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Abstract. We study the local properties of positive solutions of the equation −∆u = eu − M |∇u|q in a
punctured domain Ω \ {0} of RN in the range of parameters q > 1 and M > 0. We prove a series of a priori
estimates near a singular point. In the case of radial solutions we use various techniques inherited from the
dynamical systems theory to obtain the precise behaviour of singular solutions. We prove also the existence
of singular solutions with these precise behaviours.

Résumé. Nous étudions les propriétés locales des solutions de l’équation −∆u = eu − M |∇u|q dans un
domaine épointé Ω \ {0} de RN avec des paramètres q > 1 et M > 0. Nous donnons une série d’estimations a
priori près d’un point singulier. Dans le cas de solutions radiales, nous obtenons le comportement précis
des solutions avec des méthodes issues de la théorie des systèmes dynamiques. Nous démontrons aussi
l’existence de solutions singulières avec les comportements singuliers obtenus.
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1. Introduction

The aim of this paper is to study properties of radial solutions of

Lm,p,q u :=−∆u +M |∇u|q −eu = 0 inΩ, (1)

where M is a real positive number, q > 1 andΩ is either a punctured domain if we are interested
in isolated singularities, or an exterior domain if we study the asymptotic behaviour of solutions.

Equation (1) belongs to the family of equations of diffusion-reaction-absorption type

−∆u ± f
(|∇u|)= g (u), (2)
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where f is a power function and g a power or an exponential function.
For these equations, there are several deep problems:

• obtention of a priori estimates near a singularity or at infinity for equations in an exterior
domain;

• description of singular solutions or behaviour at infinity of solutions;
• existence of global regular or singular solutions.

Equations with absorption correspond to the cases where g (u) = −eu or g (u) = −up . The
equation

−∆u +M |∇u|q +up = 0,

has been studied in [20] when M > 0 and in [4] when M < 0. The equation

−∆u +M |∇u|q +eu = 0,

with M < 0 is considered in [18], particularly in the most relevant dimension N = 2 since in higher
dimension the isolated singularities are removable.

Next we focus on the equation where g (u) acts as a source term. Equation with a power up

with p > 0,

−∆u +M |∇u|q −up = 0, (3)

has been first considered with M = 1 in [13,14] in the radial case where two critical values appear:
p = N+2

N−2 and q = 2p
p+1 . This study was developed in [23,24], putting into light the question of

existence of global solutions, still not completely solved. The general problem with M ∈ R has
been studied in the non-radial case in [21] when p < N+2

N−2 and q < 2p
p+1 , then in [2] when q > 2p

p+1 .
The critical case q = 2p

p+1 with p > 1 has been exhaustively solved in the radial case in [3].
In the present article we assume that g (u) is an exponential source term and we consider

equation (1) with M > 0. To study the properties of the solutions of (1) we associate three
underlying equations:

• the Emden–Chandrasekhar equation,

−∆u −eu = 0; (4)

• the viscous Hamilton–Jacobi equation,

−∆u +M |∇u|q = 0; (5)

• and the eikonal equation,

M |∇u|q −eu = 0. (6)

Each of these three equations has been already much studied.
The first exhaustive study of radial solutions of the Emden–Chandrasekhar equation is due to

Chandrasekhar [12]. Non-radial solutions which are rather simple to study in the 2-dimensional
case are described in [22]. In the 3-dimensional case the level of difficulties is not at all compa-
rable and this is due to the fact that the reaction term is much larger than the classical Sobolev
exponent p = N+2

N−2 which turns out to be equal to 5 since N = 3. It is proved in [5] that no uni-
form estimate near a singularity can hold, but if a solution u of (4) in B1 \ {0} (resp. B c

1 ) satisfies
|x|2eu ∈ L∞(B1) (resp. |x|2eu ∈ L∞(B c

1 )) then its behaviour near x = 0 (resp. when |x|→∞) can be
completely described. Besides the upper estimate another severe problem of convergence occurs
and is overcome by the introduction of deep results from complex geometry.

The viscous Hamilton–Jacobi equation is simpler to study. In the radial case it reduces to an
explicitly integrable equation

−ur r − N −1

r
ur +M |ur |q = 0.
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This equation admits two critical exponents q = qc = N
N−1 and q = 2. By using Bernstein method,

it is proved in [17] that if q > 1 any not necessarily radial solution u of (5) in B1 \ {0} satisfies∣∣∇u(x)
∣∣≤ c|x|− 1

q−1 in B 1
2

\ {0},

and that its behaviour near zero is similar to the one of the radial (and explicit) solutions, in
particular if q ≥ qc any nonnegative solution remains bounded, while if 1 < q < qc and if it is

singular either it satisfies u(x) ∼ c|x|2−N for some c ̸= 0, or u(x) ∼ ξM |x|
q−2
q−1 , where ξM is a specific

positive constant expressed in (35).
The eikonal equation is also explicitly integrable in the radial case and it always reduces to an

equation of the form
|∇v | = 1

with v = qM
1
q e−

u
q in general. The uniqueness of viscosity solutions of the eikonal equation in

RN \ {0} is proved in [11].
In [7] we present a general study of non-necessarily radial solutions of (1) and emphasis on

their singular solutions if they are defined in B1 \ {0}, and their asymptotic behaviour if they
defined in B c

1 . This study involves all the tools used in [5], often under a more refined manner,
and q = 2 appears as a fundamental critical value. In particular if 1 < q < 2 we have to impose the
a priori bound |x|2eu ≤C in B1 \ {0} in order to obtain the description of singular solutions, while
if q > 2 no a priori bound on a solution is needed.

In the present article we consider functions satisfying

−ur r − N −1

r
ur +M |ur |q −eu = 0, (7)

with q > 1 and M > 0, either in (0,1] or in [1,∞). This assumption of radiality has the advantage
of authorising the use of finite dimensional dynamical systems theory, a theory which allows us
to go much deeper in the local study of the solutions. For q ̸= 2 there is no invariance for (7)
by a scaling transformation (the case q = 2 which reduces to a Lane–Emden type equation will
not be considered). Consequently it is not possible to reduce this equation to a second order
autonomous equation of any type as it is possible for (4), (5) and (6), and also for (3) when
q = 2p

p+1 . Instead, we introduce various systems of order 3 to perform our analysis of singular and
asymptotic behaviours: we give a precise description of singular solutions (or their asymptotic
behaviour), and we prove the existence of solutions with all the possible behaviours that we
have put into light. These existence results were out of reach for non-necessarily radial solutions
studied in [7].

An important observation, dealing with the globality of the radial solutions is the following
statement proved in Proposition 6 and Theorem 32.

Theorem A. Let q > 1.

(1) If N ≥ 2, the maximal interval of definition of a radial solution r 7→ u(r ) of (7) defined in
a right neighborhood of r = 0 and nondecreasing there is (0,∞). Furthermore ur < 0 and u
tends to −∞ at ∞.

(2) If 1 < q < 2 and N ≥ 2, the maximal interval of definition of a solution r 7→ u(r ) of (7) is
(0,∞). If 1 < q < 2 and N = 1 any maximal solution of (7) is defined on R and symmetric
with respect to some value a.

We obtain also a full description of the isolated singularities of solutions of (7).

Theorem B. Let 1 < q < 2 and N ≥ 3. Then:

(1) either limr→0
(
u(r )−2ln 1

r

)= ln2(N −2);
(2) or there exists u0 ∈ R such that limr→0 u(r ) = u0 and limr→0 ur (r ) = 0 (such a u is called a

regular solution);
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(3) or limr→0 u(r ) =−∞ and:
• if 1 < q < N

N−1 , then limr→0 r N−2u(r ) = γ< 0;

• if q = N
N−1 , then limr→0 r N−2|lnr |N−1u(r ) =− 1

N−2

( N−1
M

)N−1;

• if N
N−1 < q < 2, then limr→0 r

2−q
q−1 u(r ) =−ξM :=− q−1

2−q

( (N−1)q−N
M(q−1)

) 1
q−1 .

This result shows that the singular behaviour of solutions is governed either by the Emden–
Chandrasekhar equation or by the viscous Hamilton–Jacobi equation. Existence of solutions with
the above behaviour is obtained in Theorems 16 and 17 by fixed point arguments or by the study
near the equilibrium of the associated dynamical system.

When q > 2 the situation changes completely and we prove that the singularities of radial
solutions are either governed by the eikonal equation or by the Hamilton–Jacobi equation.

Theorem C. Let q > 2 and N ≥ 2. Then:

(1) either limr→0 r q eu(r ) = M q q and limr→0 r ur (r ) =−q;
(2) or there exists u0 ∈ R such that limr→0 u(r ) = u0 and limr→0 ur (r ) = 0, in that case u is a

regular solution;

(3) or there exists u0 ∈R such that limr→0 u(r ) = u0 and there holds u(r ) = u0 +CM ,N r
q−2
q−1

(
1+

o(1)
)

where CM ,N is explicited in Theorem E. In such a case the singularity is only on the
derivative.

We also obtain the existence of singular solutions with the prescribed behaviour given above.
Concerning solutions of eikonal type we prove existence in Theorems 23 and 24 by a very delicate
method based upon inverse function arguments.

Theorem D. Let q > 2.

(1) If N = 1, there exists one and only one solution u∗ of (7) on (0,∞) such that

lim
r→0

r q eu∗(r ) = M q q and lim
r→0

r u∗
r (r ) =−q. (8)

Furthermore the function u∗ is the increasing limit when n →∞ of the regular solutions un

(i.e. un(0) = n and un r = 0).
(2) If N ≥ 2, there exists at least one solution u∗ of (7) on (0,∞) satisfying (8).

Concerning solutions of Hamilton–Jacobi type, we prove the following result.

Theorem E. Let q > 2 and u0 ∈R arbitrary.

(1) If N = 1, there exists at least one solution of (7) on (0,∞) satisfying

u(r ) = u0 − q −1

q −2

(
1

M(q −1)

) 1
q−1

r
q−2
q−1

(
1+o(1)

)
as r → 0.

Furthermore the function u is decreasing on (0,∞).
(2) If N ≥ 2, there exists at least one solution of (7) on (0,∞) satisfying

u(r ) = u0 + q −1

q −2

(
(N −1)q −N

M(q −1)

) 1
q−1

r
q−2
q−1

(
1+o(1)

)
as r → 0.

Furthermore the function u is increasing on (0,∞).

This result is proved in Theorems 27 and 28 by methods coming from the analysis of the stable
and unstable manifolds associated to the stationary points of the relevant dynamical system.

The description of the asymptotic behaviour of radial solutions of (1) in an exterior domain
exchanges the ranges 1 < q < 2 and q > 2. Note also that only one type of behaviour is possible.
The following statements are proved in Theorems 30 and 31.
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Theorem F.

(1) Let 1 < q < 2 and N ≥ 3. If u is a radial solution of (1) in B r c
0

it satisfies limr→∞ r q eu(r ) =
M q q and limr→∞ r ur (r ) =−q.

(2) Let q > 2 and N ≥ 3. If u is a radial solution of (1) in B r c
0

it satisfies limr→∞ r 2eu(r ) =
2(N −2).

We end the article with an appendix which shows that when q > 2, all the radial solutions u
of (1) which satisfy limr→0 r q eu(r ) = M q q and limr→0 r ur (r ) = −q , which means that they are
of eikonal type, have the same expansion at any order near 0. This is a clue that uniqueness of
solutions of (1) with such behaviour could hold in any dimension as it does hold when N = 1.

We leave as an open problem the study of

−∆u +M |∇u|q =V (x)eu (9)

for many types of potential V (x). Deep results in the case N = 2, M = 0 have been obtained by
Brezis and Merle [9].

2. Estimates

2.1. Estimates of radial supersolutions

Theorem 1. Let N ≥ 1 and q > 1.

(1) If u ∈C
(
Br0 \ {0}

)
is a radial supersolution of (1) in Br0 \ {0} it satisfies

eu(r ) ≤Cr−max{2,q} in B r0
2

\ {0}, (10)

where C =C (N , M , q,u) > 0 in the general case and C =C (N , M , q) > 0 if r 7→ u(r ) is non-
increasing.

(2) If u ∈C (B c
r0

) is a supersolution of (1) in B c
r0

it satisfies

eu(r ) ≤Cr−min{2,q} in B c
2r0

, (11)

where C =C (N , M , q,u) > 0 is as in case (1).

Proof. If u is a radial supersolution it is clear that it has at most one local maximum. Indeed at
each local extremal point r̃ there holds −ur r (r̃ ) ≥ eu(r̃ ) > 0. Hence ur keeps a constant sign near 0.
We set w = eu , then w ≥ 0 satisfies

−∆w + |∇w |2
w

+M
|∇w |q
w q−1 −w2 =−wr r − N −1

r
wr +

w2
r

w
+M

|wr |q
w q−1 −w2 ≥ 0. (12)

(1). We first assume that the function w is nondecreasing on (0,r1] for some r1 ∈ (0,r0], the
estimate (10) holds with C depending on u.

Next we assume that m is nonincreasing on (0,r1], then it stays decreasing on the whole
interval (0,r0]. For ϵ ∈ (

0, 1
2

)
let φϵ be a C∞(R+) nonnegative function vanishing on [0,1−ϵ]∪

[1+ϵ,∞), with value 1 on
[
1− ϵ

2 ,1+ ϵ
2

]
, such that ϵ|φϵr | and ϵ2|φϵr r | are bounded on

[
1−ϵ,1− ϵ

2

]∪[
1+ ϵ

2 ,1+ϵ]. If 0 < R < r0
2 we define v by

v(x) = w(x)−w(R)φϵ

( |x|
R

)
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Clearly v(R) = 0. There exists r̃ R,ϵ ∈
[
(1−ϵ)R, (1+ϵ)R

]
where v achieves a nonpositive minimum,

hence w(r̃ R,ϵ) ≤ w(R), vr (r̃ R,ϵ) = 0 and ∆v(r̃ R,ϵ) ≥ 0. There holds wr (r̃ R,ϵ) = w(R)φϵr
( rR,ϵ

R

)
and

∆w(r̃ R,ϵ) ≥ w(R)∆φϵ
( |xR,ϵ|

R

)
. Therefore,

w2(r̃ R,ϵ) ≤−∆w(r̃ R,ϵ)+
∣∣∇w(r̃ R,ϵ)

∣∣2

w(r̃ R,ϵ)
+M

∣∣∇w(r̃ R,ϵ)
∣∣q

w q−1(r̃ R,ϵ)

≤−w(R)∆φϵ

(
rR,ϵ

R

)
+w2(R)

∣∣∇φϵ( rR,ϵ
R

)∣∣2

w(r̃ R,ϵ)
+w q (R)

∣∣∇φϵ( rR,ϵ
R

)∣∣q

w q−1(r̃ R,ϵ)

≤C

(
w(R)

ϵ2R2 + w2(R)

ϵ2R2w(r̃ R,ϵ)
+ w q (R)

ϵq Rq w q−1(r̃ R,ϵ)

)
,

(13)

where C =C (N , q, M) > 0.
Now, if q > 2, we multiply by w q−1(r̃ R,ϵ) and obtain the estimate

w q+1(r̃ R,ϵ) ≤C

(
w(R)

ϵ2R2 w q−1(R)+ w2(R)

ϵ2R2 w q−2(R)+ w q (R)

ϵq Rq

)
≤C ′ w q (R)

ϵq Rq .

Because w q+1(r̃ R,ϵ) ≥ min(1−ϵ)R≤r≤(1+ϵ)R w q+1(r ) ≥ w q+1
(
(1+ϵ)R

)
we obtain

w q+1((1+ϵ)R
)≤C

w
q

q+1 (R)

ϵ
q

q+1 R
q

q+1

.

We apply the bootstrap method of [6, Lemma 2.1] with Φ(ρ) = ρ
− q

q+1 and d = −h = q
q+1 and we

conclude that

w(R) ≤C
(
Φ(R)

) 1
1−d =C R−q .

If 1 < q < 2 we have from (13),

w3(r̃ R,ϵ) ≤C

(
w(R)

ϵ2R2 w(r̃ R,ϵ)+ w2(R)

ϵ2R2 + w q (R)

ϵq Rq w2−q (r̃ R,ϵ)

)
≤C

(
w(R)

ϵ2R2 w(R)+ w2(R)

ϵ2R2 + w q (R)

ϵq Rq w2−q (r )

)
≤C ′

(
w2(R)

ϵ2R2 + w2(R)

ϵq R2

)
≤C ′′ w2(R)

ϵ2R2 .

Then,

w
(
(1+ϵ)R

)≤ c
w

2
3 (R)

ϵ
2
3 R

2
3

.

Now, applying [6, Lemma 2.1] withΦ(ρ) = ρ− 2
3 , d =−h = 2

3 , we obtain

w(R) ≤C
(
Φ(R)

) 1
1−d =C R−2.

Note that in the two cases, the upper estimate is independent of u.

(2). Assume that u satisfies (10) in B c
r0

. Here also the function w is monotone on [r1,∞) for
some r1 ≥ r0. Let 0 < ϵ ≤ 1

2 and R > r1 + 1. If w is nondecreasing on
[
R(1− ϵ),R(1+ ϵ)

]
, then

w(R) ≥ w(r̃ R,ϵ) ≥ w
(
R(1−ϵ)

)
and therefore

w
(
R(1−ϵ)

)≤ w(r̃ R,ϵ) ≤C

(
w q (R)

ϵ2R2 + w q (R)

ϵq Rq

) 1
q+1

≤


2C w

q
q+1

ϵ
2

q+1 R
2

q+1
if q > 2,

2C w
q

q+1

ϵ
q

q+1 R
q

q+1
if 1 < q < 2.
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From the bootstrap argument,

w(R) ≤
{

C1R−2 if q > 2,

2C R−q if 1 < q < 2,

which contradicts the fact that w is nondecreasing. Hence w is nonincreasing and we obtain the
estimate

w
(
R(1+ϵ)

)≤


2C w
q

q+1

ϵ
2

q+1 R
2

q+1
if q > 2,

2C w
q

q+1

ϵ
q

q+1 R
q

q+1
if 1 < q < 2.

Therefore we obtain (10) as before. □

Remark 2. Note that in the non-radial case, such a kind of estimates of supersolutions are
extended in [7] to similar estimates of the spherical minimum of u.

2.2. General gradient estimates

Here we obtain a general estimate of the gradient of a solution, non-necessarily radial, in terms
of the function itself. It is based upon a combination of Bernstein and Keller–Osserman methods.

Theorem 3. Let N ≥ 1 and q > 1. If u ∈ C
(
Br0 \ {0}

)
is a solution of (1) in Br0 \ {0}. Then for any

ρ ∈ (
0, r0

2

]
and any x ∈ Bρ \ {0}∣∣∇u(x)

∣∣≤ c1|x|−
1

q−1 + c2 max
Bρ (x)

e
u
q + c3 max

Bρ (x)
e

u
2(q−1) , (14)

where c j = c j (N , q, M) > 0, for j = 1,2,3.

Proof. The technique is standard and we recall it for the sake of completeness. We set z = |∇u|2,
then by Schwarz inequality,

−1

2
∆z + (∆u)2

N
+〈∇∆u,∇u〉 ≤ 0.

Then, for ϵ> 0 small enough,

−1

2
∆z + (M z

q
2 −eu)2

N
≤ eu z + M q

2
z

q
2 −2∣∣〈∇z,∇u〉∣∣≤ eu z +ϵzq +Cϵ,q,M

|∇z|2
z

.

Using again Hölder and Young inequalities, we obtain

−1

2
∆z + M 2zq

N
≤ 2Meu z

q
2 +eu z +ϵzq +Cϵ,q,M

|∇z|2
z

≤ ϵ1zq +Cϵ1 e2u +ϵ2zq +Cϵ2 eq ′u +ϵzq +Cϵ,q,M
|∇z|2

z
.

With the choice ϵ, ϵ1 and ϵ2 small enough and the last inequality turns out into

−1

2
∆z + M 2zq

2N
≤C1e2u +C2eq ′u +Cq,N ,M

|∇z|2
z

. (15)

Then we use a variant of the Osserman–Keller inequality proved in [6, Lemma 3.1] and we
obtain (14). □

The next result which holds only if q > 2 is a universal a priori estimate of u and ∇u solution
of (1). The proof is delicate and can be found in [7].

Theorem 4. Let N ≥ 2 and q > 2. If u ∈C
(
Br0 \{0}

)
is a solution of (1) in Br0 \{0}. Then there exists

C > 0 depending on N , q, M ,u such that

eu(x) ≤ C

|x|q and
∣∣∇u(x)

∣∣≤ C

|x| for all x ∈ B r0
2

\ {0}. (16)
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3. The dynamical system approach

A radial solution of (1) satisfies

L rad
m,p,q u :=−ur r − N −1

r
ur +M |ur |q −eu = 0. (17)

In all the sequel we consider essentially radially symmetric solutions u of (1), that means func-
tions satisfying (17). Furthermore, solutions are at least C 3 on their maximal interval of existence.

3.1. Monotonicity and global properties

Lemma 5. Let q > 1 and u be a radial solution of (17) on (0,r0). Then u has at most one local
maximum and ur keeps a constant sign near r = 0 and the following dichotomy holds:

(1) either ur (r ) < 0 on (0,r0) and u(r ) →∞ when r → 0;
(2) or ur (r ) < 0 on (0,r0) and u(r ) → u0 when r → 0;
(3) or ur (r ) > 0 near 0 and u(r ) → u0 when r → 0;
(4) or ur (r ) > 0 near 0 and u(r ) →−∞ when r → 0.

Proof. The proof follows easily from the monotonicity of u. □

Proposition 6. Let N ≥ 2 and q > 1. If u is a solution of (17) defined in the maximal interval (0,R)
and decreasing near 0, then R =∞ and ur < 0 on (0,∞). Furthermore u(r ) →−∞ and ur (r ) → 0
when r →∞. As a consequence, if u is positive near 0, it has a unique zero on (0,∞).

Proof. By Lemma 5, ur < 0 on (0,R). Set

H (r ) = eu + u2
r

2
. (18)

Then

Hr (r ) =−N −1

r
u2

r +M |ur |q ur =−N −1

r
u2

r −M |ur |q+1.

Hence H is decreasing on (0,R). As a consequence for any r̃ ∈ (0,R), u2
r is bounded on [r̃ ,R).

If R < ∞, by integration u(r ) is also bounded on [r̃ ,R) which is impossible since R is maximal.
Hence R =∞. Since eu(r ) is decreasing and positive, there exists ℓ ≥ 0 such that eu(r ) → ℓ when
r →∞. Moreover, since it is positive and decreasing H (r ) admits a limit λ≥ 0 when r →∞ and
therefore ur (r ) shares this property. This implies that Hr is integrable and therefore ur (r ) → 0
when r →∞. Since eu(r ) → ℓ≥ 0, and ur (r ) → 0 we obtain that −ur r (r ) →−ℓ. If ℓ> 0 we would
obtain that u(r ) → lnℓ, which is not compatible. Hence ℓ= 0 and u(r ) →−∞ when r →∞. □

Remark 7. More generally, if u is a solution defined on a maximal interval Iu containing r0 > 0
and if ur (r0) ≤ 0, then ur (r ) < 0 for r ∈ Iu ∩ (r0,∞) = (r0,∞), u(r ) → −∞ and ur (r ) → 0 when
r → ∞. On the contrary, if ur (r0) > 0, then either u admits a unique maximum at r1 > r0 and
therefore u(r ) → −∞ and ur (r ) → 0 when r → ∞, or u is increasing on Iu ∩ (r0,∞). In such a
case two situations could occur: either Iu ∩ [r0,∞) = [r0,r1) and limr→r1 u(r ) = ∞ (u is a large
solution), or Iu ∩ [r0,∞) = [r0,∞) and limr→∞ u(r ) =∞.

3.2. Associated differential systems

To the equation (17) we associate several systems autonomous or not.
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3.2.1. Non-autonomous systems of order 2

Lemma 8. Let x, X andΦ be defined by

x(t ) = r 2eu(r ), X (t ) = r q eu(r ), Φ(t ) =−r ur (r ) with t = lnr . (19)

Then u is a solution of (17) if and only if{
xt = x(2−Φ)

Φt = (2−N )Φ−Me(2−q)t |Φ|q +x,
(20)

where x > 0. This system is also equivalent to{
X t = X (q −Φ)

Φt = (2−N )Φ−e(2−q)t
(−M |Φ|q +X

)
.

(21)

Proof. We set

u(r ) =U (t ) with t = lnr . (22)

Then

−Ut t − (N −2)Ut −e2t eU +Me(2−q)t |Ut |q = 0, (23)

andΦ=−Ut =−r vr
v with v = eu . The proof follows. □

Remark 9. For the Emden equation (4) the system in (x,Φ) is{
xt = x(2−Φ)

Φt = (2−N )Φ+x.

The equilibrium are (0,0) and
(
2(N − 2),2

)
. If N > 2, the characteristic values of the lin-

earisation at (0,0) are λ1 = 2 − N with eigenvector (0,1) and λ2 = 2 with eigenvector (N ,1).
Hence (0,0) is a saddle point. The stable trajectory at (0,0) is located on x = 0 and actually
it is

(
x(t ),Φ(t )

) ≡ (0,ce(2−N )t ). It is not admissible. The unstable trajectory at (0,0) satisfies(
x(t ),Φ(t )

) = (Ne2t ,e2t )
(
c + o(1)

)
(c > 0) when t → −∞, which corresponds to a solution u sat-

isfying
(
u(0),ur (0)

)= (lncN ,0). Replacing lncN by u0, we obtain all the regular with u(0) = u0.

3.2.2. First autonomous systems of order 3

It is well-known that a non-autonomous system of order 2 can be transformed into an
autonomous system of order 3. Actually several transformations are possible.

Lemma 10. Let u be a solution of (17). Set

x = r 2eu , X = r q eu , Φ=−r ur , V = r |ur |q−1 with t = lnr . (24)

Then there holds in variable (x,Φ,V )
xt = x(2−Φ)

Φt = (2−N )Φ−M |Φ|V +x

Vt =V
(
N − (N −1)q − (q −1)

(
MV sign(Φ)− x

Φ

))
,

(25)

and also with (X ,Φ,V )
X t = X (q −Φ)

Φt = (2−N )Φ−V |Φ|(M − X
|Φ|q

)
Vt =V

(
N − (N −1)q − (q −1)

(
M − X

|Φ|q
)

sign(Φ)V
)
.

(26)
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Proof. By a direct computation

r 2−q = e(2−q)t = |Φ|q−1V ,

Φt = (2−N )Φ−M |Φ|V +x = (2−N )Φ+|Φ|1−qV
(−M |Φ|q +X

)
and, whatever is the sign ofΦ,

Vt

V
= (2−q)+ (q −1)

Φt

Φ
= 2−q + (q −1)

(
2−N + −M |Φ|V +x

Φ

)
= q −N (q −1)+ (q −1)

−M |Φ|V +x

Φ

= q −N (q −1)+ (q −1)

(
−MV sign(Φ)+ x

Φ

)
= q −N (q −1)+ (q −1)

(
−M + X

|Φ|q
)
V sign(Φ),

which leads to (24) and (26). □

We also introduce another system of order 3 in the variables (x,Φ,Θ), whereΘ(t ) = e(2−q)t :
xt = x(2−Φ)

Φt = x + (2−N )Φ−M |Φ|qΘ
Θt = (2−q)Θ.

(27)

This system will be interesting when t →−∞ (i.e. singularity in x) if 1 < q < 2 and when t →∞
if q > 2 since in these two cases Θ(t ) → 0 when t →−∞ or t →∞ according r → 0 or r →∞. It
admits two equilibria, (0,0,0) and

(
2(N −2),2,0

)
.

3.2.3. Reduction to an autonomous quadratic system of order 3

Using a suitable change of variable, the equation is transformed into a remarkable quadratic
system of Lotka–Volterra type as the next lemma shows it.

Lemma 11. Let u be a solution of (17). At any point where ur (r ) ̸= 0 define

Z =− r eu

ur
, V = r |ur |q−1, Φ=−r ur with t = lnr . (28)

Then there holds 
Zt = Z (N −Φ+ sMV −Z )

Vt =V
(
N − (N −1)q + (q −1)(Z − sMV )

)
Φt =Φ

(
2−N +Z − sMV

) (29)

where s = sign(Φ).

Proof. We start from (25) and define Z = x
V =− r eu

ur
. Then

Zt

Z
= xt

x
− Φt

Φ
= 2−Φ+N −2+M

|Φ|
Φ

−Z ,

which implies (29). □

Remark 12. For q ̸= 2 the system (28) admits four equilibria

O = (0,0,0), Q0 = (N −2,0,2), N0 = (N ,0,0), P0 =
(
0, s (N−1)q−N )

q−1 ,0
)
.

The linearised system at Q0 is
Zt = (N −2)(N −2−Z +MV −Φ)

Vt = (2−q)V

Φt = (2−N +Z −MV ).

(30)
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The characteristic polynomial is

P (λ) = (2−q −λ)
(
λ2 + (N −2)λ+2(N −2)

)
.

One root is 2 − q , the two other roots have negative real part. Hence if 1 < q < 2 there exist
a 2-dimensional manifold of trajectories converging to Q0 when t → ∞ and an unstable tra-
jectory issued from Q0. This unstable trajectory corresponds to a solution u of (1) satisfying
limr→0 r 2eu(r ) = 2(N −2). If q > 2, Q0 is a sink which attracts all local trajectories.

The linearised system at N0 is
Zt = N

(−Φ−MV −Z +N
)

Vt = qV

Φt = 2Φ.

(31)

The characteristic polynomial is

P (λ) =−(q −λ)(2−λ)(N +λ).

It can be checked that the trajectories converging to N0 at −∞ correspond to the regular trajecto-
ries.

Finally the trajectories converging to P0 at −∞ with q > 2 correspond to the solutions of
Hamilton–Jacobi type as it is shown in the proof of Theorem 28.

4. Isolated singularities when 1 < q < 2

4.1. Singular behaviour

In this section we use a perturbation argument due to [19, Proposition 4.1] that we recall below.

Proposition 13. Let h : R+×RN →RN be a Carathéodory function. Assume that there exists locally
continuous function h∗ : RN → RN such that for all compact sets C ⊂ RN and all ϵ > 0 there exists
T = T (ϵ,C ) > 0 such that

ess sup
x∈C

sup
t≥T

∣∣h(τ, x)−h∗(x)
∣∣≤ ϵ.

If x(t ) is a bounded solution of xτ = h(τ, x) on R+ such that x(0) = x0, then the omega-limit set of
the positive trajectory of x is a non-empty connected compact set of RN which is invariant under
the flow of the equation xτ = h∗(x).

Mutatis mutandis a similar result holds if R+ is replaced by R− and omega-limit set by alpha-
limit set.

Our first result is a complete description of the behaviour of any solution near 0.

Theorem 14. Let 1 < q < 2 and N ≥ 3. If u is any radial solution of (1) in Br0 \ {0} there holds:

(1) either

lim
r→0

r 2eu(r ) = 2(N −2), that is lim
r→0

(
u(r )−2ln

1

r

)
= ln2(N −2); (32)

(2) or u is a regular solution, i.e. there exists u0 ∈ R such that limr→0 u(r ) = u0 and
limr→0 ur (r ) = 0;
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(3) or limr→0 u(r ) =−∞ and

lim
r→0

r N−2u(r ) = γ< 0 when 1 < q < N

N −1
, (33)

lim
r→0

r N−2|lnr |N−1u(r ) =− 1

N −2

(
N −1

M

)N−1

when q = N

N −1
, (34)

lim
r→0

r
2−q
q−1 u(r ) =−ξM :=−q −1

2−q

(
(N −1)q −N

M(q −1)

) 1
q−1

when
N

N −1
< q < 2. (35)

Proof. By Theorem 1 we have that r 2eu(r ) ≤ C = C (N , p, q, M) > 0 when 0 < r ≤ r0
2 . We consider

the system (20) in (x,Φ) = (r 2eu( · ),−r ur ) in the variable t = lnr , that is{
xt = x(2−Φ)

Φt = x + (2−N )Φ−Me(2−q)t |Φ|q .
(36)

Step 1. We assume that u is decreasing near r = 0. ThenΦ> 0 and x(r ) ≤C for 0 < r ≤ r0
2 .

IfΦ is unbounded on (−∞, T̃ ] with T̃ = ln r̃ , we encounter two possibilities.

• Either Φ is monotone as t →−∞ and Φ(t ) →∞. Then for any A > 0 we have that xt (t ) ≤
−Ax(t ) for t ≤ tA ≤ T̃ , which implies that t 7→ e At x(t ) is decreasing on (−∞, tA], thus
x(t ) ≥ e A(tA−t )x(tA) on this interval, an inequality which contradicts the boundedness of
x(t ).

• Or Φ is not monotone and thus there exists a sequence {tn} tending to −∞ such as
Φ(tn) is a local maximum of Φ, and the sequence

{
Φ(tn)

}
tends to ∞ when n → ∞.

From (36) we have that x(tn) = (N − 2)Φ(tn)+ Me(2−q)tn
∣∣Φ(tn)

∣∣q → ∞. This contradicts
the boundedness of x.

Hence Φ is bounded. Therefore there exists κ > 0 such that sup
{∣∣x(t )

∣∣, ∣∣Φ(t )
∣∣} ≤ κ for t ≤ ln T̃ .

Since q < 2 this system is an exponential perturbation as t →−∞ of the system{
xt = x(2−Φ)

Φt = x + (2−N )Φ,
(37)

in the sense of Proposition 13, which is the system associated to the Chandrasekhar–Emden
equation −∆u = eu . This system admits the equilibria

(
2(N − 2),2

)
and (0,0) which both are

hyperbolic. The point
(
2(N −2),2

)
is a sink while (0,0) is a saddle point. Therefore

(
2(N −2),2

)
is repulsive when t → −∞ and the only solution in its neighbourhood is the constant solution(
2(N −2),2

)
which corresponds to the explicit solution of the Chandrasekhar–Emden equation,

u(r ) = ln 2(N−2)
r 2 . To the stable trajectory of (37) converging to (0,0) corresponds the regular

solution of the same equation.
By Proposition 13 any bounded solution of (36) admits a limit set at −∞ which is invariant

under the flow of (37), actually, the only possibilities are
(
2(N − 2),2

)
and (0,0). Then either(

x(t ),Φ(t )
)→ (

2(N −2),2
)

or
(
x(t ),Φ(t )

)→ (0,0) when t →−∞.
In the first case u(r ) satisfies (32). In the second case we introduce the system (27) with

Θ(t ) = e(2−q)t and we are in the situation where
(
x(t ,Φ(t ),Θ(t )

) → (0,0,0) when t → −∞. We
recall the system (27) in (x,Φ,Θ) withΘ(t ) = e(2−q)t ,

xt = x(2−Φ)

Φt = x + (2−N )Φ−M |Φ|qΘ
Θt = (2−q)Θ.

(38)
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The associated linearised system at (0,0,0) is
xt = 2x

Φt = x + (2−N )Φ

Θt = (2−q)Θ.

(39)

The eigenvalues are λ1 = 2 > 0, λ2 = 2 − N < 0 and λ3 = 2 − q > 0. Hence there exists a 2-
dimensional unstable manifold Ms of trajectories issued of (0,0,0) as t →−∞; Ms is relative to
the eigenvalues λ1 and λ3 with corresponding eigenvectors ω1 = (N ,1,0) and ω3 = (0,0,1) which
generate the tangent 2-plane at this point. In the manifold M there exists one trajectory T f ,
called the fast trajectory, associated to λ1 and admitting the vector ω1 for tangent vector at this
point. However this trajectory is located in the plane Θ= 0 since the point (0,0) of the restriction
of (38) to this plane is a saddle point, hence this trajectory is also the unstable trajectory of
(0,0). Therefore this trajectory is not admissible. Hence our trajectory is associated to λ3 with
tangent vector ω3 at (0,0,0). Along this trajectory there holds x(t ) = o(e(2−q)t ) = o

(
Θ(t )

)
and

Φ(t ) = o(e(2−q)t ). Then r
∣∣ur (r )

∣∣= o(r 2−q ) when r → 0, and thus u(r ) has a finite limit u0 at r = 0,
which implies x(t ) = eu0 e2t

(
1+ o(1)

)
as t → −∞. It follows from the equation (1) and elliptic

equation regularity that u can be extended as a C 2 solution, thus ur (0) = 0 and u is a regular
solution.

Step 2. We assume that u is increasing near r = 0. Then either u(r ) has a finite limit u0 when
r → 0 or u(r ) →−∞. Moreover ur is monotone near 0: indeed at any point r̃ where ur r (r̃ ) = 0 the
following identity

ur r r (r̃ ) =
(

N −1

r̃
−eu(r̃ )

)
ur (r̃ ) > 0.

Then:

• either ur (r ) → 0 but in that case u(r ) → u0 at 0 and u is concave near 0, hence it is
decreasing, contradiction;

• or ur has a positive limit c0 at 0, then again u(r ) → u0 but from the equation ur r is not
integrable at 0, contradiction;

• or ur tends to ∞. In that case eu(r ) = o
(
uq

r (r )
)
. In that case equation (17) can be written

under the form

−ur r − N −1

r
ur + M̃(r )uq

r = 0 (40)

where M̃(r ) = M − (ur (r )−q )eu(r ) → M when r → 0. Equation (40) is explicitly integrable
and we have

r−(N−1)(q−1)X (r ) = r−(N−1)(q−1)
0 X (r0)+ (q −1)

∫ r0

r
s−(N−1)(q−1)M̃(s)ds. (41)

where X (r ) = u1−q
r . By performing a direct integration of (41) we obtain (3). □

4.2. Existence of singular solutions of Emden–Chandrasekhar type

Theorem 15. Let 1 < q < 2 and N ≥ 3. Then there exists a unique radial solution uω of (17) defined
on (0,∞) such that

lim
r→0

r 2eu(r ) = 2(N −2) and lim
r→0

r ur (r ) =−2. (42)
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Proof. We still consider the systems (36) and (38) relative to (x,Φ,Θ). Here we prove the existence
of a unique trajectory T of (38) converging to the point P0 = (

2(N − 2),2,0
)

as t → −∞. The
linearised system at P0 with x = 2(N −2)+x andΦ= 2+Φ is

x t =−2(N −2)Φ

Φt = x + (2−N )Φ−M2qΘ

Θt = (2−q)Θ.

(43)

Set

A =
0 −2(N −2) 0

1 2−N −2q M
0 0 2−q

 .

The characteristic polynomial associated is

det(A−λI ) := P (λ) = (2−q −λ)
(
λ2 + (N −2)λ+2(N −2)

)
. (44)

The corresponding eigenvalues are λ1 = 2−q > 0 and λ2, λ3 which are real and negative if N ≥ 10
and complex with negative real part if 3 ≤ N ≤ 9. Hence we have the standard decomposition

R3 = ker(A−λ1I )⊕H

where H is either ker(A − λ2I ) ⊕ ker(A − λ3I ) if λ2 ̸= λ3 are real, or ker(A − λ2I )2 if λ2 = λ3

(necessarily real), or Re
(
ker(A −λ2I )⊕ker(A −λ3I )

)
if λ2 ̸= λ3 are not real but conjugate. Then

ker(A−λ1I ) =span{ω1} where ω1 has for components

ω1 =
(
2(N −2), q −2,2q M f (q)

)
where f (q) = q2 − (N +2)q +4(N −1).

We prove that f (q) ̸= 0. This is clear if N < 10. If N ≥ 10 it admits two positive roots q1 < q2, with
2 < q2. Since f (2) > 0, then 2 < q1. Therefore f (q) > 0. Then there exists a unique trajectory T ∗

associated to (x∗,Φ∗,Θ∗) such that limt→−∞
(
x∗(t ),Φ∗(t ),Θ∗(t )

) = (
2(N − 2),2,0

)
with tangent

vector at the trajectory at P0 is colinear to ω1 and such that Θ∗(t ) > 0 as t →∞. To this trajectory
is associated a solution uω of (17) satisfies (42). It is decreasing; by Proposition 6 it is defined on
(0,∞) and it satisfies limr→∞ u(r ) =−∞ and limr→∞ ur (r ) = 0. Any other solution corresponding
to the same trajectory is just a time shift of

(
x∗(t ),Φ∗(t ),Θ∗(t )

)
and it corresponds to the same

function uω. □

4.3. Existence of singular solutions of Hamilton–Jacobi type

Next we show the existence of solutions satisfying (35).

Theorem 16. Let N
N−1 < q < 2. Then there exists infinitely many radial solutions u of (17) defined

on (0,∞) such that

lim
r→0

rβu(r ) =−ξM , (45)

where β= 2−q
q−1 .

Proof. We set U =−u, then

−∆U −M |∇U |q +e−U = 0,

and we put

U (r ) = r−βξ(t ), Ur (r ) =−r− 1
q−1 η(t ) =−r−β−1η(t ) with t = lnr . (46)

We are led to the system {
ξt =βξ−η
ηt =−κη+Mηq −e

qt
q−1 e−e−βt ξ(t ),

(47)
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with κ= (N−1)q−N
q−1 > 0. The couple (ξ,η) is a solution if

(
ξ(t ),η(t )

)→ (ξM ,βξM ) when t →−∞. Set

ξ= ξ−ξM and η= η−βξM . Then{
ξt =βξ−η
ηt = κ(q −1)η+F (η)−e

qt
q−1 e−e−βt (ξ+ξM ),

(48)

where F (η) =O
(|η|2). Let 0 < θ < 4κ(2−q), then there exists µ :=µ(θ,κ) > 0 such that

θβx2 −θx y +κ(q −1)y2 ≥µ(θx2 + y2).

Hence
1

2

d

dt
(θξ

2 +η2) ≥µ(θξ
2 +η2)+η(

F (η)−e
qt

q−1 e−e−βt (ξ+ξM )) (49)

There exists (x0, y0) such that:

(1) |x0| ≤ 1
4ξM ;

(2) |y0| ≤ min
{β

4 ξM ,c
} ⇒ ∣∣F (y0)

∣∣≤ µ
2 |y0|3 ≤ µ

2 |y0|2;

and if we choose (ξ0,η0) such that |ξ0| ≤ |x0| and |η0| ≤ |y0|. We denote by
(
ξ(t ),η(t )

)
t≤t0

the

solution of (48) with initial data
(
ξ(t0),η(t0)

)= (ξ0,η0). As long as
∣∣ξ(t )

∣∣≤ |x0| and
∣∣η(t )

∣∣≤ |y0| we
have

|η|e
qt

q−1 e−e−βt (ξ+ξM ) ≤ µ

4
η2 + 4

µ
e

2qt
q−1 e−2e−βt ξM

2

and
1

2

d

dt
(θξ

2 +η2) ≥ µ

2
(θξ

2 +η2)− c(t )

2
,

where C (t ) is a positive function which satisfies

lim
t→−∞e−at c(t ) = 0 for all a > 0.

This implies

θξ(t )2 +η(t )2 ≤ eµ(t−t0)(θξ
2
0 +η2

0)+eµt
∫ t0

t
e−µs c(s)ds for t ≤ t0. (50)

As long as
∣∣ξ(t )

∣∣ ≤ |x0| and
∣∣η(t )

∣∣ ≤ |y0|, the above inequality holds. If we take θξ
2
0 + η2

0 ≤
min

{
θx2

0 , y2
0

}
, inequality (50) holds for all t ≤ t0. Hence

(
ξ(t ),η(t )

) → (0,0) when t →−∞, which
implies

lim
t→−∞

(
ξ(t ),η(t )

)= (ξM ,βξM ). (51)

If we set r0 = e t0 and u(r ) = −r−β(
ξM + ξ(lnr )

)
, then u is a solution of (17) in (0,r0] which

satisfies (45). Such a solution can be extended to (0,∞) by Proposition 6 and the choice of its
data at r = r0 has for unique restriction u(r0) and ur (r0) corresponding to (ξ0,η0). □

Next we show the existence of solutions of (17) satisfying (33) by a fixed point method.

Theorem 17. Let N ≥ 3 and 1 < q < N
N−1 . Then there exist ρ0 > 0 and k0 > 0 such that for 0 < ρ ≤ ρ0

and −k0 < γ≤ 0 there exists a radial function uγ satisfying

−∆uγ+M |∇uγ|q −euγ = cNγδ0 in D′(Bρ),

uγ = 0 on ∂Bρ .
(52)

Furthermore

lim
r→0

r N−2uγ(r ) = γ. (53)
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Proof. We look for a radial solution u satisfying

lim
r→0

r N−2u(r ) = γ and lim
r→0

r N−1u(r ) = (1−N )γ. (54)

If such a solution exists eu and |∇u|q are integrable and (52) holds. The function U = −u has to
satisfy (note that −γ> 0)

−Ur r − N −1

r
Ur −M |∇U |q +e−U = 0 in (0,ρ),

lim
r→0

r N−2U (r ) =−γ,

lim
r→0

r N−1Ur (r ) = (N −1)γ,

U (ρ) = 0.

(55)

Hence the function V (r ) =Ur (r ) satisfies

V (r ) = (N −1)γr 1−N − r 1−N
∫ r

0

(
M |V |q −e−U )

sN−1 ds. (56)

We combine this with

U (r ) =−
∫ ρ

r
V (s)ds, (57)

and define the operator (U ,V ) 7→ K (U ,V ) = (
K1(U ,V ),K2(U ,V )

)
with

K1(U ,V )(r ) =−
∫ ρ

r
V (s)ds,

K2(U ,V )(r ) = (N −1)γr 1−N − r 1−N
∫ r

0

(
M |V |q −e−|U |)sN−1 ds.

(58)

We define K on the subspace K of C
(
(0,ρ]

)×C
(
(0,ρ]

)
of functions W = (U ,V ) which satisfy

∥W ∥K = ∥∥(U ,V )
∥∥

K = max

{
σ sup

0<r<ρ
r N−2∣∣U (r )

∣∣, sup
0<r<ρ

r N−1∣∣V (r )
∣∣} := max

{
σN1(U ), N2(V )

}<∞,

where 0 <σ< 1.

Step 1: Lipschitz estimate. We have

∥∥K (U1,V1)−K (U2,V2)
∥∥

K = max

{
σ sup

0<r<ρ
r N−2

∣∣∣∣∫ ρ

r
(V1 −V2)ds

∣∣∣∣,
sup

0<r<ρ

∣∣∣∣∫ r

0

(
M

(|V1|q −|V2|q
)− (

e−|U1|−e−|U2|))sN−1 ds

∣∣∣∣
}

= max
{

I1, I2
}
.

Since for r < s < ρ ∣∣(V1 −V2)(s)
∣∣≤ s1−N sup

0<r<ρ
r N−1∣∣(V1 −V2)(r )

∣∣,
we have that

I1 ≤ σ

N −2
sup

0<r<ρ
r N−1∣∣(V1 −V2)(r )

∣∣= σ

N −2
N2(V1 −V2).

Concerning I2, we have ∣∣e−|U1|−e−|U2|∣∣≤ ∣∣|U1|− |U2|
∣∣≤ |U1 −U2|,
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hence

sup
0<r<ρ

∣∣∣∣∫ r

0

(
e−|U1|−e−|U2|)sN−1 ds

∣∣∣∣≤ (
sup

0<r<ρ
r N−2∣∣U1(r )−U2(r )

∣∣)∫ ρ

0
s ds

≤ ρ2

2
sup

0<r<ρ
r N−2∣∣U1(r )−U2(r )

∣∣
≤ ρ2

2
N1(U1 −U2),

and ∣∣|V1|q −|V2|q
∣∣(s) ≤ q sup

{∣∣V1(s)
∣∣q−1,

∣∣V2(s)
∣∣q−1

}
|V1 −V2|(s)

≤ q sup
0<r<ρ

max
{∣∣r N−1V1(r )

∣∣q−1,
∣∣r N−1V2(r )

∣∣q−1
}

s(q−1)(1−N )|V1 −V2|(s),

and

sup
0<r<ρ

∣∣∣∣∫ r

0
m

(|V1|q −|V2|q
)
sN−1 ds

∣∣∣∣
≤ sup

0<r<ρ

mq max
{∣∣r N−1V1(r )

∣∣q−1,
∣∣r N−1V2(r )

∣∣q−1
}

N −q(N −1)
sup

0<r<ρ
r N−1∣∣V1(r )−V2(r )

∣∣
≤ sup

0<r<ρ

mq max
{∣∣r N−1V1(r )

∣∣q−1,
∣∣r N−1V2(r )

∣∣q−1
}

N −q(N −1)
N2(V1 −V2).

Finally,∥∥K (U1,V1)−K (U2,V2)
∥∥

K ≤ max

{
σ

N −2
N2(V1 −V2),

ρ2

2
N1(U1 −U2)+ M q max

{
N q−1

2 (V1), N q−1
2 (V2)

}
N −q(N −1)

N2(V1 −V2)

}
. (59)

Step 2: Bounds on the mapping K . We still have to estimate the terms N q−1
2 (V j ) and for such

a task we have to find a ball BK in C
(
(0,ρ]

)×C
(
(0,ρ]

)
endowed with the norm ∥·∥K which is

invariant under K . If (U ,V ) ∈ BK = BK
R

(
(0,0)

)
we have by assumption∣∣U (r )

∣∣≤ R

σ
r 2−N and

∣∣V (r )
∣∣≤ Rr 1−N for all 0 < r ≤ ρ. (60)

Then

N1
(
K1(U ,V )

)≤ sup
0<r≤ρ

r N−2
∫ ρ

r
Rs1−N ds ≤ R

N −2
. (61)

Since by (60) ∫ r

0

∣∣M |V |q −e−|U |∣∣sN−1 ds ≤ r N

N
+ MRq r N−q(N−1)

N −q(N −1)
we obtain

N2
(
K2(U ,V )

)≤ ρ2

2
N1(U )+ (N −2)|γ|+ ρN

N
+ MRqρN−q(N−1)

N −q(N −1)
, (62)

and finally ∥∥K (U ,V )
∥∥

K ≤ max

{
σR

N −2
,
ρ2R

2σ
+ (N −2)|γ|+ ρN

N
+ MRqρN−q(N−1)

N −q(N −1)

}
(63)

We fixσ= 3
4 . Therefore for any R > 0 there exist 0 < ρ0 < 1 and k0 > 0 such that for 0 ≤ |γ| ≤ k0 and

0 < ρ ≤ ρ0 there holds ∥∥(U ,V )
∥∥

K ≤ R =⇒ ∥∥K (U ,V )
∥∥

K ≤ R. (64)
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Step 3: End of the proof. With the choice of σ, we have σ
N−2 = 3

4(N−2) ≤ 3
4 . Furthermore, if∥∥(U ,V )

∥∥
K ≤ R we have also sup0<r≤ρ r N−1

∣∣V (r )
∣∣ ≤ R, hence N q−1

2 (V ) ≤ Rq−1. Combining this
fact with estimate (59) we obtain that if (U1,V1) and (U2,V2) are in BK

R there holds if∥∥K (U1,V1)−K (U2,V2)
∥∥

K ≤ max
{

3
4 N2(V1 −V2), ρ

2

2 N1(U1 −U2)+ M qRq−1

N−q(N−1) N2(V1 −V2)
}

(65)

Up to reducing the value of R, always with R ≤ 1, we can assume that mqRq−1

N−q(N−1) ≤ 1
4 . A

straightforward verification shows that

max
{

3
4 N2(V1 −V2), ρ

2

2 N1(U1 −U2)+ 1
4 N2(V1 −V2)

}
≤ max

{
3
4 ,ρ2

}
∥U −V ∥K . (66)

Since ρ < 1, the mapping K admits a fixed point (U ,V ). Hence U satisfies

−Ur r − N −1

r
Ur −M |∇U |q +e−|U | = 0 in (0,ρ),

lim
r→0

r N−2U (r ) =−γ,

and it vanishes on r = ρ. Since −γ> 0 and limr→0 r N−2U (r ) =−γ there exists ρ1 ∈ (0,ρ] such that
U (r ) > 0 for 0 < r ≤ ρ1. Hence e−|U | = e−U . Thus u =−U satisfies (52) in Bρ1 . By Proposition 6 u
can be extended as a solution of

−∆u +M |∇u|q −eu = cNγδ0 in D′(RN ). (67)

Note that the existence of solutions to (67) is natural as soon as it is proved that |∇u|q is integrable
by using the classical result of [8]. □

5. Isolated singularities when q > 2

We first denote by Ueik the solution of the eikonal equation in RN \ {0}

M |ur |q −eu = 0. (68)

Its expression is

Ueik(r ) = ln
M q q

r q =−q lnr +ΛN ,q,M withΛN ,q,M = ln M q q . (69)

Notice that if N = 2, Ueik is a solution of (17) in R2 \ {0}. If N ≥ 2 it is a supersolution.
Our first key result is the description of singularities at r = 0 when q > 2.

5.1. Singular behaviour

Theorem 18. Let N ≥ 1 and q > 2. If u ∈ C 2
(
Br0 \ {0}

)
is a radial solution of (1) in Br0 \ {0}, the

following dichotomy holds:

(1) either
lim
r→0

r q eu(r ) = M q q and lim
r→0

r ur (r ) =−q ; (70)

(2) or there exists u0 ∈R such that

u(r ) = u0 + cM ,N ,q r
q−2
q−1

(
1+o(1)

)
as r → 0, (71)

where cM ,N ,q = q−1
q−2

( (N−1)q−N
M(q−1)

) 1
q−1 if N > 1 and cM ,1,q =− q−1

q−2

( 1
M(q−1)

) 1
q−1 ;

(3) or u is regular at 0 in the sense that there exists u0 ∈R such that

lim
r→0

u(r ) = u0 and lim
r→0

ur (r ) = 0; (72)

(4) or N = 1 there exists u0 ∈R such that

lim
r→0

u(r ) = u0 ∈R and lim
r→0

ur (r ) = b ∈R∗. (73)
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For proving this result we need two intermediate lemmas.

Lemma 19. Assume N ≥ 1 and q > 2. If u is a solution of (17) in (0,1), then either for any C ∈ (0,1)
there exists rC > 0 such that

r q eu(r ) ≥C M q q for all r ≥ rC , (74)

or u satisfies (2), (3) or (4) in the previous statement.

Proof. Step 1: The case of decreasing solutions. Assume ur < 0 near 0. Then ur < 0 in (0,1) by
Lemma 5. Following an idea of Serrin and Zou [23], for any C ∈ (0,1) we define the function FC by

FC (r ) = eu −C M |ur |q . (75)

(i). We first prove that given C ∈ (0,1), FC has a constant sign near 0. There holds

F ′
C (r ) =−eu |ur |+C M q|ur |q−1

(
M |ur |q + N −1

r
|ur |−eu

)
.

At a point r∗ such that FC (r∗) = 0 we have

F ′
C (r∗) =−C M |ur |q+1 +C M q |ur |q−1

(
M(1−C )|ur |q + N −1

r∗ |ur |
)

=−C M |ur |q+1 +C M q |ur |q
(

M(1−C )|ur |q−1 + N −1

r∗

)
=C M |ur |q

(
qM(1−C )|ur |q−1 +q

N −1

r∗ −|ur |
)
.

As a consequence, if furthermore F ′
C (r∗) < 0, we obtain that for r = r∗

qM(1−C )|ur |q−1 +q
N −1

r∗ < |ur |. (76)

Since q > 2, this inequality implies that ur (r∗) is bounded and more precisely
∣∣ur (r∗)

∣∣≤ AC ,M ,q =(
qM(1−C )

) 1
2−q which in turn implies eu(r∗) =C M

∣∣ur (r∗)
∣∣q ≤ BC ,M ,q =C M

(
qM(1−C )

) q
2−q . This

implies also that q N−1
r∗ is bounded. Therefore, for N > 1 this cannot happen and FC has a constant

sign near 0.
Next, if N = 1, ur is monotone near 0 by Lemma 5. If the function FC is oscillating near 0, there

exist two sequences {rn} and {r̃ n} tending to 0 such that FC (rn) = FC (r̃ n) = 0 with F ′
C (rn) < 0

and F ′
C (r̃ n) > 0. This implies

∣∣ur (rn)
∣∣ < AC ,M ,q and

∣∣ur (r̃ n)
∣∣ > AC ,M ,q , which contradicts the

monotonicity of ur . As a consequence, for N = 1 also, FC keeps a constant sign near 0.

(ii). Suppose that for any C ∈ (0,1) there exists rC ∈ (0,1) such that FC (r ) > 0 for 0 < r < rC . Then

e
u
q + (C M)

1
q ur ≥ 0 on this interval which implies that r 7→ (C M)

1
q r − qe−

u(r )
q in increasing on

(0,rC ). Since ur < 0, either u(r ) → ∞ when r → 0, in which case (C M)
1
q r − qe−

u(r )
q ≥ 0 and

therefore eu(r ) ≥C M q q r−q which is (74). Or u(r ) → u0 and the assumption FC > 0 implies that ur

is bounded on (0,rC ]. By standard regularity theory, ur r is also bounded. This implies that ur (r )
has a limit when r → 0, and this limit is necessarily zero from the equation if N > 1. Therefore in
that case u satisfies (73) or (72).

(iii). Suppose now that for some C ∈ (0,1) there exists rC ∈ (0,1) such that FC (r ) < 0 for 0 < r < rC .
Then

−ur r − N −1

r
ur +M(1−C )|ur |q ≤ 0.

Set µ= M(1−C ) and W =−r N−1ur = r N−1|ur |, then

µr−(N−1)(q−1) +W −qWr ≤ 0.
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By integration, it implies that the function

r 7→W 1−q (r )+ µ(q −1)

(N −1)q −N
r N−(N−1)q

is nondecreasing. When N > 1 we have that (N − 1)q − N > 0 since q > 2 and we get a
contradiction. When N = 1, W = −ur and r 7→ ∣∣ur (r )

∣∣1−q −µ(q − 1)r is nondecreasing. Hence
it admits a limit ℓ≥ 0 when r → 0. If ℓ= 0 then

∣∣ur (r )
∣∣→∞. Since

∣∣ur (r )
∣∣1−q −µ(q −1)r → 0, we

have that
∣∣ur (r )

∣∣1−q ≥ µ(q −1)r . Hence
∣∣ur (r )

∣∣ ≤ (
µ(q −1)r

)− 1
q−1 . By integration we obtain that

u(r ) has a limit u0. Since −ur r +M |ur |q
(
1+o(1)

)= 0 we deduce by integration that (71) holds. If
ℓ> 0 then

∣∣ur (r )
∣∣→ ℓ

q−1 and (73) holds.

Step 2: The case of increasing solutions. Since u is bounded from above, it follows by Theorem 3

that
∣∣ur (r )

∣∣ ≤ cr− 1
q−1 near 0. Since q > 2 it follows that u(r ) admits a limit u0 when r → 0. The

function v = u −u0 satisfies

−vr r − N −1

r
vr +M |vr |q = eu0 (ev −1) :=φv

where φ= eu0 ev−1
v → eu0 as r → 0. Set W = r N−1vr , then

Wr = r N−1(Mr−(N−1)qW q −φv
)
.

The function ur is monotone near 0. Indeed, at a point r̃ where ur r (r̃ ) = 0 there holds

ur r r (r̃ ) =
(

N −1

r̃ 2 −eu(r̃ )
)
ur (r̃ );

as u(r ) → u0 when r → 0, N−1
r 2 −eu is positive near 0 if N ≥ 2, negative if N = 1 and in any case this

expression keeps a constant sign.
Either ur → ∞ when r → 0 or ur has a finite limit. In the first case we have that φv = o(vr )

when r → 0. Thus we can write the equation satisfied by v under the form

−r 1−N (r N−1vr )r +M∗(r )|vr |q = 0

where M∗(r ) = M
(
1+o(1)

)
. This equation is just a perturbation of −r 1−N (r N−1vr )r +M |vr |q = 0

and it is explicitly integrable. If N > 1 it yields vr (r ) =ΘM ,N r− 1
q−1

(
1+o(1)

)
where ΘM ,N =( (N−1)q−N

M(q−1)

) 1
q−1 . We obtain (71). If N = 1 we obtain a contradiction. In the case where ur has a

finite limit, the function u satisfies (72) or (73). □

Next we give the precise behaviour of solutions of (17) such that r q eu is positively bounded
from below. The result is obtained thanks to an energy function adapted from Leighton’s
method [1].

Lemma 20. Let N ≥ 1 and q > 2. If u is a solution of (17) such that r q eu ≥C1 for some C1 > 0 in a
neighbourhood of 0, then (70) holds.

Proof. Since u(r ) ≥−q lnr + c and ur has constant sign near 0, it is negative. We set

X (t ) = r q eu(r ), Y (t ) =−r q+1eu(r )ur (r ) with t = lnr . (77)

Then (X ,Y ) satisfies

X t = q X −Y := f (X ,Y ),

Yt = (q −N +2)Y − Y 2

X
+e(2−q)t

(
X 2 −M

Y q

X q−1

)
= g (X ,Y , t ).

(78)
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This system is a variant of system (20) where the unknown are X (t ) and Φ(t ) = −r ur (r ). Hence
Y (t ) = X (t )Φ(t ). Note that the use of (X ,Y ) is the most natural transformation for the equation
associated to (12). We recall that Leighton’s method relative to an autonomous system

Xt = f̃ (X ,Y ),

Yt = g̃ (X ,Y ),

which has the property that the relation f̃ (X ,Y ) = 0 is equivalent to Y = h̃(X ) consists in
analysing the variations of the function t 7→F

(
X (t ),Y (t )

)
defined by

F (X ,Y ) =
∫ Y

h(X )
f̃ (X , s)ds −

∫ Y

h(X )
g̃
(
s,h(s)

)
ds. (79)

We adapt this methods to the non-autonomous system (78) in considering first

F (t ) =
∫ Y (t )

q X (t )
f (X (t ), s)ds −

∫ Y (t )

q X (t )
g (s, qs, t )ds

= (N −2)q
X (t )

2
− X 2

t (t )

2
+e(2−q)t

(
M q q X 2(t )

2
− X 3(t )

3

)
.

In this expression the term e(2−q)t tends to ∞ when t →−∞. Therefore we replace F by

G(t ) := e(q−2)t F (t ) = M q q X 2(t )

2
− X 3(t )

3
+e(q−2)t

(
(N −2)q

X (t )

2
− X 2

t (t )

2

)
. (80)

Then we obtain

Gt = (M q q −X )X X t + (q −2)e(q−2)t
(
(N −2)q

X

2
− X 2

t

2

)
+e(q−2)t X t

(
(N −2)q

2
−X t t

)
= (M q q −X )X X t + (q −2)e(q−2)t

(
(N −2)q

X

2
− X 2

t

2

)
+e(q−2)t X t

(
(N −2)q

2
− (N −2)Y − X 2

t

X
−e(2−q)t

(
M

Y q

X q−1 −X 2
))

=
(

M q q X −M
Y q

X q−1

)
X t +e(q−2)tΨ(t ),

where

Ψ(t ) = (q −2)

(
(N −2)q

X

2
− X 2

t

2

)
+X t

(
(N −2)q

2
− (N −2)Y − X 2

t

X

)
= (q −2)

(
(N −2)q

X

2
− X 2

t

2

)
+ (N −2)q

2
X t −

X 3
t

X
+ (N −2)(X t −q X )X t .

Replacing X t by its value we obtain the following expression for Gt (t )

Gt (t ) = M X 1−q (q X −Y )(q q X q −Y q )+e(q−2)tΨ(t ). (81)

Using the assumption and the bound from Theorem 1, we have in a neighbourhood of 0

C1 ≤ r q eu(r ) ≤C2.

This implies that X (t ) is bounded from above and from below. By the proof of Lemma 19 we have
for any C < 1, C M |ur |q ≤ eu(r ) near 0, hence |ur | ≤ C3

r near 0. Since X (t ) is bounded when t →−∞
and Y (t ) = φ(t )X (t ) = −r ur (r )X (t ), we have also that Φ(t ) and Y (t ) are bounded at −∞. Hence

X t (t ) = q X (t )−Y (t ) shares the same property. Furthermore
X 3

t
X (t ) = X 2(t )

(
q −Φ(t )

)2 is bounded,
a fact which implies that the function Ψ(t ) is bounded. Noticing that (q X −Y )

(
(q X )q −Y q

) ≥ 0,
we obtain

Gt (t ) = M X 1−q (q X −Y )
(
(q X )q −Y q )+e(q−2)tΨ≥−Ce(q−2)t for t ≤ 0.
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This implies that the function t 7→ G(t )+ C
q−2 e(q−2)t is increasing. Hence either it tends to some

finite ℓ or it tends to −∞ when t →−∞. Since X (t ) is bounded from above and below and Y (t ) is
bounded, we deduce that ℓ is finite. By the definition of G(t ) we have that M q q X 2(t )

2 − X 3(t )
3 → ℓ

when t → −∞, hence X (t ) converges to some λ such that M q q λ2

2 − λ3

3 = ℓ, and ℓ ̸= 0 since
X (t ) is bounded from below. Concerning Y (t ), either it has a limit Λ and X t (t ) → qλ−Λ. But
the only possible limit for X t (t ) at −∞ is zero, thus Λ = qλ. Or Y (t ) is not monotone, thus it
oscillates at infinity and for a sequence {tn} of extremal points of Y tending to −∞, we have that

(q −N +2)Y (tn)− Y 2(tn )
X (tn ) =O(e(q−2)tn ) → 0 from the equation. Since X (tn) → λ and e(q−2)tn → 0 it

follows that Y (tn) admits a limit when tn →∞, which implies in turn that Y q (tn) → λq+1

M . Hence,

even if it oscillates, Y (t ) admits a limit that we denote Λ̃ at −∞, and Λ̃ = (
λq+1

M

) 1
q . Therefore

limr→0 r q eu(r ) = M q q . SinceΦ(t ) = Y (t )
X (t ) , then limt→−∞Φ(t ) = q =− limr→0 r ur (r ). □

In the next lemma we give precise estimates of the behaviour of such solutions by a method
inspired from [4].

Lemma 21. Let N > 1 and q > 2. If u is a solution of (17) satisfying (70), then

ur r (r ) = q

r 2

(
1+o(1)

)
as r → 0. (82)

Furthermore

u(r ) = ln
M q q

r q − N −2

M q q (q −1)
r q−2(1+o(1)

)
as r → 0, (83)

and

ur (r ) =−q

r

(
1− (N −2)(q −2)

M q q (q −1)
r q−2(1+o(1)

))
as r → 0. (84)

Proof. In the proof we use the system (21) in X (t ) = r q eu(r ) and Φ(t ) = r ur (r ) with t = lnr . We
recall it below {

X t = X (q −Φ)

Φt = (2−N )Φ+e(2−q)t
(
X −M |Φ|q )

.

ThenΦ> 0 since ur < 0. Note that (M q q , q) is an equilibrium of (21) only if N = 2.

Step 1. We claim that

lim
t→−∞e(2−q)t (X (t )−MΦq (t )

)= (N −2)q. (85)

Set

Ψ(t ) = e(2−q)t (X (t )−MΦq (t )
)=Φt (t )+ (N −2)Φ(t ).

Then
Ψt =Φt t + (N −2)Φt

= (2−q)e(2−q)t (X −MΦq )+e(2−q)t (X (q −Φ)−M qΦq−1Φt )

= (2−q)Ψ+e(2−q)t X (q −Φ)−M qe(2−q)tΦq−1((2−N )Φ+Ψ)
= (

2−q −M qe(2−q)tΦq−1)Ψ+e(2−q)t (X (q −Φ)+M q(N −2)Φq )
= e(2−q)t

(
X (q −Φ)+M q(N −2)Φq +Ψ(

(2−q)e(q−2)t −M qΦq−1)).

IfΨ is not monotone near infinity, at each t∗ < 0 whereΨt (t∗) = 0 there holds(
(q −2)e(q−2)t∗ +M qΦq−1(t∗)

)
Ψ(t∗) = X (t∗)

(
q −Φ(t∗)

)+M q(N −2)Φq (t∗).

Equivalently (
q −2

M qΦq−1(t∗)
e(q−2)t∗ +1

)
Ψ(t∗) = X (t∗)

(
q −Φ(t∗)

)
M qΦq−1(t∗)

+ (N −2)Φ(t∗).
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By assumption Φ(t ) → q and X (t ) → M q q as t → −∞. If t∗ = tn → −∞, we have that Ψ(tn) →
(N −2)q , thenΨ(t ) → (N −2)q .

If Ψ is monotone near infinity, then it admits a limit L ∈ [−∞,∞]. Since Φt (t ) → L − (N −2)q
and Φ(t ) → q when t →−∞, then necessarily L is finite, Φt (t ) → 0 and finally L = (N −2)q as in
the previous case. It follows that

lim
t→−∞Ψ(t ) = (N −2)q = lim

t→−∞e(2−q)t (X (t )−MΦ(t )
)
,

which can be written

X (t )−MΦ(t ) = (N −2)qe(q−2)t (1+o(1)
)

as t →−∞,

which is the claim.

Step 2: End of the proof. Relation (85) can be expressed by

r 2
(
eu(r ) −M

∣∣ur (r )
∣∣q

)
= (N −2)q

(
1+o(1)

)
as r → 0. (86)

By (17) we obtain (82) since

ur r = N −1

r
|ur |−eu +M |ur |q = (N −1)q

r 2

(
1+o(1)

)− (N −2)q

r 2

(
1+o(1)

)= q

r 2

(
1+o(1)

)
.

Since M
∣∣ur (r )

∣∣q = eu(r )
(
1+ o(1)

)
when r → 0, we define W by ur (r ) = − e

u(r )
q

M
1
q

(
1+W (r )

)
. Then

W (r ) → 0 and we have when r → 0,

r 2
(
eu(r ) −M

∣∣ur (r )
∣∣q

)
= r 2eu(r )

(
1− (

1+W (r )
)q

)
=−qr 2eu(r )W (r )

(
1+o(1)

)
.

This implies

W (r ) =− (N −2)e−u(r )

r 2

(
1+o(1)

)=− (N −2)r q−2

M q q

(
1+o(1)

)
.

Therefore

−ur (r ) = e
u(r )

q

M
1
q

(
1− (N −2)r q−2

M q q

(
1+o(1)

))
, (87)

which can be written as

M
1
q e−

u(r )
q ur (r )+1− (N −2)r q−2

M q q

(
1+o(1)

)= 0.

By integration,

−qM
1
q e−

u(r )
q + r

(
1− (N −2)r q−2

M(q −1)q q

(
1+o(1)

))= 0.

This yields the expansion of eu(r ),

eu(r ) = M q q

r q

(
1+ (N −2)r q−2

M(q −1)q q−1

(
1+o(1)

))
, (88)

from which follows

u(r ) = ln
M q q

r q + (N −2)r q−2

M q q (q −1)

(
1+o(1)

)
as r → 0. (89)

Combining (87) and (88) we obtain

−ur (r ) = q

r

(
1− (N −2)(q −2)r q−2

M q q (q −1)

(
1+o(1)

))
as r → 0. (90)

This ends the proof. □

Remark 22. By (88) we obtain the

r q eu(r ) > M q q (resp. r q eu(r ) < M q q ) if N ≥ 2 (resp. N = 1). (91)
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5.2. Existence of singular solutions of eikonal type

In this section we prove existence results for eikonal type solutions. The proof is difficult and in
dimension N ≥ 2 it is based upon the construction for N = 1.

5.2.1. The case N = 1

Theorem 23. Let N = 1 and q > 2. Then there exists one and only one solution u∗ of (17) in (0,∞)
such that (70) holds. Furthermore u∗ = limn→∞ un where un is the regular solution of (17) in (0,∞)
such that un r (0) = 0 and un(0) = n.

Proof of the uniqueness. We already know that such a solution u is decreasing and satisfies
limr→∞ u(r ) = −∞. Hence r 7→ u(r ) is a decreasing diffeomorphism from (0,∞) onto (−∞,∞);
we consider r as a function of u and set

z(u) = u2
r (r ) = u2

r

(
r (u)

)
.

Then z is defined on R and there holds

dz

du
= 2ur ur r

dr

du
= 2ur r ,

hence
dz

du
= 2M z

q
2 −2eu . (92)

The associated system in (r, z) as functions of u is{
zu = 2M z

q
2 −2eu

ru =− 1p
z

.
(93)

By (70) we have that

z(u) = e
2u
q

M
2
q

(
1+o(1)

)
and r (u) = M

1
q qe−

u
q
(
1+o(1)

)
as u →∞. (94)

The point is that there exists a unique solution of (92) satisfying (94). To see that, let z1 and z2 be
two such solutions, then by subtracting the two corresponding equations in z j ( j = 1,2), the term
−2eu disappears and we obtain

d(z1 − z2)

du
= 2M

(
z

q
2

1 − z
q
2

2

)= M qξ
q−2

2 (z1 − z2),

where ξ := ξ(u) = θz1(u)+ (1−θ)z2(u) for some θ ∈ [0,1]. Because of (70) we have that

M qξ
q−2

2 = qM
2
q e(1− 2

q )u(
1+o(1)

)
as u →∞.

Hence the function

u 7→ H(u, v) := e−M q
∫ u

v ξ(s)
q−2

2 ds(z1(u)− z2(u)
)

is constant for any v . Since by l’Hospital’s rule

−M q
∫ u

v
ξ(s)

q−2
2 ds =−M q2

q −2
e(1− 2

q )u(
1+o(1)

)
as u →∞,

it follows from (94) that H(u, v) → 0 as u → ∞, hence H(v, v) = 0 which implies z1(v) = z2(v).
Therefore if u1 and u2 are solutions, the uniqueness of z1 and z2 implies u1r (r ) = u2r (r ) < 0 for
any r > 0 and u1(r ) = u2(r )+ c. The fact that u1 and u2 satisfy (17) implies c = 0.
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Proof of the existence. Equation (17) reduces to

−ur r +M |ur |q −eu = 0, (95)

equivalently to the autonomous system of order 2,{
ur =−v

vr = eu −M |v |q .
(96)

Let a1 ≥ 0 and denote by ua any regular solution of (95) such that u(0) = a > a1 and ur (0) = 0.
Since ua is monotone it is decreasing and necessarily it tends to−∞ at infinity; from Proposition 6
there exists a unique ρ1 such that ua(ρ1) = 0.

Step 1. We claim that there exists K = Ka1,M ,q > 0 such that∣∣ua r (ρ1)
∣∣≤ K . (97)

We consider the function FC defined in (75) for C = 1
2 and F 1

2
(r ) = eua (r ) − 1

2 M
∣∣ua r (r )

∣∣q . Then
F 1

2
(0) = ea and

F 1
2

(ρ1) = ea1 − 1
2 M

∣∣ua r (ρ1)
∣∣q .

If F 1
2

(ρ1) ≥ 0 we obtain ∣∣ua r (ρ1)
∣∣≤ (

2ea1

M

) 1
q

.

If F 1
2

(ρ1) < 0 there exists r0 ∈ (0,ρ1) such that F 1
2

(r0) = 0 and F ′
1
2

(r0) < 0 and by (76), we deduce∣∣ua r (r0)
∣∣q > 0, then 2−1qM

∣∣ua r (r0)
∣∣q−1 ≤ ∣∣ua r (r0)

∣∣, hence∣∣ua r (r0)
∣∣≤ (2−1qM)

1
q−2 := K̃ a1,M ,q ,

and
−ua r r (r0) = eua (r0) −M

∣∣ua r (r0)
∣∣q =−2−1M

∣∣ua r (r0)
∣∣q < 0,

Since ua r r (0) = −ea < 0, there exists r2 ∈ (0,r0) such that ua r r (r2) = 0, and this point is unique
since −ua r r r (r2) = eua (r2)ua r (r2) < 0. Then ua r r > 0 on (r2,ρ1). This implies that ua r is increasing
on (r2,ρ1) and thus ua r (r2) < ua r (ρ1). Consequently,∣∣ua r (ρ1)

∣∣≤ ∣∣ua r (r0)
∣∣≤ K̃ a1,M ,q .

Estimate (97) follows with K = max
{( 2ea1

M

) 1
q , K̃ a1,M ,q

}
.

Step 2. We claim that there exist singular solutions. We denote by H the vector field

H (u, v) = (−v,eu −M |v |q )
:= (

H1(u, v),H2(u, v)
)

in the phase plane Q := {
(u, v) : v > 0

}
. We denote by C the curve

{
(u, v) ∈Q : M v q = eu

}
and the

two regions

R := {
(u, v) ∈Q : M v q > eu}

and S := {
(u, v) ∈Q : M v q < eu}

.

On C the vector field is horizontal and entering in R. Thus this region is positively invariant. On
the axis v = 0 the vector field is vertical and inward to Q.

A regular trajectory Ta := {
(ua ,−ua r )

}
r>0 starts from (a,0) with a vertical slope. Since there

exists a unique r2 > 0 such that ua r r (r2) = 0, Ta intersects C in Q and remains in R which is
indeed positively invariant. Conversely, any trajectory issued from a point (u, v) ∈ C for r = r
is included in S for r < r as long as it remains in Q. Since H admits no equilibrium in S ,
this backward trajectory cannot remain bounded for r < r . If this backward trajectory does not
intersect the axis v = 0, then u(r ) → ∞ when r < r decreases to the infimum of the maximal
interval of existence and v(r ) admits a finite limit. From (96) this implies that vr (r ) → ∞,
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contradiction. Then the trajectory intersect v = 0 at some r̃ < r . This implies that u(r − r̃ ) is
the regular trajectory issued from u(r̃ ).

We first take a1 = 0. Hence any regular trajectory cuts the axis u = 0 at a point c such that
0 < c ≤ K0,M ,q . Therefore, any trajectory through a point (0,c) with c > K0,M ,q is not a regular one.
We denote by Reg the set of c > 0 such that the trajectory through (0,c) is regular and put

c∗ = sup
{
c > 0 : c ∈ Reg

}
. (98)

By the implicit function theorem, the set of Reg is open and it is an interval since two trajectories
cannot intersect. Therefore c∗ is not in this set. Let T∗ be the backward trajectory through
(0,c∗). It does not intersect C , thus it is located in the region R where M v q > eu . This means

ur e−
u
q +M− 1

q < 0, thus the function r 7→ M− 1
q r −qe−

u(r )
q is nonincreasing, consequently, for such

a trajectory, the variable r is bounded from below. Therefore any solution u with trajectory T ∗ is
defined on a maximal interval (R∗,∞) with R∗ >−∞. Now the function r 7→ u∗ := u(r −R∗) which
a solution is defined on the maximal interval (0,∞), it is nonincreasing, thus it is necessarily
singular and the trajectory Ta of any regular solution lies below T ∗ in the half-plane Q. By
Theorem 18 we have two possibilities.

(i) Either there exists a1 > 0 such that u∗(r ) → a1 and u∗
r (r ) = −( 1

M(q−1)

) 1
q−1 r− 1

q−1
(
1+o(1)

)
when r → 0. In such a case, for any a > a1, the regular solution ua which satisfies
ua(ρ1) = a1 for some ρ1 > 0 satisfies also

∣∣ua r (ρ1)
∣∣ ≤ Ka1,M ,q by (97). This means that

in the phase plane, on the trajectory Ta , there holds va ≤ Ka1,M ,q at the point (a1, va) =(
ua(ρ1),−ur a(ρ1)

)
. Consider now the trajectory passing through (a1,1 +Ka1,M ,q ), it is

below T ∗ and above Ta for all a > a1. Therefore it intersects the axis u = 0 at some c̃ < c∗

but which is also larger or equal to sup
{
c : c ∈ Reg

}
which is c∗. This is a contradiction.

(ii) Or limr→0 u∗(r ) =∞. By Theorem 18 this implies that (70) holds.

Step 3: Convergence of the regular solutions. We consider the regular solutions un , this means
un(0) = n and un r (0) = 0. Let b ≤ 0, since un is decreasing and tends to −∞ when r →∞ there
exists ρn,b > 0 such that un(r ) > b on [0,ρn,b) and un(ρn,b) = 0. Similarly u∗(r ) > b on [0,ρ∗,b).
We can write

ρn,b =
∫ n

b

du

vn(u)
=

∫ n

b

du

χ(0,n)(u)vn(u)
and ρ∗,b =

∫ ∞

b

du

v∗(u)
.

Because two different trajectories cannot intersect, vn(u) is an increasing function of n. Hence,
by the monotone function theorem

ρ∗,b = inf
n
ρn,b = lim

n→∞ρn,b .

This implies that all the regular solutions are greater than b on [0,ρ∗,b). By Theorem 1(1) we have
for any R > 0

eun (r ) ≤Cr−q for all r ∈ (0,R]

where C > 0 depends on R but not on n since un is decreasing on [0,∞), therefore there also holds

0 ≤ eun−b ≤Ce−br−q on [0,ρ∗,b].

From (14) in Theorem 3 we have∣∣un r (r )
∣∣≤C (r− 1

q−1 + r−1 +1) for all r ∈ (
0, R

2

]
,

where C > 0 is independent of n and thus∣∣un r r (r )
∣∣≤C (r−q + r− q−2

q−1 + r−2 +1) on [0,ρ∗,b].

There exists a subsequence {n j } and a solution Ub ≥ b of (95) such that {un j } converges to Ub in
the C 1

loc

(
(0,ρ∗,b)

)
-topology. The corresponding trajectory TUb is below T∗, thus TUb crosses the
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axis u = 0 at a point which is necessarily c∗ from (98), hence TUb = T∗. Because of uniqueness,
see Step 1, the whole sequence {un j } converges to u∗. □

5.2.2. The case N ≥ 2

Theorem 24. Let N > 1 and q > 2. Then there exists at least one solution u∗ of (17) in (0,∞) such
that (70) holds.

Proof. Since the proof uses the result in dimension 1, we will denote by u(N ) or u(1) the solutions
in N-dim or in 1-dim. Thus u(N )

a and u(1)
a denote the regular solutions respectively in RN and in R

with initial data a. For b ≤ 0 we denote by [0,ρ(N )
a,b ) the maximal interval where u(N )

a > b.

Step 1. We claim that ρ(N )
a,b > ρ(1)

a,b and u(N )
a > u(1)

a on (0,ρ(1)
a,b) for N > 1. Since r 7→ u( j )(r ) ( j = 1, N )

is decreasing, we set z( j )(u) = (u( j )
r )2

(
(u( j ))−1(u)

)
. Then

dz(N )

du
−2M(z(N ))

q
2 +2eu = N −1

r (N )

√
z(N )

for N > 1, and
dz(1)

du
−2M(z(1))

q
2 +2eu = 0,

we obtain that

z(1) − z(N )

du
= 2M

(
(z(1))

q
2 − (z(N ))

q
2
)− N −1

r (N )

√
z(N ) < 2M

(
(z(1))

q
2 − (z(N ))

q
2
)
. (99)

We have also

u( j )
a (r ) = a +

∫ r

0
s1− j

∫ s

0

(
M |u( j )

a r |q −eu
( j )
a

)
t j−1 dt ds, (100)

hence

u( j )
a (r ) =− r ea

j

(
1+o(1)

)
as r → 0.

By integration we obtain in particular u(N )
a (r ) > u(1)

a (r ) near r = 0, and

z(1)(u)− z(N )(u) = e2a(N 2 −1)

N 2

(
1+o(1)

)
as u → a.

Let â be the infimum of the u ∈ (b, a) such that z(1)(u) − z(N )(u) > 0. If â > b, then z(1)(â) −
z(N )(â) = 0 and d(z(1)−z(N ))

dr (â) ≥ 0, which contradicts (99), hence z(1)(u) > z(N )(u) on (b, a). By
assumption u(N )(ρN

a,b) = b. This implies that (u(N )
a −u(1)

a )r > 0 on the interval
(
0,min

{
ρ(N )

a,b ,ρ(1)
a,b

})
.

By integration u(N )
a > u(1)

a on this interval, which implies ρ(N )
a,b > ρ(1)

a,b and u(N )
a > u(1)

a on (0,ρ(1)
a,b],

which is the claim.

Step 2: Convergence of the regular solutions. Because the upper estimates of Theorem 1(1) and
Theorem 3 hold independently of n, one can extract a subsequence {n j } such that {uN

n j
} converges

in the C 1
loc

(
(0,ρ(1)

∗,b)
)
-topology to a function U∗(N )

b > b which is a solution of (17) on (0,ρ(1)
∗,b), is

larger than the 1-dimensional solution U∗(1)
b > b. Thus it is singular and by Theorem 18 it satisfies

lim
r→0

r q eU∗(N )
b (r ) = M q q and lim

r→0
rU∗(N )

b r (r ) =−q.

This solution can be extended as a global solution on (0,∞) by Proposition 6. This ends the
proof. □

Remark 25. The uniqueness of the singular solution of eikonal type when N ≥ 2 is a challenging
question. The remarkable fact is that all the solutions of this type have the same asymptotic
expansion up to any order. This result is proved in the appendix.
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Remark 26. Step 1 of our proof is an adaptation to equation (17) of a method introduced by
Voirol [25, Proposition 1.7] dealing with the Chipot–Weissler equation

−ur r − N −1

r
ur +|ur |q −up = 0. (101)

5.3. Existence of singular solutions of Hamilton–Jacobi type

In this section we prove the existence of singular solutions with the same behaviour as the one of
the solutions of the Hamilton–Jacobi equation.

Theorem 27. Let N = 1 and q > 2. Then for any u0 ∈ R there exists at least one solution u of (17)
in (0,∞) satisfying

u(r ) = u0 − q −1

q −2

(
1

M(q −1)

) 1
q−1

r
q−2
q−1

(
1+o(1)

)
when r → 0. (102)

Furthermore u is decreasing on (0,∞).

Proof. We still use system (96). For any w ∈ R, we denote by (w,c∗w ) the intersection of T∗ with
the axis u = w . For k0 > c∗w the trajectory Tk0,w going through (w,k0) is singular and differs
from T∗. By Theorem 18 Tk0,w has a vertical asymptote u = u0 for some u0 > w . Because two
trajectories cannot intersect, the mapping k0 7→ f (k0) = u0 is decreasing from (c∗w ,∞) to (w,∞).
It is certainly continuous because of the non-intersection condition and onto from (c∗w ,∞) to
(w,∞). This implies the claim for any u0 > w and for any w ∈R. □

Theorem 28. Let N ≥ 2 and q > 2. Then for any u0 ∈ R there exists at least one solution u of (17)
in (0,∞) satisfying

u(r ) = u0 + q −1

q −2

(
N (q −1)−N

M(q −1)

) 1
q−1

r
q−2
q−1

(
1+o(1)

)
when r → 0. (103)

The function u is increasing near 0.

Proof. We use the system (29) with Z =− r eu

ur
, V = r |ur |q−1 andΦ=−r ur . The solution u we look

for satisfies limr→0 u(r ) = u0 and limr→0 r
1

q−1 ur (r ) = k for some real number k. Since we search
increasing solutions, k ≥ 0,Φ and Z are non-positive and the system becomes

Zt = Z (N −Φ−MV −Z )

Vt =V
(
N − (N −1)q + (q −1)(Z +MV )

)
Φt =Φ

(
2−N +Z +MV

)
.

(104)

Step 1: The linearised problem. In this system the relation V = e(2−q)t |Φ|q−1 holds and thus

Z = e(2−q)t X

Φ
, X = |Φ|q−1Φ

V
and eqt X = Z V

2
q−2 |Φ|−

q
q−2 .

The system (104) admits P0 = (0,V0,0) for stationary point with V0 = (N−1)q−N
M(q−1) . Setting V =V0+V

the linearised system is 
Zt = q

q−1 Z

V t = (q −1)V0(M v +Z )

Φt = q−2
q−1Φ.

(105)

The eigenvalues of the linearised system (Z ,V ,Φ) at (0,0,0) are
( q

q−1 , (N −1)q −N , q−2
q−1

)
. They are

all positive. Hence there exists a neighbourhood V of P0 such that all trajectories with a point
in V converge to P0 when t →−∞.
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Step 2: End of the proof. We recall that u is a solution of (17) if and only if (X ,Φ) defined by (19)
satisfies the system (21) but this system is not equivalent to (29). Let σ > 0 such that the ball
Bσ(P0) is in the attractive basin of P0 when t →−∞. If P∗ := (Z∗,V ∗,Φ∗) ∈ Bσ(P0) with Z∗,Φ∗ < 0
we denote by TP∗ the backward trajectory of P∗ and we set

H(t ) = V
1

q−1

Φ
e

q−2
q−1 t .

Then

(q −1)
Ht

H
= q −2+ Vt

V
− (q −1)

Φt

Φ
= q −2+N −q(N −1)+q −1)(MV +Z )− (q −1)(2−N +MV +Z )

= q −2+N − (N −1)q + (q −1)(N −2)

= 0.

Hence the function H is constant. This implies that V = be(2−q)t |Φ|q−1 for some b > 0. It is easy

to check by computation that X = Z |Φ|q−1Φ
V = b−1e(q−2)t ZΦ satisfies the following system,{

X t = (q −Φ)X

Φt =−(N −2)Φ+be(2−q)t
(
X −M |Φ|q )

.

We define a = 1
2−q lnb, τ = t + a, X (a)(τ) = X (τ− a) and Φ(a)(τ) = Φ(τ− a). Then Φ(a)(τ) ∼

−V
1

q−1

0 e
q−2
q−1 t as τ→−∞ and (X (a),Φ(a)) satisfies the system{

X (a)
t = (q −Φ(a))X (a)

Φ(a)
t =−(N −2)Φ(a) +e(2−q)τ

(
X (a) −M |Φ(a)|q )

.

By Lemma 8, equivalently the function ρ 7→ u(a)(ρ) = ln(ρ−q X (a))(lnρ) satisfies (17), with ρu(a)
ρ =

−Φ(a)(τ) and ρ(u(a)
ρ )q−1 = e(2−q)τ(−Φ(a))q−1, thus limρ→0ρ

(
u(a)
ρ (ρ)

)q−1 = V0. Since q > 2 the

function u(a)
ρ is integrable near 0 and there exists some u0 such that limρ→0 u(a)(ρ) = u0. This

implies that

u(r )−u0 = q −1

q −2
V

1
q−1

0 r
q−2
q−1

(
1+o(1)

)
as r → 0.

Since DG (P0) is invertible the flow of G is conjugate to the one of DG (P0) in a neighbourhood
of P0. hence there exists a C 2 diffeomorphism Θ from Bσ(P0) (up to reducing σ in order Bσ(P0)
is a subset of the basin of attraction of P0) to a neighbourhood V of 0 such that G −G (P0) = V ◦
DF (P0), and the trajectories of (104) in Ba(P0) (for some a > 0) are in one to one correspondence
via V with the trajectories of

(Zt ,Vt ,Φt ) = DF (P0)
(
(Z ,V ,Φ)

)
. (106)

Since all the trajectories of (106) converge to 0 when t →−∞, all the trajectories of (104) issued
from Bσ(P0) converge to P0 when t →−∞. This ends the proof. Given arbitrary coefficients C j

( j = 1,2,3) with C3 > 0, the solutions of the linearized system (106) are expressed by
Z (t ) =C1e

qt
q−1

V (t ) =C2e(N (q−1)−N )t + (q−2)C1
M(q−1) e

qt
q−1

Φ(t ) =C3e
(q−2)t

q−1 ,

in general, with a standard modification if N = 3 and q = 3+p3
2 or N = 2 and q = 2+p

2 since in
these two cases q

q−1 = (N − 1)q − N . If (V ,Φ) satisfies (29), then the equivalence of trajectories
yields

V (t ) = be(2−q)tΦq−1(t ) ∼ be(2−q)t C q−1
3 e(q−2)t = bC q−1

3 ,
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and clearly b = V0C 1−q
3 = e(2−q)a with the previous notations. Hence eqa = (V0C 1−q

3 )
q

2−q , from
which equality it follows that

u0 = (V0C 1−q
3 )−

q
q−2 V

2
q−2

0 C1C
2

q−2

3 =V −1
0 C1C

− q(q−1)+2
q−2

3 . (107)

This implies that u0 can take any value. □

6. Behaviour of solutions in an exterior domain

In this section we consider radial solutions of (1) defined in B c
r0

. If u is such a solution, it
satisfies (11) that we recall

eu(r ) ≤Cr−min{2,q} for all r ≥ 2r0. (108)

Equivalently

eu(r ) ≤C

{
r−2 if q > 2,

r−q if 1 < q < 2.
(109)

Applying Theorem 3 in B |x|
2

(x) for x ∈ B c
r0

we obtain the following result.

Theorem 29. Let N ≥ 1 and q > 1. If u ∈ C (B c
r0

) is a radial solution of (1) in B c
r0

, there holds in
B c

2r0
, for some positive constant C̃ = C̃ (N , q, M),

∣∣ur (r )
∣∣≤ C̃

{
r− 1

q−1 if q > 2,

r−1 if 1 < q < 2.
(110)

We will see later on that in both cases the estimate is of the form∣∣ur (r )
∣∣≤ C̃ r−1. (111)

Theorem 30. Let N ≥ 3 and q > 2. If u ∈C (B c
r0

) is a radial solution of (1) in B c
r0

, it satisfies

lim
r→∞r 2eu(r ) = 2(N −2) and lim

r→∞r ur (r ) =−2. (112)

Proof. As in Theorem 15 we use the systems (20) and (27) with variables x(t ) = r 2eu(r ), Φ =
−r ur (r ) and Θ(t ) = e(2−q)t . Here, since q > 2 and t = lnr → ∞, we have that Θ(t ) → 0 when
t →∞. The system in the variable t admits O = (0,0,0) and P0 =

(
2(N −2),2,0

)
for equilibria. The

eigenvalues of the linearised operator at P0 given by (44) are λ1 = 2−q < 0 and λ2,λ3 are negative
too if N ≥ 11, double with value 2−N if N = 10 or non-real with negative real part Re(λ j ) = 2−N
if 3 ≤ N ≤ 9. Therefore P0 is a sink with a domain of attraction which contains some ball Ba(P0).
The eigenvalues of the linearised operator at O

xt = 2x

Φt = x − (N −2)Φ

Θt = (2−q)Θ,

are 2, 2−q and 2−N , hence O is a saddle point with a 2-dimensional stable manifold M and an
unstable trajectory T0.

We claim that all the solutions in B c
r0

belong to the domain of attraction of P0 and behave as
in (112). Indeed (x,Φ) satisfies (20) that is{

xt = (2−Φ)x

Φt = x + (2−N )Φ−Me(2−q)t |Φ|q .

Since eu(r ) → 0 from (109), u is decreasing, thus ur (r ) < 0 (the inequality is strict from the
equation), thenΦ(t ) > 0 and x(t ) is bounded from (109). Suppose now thatΦ is unbounded.
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• Either Φ is monotone, thus Φ(t ) → ∞. From (20) we have Φt < N−2
2 Φ for t large

enough, which implies that t 7→ e
N−2

2 tΦ(t ) is decreasing. Therefore it is bounded which is
contradictory.

• Or there exists a sequence {tn} tending to infinity such that Φ(tn) is a local maximum
of Φ and Φ(tn) → ∞. Since Φt (tn) = 0 we obtain from (20) that x(tn) = (N − 2)Φ(tn)+
Me(2−q)tnΦ(tn)q →∞ which contradicts the boundedness of x(t ).

Therefore Φ(t ) remains bounded. This implies that the system (20) is an exponentially small
perturbation of the system associated to Emden–Chandrasekhar equation (4){

xt = (2−Φ)x

Φt = x + (2−N )Φ.
(113)

By Proposition 13 the omega-limit set of any trajectory of (27) is a compact connected subset
invariant for (113). This system is well studied (e.g. [5,12]). It is known that the solutions of (113)
converge to an equilibrium when t → ∞ and this equilibrium is either

(
2(N − 2),2

)
or (0,0). In

the first case we obtain (112). In the second case we use system (27) and we analyse the eventual
convergence of a solution (x,φ,Θ) to O = (0,0,0). This would imply that this trajectory belongs to
the stable manifold M , therefore ∣∣Φ(t )

∣∣=O(e(2−N )t ). (114)

If we plug this estimate into (20), we obtain that

x(t ) = x(t0)e
∫ t

t0
(2−Φ(s))ds .

Set A(t0, t ) = e−
∫ t

t0
(Φ(s))ds , then there exists θ1 > θ2 > 0 such that θ2 ≤ A(t0, t ) ≤ θ1, for all t > t0 > 0.

This implies ∣∣x(t )
∣∣≥ ∣∣x(t0)

∣∣e2(t−t0)θ2 for all t ≥ t0.

Consequently, if the omega limit set of the trajectory
(
x(t ),Φ(t )

)
of (20) is (0,0) there must hold

x(t0) = 0. As a consequence this trajectory must be contained in the plane x = 0. In such a caseΦ
satisfies the equation

Φt = (2−N )Φ−Me(2−q)t |Φ|q . (115)

This equation is explicitly integrable and we obtain∣∣Φ(t )
∣∣−q
Φ(t ) = t (q−1)(N−2)∣∣Φ(1)

∣∣−q
Φ(1)+ M

(q −1)(N −2)
(t (q−1)(N−2) − t ).

This relation is not compatible with (114). Hence the omega limit set of the trajectory is reduced
to P0, which ends the proof. □

In the case 1 < q < 2 we show that all the solutions behave at infinity like the solution of the
eikonal equation.

Theorem 31. Let N ≥ 3 and 1 < q < 2. If u ∈C (B c
r0

) is a radial solution of (1) in B c
r0

, it satisfies

lim
r→∞r q eu(r ) = M q q and lim

r→∞r ur (r ) =−q. (116)

Note that this behaviour is satisfied both by any regular solution or by the singular solution we
have constructed.

Proof. We use the system (21) with variables X (t ) = r q eu(r ) and Φ(t ) = −r ur (r ), always with
t = lnr , that is {

X t = X (q −Φ)

Φt = (2−N )Φ−e(2−q)t
(−M |Φ|q +X

)
.

Note that u(r ) cannot have local minimum, and since it tends to −∞ by (109) it is decreasing,
thusΦ(t ) ≥ 0. Here X is bounded by (109) and alsoΦ is bounded by (110).
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We claim that X is bounded from below. We still use the function G defined at (80), that is

G(t ) = M q q X 2

2
− X 3

3
+e(q−2)t

(
(N −2)q

X

2
− X 2

t

2

)
.

Then from (81),

Gt (t ) = M X 1−q (q X −Y )(q q X q −Y q )+e(q−2)tΨ(t ),

where

Ψ(t ) = (q −2)

(
(N −2)q

X

2
− X 2

t

2

)
+ (N −2)q

2
X t −

X 3
t

X
+ (N −2)(X t −q X )X t .

Since X and Φ are bounded the same holds with X t from the equation (21), and because
X 3

t
X =

X 2(q −Φ)3, we obtain thatΨ is also bounded by some constant C > 0. Because (q X −Y )(q q X q −
Y q ) ≥ 0 we obtain that Gt ≥−Ce(q−2)t from what it follows that the function t 7→G(t )+ C

q−2 e(q−2)t

is increasing. Since it is bounded, it converges to some limit ℓ when t →∞. Hence the function

t 7→ M q q X 2(t )
2 − X (t )

3 tends to ℓ which implies that X (t ) admits a limit λ when t → ∞, and λ

satisfies M q q λ2

2 − λ3

3 = ℓ. IfΦ(t ) is not monotone, then at each extremum tn ofΦ(t ) we have

X (tn)−MΦq (tn) = (N −2)e(q−2)tnΦ(tn) =⇒ lim
n→∞Φ

q (tn) = λ

M
.

This implies that

limsup
t→∞

Φ(t ) =
(
λ

M

) 1
q

= liminf
t→∞ Φ(t ) = lim

t→∞Φ(t ).

If Φ is monotone, then it admits also a limit. In any case we set L = limt→∞Φ(t ). From the
equation (21) we have

d

dt

(
e(N−2)tΦ(t )

)= e(N−q)t )(X (t )−MΦq (t )
)
.

Hence

Φ(t ) = e(2−N )(t−t0)Φ(t )+e(2−N )t
∫ t

t0

e(N−q)s(X (s)−MΦq (s)
)

ds. (117)

If λ−MLq ̸= 0 we obtain a contradiction, since the integration of (117) implies

Φ(t ) = e(2−q)t

N −q
(λ−MLq )

(
1+o(1)

)
.

Therefore

lim
t→∞X (t ) = M

(
lim

t→∞Φ(t )
)q

.

Again from (21),

X (t ) = X (t0)e
∫ t

t0
(q−Φ(s)ds .

Then, if L < q , e
∫ t

t0
(q−Φ(s)ds → ∞, contradiction. If L > q , e

∫ t
t0

(q−Φ(s)ds → 0, then X (t ) → 0, then
λ= L = 0. We use again the first equation in (117) and we have X t = q̃(t )X (t ) with q̃ = q−Φ(t ) → q
when t →∞. Then for any t0 > 0 we have

X (t ) = X (t0)e
∫ t

t0
q̃(s)ds .

Thus X (t ) →∞, contradiction. Hence

lim
t→∞Φ(t ) = q and lim

t→∞X (t ) = M q q . (118)

This ends the proof. □
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7. Globality of the solutions when 1 < q < 2

Theorem 32. Let 1 < q < 2 and N ≥ 1. Then the maximal interval of a solution u of (17) is (0,∞)
if N ≥ 2 and (−∞,∞) if N = 1. In that case u is symmetric with respect to some a ∈R.

Proof. For N ≥ 1 we consider any solution u defined on a maximal open interval Iu = (ρ,η) and
let r0 ∈ Iu . From Remark 7 if ur (r0) ≤ 0, then η=∞. If ur (r0) > 0, either u has a unique maximum
at some point r1 ∈ (r0,η), or ur (r0) > 0.

(i). We first prove that η = ∞. From Remark 7, if ur (r0) ≤ 0, then η = ∞. If ur (r0) > 0 has a
maximum at r1, then u is decreasing on (r1η) and thus η=∞ by the same remark.

Hence ur > 0 on (r1,η) and we can encounter two possibilities: either η =∞ and u(r ) → L ∈
(0,∞) when r →∞, which contradicts the upper estimate (11), or η<∞, and we are left with this
case, with again two possibilities.

If limr→ηu(r ) = L <∞, then

(−r N−1ur )r = r N−1(eu −uq
r ) ≤ k = ηN−1eL .

Therefore the function r 7→ r N−1ur +kr is increasing and it tends to ∞ since the solution is the
maximal one and u remains bounded. This implies that ur (r ) →∞ and eu(r ) = o(uq

r ) when r → η.
Hence the equation becomes −ur r +Muq

r
(
1+o(1)

)
. Setting v = ur we obtain by integration that

v(r ) = ur (r ) = (
M(q −1)(η− r )

)− 1
q−1

(
1+o(1)

)
as r → η,

but this is not possible since 1 < q < 2 and thus ur is not integrable near η, which contradicts
L <∞. Consequently there must hold L =∞. Again ur is monotone near η since at any extremal
point r where ur r (r ) = 0, we have that ur r r (r ) = ( N−1

r 2 −eu
)
ur . Since N−1

r 2 −eu →−∞ when r → η,
then ur r r keeps a constant sign. Therefore ur is non-decreasing and clearly

ur r = Muq
r − N −1

r
ur −eu ≥ 0.

Then eu ≤ Muq
r
(
1 + o(1)

)
, and by integration we deduce that eu ≤ C (η− r )−q . Now we set

u(r ) = v
(
h(r )

)
where h(r ) = η− r and consider the system in the variables

X = hq ev , Φ=−hvr (h), h = eτ, (119)

which is {
Xτ = X (q −Φ)

Φτ =Φ+e(2−q)τ(X −MΦq )− N−1
η−eτΦ,

(120)

and τ→−∞ when r → η. We claim now that Φ is bounded. If it is not the case and Φ(τ) is not
monotone, at any τ̃ whereΦτ(τ̃) = 0 we obtain

Φ(τ̃)
(
1+o(1)

)= e(2−q)τ̃(MΦq (τ̃)−X (τ̃)
)≤ e(2−q)τ̃MΦq (τ̃),

and thus MΦq−1(τ̃) ≥ e−(2−q)τ̃
(
1+o(1)

)
. Since this is valid in particular at the local minima of Φ,

we deduce thatΦ(τ) →∞ when τ→−∞, with the additional information thatΦττ(τ̃) ≥ 0. Since

Φττ(τ̃) = e(2−q)τ̃(2X (τ̃)− (XΦ)(τ̃)−M(2−q)Φq (τ̃)
)− N −1

η−e τ̃
e τ̃Φ(τ̃)

(
1+ eτ

η−e τ̃

)
≥ 0,

which yields

2X (τ̃)− (XΦ)(τ̃)−M(2−q)Φq (τ̃) ≥ e(q−1)τ̃Φ(τ̃)

(
1+ eτ

η−e τ̃

)
,

which in turn implies that Φ(τ̃) is bounded, contradiction. As a consequence Φ is monotone
and tends to ∞ at −∞. From the first equation in (120), X = −XΦ

(
1 + o(1)

)
when τ → −∞,
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which is impossible if X remains bounded. As a consequence the function Φ is bounded and
the system (120) is an exponential perturbation of the system{

Xτ = X (q −Φ)

Φτ =Φ.
(121)

This implies that
(
X (τ),Φ(τ)

)
converges to the unique stationary point of (121) which is (0,0).

Returning to the variable u, we get that ur = o
(
(η− r )−1

)
near r = η, then

ur r = M |ur |q − N −1

r
ur −eu = o

(
(η− r )−q )

,

which implies that ur (r ) = o
(
(η−r )1−q

)
. Thus ur is integrable near η and u(r ) admits a finite limit

when r → η, which is a contradiction. As a consequence we deduce the following.

(ii). If N = 1 then the solution is defined on whole R, indeed r 7→ u(−r ) is also a solution, thus
Iu = (ρ,η) = (−∞,∞).

(iii). If N ≥ 2, we claim that ρ = 0. We proceed again by contradiction, assuming that ρ > 0.
Clearly u is monotone near ρ.

If u is increasing near ρ it has a finite limit L at ρ because

−(r N−1ur )r = r N−1(eu −Muq
r ) ≤C as r → ρ, (122)

which implies that r N−1ur +Cr is increasing. Then ur admits a finite limit at ρ. Combined with
the fact that u(r ) → L, we see that ρ cannot be the infimum of Iu . Consequently u(r ) decreases
to −∞ when r → ρ. In such a case eu(r ) → 0. Moreover ur is also monotone near ρ: indeed at
each local extremum r̃ of ur we have ur r (r̃ ) = 0, we have

ur r r (r̃ ) =
(

N −1

r̃ 2

)
ur (r̃ ) −→ N −1

ρ2 > 0 as r̃ → ρ.

As a consequence these local extrema are local minima of ur ; necessarily ur (r ) cannot oscillate
and it tends to ∞ when r → ρ. Again this fact implies that ur r = Muq

r
(
1+o(1)

)
and by integration

we encounter a contradiction since 1 < q < 2.
If u is decreasing near ρ, then u(r ) → L < ∞ when r → ρ. By (122), −(r N−1ur )r ≤ C , hence

r 7→ −r N−1ur +Cr is increasing and thus limr→ρ ur (r ) =−∞ since ρ is an endpoint Iu . We have
again that ur is monotone and u is convex. Therefore 0 ≤ ur r = M |ur |q − N−1

r ur − eu . Hence
eu ≤ M |ur |q

(
1 + o(1)

)
and by integration we deduce that eu(r ) ≤ C (r − ρ)−q . As in (i) we set

h(r ) = r −ρ eτ = r −ρ and define X (τ) andΦ(τ) as in (119). Since (X ,Φ) satisfies{
Xτ = X (q −Φ)

Φτ =Φ+e(2−q)τ(X −MΦq )− N−1
ρ+eτΦ,

we obtain a contradiction as in this case. This ends the proof. □

Appendix

In Lemma 21, formula (83) gives an expansion of u near zero at the order 1. We show below that
u(r ) satisfies a unique expansion of order n of the form

u(r ) = ln
M q q

r q +a1r q−2 +a2r 2(q−2) +·· ·+ r n(q−2)(an +o(1)
)

as r → 0, (123)

where the an can be computed by induction.
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Theorem 33. Let N ≥ 2 and q > 2. There exists a unique sequence of real numbers {an}n≥1 such
that any radial function u satisfying (125) in Br0 \ {0} and (70) there holds for any n ∈N∗,

u(r ) = ln
q q

r q +a1r q−2 +a2r 2(q−2) +·· ·+anr n(q−2)(1+dn(r )
)
, (124)

where dn(r ) → 0 when r → 0.

Proof. For the sake of simplicity we consider equation (17) with M = 1. Actually, this is not a

restriction since if u∗ satisfies (1), the function x 7→ u(x) = u∗(M
1

q−2 x)+M
2

q−2 satisfies

−∆u +|∇u|q −eu = 0. (125)

Since any solution is decreasing, we consider ur as a function of u and set

ur =− f (u).

Then ur r =− f (u) d f
du = f q (u)−eu + N−1

r f (u). Thus we obtain the system
d f

du
= N −1

r
+ f q (u)−eu

f (u)
dr

du
=− 1

f (u)
.

(126)

Using (70) we have

f (u) = e
u
q
(
1+o(1)

)
and r (u) = qe−

u
q
(
1+o(1)

)
as u →∞.

We set
ϖ= e−

u
q f (u), V =ϖ−1 and θ = q −2

q
. (127)

Notice that eθu →∞ since q > 2. The new system in (ϖ,r ) is
dϖ

du
=−ϖ

q
+ N −1

r e
u
q

+ ϖq −1

ϖ
eθu

dr

du
=−e−

u
q

ϖ
.

(128)

Step 1: Development of order 1. We look for A1 such that

ϖ(u) = 1+ A1e−θu(
1+o(1)

)
as u →∞.

Equivalently V (u) = A1e−θu
(
1+o(1)

)
. The system in V and r is

dV

du
=−1+V

q
+ N −1

r e
u
q

+ (1+V )q −1

1+V
eθu

dr

du
=− e−

u
q

1+V
.

(129)

We set ψ(u) = eθuV (u), then ψ(u) = o(eθu) when u →∞. Hence

e−θu
(

dψ

du
− q −2

q
ψ

)
=−1+e−θuψ

q
+ N −1

r e
u
q

+eθu (1+e−θu)qψ−1

1+e−θuψ
,

dr

du
= e−

u
q

1+e−θuψ
.

As a consequence

dψ

du
= q −2

q
ψ− eθu

q
− ψ

q
+ N −1

r e
u
q

eθu +qeθuψ
(
1+o(1)

)
= qeθuψ

(
1+o(1)

)+eθu
(
− 1

q
+ N −1

q

(
1+o(1)

))
,



1212 Marie-Françoise Bidaut-Véron and Laurent Véron

that we can write under the following form

dψ

du
−qeθuψ

(
1+o(1)

)= N −2

q
eθu(

1+o(1)
)
. (130)

• Either ψ is not monotone for large u. At each u where dψ
du = 0, we get that ψ(u) =

2−N
q2

(
1+o(1)

)
. These implies limu→∞ψ(u) = 2−N

q2 .

• Or ψ is monotone and there holds limu→∞ψ(u) =±∞. Therefore dψ
du = qeθuψ

(
1+o(1)

)
,

which implies d
du

(
ln|ψ|− e(q−2)u

)> 0 and thus
∣∣ψ(u)

∣∣≥ K ee(q−2)u
. Since ψ(u) = o(eθu) we

obtain a contradiction.
• Or ψ is monotone and ψ(u) → ℓ when u → ∞ for some ℓ. If ℓ ̸= 2−N

q2 , we obtain the
following relation dψ

du = (
qℓ− N−2

q

)(
1+o(1)

)
which is not compatible with ψ(u) → ℓ.

In all the cases we obtain

lim
u→∞ψ(u) = 2−N

q2 . (131)

This yields the first term of our expansion

ϖ= 1+V = 1+ A1e−θu(
1+o(1)

)
with A1 = 2−N

q2 . (132)

as a consequence

dr

du
=− e−

u
q

1+ A1e−θu
(
1+o(1)

) =−e−
u
q

(
1− A1e−θu(

1+o(1)
))=−e−

u
q + A1e

1−q
q u(

1+o(1)
)
. (133)

Integrating this relation and using that r (u) → 0 when u →∞, we obtain

r (u) =−
∫ ∞

u

dr

ds
ds

=
∫ ∞

u
e−

s
q ds − A1

∫ ∞

u
e

1−q
q s(1+ϵ(s)

)
ds

= qe−
u
q + q A1

1−q
e

1−q
q u(

1+o(1)
)

= qe−
u
q + N −2

q(q −1)
e

1−q
q u(

1+o(1)
)
,

(134)

since for any ϵ0 > 0and
∣∣ϵ(s)

∣∣≤ ϵ0 there exists uϵ0 such that for any u ≥ uϵ0 there holds∣∣∣∣∫ ∞

u
e

1−q
q s(1+ϵ(s)

)
ds −

∫ ∞

u
e

1−q
q s ds

∣∣∣∣≤ qϵ0

q −1
.

Step 2: Development of order n. We proceed by induction assuming that we have already ob-
tained the development of ϖ at the order n −1

ϖ(u) = 1+V = 1+ A1e−θu + A2e−2θu +·· ·+e−(n−1)θu(
An−1 +ϵn−1(u)

)
, (135)

where the A j depend on N and q and ϵn−1(u) → 0 when u →∞. Consequently

dr

du
=− e−

u
q

1+V

=− e−
u
q

1+ A1e−θu + A2e−2θu +·· ·+e−(n−1)θu
(

An−1 +ϵn−1(u)
)

= e−
u
q

(
1+B1e−θu +B2e−2θu +·· ·+e−(n−1)θu(

Bn−1 + ϵ̃n−1(u)
))

,

(136)

where ϵ̃n−1(u) → 0 as u → ∞, with B1 = −A1 and the other coefficients can be made explicit
through a lengthy but explicit computation. Set

ϖ= 1+ A1e−θu + A2e−2θu +·· ·+ An−1e−(n−1)θu +e−nθuΦ. (137)
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We do not know ifΦ is bounded but only thatΦ= ϵ̃n−1eθu , thus e−θuΦ(u) → 0 when u →∞. Thus

dV

du
=−θA1e−θu −2θA2e−2θu −·· ·− (n −1)θAn−1e−(n−1)θu −nθΦe−nθu + dΦ

du
e−nθu . (138)

We recall the expression

dV

du
=−1+V

q
+ N −1

r e
u
q

+eθu (1+V )q −1

1+V
, (139)

obtained by using the following expansion at the order n −1 (actually, valid at any order)

(1+V )q −1

1+V
= qV

(
1+ g1V +·· ·+ gkV k +·· ·+ gn−1V n−1(1+ηn−1(V )

))
, (140)

where g1 = q−3
2 and the gk are polynomials in k and q and also ηn−1(V ) → 0 when V → 0.

Moreover, by integration of (136), we obtain

r (u) =−
∫ ∞

u

dr

ds
ds

=−
∫ ∞

u
e−

s
q ds +B1

∫ ∞

u
e

1−q
q s +·· ·+

∫ ∞

u
e−

1+(n−1)(q−2)
q s (Bn−1 + ϵ̂n−1s)ds

= qe−
u
q

(
1+ B1

q −1
e−θu +·· ·+ Bn−1

1+ (n −1)(q −2)
e−(n−1)θu + ϵ̂n−1(u)e−(n−1)θu

)
,

therefore
N −1

r e
u
q

= N −1

q

1

1+ B1
q−1 e−θu +·· ·+ Bn−1

1+(n−1)(q−2) e−(n−1)θu + ϵ̃n−1(u)e−(n−1)θu

= N −1

q

(
1+C1e−θu +·· ·+Cn−1e−(n−1)θu +ϵ∗n−1(u)e−(n−1)θu)

,

where C1 =− B
q−1 and Ck is a polynomial in q and k. Then using (139) and (140),

dV

du
=−θA1e−θu −2θA2e−2θu −·· ·− (n −1)θAn−1e−(n−1)θu −nθe−nθuΦ+e−nθ dΦ

du

= N −1

q

(
1+C1e−θu +·· ·+Cn−1e−(n−1)θu +ϵ∗n−1(u)e−(n−1)θu)

− 1+V

q
+qV eθu

(
1+ g1V +·· ·+ gkV k +·· ·+ gn−1V n−1(1+ηn−1(V )

))
,

(141)

and, by the definition ofΦ, from (137) there holds

V eθu = A1 + A2e−θu +·· ·+ An−1e−(n−2)θu +e−(n−1)θuΦ, (142)

and
V = A1e−θu + A2e−2θu +·· ·+ An−1e−(n−1)θu +e−(n−1)θu ϵ̃n−1(u). (143)

Then, using (142) we compute the expression 1+ g1V + g2V 2 + ·· · + gnV n
(
1+ ηn−1(V )

)
. Since∣∣ϵn−1(u)

∣∣≪ 1, we write for any k = 1, . . . ,n −1,

V k = (a +τ)k with a = A1e−θu + A2e−2θu +·· ·+ An−1e−(n−1)θu and τ= e−(n−1)θu ϵ̃n−1(u).

Then ∣∣(a +τ)k −ak ∣∣≤ k|τ|(|a|+ |τ|)k

≤ k|τ|
(
|A1|+ · · ·+ |An−1|+

∣∣ϵ̃n−1(u)
∣∣)k−1∣∣ϵ̃n−1(u)

∣∣
≤ k|An−1|

(|A1|+ · · ·+ |An−1|+1
)k e−(n−1)u∣∣ϵ̃n−1(u)

∣∣
= ck

∣∣ϵ̃n−1(u)
∣∣e−(n−1)u ;

now
gkV k = gk

(
A1e−θu + A2e−2θu +·· ·+ An−1e−(n−1)θu)k +δn−1,k (u),
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with
∣∣δn−1,k (u)

∣∣≤ ck |gk |
∣∣ϵn−1(u)

∣∣. Therefore

1+ g1V +·· ·+ gkV k +·· ·+ gn−1V n−1(1+ηn−1(V )
)

= 1+ g1
(

A1e−θu + A2e−2θu +·· ·+ An−1e−(n−1)θu)+·· ·
+ gk

(
A1e−θu + A2e−2θu +·· ·+ An−1e−(n−1)θu)k

+ gn
(

A1e−θu + A2e−2θu +·· ·+ An−1e−(n−1)θu)n +e−(n−1)θuδn−1(u),

then

1+ g1V +·· ·+ gkV k +·· ·+ gn−1V n−1(1+ηn−1(V )
)

= 1+D1e−θu +D2e−2θu +·· ·+Dn−1e−(n−1)θu +e−(n−1)θuδn−1(u) (144)

with
∣∣δn−1(u)

∣∣ ≤ Cn−1
∣∣ϵ̃n−1(u)

∣∣ and the coefficients D j can be explicitly computed. Next we
compute from the expression of ϖ, (138)–(143) and (144),

e−nθ
((

1

q
−nθ

)
Φ+ dΦ

du

)
= dV

du
+θA1e−θu +2θA2e−2θu +·· ·+ (n −1)θAn−1e−(n−1)θu + 1

q
e−nθΦ

= dV

du
+

(
θ− 1

q

)
A1e−θu +

(
2θ− 1

q

)
A2e−2θu +·· ·+

(
(n −1)θ− 1

q

)
An−1e−(n−1)θu

= N −1

q

(
1+C1e−θu +·· ·+Ck e−kθu +·· ·+ (

Cn−1 + ϵ̃n−1(u)
)
e−(n−1)θu

)
− 1+V

q
+qV eθu

(
1+ g1V +·· ·+ gkV k +·· ·+ gn−1V n−1(1+ηn−1(V )

))
= N −1

q

(
1+C1e−θu +·· ·+Ck e−kθu +·· ·+ (

Cn−1 + ϵ̃n−1(u)
)
e−(n−1)θu

)
+q

(
A1 + A2e−θu +·· ·+ An−1e−(n−2)θu +e−(n−1)Φ

)
× (

1+D1e−θu +D2e−2θu +·· ·+Dn−1e−(n−1)θu +e−(n−1)θuδn−1(u)
)

+
(
θ− 1

q

)
A1e−θu +

(
2θ− 1

q

)
A2e−2θu +·· ·+

(
(n −1)θ− 1

q

)
An−1e−(n−1)θu

= N −2

q
+q A1 +E1e−θu +E2e−2θu +·· ·

+En−1e−(n−1)θu(
1+δn−1(u)

)+qe−(n−1)θuΦ
(
1+ δ̃n(u)

)
,

(145)

where δ̃n(u) → 0.
Because of (132) N−2

q + q A1 = 0. We claim that E2 = E3 = ·· · = En−2 = 0. If this does not hold,
let k ∈ [1,n −2] be the smaller integer such that Ek ̸= 0. Then(

1

q
−nθ−qeθu(

1+ δ̃n(u)
))
Φ+ dΦ

du
= Ek e(n−k)θu .

SinceΦ(u) = o(eθu), then
( 1

q −nθ−qeθu
(
1+ δ̃n(u)

))
Φ= o(e2θu). Thus

dΦ

du
= Ek e(n−k)θu(

1+o(1)
)
,

which implies |Φ| ≥Ce(n−k)θu , contradiction. Therefore we are led to the following relation(
1

q
−nθ−qeθu(

1+ δ̃n(u)
))
Φ+ dΦ

du
= En−1eθu(

1+ δ̃n(u)
)
, (146)
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which yields

−qeθu(
1+δ′n(u)

)
Φ+ dΦ

du
= En−1eθu(

1+ δ̃n(u)
)
. (147)

Finally we conclude as in Step 1, considering the three possibilities forΦ:

• either non-monotone near infinity which implies that limu→∞ =−En−1
q := An ;

• or Φ is monotone and tends to ±∞ and this would lead to a contradiction with Φ(u) =
o(eθu) when u →∞;

• orΦ is monotone and bounded, thus it admits a limit which is necessarily −En−1
q .

Thus we have obtained the development at the order n of the function ϖ(u). This yields a
development of dr

du by the second equation in system (129) under the form

dr

du
= e−

u
q

(
1+B1e−θu +B2e−2θu +·· ·+e−nθu(

Bn + ϵ̃n(u)
))

.

From this we obtain the expansion of r (u) by integration and finally obtain algebraically the
expansions in the variable r

e
u(r )

q = q

r

(
1+b1r q−2 +·· ·+ (

bn +o(1)
)
r n(q−2)

)
,

and

u(r ) = ln
q q

r q +a1r q−2 +·· ·+ r n(q−2)(an +o(1)
)
.

It is noticeable that all the terms of order n in these expansions are polynomials in N ,n, q . □

Remark 34. The fact that a solution of eikonal type can be expressed formally by a series in
the variable r q−2 is a strong presumption for uniqueness. However it appears very difficult to
prove that the radius of convergence of this series is positive. This type of question is similar to
the existence and uniqueness problem encountered in the study of the singular solutions of the
capillary equation as shown in [15,16]. However in this problem, the formal series obtained in
the study of singular solutions can be proved to have a null radius of convergence.

Remark 35. If N = 2 there exists an explicit solution of (125), namely u∗(x) = ln qq

|x|q and clearly
it satisfies (70). As a consequence all the terms D j in the expansion of another radial solution
of (125) satisfying (70) are zero, which means that for any n, there holds

u(r ) = ln
q q

r q +o(r n(q−2)) as r → 0.

This situation is reminiscent of a result of Brezis and Nirenberg [10, Theorem 2] dealing with the
equation

−∆u +|∇u|2 = h2(u).
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