focus on the axioms presented in Theorem 9 to study n-abelian categories.
We call them the functorial axioms of an n-abelian category. Two remarks about these axioms
are worth mentioning. First, note that we could replace the condition pd F < 1 by pd F =1 in the
axioms (F2) and (F2)°P since projective modules are always n-torsion free. Second, although the
axioms (F1) and (F1)°P state that the global dimensions of mod € and mod C°P are at most n+1, we
prove in Corollary 15 that, except for a trivial case, if C is an n-abelian category, then these global
dimensions are actually equal to n + 1. This trivial case is when the category is “von Neumann
regular”, and we devote the next section to analyze it.

4. The von Neumann regular case

When investigating whether a category is n-abelian or not, it can happen that it is n-abelian for
every positive integer n. This is the case precisely when the category is “von Neumann regular”.
In this section, we prove this statement, and we give several characterizations of these categories.

An additive and idempotent complete category C is called von Neumann regular if every
morphism f in C can be written as f = jp in €, where p is a split epimorphism and j is a
split monomorphism. Although such categories are usually called “semisimple”, as in [33], for
example, we believe that our choice of nomenclature is more appropriate since these categories
can be thought of as generalizations of von Neumann regular rings. Indeed, € is von Neumann
regular if and only if every morphism f in € can be written as f = f g f for some morphism g in C,
see [12, Proposition 3.4]. Another fact that supports our choice of nomenclature is that C is von
Neumann regular if and only if every finitely presented C-module is projective, which we prove
in Proposition 10. This is analogous to the fact that a ring A is von Neumann regular if and only
if every finitely presented A-module is projective, see [39, Section 4]. Also, note that, due to [42,
Proposition 1.1], the equivalence between € being von Neumann regular and the conditions (b)
and (d) of Proposition 10 is analogous to the fact that a ring is von Neumann regular if and only if
it has weak dimension zero, see [39, Theorem 4.21].
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Proposition 10. Let C be an additive and idempotent complete category. The following are
equivalent:

(@) € isvon Neumann regular;

(b) C is right coherent and gl.dim(mod C) =0;
(¢) modC=projC;

(d) C is left coherent and gl.dim(mod C°P) = 0;
(e) modC°P = projC°P,

Proof. We only prove the equivalences between (a), (b) and (c). Then, by duality, we can deduce
that (a), (d) and (e) are equivalent, since € is von Neumann regular if and only if C°P is von
Neumann regular.’

Assume that € is von Neumann regular. Then we can verify that C has kernels, so that it follows
from Proposition 5 that C is right coherent and gl.dim(mod €) < 2. Furthermore, it is easy to see
that every monomorphism in € is a split monomorphism. Consequently, every monomorphism
in mod € whose domain and codomain are in projC is a split monomorphism. Therefore, as the
projective objects of mod € are given by projC, and mod € is an abelian category with enough
projectives and finite global dimension, it is straightforward to conclude that gl.dim(mod €) = 0.
Hence (a) implies (b). Also, it is clear that (b) implies (c), and we prove below that (c) implies (a).

Suppose that mod C = proj €. Let f € C(X, Y) be an arbitrary morphism in €, and consider the
exact sequence

C(-,X) —= C(—,Y) — m(f) — 0

in Mod €. Since m(f) is projective, C(—, Y) — m(f) is a split epimorphism, which implies that
its kernel is a split monomorphism. Consequently, the image (object) of C(—, f) is isomorphic to
C(-, Z) for some Z € C, and we conclude that there are morphisms p € C(X,Z) and j € C(Z,Y)
such that C(—, f) = C(—, j)C(—, p), where C(—, p) is an epimorphism in Mod € and C(-, j) is a split
monomorphism. However, C(—, p) being an epimorphism to a projective implies that it is a split
epimorphism. Thus, by the Yoneda lemma, we get that f = jp, where p is a split epimorphism
and j is a split monomorphism. O

While Proposition 10 characterizes von Neumann regular categories in terms of their cate-
gories of finitely presented modules, we mention next a few other characterizations of these cat-
egories, which are given in terms of their intrinsic properties.

Proposition 11. Let C be an additive and idempotent complete category. The following are
equivalent:

(a) € isvon Neumann regular;

(b) C has kernels and every monomorphism in C is a split monomorphism;
(c) © has cokernels and every epimorphism in C is a split epimorphism;

(d) € isan abelian category and every object in C is projective and injective.

Proof. We leave it to the reader to verify that (a) implies both (b) and (c). From the proof of
Proposition 10, we see that (b) implies (a). By duality, (c) implies (a). Therefore, (a), (b) and (c) are
equivalent. Next, observe that (d) implies both (b) and (c). Furthermore, we can conclude from
Proposition 10 that (a) implies (d), as we show below.

Assume that C is von Neumann regular. Then, by Proposition 10, C is right coherent and
mod € = projC. But recall that the Yoneda embedding induces an equivalence of categories
C = projC. Consequently, C is an abelian category with the property that all of its objects are
projective, which implies that its objects are also injective. g

51t is also possible to prove directly that item (b) implies item (d), and vice versa, by making use of the functor (-)*.
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It follows from Proposition 10 and Theorem 9 that if a category is von Neumann regular, then
it is n-abelian for every positive integer n. Our goal now is to show that von Neumann regular
categories are the only categories with this property. In fact, we prove in Proposition 16 that if a
category is n-abelian for more than one positive integer n, then it must be von Neumann regular.

In order to prove Proposition 16, we need to state a few results first. We start with the following
lemma, which is well-known. For the convenience of the reader, we include a proof.

Lemma 12. Let A be an abelian category with enough projectives. Given X € A, letd = pd X. If
1< d < oo, then there is a projective object P € A with E><tf‘l (X,P)#0.

Proof. Assume that 1 <d < oo and let

0 — P; — Pg_y —> +++ — P — Py — X — 0

be a projective resolution of X in A. We claim that Extil (X, Pg) # 0. In fact, if this was not the
case, then, when computing Ext‘fil (X, P;) by applying A(—, P;) in the above projective resolution
and taking homology, we would get that A(P;_1,P;) — A(Pg4,P;) is an epimorphism. But this
would imply that P; — P;_; is a split monomorphism, so that its cokernel would be projective,
which would give that pd X < d — 1, a contradiction. U

The next lemma is also well-known. It follows from Proposition 2 and the fact that transposes
define dualities Tr: mod € — mod C°P, as remarked in Section 3. However, in an effort to make
this paper as self-contained as possible, we provide a direct proof.

Lemma 13. Let C be an additive and idempotent complete category. If F € mod C, then F € projC
ifand only if Tr F € proj C°P.

Proof. Let F € modC. If F € projC, then it is clear that TrF € projC°P. So, assume that TrF €
proj C°P. Take a morphism f € C(X, Y) in € such that m(f) = F, and consider the exact sequence

€=/

C-X) C(-Y) —F—0
in Mod C. By applying (-)* to it, we get an exact sequence

ey, -) C(f,m)

CX,-) — mP(f) — 0

in ModC°P. Since m°P(f) is a transpose of F, it is projective. Thus, as in the proof of Propo-
sition 10, we can deduce that there is some Z € C and morphisms y € C(Z,Y) and x € C(X, Z)
such that C(f,-) = C(x,-)C(y,—), where C(y,-) is a split epimorphism and C(x,-) is a split
monomorphism. Therefore, by applying (-)* to this decomposition of C(f,—), we obtain that
C(—, f) = €(—,y)C(-,x), where C(—,x) is a split epimorphism and €(—, y) is a split monomor-
phism. Consequently, C(—,Y) — F is a split epimorphism since its kernel C(—, y) is a split
monomorphism, so that F € projC. 0

Proposition 14. Let C be a pre-n-abelian category that satisfies the axiom (F2). If F € modC is
such thatpdF =1, thenpd TrF=n+1.

Proof. Let F € modC be such that pd F = 1. By Lemma 13, we have pd TrF = 1. Moreover,
we know from Proposition 5 that gl.dim(mod C°P) < n+ 1, which implies that pd TrF < n + 1.
Therefore, because F is n-torsion free, it follows from Lemma 12 that pd TrF = n + 1. U

Corollary 15. Let C be an n-abelian category. If C is not von Neumann regular, then
gl.dim(modC) = gl.dim(modC°P) = n+1.

Proof. By Theorem 9, C satisfies the axioms (F1), (F1)°P, (F2) and (F2)°P. In particular, the
inequalities gl.dim(modC) < n+ 1 and gl.dim(mod C°P) < n+ 1 hold. Assume that € is not von
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Neumann regular. Then we obtain from Proposition 10 that gl.dim(modC) > 0. Hence there is
F € mod C with pd F =1, so that pd Tr F = n + 1, by Proposition 14. Thus, gl.dim(mod C°P) = n + 1.
By duality, gl.dim(mod €) = n+1 also holds.® O

It follows from Corollary 15 that if a category is not von Neumann regular, then it cannot be
m-abelian and n-abelian for two distinct positive integers m and n. This argument allows us to
characterize von Neumann regular categories as the categories that are n-abelian for more than
one (or for every) positive integer n. Let us state this characterization, which was first proved by
Jasso in [33, Corollary 3.10].

Proposition 16. Let C be an additive and idempotent complete category. The following are
equivalent:

(a) Cisvon Neumann regular;
(b) € isn-abelian for every positive integer n;
(c) there are two distinct positive integers m and n for which C is m-abelian and n-abelian.

Proof. It follows from Proposition 10 and Theorem 9 that (a) implies (b). Trivially, (b) implies (c),
and by Corollary 15, (c) implies (a). O

As we see from the characterizations of von Neumann regular categories given in this section,
such categories can be considered to be trivial from the point of view of (classical and higher)
homological algebra. In Appendix C, we give more evidence for this claim, and we also present
another proof of Proposition 16.

5. The double dual sequence

In this section, we prove the existence of the “double dual sequence” of a finitely presented
module, and we explore some of its properties and consequences, which will be important for
the development of the rest of this paper.

Recall from Section 3 that if F is a finitely presented C-module or C°P-module, then we can
consider its dual F*. As we have already observed, when C is coherent, the dual of a module
defines contravariant additive functors (—)*: mod C — mod C°P. If C is coherent, we define the
double dual of F to be (F*)*, which we denote by F**. Clearly, there is a canonical morphism
F — F**,see [7, p. 336], and F is called reflexive when this morphism is an isomorphism.

The next result, which was proved by Auslander in [1], offers a way to understand when
a finitely presented module F is reflexive. Following [49], we call the exact sequence in the
proposition below the double dual sequence of F.”

Proposition 17. Assume that C is coherent. For each F € mod C, there is an exact sequence

0 — E'(F) — F — F** — E*(F) — 0
in mod C, where F — F** is the canonical morphism. Moreover, the morphisms in this sequence
arenaturalin F.

Proof. Let

C—X) cen C(-Y) —F—0
be a projective presentation of F in mod € with f € C(X,Y). By applying (-)* to this projective
presentation, we get an exact sequence

C(f-)

0 — F* — C(Y,-) CX,-) — m°P(f) — 0

60of course, we could also use Theorem 67 to conclude the proof.
7Some authors call it the Auslander—Bridger sequence of F, due to its appearance in [6].
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in mod C°P. Write this sequence as the splice of two short exact sequences
0— F" — CY,-) — G — 0

and
00— G — CX,-) — m°p(f) — 0

in mod C°P. By applying (-)* to these short exact sequences, we obtain two exact sequences
0 — G* — C(-,Y) — F** — E*(F) — 0

and
0 — m°P(f)* — C(-,X) — G* — EYF) — 0

in mod C. We can see that the cokernels of C(—, Y) — F** and C(—, X) — G* are given by E2(F) and
EL(F), respectively, by applying Hom(—,€(Z, -)) in the previous short exact sequences in mod C°P
and then considering the induced long exact sequences, for each Z € €, and by using the fact that
Ext!(G,-) = Ext?(m°P(f),-).

Next, we apply (—-)* to

C(f-)

F* — C(Y,-) CX,-)

and we get morphisms

e x) 22 e y) — P

in mod € whose composition is zero, so that there is a unique morphism F — F** in mod € which
makes the diagram

e x) 2L ey) — F —— 0

F* *
commute. In this case, F — F** is the canonical morphism from a module to its double dual. The

details are left to the reader.
Finally, we put the previous exact sequences in mod € into a commutative diagram

0 0

| |

0 — moP(f)* — C(-,X) G* E'(F) — 0

N |l | |

0 — m°P(f)* — C(-X) —— C(-Y) — F — 0

C-,f
| |
F** F**
l |
E2(F) = E*(F)
| |
0 0

where F — F** is the canonical morphism. By filling this diagram with zeros, we conclude from
the 4 x 4 lemma that its fourth column is exact in mod €, see [11, Lemma 2.6].

Lastly, given that the canonical morphism F — F** is natural in F, so are the other morphisms
in the double dual sequence of F. d
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Observe that, by Proposition 17, if C is coherent and F € modC, then F is reflexive if and
only if F is 2-torsion free. Furthermore, we also conclude from Proposition 17 that if F — G is
a morphism in mod €, then it induces a commutative diagram

EYF) — F

I

ENG) — G

in mod €, where the horizontal arrows are monomorphisms. In particular, note that if F — G
is a monomorphism, then so is E!(F) — E'(G). Therefore, if F — G is a monomorphism and G
is 1-torsion free, then so is F. Consequently, because projectives are 1-torsion free, if there is a
monomorphism in mod € from F to a projective, then F is 1-torsion free. By Proposition 7, the
converse also holds. Let us record these facts below, which are, of course, well-known. For ease
of reference, it is convenient to recall that an object X in an abelian category A is called a syzygy
if it embeds into a projective, that is, if there is a monomorphism X — P in A with P projective.

Corollary 18. Assume that C is coherent, and let F € mod C.
(a) F is1-torsion freeif and only if F is a syzygy.
(b) F is2-torsion free if and only if F is reflexive.

Proof. Follows from the above discussion. O

Because of Corollary 18, we can reformulate the functorial axioms (F2) and (F2)°P of an
n-abelian category for the cases n = 1 and n = 2 in terms of finitely presented modules of
projective dimension at most 1 being syzygies and reflexive, respectively. Moreover, as we show
in Theorems 23 and 30, the conditions of being syzygies and reflexive can be used to describe the
axioms (F2) and (F2)°P for every positive integer n = 2. This will be discussed in Section 6.

Observe that it also follows from Corollary 18 that if € is coherent, then every projective object
in mod C is reflexive since projectives are 2-torsion free.® Thus, it is natural to ask if there are
reflexive objects in mod C that are not projective. For the case when C is an n-abelian category
which is not von Neumann regular, the answer to this question depends on n. Actually, it gives
an interesting distinction between 1-abelian categories and n-abelian categories with n = 2, as
we show below.

Corollary 19. Let C be an n-abelian category that is not von Neumann regular. The following are
equivalent:

(@ n=2;

(b) every F € modC with pd F =1 is reflexive;

(c) thereis some F € mod C with pd F = 1 that is reflexive;

(d) there is some F € mod C with pd F = 1 that is reflexive.

Proof. It follows from Theorem 9 and Corollary 18 that (a) implies (b). Moreover, (b) implies (c)
since Corollary 15 says that gl. dim(mod €) = n+ 1, which implies the existence of some F € mod €
with pd F = 1. Trivially, (c) implies (d), and we show below that (d) implies (a).

Suppose that there is some F € mod C with pd F = 1 which is reflexive. Then, by Lemma 13
and Theorem 9, we have 1 < pd Tr F < n+ 1. Furthermore, we know from Corollary 18 that F is
2-torsion free, hence it follows from Lemma 12 that 3 < pd Tr F. Consequently, = 2. O

Motivated by [31, Proposition 2.8], we end this section by recalling some well-known proper-
ties of the double dual sequence, which will be used to prove Proposition 29.

8 Alternatively, we could prove directly that projectives are reflexive by using the Yoneda lemma.
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Proposition 20. Assume that C is coherent, and let F € mod C. The double dual sequence
0 — EYF) — F — F** — E*(F) — 0

of F has the following properties:

(a) the image of F — F** is isomorphic to QTrQTr F for suitable choices of transposes and

syzygies;?
(b) the dual of E'(F) — F is the zero morphism."°

Proof. (a). This is similar to the proof of Proposition 17, so we will be more concise.
Let

C(—,X) —— (3(— Y) — F — 0
be a projective presentation of F in mod C with f € C(X,Y), and consider the exact sequence

0 — F* — C(Y,-) LU, CX,-) — m°P(f) — 0

in mod C°P. Since mod C°P has enough projectives, we can extend the above sequence to an exact
sequence

ez 2 err,-) 22 e o) — mer() — o
in mod C°P with g € C(Y, Z). Now, write it as the splice of two exact sequences

ez—) 28 eyo) — G — 0

and
00— G — C(X,-) — mP(f) — 0

in mod C°P. By applying (-)* to the last two sequences, we get exact sequences

0 — G* — €, V) ~8. 0, 2) — m(g) — 0
and

0 — m°P(f)* — C(-,X) — G* — EYF) — 0
in mod C.

Next, observe that the composition

e x =L e, y) 222

€2
is zero, hence there is a unique morphism F — €(—, Z) in mod € making the diagram

e x) 2L eyy — F—— 0

cca~ |

€2
commute.
9More precisely, we prove that if f is a morphism in € and g is a weak cokernel of f, then the image of the canonical

morphism m(f) — m(f)** is isomorphic to the image of (-, g).
10That is, when we apply (-)* to gl (F) — F, we obtain the zero morphism.
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Finally, we put the previous exact sequences in mod € into a commutative diagram

0 0
| |

0 — m°P(f)* — C(-,X) G* ELF) — 0
il | | |

0 — mP(f)* — C(-,X) yTEry C-Y) F 0
G(f,g)j [

C(-2) = C(-,2)

l l

m(g) —— m(g)

l l

0 0

and by filling it with zeros, we conclude from the 4 x 4 lemma that its fourth column is exact in
mod G, see [11, Lemma 2.6]. Therefore, the cokernel of E' (F) — F is of the form Q TrQ Tr F since it
coincides with a syzygy of m(g), and m(g) is a transpose of G, which is a syzygy of a transpose of F.
Thus, because the cokernel of E}(F) — F is isomorphic to the image of the canonical morphism
F — F**, we are done.

(b). In what follows, we make use of the morphisms described above, in the proof of item (a). By
definition, F* — E!(F)* is zero if and only if for every W € € and every morphism F — €(—, W) in
mod €, the composition E! (F) — F — C(—, W) is zero.

Well, take W € C, and consider a morphism F — C(—, W) in mod C. By the Yoneda lemma, the
composition C(-,Y) — F — C(—, W) is given by C(—, h) for some morphism h € C(Y, W). In this
case, we have C(—,h)C(—, f) =0, so that hf = 0. Then, because g is a weak cokernel of f, we
conclude that h factors through g. Consequently, C(—, i) factors through €(—, g). Since C(—, g)
coincides with the composition €(-,Y) — F — C(—, Z) and C(—, Y) — F is an epimorphism, we
deduce that F — C(—, W) factors through F — C(—, Z). Therefore, the composition E! (F) — F —
C(—, W) is zero. O

6. The second axioms

The axioms (A2) and (A2)°P of an n-abelian category were introduced by Jasso in [33, Defini-
tion 3.1] as generalizations of the axioms “every monomorphism is the kernel of its cokernel” and
“every epimorphism is the cokernel of its kernel” of an abelian category. But, when defining an
abelian category, it is also common to find these axioms in the form “every monomorphism is a
kernel” and “every epimorphism is a cokernel”. Therefore, it is natural to ask whether we can also
generalize these latter axioms to the case of n-abelian categories. In this section, we present two
such possible generalizations, which are achieved through the functorial approach.

Let us give an overview of the results of this section.

When contemplating the functorial axioms (F2) and (F2)°P in Theorem 9, it is natural to ask if,
for an n-abelian category C, every finitely presented C-module or C°P-module F with pd F < m is
(n+1 - m)-torsion free, whenever m is a positive integer such that 1 < m < n. It turns out that
this is indeed the case, as it was essentially proved by Iyama and Jasso in [31, Proposition 3.7].
We present this result in Proposition 29. In addition, we also prove directly a similar statement in
Proposition 21, by replacing the condition “pd F < m” by “F is m-spherical”.



1144 Vitor Gulisz

The two results mentioned above lead to a few axioms equivalent to (F2) and (F2)°P, which are
still expressed in terms of categories of finitely presented functors, see Theorems 23 and 30. Once
these axioms are obtained, we “translate” them to the language of higher homological algebra,
thereby obtaining equivalent ways of stating the axioms (A2) and (A2)°P, see Theorems 26 and 32.
Among these, there are two possible generalizations of the axioms “every monomorphism is a
kernel” and “every epimorphism is a cokernel”, and we use them to give two alternative (but
equivalent) definitions of an n-abelian category in Theorems 27 and 33.

6.1. The spherical case

In this subsection, we start to investigate the question of whether finitely presented modules of
projective dimension at most m over an n-abelian category are (n + 1 — m)-torsion free by first
considering the “m-spherical” case.

Let A be an abelian category with enough projectives, and let m be a positive integer. Moti-
vated by [6], we say that an object X € A is m-spherical if pd X < m and Ext’A (X, P) =0 for ev-
ery 1 <i < m—1 and every projective object P € A. Note that projective objects are m-spherical
for every positive integer m. On the other hand, if X is m-spherical and not projective, then
pd X = m, by Lemma 12. We also remark that X is 1-spherical if and only if pd X < 1.

In particular, if € is right coherent, then F € modC is m-spherical when pdF < m and
Ext'(FC(—, X)) =0forall1<i<m-1andall X € €. Dually, if € is left coherent, then F € mod C°P
is m-spherical when pd F < m and Exti(F, CX, —)) =0foralll<si<m-1landall X€eC.
Proposition 21. Assume that C is coherent, and let m and k be positive integers, where k = 2. If
every m-spherical object in mod C is k-torsion free, then every (m + 1) -spherical object in mod C is
(k—1)-torsion free.

Proof. Suppose that every m-spherical object in mod € is k-torsion free. Let F € mod C be (m+1)-
spherical, and consider the beginning of a projective resolution

e, X)) P o x) £ e xp) — F — 0

of F in modC. Let H = m(f>) be the cokernel (object) of €(—, f>). Observe that H is m-spherical,
hence it is k-torsion free, and it follows from Proposition 7 that there is an exact sequence

C(gk,—) C(g2,-) C(g1,-) C(f2,-)

€Yk, -) CM,-) —— CX1,-) —— C(Xz,-)

in mod G°P for which

C(— L) C(-,g1) C(-,82) C(-,8x)
G(_rXI) G(_rYl) e

e(—,Xg) e(_va)
is exact in mod C. Let G = m(g;) be the cokernel (object) of C(—, g1). Note that, by Proposition 7,
G is (k — 1)-torsion free. Now, from the previous exact sequence in mod C°P, we see that g; is a
weak cokernel of f>. Thus, because f; f> = 0, it follows that f; factors through g, so that C(-, f1)
factors through C(—, g1). Hence we get a commutative diagram with exact rows

C(=f2) C(-,81)

C(=, Xo) C(=X1) e-n) — G—0

| | | |

C(-, Xo) o C(-, X1) Ty C(—,Xp) —m F — 0

in mod €, which leads to a commutative diagram with exact rows

00— H— C(-¥1) —G—0

I

00— H— C(-,X9p) — F —0
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in mod C. Consequently, the rightmost square in the above diagram is a pullback diagram, so that
there is a short exact sequence

0 — C(- 1) — Gol(—Xg) — F — 0

in mod C. But since F is (m+ 1)-spherical, we have Ext! (F, C(-, Yl)) =0, and the above short exact
sequence splits. Thus, G® C(—, Xp) = F ® C(—, Y1), which implies that E*(G) = E*(F) for all i = 1.
Therefore, as G is (k — 1)-torsion free, so is F. O

It follows from Theorem 9 and Proposition 21 that if C is an n-abelian category, then every
m-spherical object in mod C is (n + 1 — m)-torsion free, for all 1 < m < n. By replacing € by C°P,
we deduce that this property also holds for C°P-modules when € is n-abelian.!! Furthermore, we
can use Proposition 21 to state the axioms (F2) and (F2)°P in a few different ways, as we show in
Theorem 23. But before we do that, let us describe m-spherical modules in the same spirit that
k-torsion free modules were described in Proposition 7.

Proposition 22. Assume that C is coherent, let f € C(X,Y) be a morphism in C, and let m be a
positive integer. The following are equivalent:

(@) m(f) is m-spherical;

(b) pdm(f) < m and for every exact sequence

Cl=fm) C(=f3) (=, Xy) C(-,f2) (=, X) C=N e(=,Y)

Cl—Xm)
in mod C, the sequence

C(f,- C(fa,— C(fz,— C(fm,—
10, ox,—) SR, oy, oy EBD, | CUn)

C(y,-)
is exact in mod C°P (we agree that X1 = X, Xo =Y and f, = f);
(c) there is an exact sequence

Cl=fm) C-.f3) C-.f2) C1

G(XWZ) _)

in mod € for which
ey, -) Cif-) CX,-) C(f2,-) C(Xa—) ) Clm) CXym—)
is exact in mod C°P (we agree that X, = X, Xo =Y and fi = f).
Proof. Let
€ X) — OB o ) EOEL ey S ey

be an exact sequence in mod C, which can be regarded as the beginning of a projective resolution
of m(f) in modC. Given Z € €, by applying Hom(—,C(-, Z)) to the above sequence, we get a
complex in Ab which is isomorphic to

C(f.2) C(f2,2) C(f3,2) C(fm2)

Cw,2) CX,2)

C(Xy, 2) CXm, 2),

by the Yoneda lemma. This complexis an exact sequence in Ab if and only if Ext! (m (N, C(-, Z)) =
0forall 1 <i<m-1. Consequently, the sequence

C(y,-) o), CX,-) L) C(X,-) CB) ClUmo)

e(}(I’I’Ly _)

is exact in mod C°P if and only if Ext’ (m(f),€(~, Z)) =0foralll1<i<m-1landall Z€C.
From the above paragraph, it follows that (a) implies (b), and that (c) implies (a). Below, we
show that (b) implies (c).

e register these facts in Theorem 23.



1146 Vitor Gulisz

Suppose that item (b) holds. Since pd m(f) < m, there is an exact sequence

C=.f2) €=/

Cofm)  CCfs) € X) —— C(-,Y)

0 — C(—, X C(—, X2)

in mod €, which is obtained from a projective resolution of m(f) in mod €. Then it follows from
item(b) that

evo) S ox, oy CB) e(x,, oy B CUn)

CXom,-)

is exact in mod C°P, g

We are now ready to show a few different ways of stating the axioms (F2) and (F2)°P. Given
positive integers n and k with 1 < k < n, and a coherent category C, consider the following axioms:

(F2,) every 1-spherical object in mod C is n-torsion free;

(F2,) every m-spherical object in mod € is (n+ 1 — m)-torsion free, forall 1 < m < n;
(F2.) every m-spherical object in modC is a syzygy, forall 1 < m < n;

(F24,) every m-spherical object in mod € is k-torsion free, forall l<s m<n+1-k.

For the sake of completeness, let us also state the duals of the above axioms.

(F2,)°P  every 1-spherical object in mod C°P is n-torsion free;

(F2,)°P  every m-spherical object in mod C°P is (n + 1 — m)-torsion free, forall 1 < m < n;
(F2¢)°P  every m-spherical object in mod C°P is a syzygy, forall 1 < m < n;

(F24,)°P every m-spherical object in mod C°P is k-torsion free, foralll<s m<n+1-k.

Theorem 23. Assume that C is coherent. The following statement holds for O € {a,b,c,dg}:

the axioms (F2) and (F2)°P are equivalent to (F2g) and (F20)°P, respectively.

Proof. It suffices to prove that the axioms (F2), (F2,), (F2p), (F2¢) and (F24,) are all equivalent to
each other. By duality, we deduce that their dual axioms are also equivalent to each other.
Trivially, (F2) is equivalent to (F2,), and Proposition 21 shows that (F2,) implies (F2,). Now,
fix a positive integer k such that 1 < k < n. Clearly, (F2,) implies (F24,), and we prove below
that (F24,) implies (F2,).
Suppose that every m-spherical object in mod C is k-torsion free, foralll s m<n+1—k. Let
F € mod € be 1-spherical, and take a projective resolution

C(-,
0 — e, x) 22D eCyy — F — 0

of F in mod €. Then the morphism f € C(X,Y) is such that m(f) = F. Consequently, m(f) is
k-torsion free, so that it is 1-torsion free. By Proposition 7, there is an exact sequence

Clg1,— C(f,—
ey, ) 282 ey, o) L2 e,

in mod G°P for which

[HCH )] C(-,81)

0 — C-,X) C=Y) —— C(- 1)

is exactin mod C. In this case, it follows from Proposition 22 that m(g;) is 2-spherical. By repeating
this argument consecutively, we obtain an exact sequence

Clgn-k—) C(g2,-) C(g1,-) C(f,-)
C¥pop,—) kD) C8D) o,y S8 oy ) ST ek
in mod C°P for which
C(-/) C(-,g1) C(-,82) C(-,8n-k)

0 — C(-X) — C(-,Y) —— C(-, 1) C(= Yn-k)
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is exact in mod C, so that m(g,—) is (n+ 1 — k)-spherical. Therefore, as m(g,_x) is k-torsion free,
from Proposition 7, we deduce the existence of an exact sequence

C(gn,-) C(g2,-) C(g1,-) ()

C(Yp,-) Cy,-) — CX,-)

in mod C°P for which

G(Yl) _)

C(-, C(-, C(-, C(—.gn
0 — C(-,X) Len C(=,Y) Le) C(=, Y) g2 Cgn)

C(=Yn)

is exact in mod €. By Proposition 7, m(f) is n-torsion free, hence so is F.

We have proved that, for a fixed positive integer k with 1 < k < n, the axioms (F2), (F2,), (F2p)
and (F24,) are all equivalent. Since we know from Corollary 18 that (F2.) corresponds to (F24,)
when k =1, we are done. 0

Observe that the axioms (F2.) and (F2.)°P are stated only in terms of mod € and mod C°P,
respectively, and do not depend on the transpose or on the dual of a module. Furthermore, note
that, by Corollary 18, when n > 2 and k = 2, the axioms (F24,) and (F24,)°P can be rephrased as
“m-spherical objects are reflexive, forallls m<n-1".

6.2. Segments and cosegments

Recall that, in Section 3, we reformulated the axioms (A1), (A1)°P, (A2) and (A2)°P of an n-abelian
category in terms of its categories of finitely presented functors, thereby obtaining the functorial
axioms (F1), (F1)°P, (F2) and (F2)°P. Now, going in the opposite direction, we will show how
to “translate” the axioms (F2,), (F2p), (F2¢), (F2q,), (F2,)°P, (F2p)°P, (F2:)°P and (F24,)°P to the
language of higher homological algebra. But first, we need to define new terms in this language.

Let m be a positive integer. Motivated by Proposition 22, we define an m-segment in C to be a
sequence

X, dn By G
of morphisms in € for which
C(—fm C(-, C(-,
0 — C(=, Xy —=fmh L EOP o xy) SO e xy)
and
C(f1,-) C(f2,-) Cfm—)
CXo,-) L2 exy, -y S22 L ST g, o)

are exact sequences in Mod € and in Mod C°P, respectively. Dually, we define an m-cosegment in

C to be a sequence
Yo RN Y, -CIUN N Y,
in C such that

Cgm,—) C(g2,-)

C(g1,-)
0 — C(Ypm,-) C(Yy,-) —22 C(Yp,-)

and

C(-,g1) C(-,82) C(—,8m)
G-, Yo) —25 e, vy) —22 .. =28 e, Vi)

are exact sequences in Mod C°P and in Mod C, respectively. Observe that a 1-segment is the same
as a monomorphism, and a 1-cosegment is the same as an epimorphism.
Given two sequences of morphisms

X, oy By

and

81 82 8k
Vo — ¥V = ... 5 Y
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in C with X = Yy, we define their concatenation to be the sequence

Xmﬁw--ini»Xoinﬁ»mﬁ»Yk.

Note that every n-exact sequence in C is the concatenation of an m-segment in C with an
(n+1-m)-cosegment in C, foreach 1< m< n.
For a positive integer m with 1 < m < n, we say that an m-segment

X, dn oy By

in C fits into an n-exact sequence in C if there is an (n + 1 — m)-cosegment

8n+l-m

81 82
Yo — ¥ — - Yiti-m
in € with Xy = Yj for which the concatenation
Xpm m, L X; N Xo N Y g Snm Yos1-m

is an n-exact sequence in C. Dually, we say that an m-cosegment

Yoiylﬁ...ﬂym

in C fits into an n-exact sequence in C if there is an (n + 1 — m)-segment

frim, B B

Xn+1—m
in € with Yy = Xj for which the concatenation

fnr1-m f2 h 8 8 8m
Xpiiom —2m, o Zox Loy, 2Ly 2L 2y,

is an n-exact sequence in C.
Proposition 24. Assume that C is coherent, and let m and k be positive integers. The following are

equivalent:
(a) every m-spherical object in mod C is k-torsion free;
(b) every m-segment in C can be extended to an (m + k)-segment in C.
Furthermore, if C is pre-n-abelian and m + k = n+ 1, then the above items are also equivalent to:

(c) every m-segment in C fits into an n-exact sequence in C.

Proof. Suppose that every m-spherical object in mod C is k-torsion free. If

n, By A

Xm - — X7 — Xo

is an m-segment in C, then it follows from Proposition 22 that m(f}) is m-spherical. Therefore,
m(f1) is k-torsion free, and it follows from Proposition 7 that there is a sequence

Xoﬂ,ylﬂ,...iyk
of morphisms in € for which

f2 h

Xmﬁ...._,xl—)xoiyli...i

Yie
isan (m + k)-segment in C.

Conversely, suppose that every m-segment in C can be extended to an (m + k)-segment in C.
If F e mod C is m-spherical, then it has a projective resolution

Cl=fm) C=.f2) C-M)

0 — C(—,Xm)

e(_)Xl)

C(= X)) — F — 0



Vitor Gulisz 1149

in mod C, so that m(f;) = F. By Proposition 22, the sequence
C(fi,-) C(f2,-) C(fm,—)

C(Xo,—) —— C(X1,-) C(Xm,—)
is exact in mod C°P. Therefore,
X B By
is an m-segment in €, and we can extend it to an (m + k)-segment
Xmﬂ,...ﬁ,xli)xoﬂ,ylﬁ...ﬂyk

in C. Then, by Proposition 7, m(f;) is k-torsion free, hence so is F.

We have proved that the items (a) and (b) are equivalent. Now, assume that C is pre-n-abelian
and that m + k = n+ 1. Clearly, (c) implies (b). Below, we show that (a) implies (c).

Suppose that every m-spherical object in mod C is k-torsion free. If

n, By

Xon X - X

is an m-segment in C, then we know from Proposition 22 that m(f;) is m-spherical, hence m(f;)
is k-torsion free. Moreover, observe that pd m°P(f;) < n+2— m, thatis, pdm°P(f}) < k+ 1. Thus,
it follows from Proposition 7 that there is a k-cosegment

Xo 2Ly, B By

in € for which

fm F h 82 8k

X ._,Xl_,XOﬂ,yl_,... Vi

is an n-exact sequence in C. O

By using Proposition 24, we can now easily “translate” the axioms (F2,), (F2p), (F2.), (F2g4,),
(F2,)°P, (F2,)°P, (F2.)°P and (F24,)°P to the language of higher homological algebra. Indeed, for
an additive and idempotent complete category €, and positive integers n and k with 1 < k < n,
consider the following axioms:

(A2,) every monomorphism in C fits into an n-exact sequence in C;

(A2p) every m-segment in C fits into an n-exact sequence in C, forall 1 < m < n;

(A2;) every m-segmentin Cis an m-kernelin C, foralllsm<mn;

(A24,) every m-segment in C can be extended to an (m + k)-segment in C, forall 1 < m <
n+1l-k.

And their duals:

(A2,)°P  every epimorphism in C fits into an n-exact sequence in C;

(A2,)°P  every m-cosegment in C fits into an n-exact sequence in C, forall 1 < m < n;

(A2.)°P  every m-cosegment in Cis an m-cokernelin C, forallls m<n;

(Ade)Op every m-cosegment in C can be extended to an (m+ k)-cosegment in C, forall 1 < m <
n+1-k.

Proposition 25. Assume that C is coherent, and consider the following statement:
the axioms (F2g) and (F20)°P are equivalent to (A2n) and (A20)°P, respectively.
The above statement holds for O € {c,d}. Furthermore, if C is pre-n-abelian, then the statement

also holds for O € {a, b}.

Proof. The assertions concerning O € {a,b,d;} follow from Proposition 24, while the claim
concerning O = c is easily verified with the assistance of Proposition 22. d
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We can now conclude that the previous axioms are equivalent ways of stating the axioms (A2)
and (A2)°P for C, assuming that C is pre-n-abelian. We remark that the equivalences between the
axioms (A2) and (A2,) and between (A2)°P and (A2,)°P were already known, see [33, Remark 3.2].

Theorem 26. Assume that C is pre-n-abelian. The following statement holds for O € {a,b, c,d}:

the axioms (A2) and (A2)°P are equivalent to (A2n) and (A20)°P, respectively.

Proof. Follows from Theorem 23 and Propositions 8 and 25. g

Finally, observe that, when n = 1, the axioms (A2;) and (A2;)°P can be rephrased as “every
monomorphism is a kernel” and “every epimorphism is a cokernel”, respectively. Because of the
fundamental importance of these axioms for the case n = 1, we present the following alternative
definition of an n-abelian category.

Theorem 27. An additive and idempotent complete category C is n-abelian if and only if C
satisfies the following axioms:

(A1) C has n-kernels;

(A1)°P G has n-cokernels;

(A2;) every m-segmentinC isan m-kernel inC, foralll < m < n;
(A2.)°P every m-cosegment in C is an m-cokernel in C, forall1 < m < n.

Proof. Follows from Theorem 26. O

6.3. The general case

In this subsection, we prove that finitely presented modules of projective dimension at most m
over an n-abelian category are (n + 1 — m)-torsion free, even if the modules are not m-spherical.
Then, as in Section 6.1, we present a few equivalent statements for the axioms (F2) and (F2)°P.

Lemma 28. Assume that C is left coherent. Let F € mod C and consider Tr F € mod C°P, a transpose
of F.If F* =0, thenpd TrF < 1.

Proof. This is straightforward and left to the reader. g

The next result (and its proof) is essentially from [31, Proposition 3.7].

Proposition 29. Assume that C is coherent, and let m and k be positive integers, where k = 2.
If every object of projective dimension at most m in mod C is k-torsion free, then every object of
projective dimension at most m+1 inmod C is (k — 1) -tforsion free.

Proof. Suppose that every object of projective dimension at most m in mod C is k-torsion free.
Let F € mod C be such that pd F < m + 1. It follows from Proposition 20 that, for certain choices of
transposes and syzygies, there is a transpose Tr F of F for which its double dual sequence induces
a short exact sequence

0 — ENTrF) — TrF — QTrQF — 0
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in mod C°P. By applying the functor Hom(—,€(X,-)) in the above sequence and considering
the induced long exact sequence, for each X € C, then using the fact that Ext'( QTrQF-) =
Ext!*1(TrQF —), we deduce that there is a long exact sequence

0 — QTrOF* — (TrF)*

(EN(TrP)”

E?(QF) —— E'(F) — EY(TrEN(TrF))

E3(QF) —— E*(F) — E*(TrE'(TrF))

in mod €. Since the projective dimension of QF is at most m, it is k-torsion free. Hence EiQF)=0
forall 1 <i <k, so that there is an exact sequence

0 — E/(F) — E/(TrE}/(TrP)

in mod € for each 1 < i < k— 1. Now, because E2(QF) = 0, the previous long exact sequence in
mod C leads to a short exact sequence

0 — QTrQR* — (TrB)* — (EYTrH)" — 0

in mod €. Moreover, by Proposition 20, (Tr F)* — (E1 (TrF)) * is the zero morphism. Consequently,
(El(TrF))* = 0, and it follows from Lemma 28 that pd TrE!(TrF) < 1. Hence TrE'(TrF) is k-
torsion free, that is, Ei(Tr El(TrF)) =0 forall 1 <i < k. Therefore, we deduce from above that
Ei(F)=0foralll1<i<k-1,thatis, F is (k— 1)-torsion free. O

We conclude from Theorem 9 and Proposition 29 that if € is an n-abelian category, then finitely
presented C-modules and C°P-modules of projective dimension at most m are (n+1— m)-torsion
free, for all 1 < m < n. Moreover, Proposition 29 makes it possible to describe the axioms (F2)
and (F2)°P in a few different ways. In fact, given positive integers n and k with 1 < k< n, and a
coherent category C, consider the following axioms:

(F2¢) every F € modC with pdF < mis (n+ 1 — m)-torsion free, forall 1l s m < n;
(F2¢) every F € mod C with pd F < n is a syzygy;
(F2g,) every F € mod C with pd F < n+1- k is k-torsion free.
And their duals:
(F2¢)°P  every F € mod C°P with pd F < m is (n+ 1 — m)-torsion free, for all 1 < m < n;
(F2¢)°P  every F € mod C°P with pd F < n is a syzygy;
(F24,)°P every F € mod C°P with pd F < n+ 1 - k is k-torsion free.

Theorem 30. Assume that C is coherent. The following statement holds for O € {e,f, gi}:
the axioms (F2) and (F2)°P are equivalent to (F2n) and (F20)°P, respectively.

Proof. This is similar to the proof of Theorem 23, with the difference that it relies on Proposi-
tion 29 instead of Proposition 21. The details are left to the reader. g

We remark that, as it was the case for the axioms (F2.) and (F2.)°P, the axioms (F2¢) and (F2¢)°P
do not depend on the transpose or on the dual of a module. Moreover, by Corollary 18, when
n =2 and k = 2, the axioms (F2,,) and (F24,)°P can be stated as “finitely presented modules of
projective dimension at most n — 1 are reflexive”.
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6.4. Pre-segments and pre-cosegments

As we saw in Proposition 22, when C is coherent, m-spherical objects in mod € and in mod €°P
correspond to m-segments in C and m-cosegments in C, respectively. This idea allowed us to
describe the axioms (F2,), (F2p), (F2¢), (F24,) and their duals in terms of m-segments and m-
cosegments. Now, we could aim to proceed similarly with the axioms (F2.), (F2f), (F2¢,) and their
duals. To achieve this goal, we rely on the idea that objects of projective dimension at most m
in mod € and in mod C°P correspond to “pre-m-segments” in € and “pre-m-cosegments” in C,
respectively, which are concepts that we now define.
Let m be a positive integer. We define a pre-m-segment in C to be a sequence

X, oy By
of morphisms in € for which
C(—fm C(-, C(-,
0 — €= X —=2 . Z0B e xy) S0 e, xg)

is an exact sequence in Mod €. Dually, we define a pre-m-cosegment in C to be a sequence

Yo Ly, B 8y

in € such that

Clgm,) C(g2,-) Clg1,-)

0 — G(Ym’ _)

e(Yly_) G(YO)_)

is an exact sequence in ModC°P. Note that every m-segment is a pre-m-segment as well
as every m-cosegment is a pre-m-cosegment. Moreover, a pre-1-segment is the same as a
monomorphism, and a pre-1-cosegment is the same as an epimorphism.

It is worth remarking that, when m < n, every pre-m-segment can be regarded as a pre-n-
segment and every pre-m-cosegment can be regarded as a pre-n-cosegment, by adding zeros to
their left and right, respectively. Furthermore, observe that every n-kernel is a pre-n-segment
and every n-cokernel is a pre-n-cosegment. We can now understand the axioms (F2¢) and (F2y)°P
as the converses of the these statements. In fact, consider the following axioms:

(A2) every pre-n-segment in C is an n-kernel in C;
(A2¢)°P every pre-n-cosegment in C is an n-cokernel in C.

Proposition 31. If C is coherent, then the axioms (F2¢) and (F2¢)°P are equivalent to (A2¢)
and (A2¢)°P, respectively.

Proof. This is straightforward and left to the reader. g

We can also describe the axioms (F2.), (F2g,) and their duals in terms of pre-m-segments and
pre-m-cosegments, but we leave this task to the reader. Note that their descriptions would not
necessarily involve n-exact sequences.

Let us conclude that the axioms (A2¢) and (A2¢)°P for C are equivalent formulations of (A2)
and (A2)°P, assuming that C is pre-n-abelian.

Theorem 32. Assume that C is pre-n-abelian. The axioms (A2) and (A2)°P are equivalent to (A2¢)
and (A25)°P, respectively.

Proof. Follows from Theorem 30 and Propositions 8 and 31. O

Observe that, as it was the case for the axioms (A2.) and (A2.)°P, the axioms (A2¢) and (A2)°P
also generalize the statements “every monomorphism is a kernel” and “every epimorphism is a
cokernel”, which are recovered when n = 1. For this reason, in addition to Theorem 27, we present
another alternative definition of an n-abelian category.
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Theorem 33. An additive and idempotent complete category C is n-abelian if and only if C
satisfies the following axioms:

(A1) C has n-kernels;

(A1)°P  C has n-cokernels;

(A2;) everypre-n-segment in C is an n-kernel in C;
(A27)°P every pre-n-cosegment in C is an n-cokernel in C.

Proof. Follows from Theorem 32. O

The axioms (A2¢) and (A2¢)°P suggest that, perhaps, “pre-m-segments” and “pre-m-coseg-
ments” should be called “m-monomorphisms” and “m-epimorphisms”, respectively. However,
at the moment, it is not clear what higher (that is, longer) analogues of monomorphisms and epi-
morphisms should be in an n-abelian category when 7 = 2. For example, due to the axioms (A2.)
and (A2.)°P, other candidates for such analogues are “m-segments” and “m-cosegments”. The
question of what these analogues should be requires, therefore, further investigation.

7. Categories with enough injectives or projectives

In this section, we describe when an additive and idempotent complete category C is n-abelian
and has enough injectives in terms of modC. This is done by expressing the axiom (F2y)
for € in terms of the “dominant dimension” of mod C, provided that C is right coherent, “right
comprehensive” and has enough injectives. By duality, we also obtain a similar description for
when C is n-abelian and has enough projectives, which is given in terms of mod €°P.

Since the “dominant dimension” of an abelian category is defined via projective injective
objects, we first need to understand what these objects are in the categories mod € and mod C°P.
In this direction, we have the following general result, which motivates our subsequent definition.

Proposition 34. Let C be an additive and idempotent complete category. Every object in projC
that is injective in mod C is injective in proj C.

Proof. To begin with, recall that the Yoneda embedding induces an equivalence of categories
C = proj C. Thus, all objects in proj € are isomorphic to C(—, X) for some X € €, and fixed X, Y € C,
a morphism from C(—, X) to C(—,Y) is given by C(—, f), where f € C(X,Y). Furthermore, a
morphism f in € is a monomorphism in C if and only if C(—, f) is a monomorphism in projC.
Let Z € C and assume that C(—, Z) is injective in modC. Consider morphisms C(-, f) and
C(-, g) in proj €, where f € C(X, Y) and g € C(X, Z), and suppose that C(—, f) is a monomorphism
in proj C. In this case, f is a monomorphism in €, which implies that €(—, f) is a monomorphism
in mod C.'2 Now, because C(—, Z) is injective in mod €, there is a morphism & € C(Y, Z) such that
C(-, 8 =C(—, WC(—, f). Therefore, C(—, Z) is injective in projC. O

We say that C is right comprehensiveif every object in proj € that is injective in proj € is injective
in mod C. Dually, € is called left comprehensive if all the objects in projC°P that are injective in
proj C°P are also injective in mod C°P. If C is both right and left comprehensive, then we say that C
is comprehensive. These definitions are explained in more detail below.

In summary, Proposition 34 says that the inclusion functor projC — modC always reflects
injectivity, and when it also preserves injectivity, we say that € is right comprehensive. Dually,
the inclusion projC°P — mod C°P reflects injectivity, and when injectivity is also preserved, we
call C left comprehensive. From another perspective, observe from its proof that Proposition 34
says that if X € C is such that C(—, X) is injective in mod €, then X is injective in €. Following this

12 Actually, since f is a monomorphism, C(—, f) is a monomorphism in Mod €, hence it is a monomorphism in every
subcategory of Mod € containing it.
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point of view, it is easy to conclude that C is right comprehensive if and only if C(—, I) is injective
in mod € for every object I € C that is injective in C. By duality, we get that if X € C and C(X,-)
is injective in mod C°P, then X is projective in C. Moreover, C is left comprehensive if and only if
C(P,-) is injective in mod C°P for every object P € C that is projective in C.

Trivially, by Proposition 10, every von Neumann regular category is comprehensive. Further-
more, we can conclude from the next proposition and a result of Jasso, [33, Theorem 3.12], that
every n-abelian category is comprehensive.

Proposition 35. Assume that C is right coherent. Then C is right comprehensive if and only if for
every sequence

x Ly L 4

in C, where f is a weak kernel of g, and for every injective object I € C, the sequence

Gz, D L), Gy, Lo, CX, D

is exact in Ab.

Proof. Let I € C be an injective object in € and consider a sequence

x Ly 8 4

in C. Suppose that f is a weak kernel of g, which is equivalent to assuming that

C-f) C-8

is an exact sequence in modC. Then this sequence can be regarded as the beginning of a
projective resolution of m(g) in mod €. By applying Hom(—, (-, D)) to this sequence, we get a
complex in Ab which is, by the Yoneda lemma, isomorphic to

e@n e,

CZ,Dn ey, — C(X,D.

Thus, this complex is an exact sequence in Ab if and only if Ext! (m (8),C(—, I)) =0.

We can easily deduce our desired result from the above discussion, given that C is right
comprehensive if and only if C(—, ) is injective in mod € for every injective object I € C, that
is, if and only if Ext' (—, C(—, 1)) = 0 for every injective object I € C. O

By taking C°P in place of € in Proposition 35, we deduce that if € is left coherent, then C is left
comprehensive if and only if for every sequence

x L.y 8 4

in C, where g is a weak cokernel of f, and for every projective object P € C, the sequence

erx) B eipyy £P8L ey

is exact in Ab.
Proposition 36. Every n-abelian category is comprehensive.

Proof. Follows from Proposition 35 and [33, Theorem 3.12], given that n-abelian categories are
coherent, by Proposition 4. O

Because we are interested in n-abelian categories, and these are comprehensive, for the rest
of this section we will focus on the case where C is right or left comprehensive. Under such
assumptions, we can characterize when € has enough injectives and enough projectives in terms
of mod € and mod C°P, respectively. Indeed, we have the following result.
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Proposition 37. Let C be an additive and idempotent complete category. Then C is right com-
prehensive and has enough injectives if and only if every projective object in mod C embeds into a
projective injective object in mod C.

Proof. Suppose that C is right comprehensive and has enough injectives. Given X € C, there is
an injective object I € € and a monomorphism % € C(X, I) in C. In this case,

C(—,h
C(-X) — (-,D)
is a monomorphism in mod €, and C(—, ) is injective in mod € since C is right comprehensive.
Consequently, every object in proj € embeds into a projective injective object in mod C.
Conversely, assume that every projective object in mod C embeds into a projective injective
object in mod €. Then, given X € C, there is a monomorphism

ex —L e,y

in mod € with f € C(X,Y) and C(-,Y) injective in mod €. In particular, C(—, f) is a monomor-
phism in proj €, which implies that f is a monomorphism in € since the Yoneda embedding in-
duces an equivalence C = proj C. Moreover, it follows from Proposition 34 that Y is injective in C.
Hence € has enough injectives.

Now, in the above paragraph, assume that X is injective in C. Then f is a split monomorphism,
so that C(—, f) is a split monomorphism. Thus, given that C(—,Y) is injective in modC, we
conclude that €(—, X) is injective in mod C. Therefore, € is right comprehensive. g

Next, we recall a classical definition. Let A be an abelian category. Given X € A, the dominant
dimension of X, denoted by dom.dim X, is the supremum of the set of positive integers m for
which there is an exact sequence

0— X — Y] — o+ — Yy,

in A with each Y; being projective and injective in A. If there is no such positive integer m,
then we say that dom.dim X = 0. The dominant dimension of A, denoted by dom.dim A, is the
supremum of the set of nonnegative integers m for which dom.dim P = m for every projective
object P € A. Equivalently, the dominant dimension of A is the infimum of the dominant
dimensions of projective objects in A.

Corollary 38. Assume that C is right coherent. Then C is right comprehensive and has enough
injectives if and only if dom.dim(mod C) = 1.

Proof. Follows from Proposition 37. 0

By duality, we can deduce from Corollary 38 that if € is left coherent, then € is left comprehen-
sive and has enough projectives if and only if dom.dim(mod C°P) = 1.

Proposition 39. Assume that C is an n-abelian category. Then the following hold:

(@) C has enough injectives if and only if dom.dim(modC) = 1;
(b) € has enough projectives if and only if dom.dim(mod C°P) = 1.

Proof. Follows from Corollary 38, given that n-abelian categories are coherent and comprehen-
sive, by Propositions 4 and 36. O

Observe that if C is coherent, then it is not always the case that the dominant dimensions of
mod € and mod C°P coincide. Indeed, by Proposition 39, any abelian category that has enough
injectives but not enough projectives (or vice versa) serves as a counterexample. Nonetheless, we
will conclude in Corollary 46 that if the dominant dimensions of mod € and mod C°P are both
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nonzero, then they coincide. This will follow from the next few results, which deal with the
relation between these dimensions and the axioms (F2) and (F2)°P for C.

We begin by proving that, under suitable conditions, the axioms (F2¢) and (F2¢)°P for C are
equivalent to dom.dim(modC) = n+ 1 and dom.dim(mod €°P) = n + 1, respectively. In order to
prove this result, let us first state some general facts.

Lemma 40. Let A be an abelian category, let m be a positive integer, and let

00— X —Y —272—0
be a short exact sequence in A. If dom.dim X = m anddom.dimY = m—1, thendom.dimZ = m—1.
Proof. The proof of [26, Lemma 4.19] carries over. O

Proposition 41. Let A be an abelian category with enough projectives. The following are equiva-
lent:

(@ dom.dmA=n+1;
(b) every X € A with pd X < m satisfiesdom.dmX =n+1-m, forall0 < m < n;
(c) every X € A with pd X < n satisfiesdom.dimX > 1.

Proof. Let us prove that (a) implies (b). Suppose that dom.dim A = n+1. Let m be an integer with
0<m<n, and let X € A be such that pd X < m. If m =0, then dom.dim X = n + 1, hence assume
that m = 1. Given that A has enough projectives, there is an exact sequence

0— Pp —» - — P, — Py — X — 0

in A with P; projective in A for each 0 < i < m. By writing this sequence as the splice of short exact
sequences and by applying Lemma 40 successively, we conclude thatdom.dimX=n+1-m.
Now, trivially, (b) implies (c), and it is easy to see that (c) implies (a). 0

Lemma 42. Let A be an abelian category such that dom.dmA =1, and let X € A. Then X isa
syzygy if and only if dom.dimX = 1.

Proof. Suppose that X is a syzygy. Then there is a monomorphism X — P in A with P projective
in A. But as dom.dimA = 1, there is also a monomorphism P — Y in A with Y projective and
injective in A. Since the composition of these morphisms gives a monomorphism X — Y, we get
that dom.dim X = 1. The converse is trivial. g

We can now deduce the following result.

Proposition 43. Assume that C is right coherent and dom.dim(mod C) = 1. Then C satisfies the
axiom (F2y) if and only if dom.dim(modC) = n+1.

Proof. Follows from Proposition 41 and Lemma 42. O

By taking C°P in place of € in Proposition 43, we conclude that if C is left coherent and
dom.dim(mod C°P) = 1, then C satisfies the axiom (F2¢)°P if and only if dom.dim(mod C°P) = n+ 1.
What is somewhat surprising is that the following also holds.

Proposition 44. Assume that C is coherent. If dom.dim(modC) = n+ 1, then C satisfies the
axiom (F2)°P 13

13 Actually, the proof we present shows that if C is right coherent and dom.dim(mod @) = n +1, then € satisfies the
axiom (F2},)°P, see Appendix B.
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Proof. Suppose that dom.dim(modC) = n+ 1. Let F € mod C°P be such that pd F < 1, and take a
projective resolution

C(f,—
0 — C(V,-) £

CX,-) — F — 0

of F in mod C°P with f € C(X,Y). Then m(f) € modC is a transpose of F with the property that
m(f)* = 0. Hence Hom(m(f),C(—, W)) = 0 for all W € C. Now, let Z € C be arbitrary. Because
dom.dim(mod C) = n + 1, there is an exact sequence

0— e(_)Z) - G(_,Wl) - G(_,WZ) e e(_)WI’l+1)

in mod € with W; € C such that C(—, W;) is injective in mod € for all 1 < i < n+ 1. This exact
sequence induces a short exact sequence

0 — Gi-1 — C(-W)) — G; — 0
in mod € for each 1 < i < n+ 1, where Gy = C(—, Z). Therefore, there is a long exact sequence

0 — Hom(m(f),Gi-1) — Hom(m(f),C(—,W;)) — Hom(m(f),G;)

Ext!(m(f),Gi-1) — Ext!(m(f),C(-,W;)) — Ext'(m(f),G;)

Ext®(m(f),Gi-1) —

in Ab for each 1 <i < n+ 1. Thus, as Hom(m(f), (=, W;)) = 0 and Ext/ (m(f), C(—, W;)) = 0 for all
j=landalll<is<n+]1,weconclude that

Ext!(m(f),C(~, 2)) = Ext!(m(f), Gi—1) = Hom(m(f), G;) =0
for each 1 < i < n. Hence F is n-torsion free, so that C satisfies the axiom (F2)°P. O

Dually, by Proposition 44, if € is coherent and dom.dim(mod C°P) = n + 1, then C satisfies the
axiom (F2). Also, by combining the last two propositions, we obtain the following result.

Proposition 45. Assume that C is coherent. If dom.dim(modC) = 1 and dom.dim(mod C°P) =1,
then the following are equivalent:

(a) C satisfies the axiom (F2);
(b) dom.dim(mod@) =n+1;
(c) C satisfies the axiom (F2)°P;
(d) dom.dim(modC°P)=n+1.

Proof. Follows from Theorem 30 and Propositions 43 and 44. U

Corollary 46. Assume that C is coherent. If dom.dim(mod ) = 1 and dom.dim(mod C°P) = 1, then
dom.dim(mod €) = dom.dim(mod C°P).

Proof. Follows from Proposition 45. O

We remark that Corollary 46 for the case of modules over a right and left artinian ring was
already known, see the paragraph after Corollary 57.
We can now state and prove the main result of this section.

Theorem 47. Let C be an additive and idempotent complete category. Then C is n-abelian and
has enough injectives if and only if C is coherent and gl.dim(modC) < n+1 < dom.dim(mod C).
Moreover, in this case, mod C has enough injectives.
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Proof. Suppose that C is n-abelian and has enough injectives. Then it follows from Theorem 9
that € is coherent, gl.dim(mod ) < n+ 1 and € satisfies the axiom (F2), so that it also satisfies
the axiom (F2¢), by Theorem 30. Furthermore, by Proposition 39, dom.dim(mod C) = 1. Thus, we
conclude from Proposition 43 that dom.dim(modC) = n+1.

Conversely, assume that € is coherent and gl.dim(mod @) < n+1 < dom.dim(mod €). From
Theorem 67, we see that gl.dim(mod C°P) < n+ 1. Hence C satisfies the axioms (F1) and (F1)°P.
Moreover, it follows from Proposition 43 and Theorem 30 that C satisfies the axiom (F2), and
Proposition 44 says that C satisfies the axiom (F2)°P. Consequently, C is n-abelian, by Theorem 9,
and it follows from Proposition 39 that C has enough injectives.

If C satisfies the above assumptions, then a similar argument as the one in the proof of [26,
Proposition 4.20] shows that mod € has enough injectives. g

By duality, we deduce from Theorem 47 that C is n-abelian and has enough projectives if
and only if € is coherent and gl.dim(modC°P) < n+ 1 < dom.dim(mod C°P). Furthermore, in
this case, mod C°P has enough injectives. Also, although there are inequalities for the global and
dominant dimensions of mod € and mod €°P when C is n-abelian and has enough injectives and
enough projectives, respectively, there are only two possible cases. In fact, assume that C is n-
abelian and has enough injectives, so that it satisfies the conditions of Theorem 47. If C is von
Neumann regular, then it follows from Proposition 10 that gl.dim(mod €) = 0, which implies that
dom.dim(mod €) = co. On the other hand, if € is not von Neumann regular, then gl.dim(mod €C) =
n+ 1, by Corollary 15, and we can also verify that dom.dim(mod€) = n + 1.} Dually, if € is n-
abelian and has enough projectives, then either gl.dim(mod C°P) = 0 and dom.dim(mod C°P) = co
or both these dimensions are equal to n + 1.

Finally, we remark that Theorem 47 can be seen as a general case of a result due to Iyama
and Jasso, which says that if C is a “dualizing R-variety”, then € is n-abelian if and only if
gl.dim(mod€) < n+1 < dom.dim(mod €), see [31, Theorem 1.2]. The reader is also encouraged to
compare Theorem 47 with [10, Theorems 8.23 and 9.6], [14, Theorem 5.2] and [26, Theorem 1.5].

8. Categories with additive generators

In this section, we specialize previous results to rings and modules over rings. This is done by
considering additive and idempotent complete categories with additive generators. By doing
so, we obtain a description of when the category of finitely generated projective modules over
aring is n-abelian. We also show that there is a correspondence between n-abelian categories
with additive generators and rings under such a description, which extends the higher Auslander
correspondence to rings that are not necessarily Artin algebras.

Throughout this paper, we have been following the philosophy that a module over an additive
and idempotent complete category is analogous to a module over a ring. Moreover, we could
have even considered the more general case of a module over a preadditive category, so that the
case of a module over a ring would be recovered by considering a preadditive category with a
single object, which is nothing but a ring. Thus, a ring is a particular case of the much more
general notion of a preadditive category, which can be thought of as a “ring with several objects”,
as supported by Mitchell in [44]. In view of these remarks, while working with modules over an
additive and idempotent complete category, it is natural to ask when it is the case that we are
actually dealing with modules over a ring. Here is an answer to this question.

14Indeed, we already know that dom.dim(mod C) = n + 1, and if this inequality would be strict, then it would follow
from Proposition 44 that every F € mod C°P with pd F < 1 is (n + 1)-torsion free. But then, as gl.dim(mod @) = n+1, it
would follow from Lemma 12 that Tr F is projective for every F € mod C°P with pd F < 1, which, by Lemma 13, would
imply that F is projective. Hence we would conclude that there is no F € mod €°P with pd F = 1, which is a contradiction
since we know from Theorem 67 that gl.dim(mod C°P) = n+1.
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Proposition 48. Let C be an additive and idempotent complete category. The category modC is
equivalent to mod A for some ring A if and only if C has an additive generator.

Proof. If there is a ring A and an equivalence of categories mod € = mod A, then it induces an
equivalence on the subcategories of projective objects. Thus, there is an equivalence projC =
projA. But we know that the Yoneda embedding induces an equivalence € = projC, hence we
obtain that C = proj A. Since proj A = add A, that is, A is an additive generator of proj A, we deduce
that € has an additive generator.

Conversely, suppose that € has an additive generator X € C, and let A = End(X) be the
endomorphism ring of X. Then C is skeletally small, and there is a functor ex: Mod € — Mod A
given by ex (F) = F(X) for each F € Mod € and ex(a) = ax for each morphism « in Mod €, which
is an equivalence of categories, see [23, Proposition 2.8.2]. Therefore, ex induces an equivalence
mod C — mod A, see [23, Proposition 3.1.1]. O

The functor ex: ModC — Mod A that was mentioned in the proof of Proposition 48 is called
the evaluation functor at X, and it can be defined for any object X € C. As we remarked
above, when X is an additive generator of C, the functor ey is an equivalence of categories,
which induces an equivalence modC — mod A. In this case, it also induces an equivalence
projC — proj A, and by composing it with the equivalence ¢ — proj€ induced by the Yoneda
embedding, we obtain an equivalence of categories px: € — projA. Clearly, the functor py is
given by px(Y) = C(X,Y) for each Y € C and px(f) = C(X, f) for each morphism f in €. We call
px the projectivization functor at X. Moreover, observe that if X is an additive generator of C,
then it is also an additive generator of C°P, and the endomorphism ring of X in C°P is given by
A°P. Therefore, we also get equivalences of categories Mod C°P — Mod A°P, mod C°P — mod A°P
and C°P — proj A°P. To summarize, if C has an additive generator X, then we can assign the ring
A = End(X) to C, modules over C are essentially modules over A, and there are equivalences of
categories C = proj A and C°P = proj A°P.

Now, going in the opposite direction of the above paragraph, note that if A is an arbitrary
ring, then proj A is an additive and idempotent complete category which has A as an additive
generator. Therefore, since End(A) = A, the evaluation functor at A gives equivalences of cate-
gories Mod(projA) — Mod A and mod(projA) — mod A as well as equivalences Mod(proj A)°P —
Mod A°P and mod(proj A)°P — mod A°P. Thus, given any ring A, we can assign the category proj A
to it, and modules over A are essentially the same as modules over proj A.

The moral is that every additive and idempotent complete category with an additive generator
is (equivalent to) the category of finitely generated projective modules over a ring, and conversely.
Moreover, the assignments of a category to a ring and of a ring to a category that were presented
above are consistent in the sense that they preserve the corresponding categories of modules.
Consequently, these assignments are inverses of each other, up to equivalences. Let us make this
statement precise.

Lemma 49. There is a bijective correspondence between the equivalence classes of additive and
idempotent complete categories with additive generators and the Morita equivalence classes of
rings.!® The correspondence is given as follows:

(a) if Cisan additive and idempotent complete category with an additive generator, then send
it to End(X), where X is an additive generator of C;
(b) if A isaring, then send it to proj A.

Proof. Follows easily from the previous paragraphs and Proposition 1. But, for the sake of clarity,
let us fill in the details below.

15Here, the equivalence class of a category is the class of categories that are equivalent to it.
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To begin with, let us show that the assignments are well defined. Let B and C be additive and
idempotent complete categories with additive generators, say, Y € B and X € C, and suppose that
B and € are equivalent. Then there are equivalences

ModEnd(Y) = Mod B = Mod € = Mod End(X),

so that End(Y) and End(X) are Morita equivalent.'® Next, let A and I be rings that are Morita
equivalent. Because there are equivalences

Mod(projA) = Mod A = ModT =~ Mod(projT),

it follows from Proposition 1 that proj A and projT" are equivalent.
Now, we verify that the assignments are inverses of each other. Given an additive and
idempotent complete category € with an additive generator, say X € C, we have

Mod € = Mod End(X) =~ Mod(proj End (X)),

and by Proposition 1, we get that C and projEnd(X) are equivalent. Finally, if A is a ring and P is
an additive generator of proj A, then

Mod A = Mod(proj A) = Mod End(P),
hence A and End(P) are Morita equivalent.'” 0

For the rest of this section, let A be aring.

As it was previously mentioned, the evaluation functor at A induces equivalences of cate-
gories Mod(projA) — Mod A and mod(projA) — mod A as well as equivalences Mod(proj A)°P —
Mod A°P and mod(proj A)°P — mod A°P. Therefore, we can use these equivalences to specialize
previous definitions and results for € and for modules over € to A and modules over A, respec-
tively, by taking C = proj A. By doing so, we recover classical definitions and results for rings and
modules over rings. To help the reader feel more comfortable with this idea, let us mention a few
instances of this procedure.

We can define aring A to be right coherent, left coherent and coherent if proj A is right coherent,
left coherent and coherent, respectively. Due to the equivalences mod(projA) = mod A and
mod (proj A)°P = mod A°P, we see that A is right coherent and left coherent precisely when mod A
is abelian and when mod A°P is abelian, respectively. Hence our definitions coincide with the
classical ones in ring theory. Moreover, because of the previous equivalences, it follows from
Theorem 67 that if A is a coherent ring, then gl.dim(mod A) = gl.dim(mod A°P). Also, we can
use Corollary 66 to conclude that, when A is coherent, the global dimensions of mod A and
mod A°P coincide with the weak dimension of A. These are, of course, well-known results, see [39,
Theorem 5.63] and [42, Proposition 1.1].

Similarly, we can define a ring A to be von Neumann regular if projA is von Neumann
regular. From Proposition 10 and the equivalence mod(proj A) = mod A, we deduce that A is von
Neumann regular if and only if every finitely presented A-module is projective. As it was already
mentioned in Section 4, this latter condition is equivalent to saying that A is von Neumann
regular in the usual sense.'®

We also say that a ring A is right comprehensive, left comprehensive and comprehensive when
proj A is right comprehensive, left comprehensive and comprehensive, respectively. Note that,
because of the equivalence mod(projA) = mod A, we can conclude from Proposition 34 that
the inclusion functor projA — mod A always reflects injectivity, and A is right comprehensive
precisely when it also preserves injectivity. Dually, due to the equivalence mod(projA)°P =

16This argument also shows the independence of choice of additive generators.

170f course, we could have just taken P = A and argued that End(A) = A.

185ometimes, however, the nomenclature for rings and categories may not match. For example, A is a semiperfect
ring if and only if proj A is a Krull-Schmidt category, see [36, Proposition 4.1].
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mod A°P, the inclusion projA°P — modA°P reflects injectivity, and A is left comprehensive
precisely when injectivity is also preserved.'?

Now, by considering the equivalence mod(projA) = modA, given M € modA, let F €
mod(proj A) be such that F(A) = M. We define a transpose of M, denoted by Tr M, to be a A°P-
module which is obtained by evaluating Tr F at A, where Tr F is a transpose of F. It is not hard
to see that this definition indeed coincides with the classical definition of a transpose of a mod-
ule over a ring, introduced in [6]. Furthermore, if A is left coherent and k is a positive integer,
then we can define M to be k-torsion free if F is k-torsion free. Observe that if A is left co-
herent, then, given a positive integer i, the (proj A)-module E'(F) corresponds to the A-module
E'(F)(A) = Ext'(Tr EHoma (A, -)) via the equivalence Mod(proj A) = Mod A. But the latter is iso-
morphic to Ext’ (TrF (A),A),_due to the equivalence mod(proj A)°P = mod A°P. Therefore, M is k-
torsion free if and only if Ext’ (Tr M, A) = 0 for all 1 < i < k. Hence we recover the classical concept
of a k-torsion free module, as given in [6]. By following similar arguments, we can also deduce
that if A is coherent, then the double dual sequence of F induces an exact sequence

0 — Ext'(TrM,A) — M — M** — Ext®’(TrM,A) — 0

in mod A, where M — M** is the canonical morphism from a module to its double dual. We call
the above sequence the double dual sequence of M.

Hopefully, the reader is now comfortable with the idea that we can specialize previous defi-
nitions and results to rings and modules over rings. Let us explore some consequences of this
procedure, which leads to results concerning the category proj A of finitely generated projective
A-modules, for a given ring A.

For example, the next result is Proposition 4 specialized to rings.

Proposition 50. Let A be a ring.
(a) The category proj A has weak kernels if and only if A is right coherent.
(b) The category proj A has weak cokernels if and only if A is left coherent.

Proof. Follows from Proposition 4 and the equivalences of categories mod(projA) = mod A and
mod(proj A)°P ~ mod A°P. O

We can also specialize the functorial axioms of an n-abelian category to axioms of a ring.
Indeed, for a ring A, the axioms (F1) and (F1)°P become:

(R1)  Aisright coherent and gl.dim(modA) <n+1;
(R1)°P A isleft coherent and gl.dim(mod A°P) < n+1.

Alternatively, by [42, Proposition 1.1], these axioms could be written as:

(R1)  Aisright coherent and has weak dimension at most 7 + 1;
(R1)°P A is left coherent and has weak dimension at most n + 1.

And, under the assumption that A is coherent, the axioms (F2) and (F2)°P for rings become:

(R2) every M € mod A with pd M < 1 is n-torsion free;
(R2)°P every M € mod A°P with pd M < 1 is n-torsion free.

Precisely, we have that proj A satisfies (F1) if and only if A satisfies (R1), and the same statement
also holds for the dual axioms. Moreover, if A is coherent, then proj A satisfies (F2) if and only if
A satisfies (R2), and similarly for the dual axioms.

We can then conclude that the above axioms for A are equivalent to the axioms (A1), (A1)°P,
(A2) and (A2)°P for proj A. In fact, we have the following.

19The author is not aware of any alternative characterization of such rings, though.
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Proposition 51. Let A be a ring.
(a) proj A satisfies the axiom (A1) if and only if A satisfies the axiom (R1).
(b) proj A satisfies the axiom (A1)°P if and only if A satisfies the axiom (R1)°P.
Moreover, if A satisfies both the axioms (R1) and (R1)°P, then the following statements also hold:

(c) proj A satisfies the axiom (A2) if and only if A satisfies the axiom (R2);
(d) projA satisfies the axiom (A2)°P if and only if A satisfies the axiom (R2)°P.

Proof. Follows from Propositions 5 and 8, and from the equivalences of categories mod(projA) =
mod A and mod(proj A)°P = mod A°P. O

As a consequence, we can describe when the category of finitely generated projective modules
over aring is n-abelian. The next result is Theorem 9 specialized to rings.

Theorem 52. Let A be a ring, and let n be a positive integer. The category proj A is n-abelian if and
only if A satisfies the following axioms:

(R1) A isright coherent andgl.dim(modA) <n+1;

(R1)°P A is left coherent and gl.dim(mod A°P) < n+1;

(R2)  every M € mod A with pd M < 1 is n-torsion free;

(R2)°P every M € mod A°P with pd M < 1 is n-torsion free.

Proof. Follows from Proposition 51. 0

It is worth mentioning that, by Theorem 52 and Corollary 15, if A satisfies the axioms (R1),
(R1)°P, (R2) and (R2)°P, and if A is not von Neumann regular, then

gl.dim(mod A) = gl.dim(mod A°®) = n+1,

and this number coincides with the weak dimension of A, as we remarked earlier.

We can also specialize the axioms (F2,), (F2y), (F2c), (F2q,), (F2¢), (F2¢), (F2g,) and their duals
to axioms for rings, and specialize other previous results to rings and modules over rings. For
example, consider the following axioms for a coherent ring A:

(R2.) every m-spherical object in mod A is a syzygy, forall 1 < m < n;
(R2f) every M € mod A with pd M < n is a syzygy.
And their duals:
(R2.)°P every m-spherical object in mod A°P is a syzygy, forall 1 < m < n;
(R2p)°P every M € mod A°P with pd M < n is a syzygy.

Then we can conclude the following:

Proposition 53. Let A be a coherent ring. The following statement holds for O € {c,f}:
the axioms (R2) and (R2)°P are equivalent to (R2n) and (R20)°P, respectively.

Proof. Follows from Theorems 23 and 30, and from the equivalences of categories mod(projA) =
mod A and mod(proj A)°P = mod A°P. O

We leave to the reader the task of formulating the other axioms for rings, and also of specializ-
ing the results of Section 6 to rings. Next, we will consider some of the results of Section 7 in the
ring case. Since these involve dominant dimensions, it is worth stating a few remarks first.

To begin with, recall from [50] that a A-module M is called FP-injective when Ext}\ (N,M)=0
for every finitely presented A-module N. We note that FP-injective A-modules are also called
“absolutely pure” by some authors, see [41,43]. It is easy to see that if A is right coherent, then
an object in mod A is injective in mod A if and only if it is FP-injective. Consequently; if A is right
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coherent and m is a positive integer, then dom.dim(mod A) = m if and only if for every finitely
generated projective right A-module P, there is an exact sequence of right A-modules

0— P — V| — - — Vpy,

with each V; being finitely generated, projective and FP-injective. The same statement for left
A-modules characterizes dom.dim(mod A°P) = m when A is left coherent.

Now, as in [45], we let the right dominant dimension of A be the dominant dimension of A
viewed as an object in the category Mod A, and we denote it by r.dom.dim A. By [45, Lemma 1],
for a positive integer m, we have r.dom.dim A = m if and only if there is an exact sequence of right
A-modules

0—A—Q — - — Qnm

with each Q; being finitely generated, projective and injective. Similarly, we let the left dominant
dimension of A be the dominant dimension of A viewed as an object of Mod A°P, and we denote
it by .dom.dim A. The above statement for left A-modules characterizes when |.dom.dim A = m.

Observe that every injective A-module is FP-injective. Moreover, we can use Baer’s criterion
to conclude that if A is right noetherian, then every FP-injective right A-module is injective.
The converse also holds, that is, if every FP-injective right A-module is injective, then A is right
noetherian, see [41, p. 157] or [43, Theorem 3]. Thus, A is right noetherian precisely when the
classes of injective and of FP-injective right A-modules coincide. Therefore, we can conclude
from this and the previous paragraphs and [46, Lemma 1] that if A is right noetherian, then
dom.dim(mod A) = r.dom.dim A. Of course, similar statements hold for left modules, so that if
A is left noetherian, then dom.dim(mod A°P) =l.dom.dim A.

We now consider some of the results of Section 7 in the ring case. We start with the following.

Proposition 54. Let A be a ring.
(@) If A is right coherent, then dom.dim(mod A) = 1 if and only if A is right comprehensive
and proj A has enough injectives.
(b) If A is left coherent, then dom.dim(mod A°P) = 1 ifand only if A is left comprehensive and
proj A has enough projectives.

Proof. Follows from Corollary 38 and the equivalences of categories mod(projA) = mod A and
mod(proj A)°P = mod A°P. O

Note that, by our previous remarks, when A is right noetherian, the condition given in item (a)
of Proposition 54 is equivalent to r.dom.dim A = 1. Also, when A is right artinian, this condition
is equivalent to A being “right QF-3”, see [32, Theorems 3.1 and 3.2] or [13, Theorem 1.3].
Moreover, the condition in item (b) of Proposition 54 is equivalent to l.dom.dimA = 1 when A
is left noetherian, and it is also equivalent to A being “left QF-3” when A is left artinian. Similar
remarks apply to the next proposition.

Proposition 55. Let A be a ring, and assume that proj A is an n-abelian category.
(a) dom.dim(mod A) = 1 ifand only if proj A has enough injectives.
(b) dom.dim(mod A°P) = 1 ifand only if proj A has enough projectives.

Proof. Since projA is n-abelian, A is coherent and comprehensive, by Propositions 50 and 36.
Hence the result follows from Proposition 54. O

Proposition 56. Let A be a coherent ring. If dom.dim(modA) = 1 and dom.dim(mod A°P) = 1,
then the following are equivalent:

(@) A satisfies the axiom (R2);
(b) dom.dim(modA)=n+1;
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(c) A satisfies the axiom (R2)°P;
(d) dom.dim(mod A°P) =n+1.

Proof. Follows from Proposition 45 and the equivalences of categories mod(projA) = mod A and
mod(proj A)°P =~ mod A°P, O

Corollary 57. Let A be a coherent ring. If dom.dim(mod A) = 1 and dom.dim(mod A°P) = 1, then
dom.dim(mod A) = dom.dim(mod A°P).

Proof. Follows from Proposition 56. g

Observe that, by the discussion preceding Proposition 54, when A is right and left noetherian,
Corollary 57 states that if r.dom.dim A = 1 and [.dom.dim A = 1, then r.dom.dim A = l.dom.dim A.
A similar result was proved by Miiller in [45, Theorem 10], namely, that if A is semiprimary,
r.dom.dimA = 1 and l.dom.dimA = 1, then r.dom.dimA = l.dom.dimA, see also [51, Theo-
rem 7.7]. The intersection of these two results states that if A is right and left artinian,2°
r.dom.dimA = 1 and l.dom.dimA = 1, then r.dom.dim A = l.dom.dim A, which appears in [28,
Proposition 2.3]. However, it is worth mentioning that Harada proved in [24, Corollary 1] that if
A is right and left artinian, then r.dom.dim A = 1 if and only if . dom.dim A = 1. Therefore, we
conclude that if A is right and left artinian, then r.dom.dim A = l.dom.dim A. For the record, let
us remark that this result was also proved for finite dimensional algebras in [46, Theorem 4], in
which case it also follows from [16, Corollary 2.2] or [28, Lemma 2.1].

Theorem 58. Let A be a ring, and let n be a positive integer. The category proj A is n-abelian and
has enough injectives if and only if A is coherent and gl.dim(mod A) < n+1 < dom.dim(mod A).
Moreover, in this case, mod A has enough injectives.

Proof. Follows from Theorem 47 and the equivalence mod(projA) = mod A. O

Similarly, by Theorem 47 and the equivalence mod(projA)°P ~ mod A°P, we get that proj A is
n-abelian and has enough projectives if and only if A is coherent and gl.dim(modA°P) s n+1 <
dom.dim(mod A°P). Furthermore, in this case, mod A°P has enough injectives.

Recall that an Artin algebrais an associative R-algebra with identity which is finitely generated
as an R-module, where R is a fixed commutative artinian ring. The next result, due to Iyama and
Jasso, gives a refinement of Theorem 58 in the case of Artin algebras.

Proposition 59. Let A be an Artin algebra, and let n be a positive integer. The category proj A is
n-abelian if and only if gl.dim(mod A) < n+1 <dom.dim(mod A).

Proof. Since A is an Artin algebra, projA is a “dualizing R-variety”, see [7, Proposition 2.5]
or [23, Proposition 5.1.1]. Therefore, by [31, Theorem 1.2], projA is n-abelian if and only if
gl.dim(mod(projA)) < n+1 < dom.dim(mod(projA)). Thus, the result follows from the equiva-
lence of categories mod(projA) = mod A. O

Let us point out that if A is an Artin algebra, then it is both right and left artinian, hence
it follows from the paragraph after Corollary 57 that dom.dim(mod A) = dom.dim(mod A°P).
Thus, by Propositions 55 and 59, if A is an Artin algebra such that projA is n-abelian, then
proj A has enough injectives and enough projectives. We also recall that an Artin algebra A is
called an n-Auslander algebra if the inequalities gl.dim(modA) < n+1 < dom.dim(mod A) are
satisfied. Therefore, by Proposition 59, an Artin algebra A is an n-Auslander algebra if and only
if proj A is an n-abelian category, which is the case if and only if A satisfies the axioms (R1),
(R1)°P, (R2) and (R2)°P, by Theorem 52. These facts offer an alternative perspective towards
n-Auslander algebras, and support the idea that the class of rings satisfying the axioms (R1),

20Recall that a ring is right artinian if and only if it is right noetherian and semiprimary, see [40, Theorem 4.15].
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(R1)°P, (R2) and (R2)°P generalizes the class of n-Auslander algebras. Furthermore, observe that
the condition on the dominant dimension of an n-Auslander algebra can be replaced by the
axioms (R2) and (R2)°P, or by any of the other equivalent axioms covered in this paper, such
as the axioms (R2;) and (R2.)°P, or (R2f) and (R2)°P, as it was pointed out in Proposition 53.

Now, let us turn our attention to Lemma 49. The reader might have asked why we stated this
result as a lemma and not as a proposition or a theorem. The reason is that the correspondence
described in Lemma 49, in its full generality, is a source for several other correspondences which
are obtained by restriction. For instance, by restricting it to n-abelian categories, we get the
following correspondence.

Theorem 60. There is a bijective correspondence between the equivalence classes of n-abelian
categories with additive generators and the Morita equivalence classes of rings satisfying the
axioms (R1), (R1)°P, (R2) and (R2)°P. The correspondence is given as follows:

(a) if C is an n-abelian category with an additive generator, then send it to End(X), where X
is an additive generator of C;
(b) if A is aring satisfying (R1), (R1)°P, (R2) and (R2)°P, then send it to proj A.

Proof. Follows from Lemma 49 and Theorem 52. O

Similarly, we can conclude from Lemma 49 and Proposition 51 that there is a correspondence
between pre-n-abelian categories with additive generators and rings satisfying the axioms (R1)
and (R1)°P, which are precisely the coherent rings with weak dimension at most n+ 1. As another
(ludic) example, by Lemma 49, Proposition 50 and [36, Proposition 4.1], there is a correspondence
between categories with additive generators that have weak kernels and are Krull-Schmidt and
rings that are right coherent and semiperfect. Some other examples are also given by Iyama
in [29, Corollary 3.5] for rings that are Artin algebras. In general, any collection of properties for
a category that are invariant under equivalence of categories leads to a correspondence, which
is obtained by restricting the correspondence given in Lemma 49. Likewise, any collection of
Morita invariant properties for a ring leads to a correspondence.

The celebrated Auslander correspondence and Morita-Tachikawa correspondence (and their
higher versions) are also restrictions of the correspondence presented in Lemma 49. We refer the
reader to [23, Sections 5.2 and 5.3] for details. Even more, the higher Auslander correspondence
is actually a restriction of the correspondence described in Theorem 60. Indeed, the former is
obtained by restricting the latter to “n-cluster tilting subcategories” (with additive generators)
of categories of finitely presented modules over Artin algebras.?! Or, from a different point
of view, we can say that the higher Auslander correspondence is obtained by restricting the
correspondence given in Theorem 60 to Artin algebras.??

Observe that Theorem 60 also indicates how to find examples of n-abelian categories with
additive generators: it suffices to find rings satisfying the axioms (R1), (R1)°P, (R2) and (R2)°P.
More than that, Theorem 60 guarantees that all such examples of n-abelian categories can be
obtained this way. Hence the problem of finding a ring A satisfying the axioms (R1), (R1)°P, (R2)
and (R2)°P is of particular interest since it corresponds to an n-abelian category, namely, the
category proj A.

Clearly, von Neumann regular rings are examples of rings with the properties mentioned
above, but their corresponding n-abelian categories are again von Neumann regular, and hence
not interesting. On the other hand, n-Auslander algebras (which are not semisimple)?? give

21By [33, Theorem 3.16], “n-cluster tilting subcategories” of abelian categories are n-abelian.

2211 fact, as it was observed in the paragraph after Proposition 59, an Artin algebra is an n-Auslander algebra if and
only if it satisfies the axioms (R1), (R1)°P, (R2) and (R2)°P.

23Recall that an Artin algebra is semisimple if and only if it is von Neumann regular. More generally, a ring is
semisimple if and only if it is von Neumann regular and (left or right) noetherian.



1166 Vitor Gulisz

interesting examples of n-abelian categories, which have both enough injectives and enough
projectives, as remarked in the paragraph subsequent to Proposition 59. However, to the best
knowledge of the author, there are no known examples of rings satisfying the axioms (R1), (R1)°P,
(R2) and (R2)°P which are not von Neumann regular and not Artin algebras. The existence of such
rings could possibly result in exotic examples of n-abelian categories, and bring new insights to
the theory. Also, it would be even more interesting to have an example of such a ring A with
dom.dim(mod A) = 0 and dom.dim(mod A°P) = 0, because then projA would be an n-abelian
category that does not have enough injectives nor enough projectives, by Proposition 55.

As a motivation for the use of Theorem 60 as a source of possibly interesting examples of
n-abelian categories, let us recall how Rump has used similar ideas to find a counterexample
to Raikov’s conjecture. In [47], Rump characterized when a certain type of category C is semi-
abelian or quasi-abelian in terms of mod € and mod C°P. Then, by specializing his results to
modules over rings, he was able to find an example of a ring A for which the category proj A is
semi-abelian but not quasi-abelian, thereby providing a negative answer to Raikov’s conjecture.
This achievement brings hope that the same approach could be used to answer questions
concerning n-abelian categories.

Nevertheless, let us end this section by showing that commutative rings do not produce
interesting examples of n-abelian categories with additive generators via Theorem 60.

Proposition 61. Let A be a commutative ring, and let n be a positive integer. The category proj A
is n-abelian if and only if A is von Neumann regular.

Proof. Suppose that projA is n-abelian. By Theorem 52, A satisfies the axioms (R1), (R1)°P,
(R2) and (R2)°P. In particular, A is coherent and gl.dim(mod A) < co. Thus, it follows from [22,
Theorem 4.2.2 and Corollary 4.2.4] that every principal ideal of A is projective.

Take x € A, and let (x) be the ideal generated by x, which is projective, by our previous remark.
Let f: A — A be the multiplication by x and consider M = A/(x), so that we have an exact
sequence

ALoA—M—o0

in mod A. By applying (-)* to it, we get an exact sequence

0—>M*—>A*L>A*—>TrM—>0

in mod A, where Tr M is a transpose of M. Since there is a commutative diagram

IO

:l l:

A— A
f

in mod A whose vertical arrows are isomorphisms, we deduce that Tr M =~ M.
Now, consider the short exact sequence

00— (x) —A—M—0

in mod A. Because (x) is projective, we have pd M < 1, hence M is n-torsion free. In particular, it
follows that Ext! (M, (x)) = Ext! (Tr M, (x)) = 0. Therefore, the above short exact sequence splits,
so that the inclusion (x) — A is a split monomorphism. As a left inverse A — (x) of (x) — A in
mod A is given by multiplication by xy for some y € A, we conclude that xyx = x. Thus, A is von
Neumann regular.

The converse follows from Proposition 16 since A is von Neumann regular if and only if proj A
is von Neumann regular. d
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As a final observation, note that, in the proof of Proposition 61, we only had to use the fact that
M was 1-torsion free, rather than n-torsion free. Moreover, as A was assumed to be commutative,
it would have been sufficient to assume that A satisfies either the axiom (R1) or (R1)°P. Thus, we
can improve Proposition 61 as follows.

Proposition 62. Let A be a commutative ring, and let n be a positive integer. The category proj A
has n-kernels and satisfies that every monomorphism is a kernel if and only if A is von Neumann
regular.

Proof. Suppose that projA has n-kernels and that every monomorphism in projA is a kernel.
By Proposition 51, A satisfies the axiom (R1), so that A is coherent and gl.dim(mod A) < oo.
Furthermore, it follows from Proposition 25 that proj A satisfies the axiom (F2.) for n = 1. Due
to the equivalence of categories mod(proj A) ~ mod A, we deduce that A satisfies the axiom (R2.)
for n = 1. Therefore, by Proposition 53, every M € mod A with pd M < 1 is 1-torsion free. Thus, the
proof of Proposition 61 applies, and we conclude that A is von Neumann regular.

Since A is von Neumann regular if and only if projA is von Neumann regular, the converse
follows from Proposition 16 and Theorem 27. d

Appendix A. The global dimensions

The purpose of this appendix is to prove that if € is coherent, then the global dimensions of mod €
and mod C°P coincide. We remark that this is a well-known result, at least for the case of modules
over a coherent ring A, in which case the global dimensions of mod A and mod A°P coincide with
the weak dimension of A, by [42, Proposition 1.1]. Also, the proof of the general result for modules
over a coherent category C is not very different from the proof for the ring case. The content of
this appendix is mainly based on [9, Section 5].

Given an additive and idempotent complete category C, let Y: € — modC be the Yoneda
embedding, which is a covariant additive functor. Recall that mod € is an additive category that
has cokernels. It turns out that this category is universal with respect to these properties, in the
following sense.

Proposition 63. If D is an additive category that has cokernels and ¥: C — D is an additive
functor, then there is a unique (up to isomorphism) additive and cokernel preserving functor
¥: modC — D such thatPoY =V,

Proof. See [1, Proposition 2.1] or [9, Corollary 3.2] or [35, Universal Property 2.1]. U

Note that, by letting Y°P: C°P — mod C°P be the Yoneda embedding of €°P, which is a covariant
additive functor,>* we deduce that the statement of Proposition 63 also holds for the category
mod C°P, when considering Y°P instead of Y.

Now, if G € mod C°P, then G: € — Ab is an additive functor and it follows from Proposition 63
that there is a unique (up to isomorphism) additive and cokernel preserving functor G: mod € —
Ab such that GoY = G. Similarly, if F € modC, then F: C°P — Ab is an additive functor, so that
there is a unique (up to isomorphism) additive and cokernel preserving functor F: mod C°P — Ab
such that FoY°P = F. We denote G = — ® G and F = F ® —. These functors define a bifunctor

—®—: modC x modC°P — Ab,

24 Although, usually, YOP is regarded as a contravariant functor from € to mod CP.
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which we call the tensor product. In particular, the tensor product of F € mod € and G € mod C°P
is given by the abelian group

FeG=(-9G)(F)=(Fe-)G),

which is unique up to isomorphism.

Next, suppose that C is coherent, so that mod C and mod C°P are abelian categories (with
enough projectives). In this case, given F € mod € and G € mod C°P, for each i = 0, we can consider
the ith left derived functors of F ® — and — ® G, which we denote by Tor;(F,—) and Tor;(—,G),
respectively. These functors define a bifunctor

Tor;(—,—): mod € x modC°P — Ab,

for each i = 0, since the tensor product — ® — is a left balanced bifunctor.
The next two results can be found in [9, Lemma 5.2 and Theorem 5.3], which are well-known
for modules over rings, see [5, Proposition 3.2] and [8, Proposition 2.2].

Lemma 64. Assume that C is coherent.?> For each F, H € modC, there is a canonical morphism
@k, : He F* — Hom(F, H) with Coker ¥, = Hom(F, H). Moreover, ¢¥, is natural both in F and in
H, and it is an isomorphism if F or H is projective.

Proof. Let

e L e, v) — H —0
be a projective presentation of H in mod C with h € C(U, V). Given that —® F* preserves cokernels
and (—® F*)oY = F*, when applying — ® F* to the above projective presentation of H, we obtain

an exact sequence

) L% prv) — HeF* — 0

in Ab. On the other hand, by applying Hom(F, -) to the same projective presentation of H, we get

morphisms

* P s
F*(U) F*(V) — Hom(FE H)

in Ab whose composition is zero. Consequently, there is a unique morphism H® F* — Hom(F, H)

in Ab which makes the diagram

oy % pry) —— HeF* —— 0

~. |

Hom(F, H)

commute. It is not difficult to verify that the morphism H® F* — Hom(F, H) obtained above does
not depend on the choice of projective presentation of H, and we denote it by (pil.

We leave it to the reader to check that (pI;I is natural both in F and in H. Moreover, it is easy to
conclude from the previous paragraph that if F or H is projective, then (pf{ is an isomorphism.

Finally, we show that Coker (pg = Hom(F H). Since Coker (pz is given by the quotient of
abelian groups Hom(F, H)/Im (pZ, it suffices to verify that Im (pg = (proj C) (F, H). Well, let 8 be the
morphism C(—, V) — H from the previous projective presentation of H in mod C. By naturality,
the diagram

wE
e, V)eF* —=2 Hom(F,C(-,1))
BRF* l lHom(F,ﬁ)
H®F* Hom(F, H)

Py

25 Actually, the condition that € is coherent is not needed, but we keep it for expository reasons.



Vitor Gulisz 1169

in Ab is commutative. Furthermore, as C(—, V) is projective, (plé ") is an isomorphism, and be-
cause —® F* preserves cokernels, ® F* is an epimorphism. Consequently, Im (pg =ImHom(F B),
and it is easy to see that ImHom(F, B) = (proj C)(F, H). O

Observe that if we had considered C°P-modules in Lemma 64 instead of C-modules, we would
conclude that, for each G, H € mod C°P, there is a canonical morphism G* ® H — Hom(G, H) with
the same properties that were claimed in Lemma 64.

Proposition 65. Assume that C is coherent. For each F,H € modC, there is an isomorphism
Tori(H, Tr F) = Hom(F, H), which is natural both in F and in H.

Proof. Let

C.N

C(—,X) C-Y) L F—0

be a projective presentation of F in mod C with f € C(X, Y). By applying (-)* to it, we obtain an
exact sequence

0 — F* 2o,y 22 e x)t — TrF — 0

in mod C°P, where Tr F is a transpose of F given by the cokernel of C(—, f)*. Since both C(—, Y)*
and C(—, X)* are projective,?® we can extend the above exact sequence to a projective resolution
of TrF in mod C°P, and use it to compute Tor;(H, Tr F). However, because H ® — preserves
cokernels, we can easily see that
KerH® C(—, /)*

ImHea*
Now, by Lemma 64, there is a commutative diagram

Tor1(H, TrF) =

* C(-,N*
Hep* — 1 HeC(,Y) — oD HeC(—,X)*
l‘pf{ l(pg(—,n l(pg(—,m
0 — Hom(F H) oo Hom(€(,Y), H) oo Hom(€(-, X), H)

in Ab, where both (pg("Y) and (ple{(f’X) are isomorphisms. Moreover, note that the bottom row of

this diagram is exact. In this case, it is not difficult to deduce that

KerH®C(—, f)* H FH
erl 7 ( *f) ~ om( & ) = Cokerq)i[.
mH®« Ime H
Therefore, it follows from Lemma 64 that Tory (H, Tr F) ~ Hom(F, H), and we leave it to the reader
to verify that this isomorphism is natural both in F and in H. g

We remark that if we had chosen to work with C°P-modules in Proposition 65 instead
of C-modules, we would conclude that, for each G, H € modC°P, there is an isomorphism
Tor1 (TrG, H) = Hom(G, H), which is natural both in G and in H.

Corollary 66. Assume that C is coherent, let F € mod C, and let d be a nonnegative integer. Then
Torg+1(FE—)=0ifandonlyif pdF<d.

Proof. If Tor,.;(F,—) = 0, then Tor; (Q4F,—) = 0, where Q?F is d syzygy of F. Thus, it follows
from Proposition 65 that Hom(Q9E Q%F) = 0, hence 1gap € {projC). By Proposition 2, we obtain
that Q?F € proj C, which implies that pd F < d. The converse is straightforward. O

26 As we have seen in Section 3, they are isomorphic to C(Y,—) and C(X, -), respectively.
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Note that the corresponding result for C°P-modules in Corollary 66 is that if G € mod C°P, then
Torg+1(—,G) =0ifand onlyif pd G < d.

We can now prove the main result of this appendix, which appears in [9, Corollary 5.6] and is
well-known, at least for the case of modules over a coherent ring, as we mentioned earlier.

Theorem 67. Let C be an additive and idempotent complete category. If C is coherent, then
gl.dim(mod C) = gl.dim(mod C°P).

Proof. Observe that if d is a nonnegative integer, then Tor ;1 (F,—) = 0 for every F € mod C if and
only if Torg,1(—, G) = 0 for every G € mod C°P. Therefore, by Corollary 66, we have pd F < d for
every F € modC if and only if pd G < d for every G € mod C°P. Consequently, gl.dim(modC) =
gl.dim(mod C°P). O

Appendix B. More on the second axioms

In this short appendix, we point out some other equivalent ways of stating the functorial ax-
ioms (F2) and (F2)°P of an n-abelian category, which could be interesting for further investiga-
tion.

For a left and right coherent category C, consider the following axioms, respectively:

(F2,)  every F € mod C°P with F* = 0 satisfies Exti(E C(X,-))=0foralll <i<nandal X €C;

(F2,)°P every F € mod C with F* = 0 satisfies Ext'(F,€(—, X)) =0foralll<i<nandall X€C.

Proposition 68. If C is coherent, then the axioms (F2) and (F2)°P are equivalent to (F2p)
and (F2y,)°P, respectively.

Proof. Follows easily from Lemma 28 and the fact that if F € mod € satisfies pd F < 1, then there
is a transpose Tr F of F such that (Tr F)* = 0. O

The axioms (F2y,) and (F2},)°P are considered, for example, in [31, Theorem 1.2] and [34, Re-
mark 2.25], while analogous conditions also appear in [14, Definition 4.1] and [26, Definition 4.1].
Although we have not explored these axioms in this paper, they were actually used indirectly in
the proofs of Propositions 29 and 44.

Another way of stating the axioms (F2},) and (F2;,)°P is in terms of the “grade” of objects in
mod C°P and mod C, respectively. Let us recall this classical definition, which can be considered
in a general abelian category.

Let A be an abelian category. Given X € A, the grade of X, denoted by gradeX, is the
supremum of the set of nonnegative integers j for which Ext’; (X, P) = 0 for every 0 < i < j and
every projective object P € A, where we agree that ExtOA (X, P) = A(X, P). If the supremum does
not exist, then we say that grade X = oo.

Observe that if C is left coherent, then F € mod C°P satisfies F* = 0 if and only if grade F = 1.
Furthermore, the axiom (F2}) for € can be rephrased as “every F € mod C°P with gradeF = 1
satisfies grade F = n +1”. Dually, if C is right coherent, then the axiom (F2,)°P for € can be
rephrased as “every F € modC with gradeF = 1 satisfies gradeF = n+1”. Thus, motivated
by [26, Theorem 5.10], for a left and right coherent category €, consider the following axioms,
respectively:

(F2;)  the category mod C°P has no objects of grade 1,..., n;

(F21)°P the category mod C has no objects of grade 1, ..., n.

Proposition 69. If C is left coherent, then the axioms (F2y) and (F2;) are equivalent. Dually, if C
is right coherent, then the axioms (F2y)°P and (F2;)°P are equivalent.

Proof. Follows from the above discussion. O
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While we do not explore the axioms (F2;) and (F2;)°P in this paper, let us state the following
characterization of n-abelian categories.

Theorem 70. Let C be an additive and idempotent complete category. Then C is n-abelian if and
only if C is coherent, gl.dim(mod C) < n+ 1, and every nonzero object in mod € and in mod C°P has
grade either0 or n+1.

Proof. Follows directly from Theorems 9 and 67, Propositions 68 and 69, and Lemma 12. U

We can, of course, restrict the above results to the ring case, as it was done with our previous
results in Section 8. For instance, Theorem 70 becomes the following.

Theorem 71. Let A be a ring, and let n be a positive integer. The category proj A is n-abelian if and
only if A is coherent, has weak dimension at most n+ 1, and every nonzero object in mod A and in
mod A°P has grade either 0 or n+1.

Proof. Follows from Theorem 70, and from the equivalences mod(projA) = modA and
mod(proj A)°P = mod A°P, O

Appendix C. Some applications

In this appendix, we use the functorial perspective to prove a few known results on rn-abelian
categories. Its purpose is to further expose the reader to the functorial approach, and also to offer
an alternative proof of Proposition 16.

First, recall that a category is called balanced when all of its morphisms which are both
monomorphisms and epimorphisms are isomorphisms.

Proposition 72. Every n-abelian category is balanced.

Proof. Let C be an n-abelian category, so that C satisfies the axioms (F1), (F1)°P, (F2) and (F2)°P,
by Theorem 9. Suppose that f € C(X, Y) is a morphism in € which is both a monomorphism and
an epimorphism. Since f is a monomorphism, the sequence

0 — €= x) 2D e y) — m(f) — 0

is exact in mod €, and then pd m(f) < 1. Therefore, m(f) is n-torsion free, and hence 1-torsion
free. Now, as f is an epimorphism, the sequence

C(f,—
0 — C(Y,-) (f)

CX,-)

is exact in mod C°P. Thus, it follows from Proposition 7 that

e x) 2 ey — o

is exact in mod €, which implies that f is a split epimorphism. By duality, we deduce that f is a
split monomorphism. Consequently, f is an isomorphism. d

Let m be a positive integer. We say that an m-exact sequence

R+l hm ha h
Zm+l —— L — - — L1 — L

in C splits if h;,4 is a split monomorphism and £, is a split epimorphism.
The next result is from [33, Proposition 2.6].
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Proposition 73. Let C be an additive and idempotent complete category®’ let m be a positive

integer, and let

hm+1 h ha h
Il —— Zyp —— = — Ly — L

be an m-exact sequence in C. The following are equivalent:

(a) the above sequence splits;
(b) hy is a split epimorphism;
(¢) hm+1 is a split monomorphism.

Proof. Suppose that h; is a split epimorphism. Then C(—, h;) is a split epimorphism and the
sequence

C(=hm+1) C(=,h2) C(=,h1)

0 — C(=,Zm+1)

C(=21) C(= %) — 0

is exact in Mod C. Since each C(—, Z;) is projective in Mod C, it is easy to conclude that C(—, h,+1)
is a split monomorphism, which implies that &, is a split monomorphism.
Thus, (b) implies (c). By duality, (c) implies (b). Hence (a) is equivalent to both (b) and (c). [

Observe that if we extend the notion of an m-exact sequence to include the case m = 0, then
we obtain from Proposition 72 that 0-exact sequences split in n-abelian categories. In addition
to this fact, we have the following result, which is well-known.

Proposition 74. Let C be an n-abelian category, and let m be a positive integer. If m # n, then
every m-exact sequence in C splits.

Proof. To begin with, recall that € satisfies the axioms (F1), (F1)°P, (F2) and (F2)°P, by Theorem 9.

Next, let

h ho h
Zm+1 I — o — ) — Zy

be an m-exact sequence in C. By Proposition 22, m(h;) is (m + 1)-spherical.
If m < n, then we deduce from Theorem 23 that m(h;) is (n — m)-torsion free, and hence 1-
torsion free. Thus, as

hm+1

0 — CZp,—) ) ez,

is exact in mod C°P, we conclude from Proposition 7 that

ez L e, z) — 0
is exact in modC. Hence h; is a split epimorphism, which implies that the above m-exact
sequence splits, by Proposition 73.
Now, assume that n < m. Since m(h;) is (m+1)-spherical, it follows from Lemma 12 that either
m(h,) is projective or pdm(h;) = m+1. Butas n+1 < m+1 and gl.dim(modC) < n+1, it is not
possible that pdm(h;) = m+ 1, hence m(h;) is projective. In this case, given that

e(_:hm+l) e(_vhm) . e(_:hl)

0 — C(—, Zm+1) C(=,Zm)

is a projective resolution of m(k;) in mod G, we can easily conclude that C(—, h,+1) is a split
monomorphism, which implies that h,,.; is a split monomorphism. Therefore, the previous
m-exact sequence splits, by Proposition 73. U

C(—, %) — m(h) — O

The next result, which is essentially [33, Theorem 3.9], finalizes the discussion concerning the
splitting of m-exact sequences in n-abelian categories.

Proposition 75. Let C be an additive and idempotent complete category. Then C is n-abelian and
every n-exact sequence in C splits if and only if C is von Neumann regular.

27 pctually, the proof we present only requires € to be a preadditive category.
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Proof. Suppose that € is n-abelian and every n-exact sequence in C splits. Let f € C(X,Y) be a
monomorphism in C. Since C satisfies the axiom (A2), by taking an n-cokernel of f, we get an

n-exact sequence

Xl,yﬂ,ylﬁ,...ﬁ,yn

in €, which splits. Therefore, every monomorphism in € is a split monomorphism. Consequently,
every monomorphism in mod € whose domain and codomain are projective is a split monomor-
phism. Since we know from Proposition 5 that mod € is an abelian category (with enough projec-
tives) and gl.dim(mod C) < oo, we can then easily deduce that gl.dim(mod €) = 0. Hence C is von
Neumann regular, by Proposition 10.

Conversely, assume that C is von Neumann regular. By Proposition 10, € is coherent with
gl.dim(mod @) = gl.dim(mod €°P) = 0. Thus, it follows from Theorem 9 that C is n-abelian for every
positive integer n. In particular, € is (n + 1)-abelian, which implies that every n-exact sequence
in € splits, by Proposition 74. O

Finally, note that Propositions 74 and 75 give another proof of Proposition 16.
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