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Abstract. We study the local properties of positive solutions of the equation —Au = e% — M|Vul? in a
punctured domain Q\ {0} of RV in the range of parameters g > 1 and M > 0. We prove a series of a priori
estimates near a singular point. In the case of radial solutions we use various techniques inherited from the
dynamical systems theory to obtain the precise behaviour of singular solutions. We prove also the existence
of singular solutions with these precise behaviours.

Résumé. Nous étudions les propriétés locales des solutions de I'équation —Au = e% — M|Vu|9 dans un
domaine épointé Q \ {0} de RN avec des parametres ¢ > 1 et M > 0. Nous donnons une série d’estimations a
priori prés d’'un point singulier. Dans le cas de solutions radiales, nous obtenons le comportement précis
des solutions avec des méthodes issues de la théorie des systemes dynamiques. Nous démontrons aussi
I'existence de solutions singulieres avec les comportements singuliers obtenus.
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1. Introduction

The aim of this paper is to study properties of radial solutions of
Lmpq:=—Au+MVulf-e"=0 inQ, 1)

where M is a real positive number, g > 1 and  is either a punctured domain if we are interested
in isolated singularities, or an exterior domain if we study the asymptotic behaviour of solutions.
Equation (1) belongs to the family of equations of diffusion-reaction-absorption type

—Au+ f(IVul) = g(w), 2
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where f is a power function and g a power or an exponential function.
For these equations, there are several deep problems:

« obtention of a priori estimates near a singularity or at infinity for equations in an exterior
domain;

» description of singular solutions or behaviour at infinity of solutions;

» existence of global regular or singular solutions.

Equations with absorption correspond to the cases where g(u) = —e* or g(u) = —uP. The
equation
-Au+M|VulT+uP =0
has been studied in [20] when M > 0 and in [4] when M < 0. The equation
—Au+M|Vul?+e* =0,

with M < 0is considered in [18], particularly in the most relevant dimension N = 2 since in higher
dimension the isolated singularities are removable.

Next we focus on the equation where g(u) acts as a source term. Equation with a power u”
with p >0,

—Au+M|Vul?-uP =0, 3)

has been first con81dered with M =1in [13,14] in the radial case where two critical values appear:
— N+2 _ 2p

p= and g = 7. This study was developed in [23,24], putting into light the question of

emstence of global solutions, still not completely solved. The general problem with M € R has
been studied in the non- radial case in [21] when p < 2 and g < -2, then in [2] when g > pzfl
The critical case g = p w1th p > 1 has been exhaustlvely solved in the radial case in [3].

In the present artlcle we assume that g(u) is an exponential source term and we consider
equation (1) with M > 0. To study the properties of the solutions of (1) we associate three
underlying equations:

o the Emden—Chandrasekhar equation,
—-Au-e"=0; 4)
 the viscous Hamilton-Jacobi equation,
—Au+ M|Vul? =0; (5)

« and the eikonal equation,
M|Vul|?-e"=0. (6)

Each of these three equations has been already much studied.

The first exhaustive study of radial solutions of the Emden-Chandrasekhar equation is due to
Chandrasekhar [12]. Non-radial solutions which are rather simple to study in the 2-dimensional
case are described in [22]. In the 3-dimensional case the level of difficulties is not at all compa-
rable and this is due to the fact that the reaction term is much larger than the classical Sobolev
exponent p = N *2 which turns out to be equal to 5 since N = 3. It is proved in [5] that no uni-
form estimate near a singularity can hold, but if a solution u of (4) in B; \ {0} (resp. BC) satisfies
|x|2e% € L%(B;) (resp. |x|2et e L*°(BY)) then its behaviour near x = 0 (resp. when | x| — co) can be
completely described. Besides the upper estimate another severe problem of convergence occurs
and is overcome by the introduction of deep results from complex geometry.

The viscous Hamilton-Jacobi equation is simpler to study. In the radial case it reduces to an
explicitly integrable equation

-1
ur+Mlu =0
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This equation admits two critical exponents g = ¢, = % and g = 2. By using Bernstein method,
itis proved in [17] that if g > 1 any not necessarily radial solution u of (5) in B; \ {0} satisfies

1
[Vu@)| =< clxl”@T in By \{0},

and that its behaviour near zero is similar to the one of the radial (and explicit) solutions, in
particular if g = g, any nonnegative solution remains bounded, while if 1 < g < g, and if it is
-2

singular either it satisfies u(x) ~ ¢|x|>~N for some ¢ # 0, or u(x) ~ Emlx| %, where &)y is a specific
positive constant expressed in (35).
The eikonal equation is also explicitly integrable in the radial case and it always reduces to an
equation of the form
Vv =1

u

with v = gM i e 4 in general. The uniqueness of viscosity solutions of the eikonal equation in
RN\ {0} is proved in [11].

In [7] we present a general study of non-necessarily radial solutions of (1) and emphasis on
their singular solutions if they are defined in B; \ {0}, and their asymptotic behaviour if they
defined in Bf . This study involves all the tools used in [5], often under a more refined manner,
and g = 2 appears as a fundamental critical value. In particular if 1 < g < 2 we have to impose the
a priori bound |x|2e% < C in By \ {0} in order to obtain the description of singular solutions, while
if ¢ > 2 no a priori bound on a solution is needed.

In the present article we consider functions satisfying

—Urr— ur + Mlu,|7—e" =0, @)

with g > 1 and M > 0, either in (0,1] or in [1,00). This assumption of radiality has the advantage
of authorising the use of finite dimensional dynamical systems theory, a theory which allows us
to go much deeper in the local study of the solutions. For g # 2 there is no invariance for (7)
by a scaling transformation (the case g = 2 which reduces to a Lane-Emden type equation will
not be considered). Consequently it is not possible to reduce this equation to a second order
autonomous equation of any type as it is possible for (4), (5) and (6), and also for (3) when
q= %. Instead, we introduce various systems of order 3 to perform our analysis of singular and
asymptotic behaviours: we give a precise description of singular solutions (or their asymptotic
behaviour), and we prove the existence of solutions with all the possible behaviours that we
have put into light. These existence results were out of reach for non-necessarily radial solutions
studied in [7].

An important observation, dealing with the globality of the radial solutions is the following
statement proved in Proposition 6 and Theorem 32.

TheoremA. Letqg>1.
(1) If N = 2, the maximal interval of definition of a radial solution r — u(r) of (7) defined in
a right neighborhood of r = 0 and nondecreasing there is (0,00). Furthermore u, <0 and u
tends to —oo at oco.
(2) If 1< g <2andN =2, the maximal interval of definition of a solution r — u(r) of (7) is
(0,00). If 1 < g <2 and N =1 any maximal solution of (7) is defined on R and symmetric
with respect to some value a.

We obtain also a full description of the isolated singularities of solutions of (7).

Theorem B. Letl1< g<2andN =3. Then:
(1) eitherlim,_o(u(r)-2In1) =In2(N-2);
(2) or there exists ug € R such that lim,_o u(r) = ug and lim,_g u,(r) =0 (such a u is called a
regular solution);
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(3) orlim,_qu(r) =—oo and:
e ifl<g< %, then lim, _.o rV "2 u(r) = Y <0;
. . _ _ _1\N-1
o ifg=75, thenlim,_o r¥N2|Inr|Nu(r) = - 5 (82)
q-1 ((N—l)q—N)ﬁ

2-q
. lf% <q<2, thenlim_gratu(r)=—-¢y:= —3=4 (1

This result shows that the singular behaviour of solutions is governed either by the Emden-—
Chandrasekhar equation or by the viscous Hamilton—Jacobi equation. Existence of solutions with
the above behaviour is obtained in Theorems 16 and 17 by fixed point arguments or by the study
near the equilibrium of the associated dynamical system.

When g > 2 the situation changes completely and we prove that the singularities of radial
solutions are either governed by the eikonal equation or by the Hamilton-Jacobi equation.

Theorem C. Letq>2 and N = 2. Then:

(1) eitherlim,_qrie*"” = Mq9 andlim,_qru,(r) = —q;
(2) or there exists uy € R such that lim,_o u(r) = uy and lim,_o u,(r) =0, in that case u is a
regular solution; ,
q-2
(3) or there exists up € R such that lim,_.o u(r) = ug and there holds u(r) = ug + Cpg,n7 9! (1 +
0(1)) where Cy,n is explicited in Theorem E. In such a case the singularity is only on the

derivative.

We also obtain the existence of singular solutions with the prescribed behaviour given above.
Concerning solutions of eikonal type we prove existence in Theorems 23 and 24 by a very delicate
method based upon inverse function arguments.

Theorem D. Lerqg>2.

(1) IfN =1, there exists one and only one solution u* of (7) on (0,00) such that
liII(l) rdet ) = Mq1? and lin(l)ru;‘(r) =-q. 8)
r— r—
Furthermore the function u* is the increasing limit when n — oo of the regular solutions uy,

(i.e. u,(0) =nandu,,=0).
(2) IfN =2, there exists at least one solution u* of (7) on (0,00) satisfying (8).

Concerning solutions of Hamilton-Jacobi type, we prove the following result.

Theorem E. Let g > 2 and uy € R arbitrary.
(1) IfN =1, there exists at least one solution of (7) on (0,00) satisfying
g-1( 1 \a1 a2
um =up— ——|———| raT(1+o) asr—o0.
qg-2\M(g-1)
Furthermore the function u is decreasing on (0,00).
(2) IfN =2, there exists at least one solution of (7) on (0,00) satisfying
Cl—l((N—l)ﬂi—N
-2\ M(@g-1
Furthermore the function u is increasing on (0,00).

@ gz
) ra1(l1+o(1)) asr—0.

u(r) =ugp+

This result is proved in Theorems 27 and 28 by methods coming from the analysis of the stable
and unstable manifolds associated to the stationary points of the relevant dynamical system.

The description of the asymptotic behaviour of radial solutions of (1) in an exterior domain
exchanges the ranges 1 < g < 2 and g > 2. Note also that only one type of behaviour is possible.
The following statements are proved in Theorems 30 and 31.
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Theorem E

(1) Let1<q<2andN=3. Ifu is a radial solution of (1) in B¢ it satisfies lim, 17" =
Mqg7 andlim,_.o, ru,(r) = —q. B

(2) Let q > 2 and N = 3. If u is a radial solution of (1) in B,g it satisfies lim;_., r2en =
2(N-2).

We end the article with an appendix which shows that when g > 2, all the radial solutions u
of (1) which satisfy lim,_. rdetn = Mgq‘ and lim,_qru,(r) = —q, which means that they are
of eikonal type, have the same expansion at any order near 0. This is a clue that uniqueness of
solutions of (1) with such behaviour could hold in any dimension as it does hold when N = 1.

We leave as an open problem the study of

—Au+M|Vul? =V (x)e" 9)

for many types of potential V(x). Deep results in the case N = 2, M = 0 have been obtained by
Brezis and Merle [9].

2. Estimates
2.1. Estimates of radial supersolutions

Theorem 1. Let N=1andq>1.
(1) Ifue C(By, \{0}) is a radial supersolution of (1) in By, \ {0} it satisfies

eu(r) < Cr—maX{Z,q} inBr \ {0}, (10)
2

where C = C(N,M, g,u) >0 in the general case and C = C(N, M, q) > 0 if r — u(r) is non-
increasing.

(2) Ifue C(By,) is a supersolution of (1) in By it satisfies
eV < crmmnidjn g, an
where C=C(N,M, q,u) >0 is as in case (1).

Proof. If u is a radial supersolution it is clear that it has at most one local maximum. Indeed at
each local extremal point 7 there holds —u,, () = e*“”) > 0. Hence u, keeps a constant sign near 0.
We set w = eY, then w = 0 satisfies

IVw|? Vw® N-1 w? lw, |9

“Aw+ W= —wg - — W+ —+M —w?=0. (12)
r w w91

w1

(1). We first assume that the function w is nondecreasing on (0, ;] for some r; € (0, 1], the
estimate (10) holds with C depending on u.

Next we assume that m is nonincreasing on (0,r1], then it stays decreasing on the whole
interval (0, r]. For ¢ € (0, %) let ¢ be a C*°(R,) nonnegative function vanishing on [0,1 -€] U
[1+€,00), with value 1 on [1-$,1+ %], such thate|¢, | and €®|¢perr| are bounded on [1—¢,1— £lu
[1+5,1+¢].If0 < R < 2 we define v by

v(x) = w(x) - w(M%(%)
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Clearly v(R) = 0. There exists 7g € [(1 —€)R, (1 +€)R] where v achieves a nonpositive minimum,
hence w(¥r¢) < w(R), v, (Tre) = 0 and Av(Fg,) = 0. There holds w, (Fge) = w(R)(per( <) and
Aw(TRe) = W(R)Aqbg(le;l). Therefore,

~ 2 ~ q
\% \%
W) = —dw(Fng + LT Vel
wW(TRe) wa (T Re)
TRe |2 TRe\ |49
_ ﬁ 2 \V(»be( }1?2 ) q |V¢€(T) (13)
”’(R)A‘pe( R )”” O e T
<C(w(R) w?(R) w(R) )
€2R?  €2R2w(Fre) €TRTwI1(Fre))

where C = C(N, q, M) > 0.

Now, if g > 2, we multiply by w9~ ! () and obtain the estimate
o W Ry + B -2ry + w"(R)) R Ll
€2R? €2R? qR4q cqRA

wIt (Fre) < C(

Because w9 (Fpe) = ming—e)r<r<a+er w7 (r) = w9*1((1+€)R) we obtain

_4q_
w9+ (R)

q
+1

w1 (1 +e)R) = C -
R#T

We apply the bootstrap method of [6, Lemma 2.1] with ®(p) = p_% andd=-h= % and we
conclude that )

w(R) < C(®(R)) ™ =CR™1.
If 1 < g <2 we have from (13),

3~ w(R) w?(R) wi(R)
W (FRe) < ( 2 R2 w(r Re) 2 R2 +6~67wa2*6[ (rR,e))
w(R) w?(R) w9(R)
_C( w(R)+ TR +€‘7R‘7w2“7(r))

J[(w?(R)  w?(R)
<C|——+——
€2R? €9R?
o w*(R)
€2R?2

Then,
2
w3 (R)
2 2
€3 R3
Now, applying [6, Lemma 2.1] with ®(p) = p_%, d=-h= %, we obtain

w((l+e)R)<c

1
w(R) < C(®(R)) ™ = CR™2,
Note that in the two cases, the upper estimate is independent of u.

(2). Assume that u satisfies (10) in Bﬁo Here also the function w is monotone on [rj,00) for
some 7] = rg. Let 0 <e<landR>r+1. fwis nondecreasing on [R(l —-€),R(1 +e)] then

wR) =z w(rpe) =2 w R(l ¢€)) and therefore

wI(R) wq(R)Ll ZC—% — ifg>2,

+ E—
€2R? €9Rq

w(R(1—¢€)) < w(Tgre) < C(
€ +
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From the bootstrap argument,
CiR™? ifg>2,
2CR™1 ifl1<g<2,

which contradicts the fact that w is nondecreasing. Hence w is nonincreasing and we obtain the
estimate

w(R) s{

20— ifg>2,
w(R( +e)) < el gal
20" ifl<g<2.
GWRW
Therefore we obtain (10) as before. O

Remark 2. Note that in the non-radial case, such a kind of estimates of supersolutions are
extended in [7] to similar estimates of the spherical minimum of u.

2.2. General gradient estimates

Here we obtain a general estimate of the gradient of a solution, non-necessarily radial, in terms
of the function itself. It is based upon a combination of Bernstein and Keller-Osserman methods.

Theorem 3. LetN=1andqg>1. Ifue C(B_,O\ {0}) is a solution of (1) in By, \{0}. Then for any
p€(0,%2] andany x € B, \ {0}

__1 u _u
|Vu(x)| < c1lx]” 7T + comaxed + cgmaxea-D, (14)
Bp(x) By ()
wherec; =c;j(N,q,M) >0, for j=1,2,3.
Proof. The technique is standard and we recall it for the sake of completeness. We set z = [Vul?,
then by Schwarz inequality,

1 (Au)?
_EAZ+ +(VAu,Vu) <0.
Then, for € > 0 small enough,
1 Mzz —e")? Mq a Vz|?
_EAZ+ % <e¥z+ qu?_2|<Vz,Vu>| <ez+ez+ Cg,q,MI | .
Using again Hélder and Young inequalities, we obtain
1 M?z9 v 4y IVz|?
—EAz+ <2Me"z2 +e'z+ez7+ Ce g m
q 2u "u q |VZ|2
<e129+C e +e227+ Cere? " +€29+ Co g m )
z
With the choice ¢, € and €, small enough and the last inequality turns out into
1 M?z9 / Vzl?
_EAZ+ SC162u+Cgequ+quN,M| | . (15)
z
Then we use a variant of the Osserman—Keller inequality proved in [6, Lemma 3.1] and we
obtain (14). O

The next result which holds only if g > 2 is a universal a priori estimate of u and Vu solution
of (1). The proofis delicate and can be found in [7].

Theorem 4. Let N =2 and q > 2. Ifue C(By, \{0}) is a solution of (1) in B;, \ {0}. Then there exists
C >0 depending on N, g, M, u such that

C C
e"W<— and |Vu(x)|s— forallxeBrn \{0} (16)
|x[4 |x] 2
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3. The dynamical system approach

A radial solution of (1) satisfies

N-1
Prd ey — ur+Mu,|7-e*=0. 17

m,p,q

In all the sequel we consider essentially radially symmetric solutions u of (1), that means func-
tions satisfying (17). Furthermore, solutions are at least C3 on their maximal interval of existence.

3.1. Monotonicity and global properties

Lemma 5. Let g > 1 and u be a radial solution of (17) on (0,ry). Then u has at most one local
maximum and u, keeps a constant sign near r = 0 and the following dichotomy holds:

(1) either u,(r) <0 on(0,ry) and u(r) — oo whenr — 0;
(2) oru,(r)<0on(0,ry) and u(r) — ug whenr —0;

(3) oru,(r) >0 near0 and u(r) — uy whenr — 0;

4) oru,(r) >0 near0 and u(r) — —oo whenr — 0.

Proof. The proof follows easily from the monotonicity of u. g

Proposition6. Let N =2 and g > 1. Ifu is a solution of (17) defined in the maximal interval (0, R)
and decreasing near 0, then R = oo and u, <0 on (0,00). Furthermore u(r) — —oco and u,(r) — 0
when r — oo. As a consequence, if u is positive near 0, it has a unique zero on (0,00).

Proof. By Lemma 5, u, <0 on (0, R). Set

. i
H(r)=e +7. (18)

Then

2 2 1
F(r) = — us + Mlu|Tu, = - uy — Mlu |7,

’
Hence ./ is decreasing on (0, R). As a consequence for any 7 € (0, R), uf is bounded on [7, R).
If R < oo, by integration u(r) is also bounded on [7, R) which is impossible since R is maximal.
Hence R = oco. Since (") is decreasing and positive, there exists ¢ = 0 such that ("’ — ¢ when
r — oo. Moreover, since it is positive and decreasing . (r) admits a limit A = 0 when r — co and
therefore u, (r) shares this property. This implies that .#; is integrable and therefore u,(r) — 0
when r — co. Since e — ¢ =0, and u, (r) — 0 we obtain that —u,,(r) — —£. If ¢ > 0 we would
obtain that u(r) — In#, which is not compatible. Hence ¢ = 0 and u(r) — —co when r — oo. O

Remark 7. More generally, if u is a solution defined on a maximal interval I, containing ro > 0
and if u,(ry) <0, then u,(r) <0 for r € I, N (rg,00) = (ry,00), u(r) — —oo and u,(r) — 0 when
r — oco. On the contrary, if u,(r9) > 0, then either © admits a unique maximum at r; > ro and
therefore u(r) — —oo and u,(r) — 0 when r — oo, or u is increasing on I, N (rg,00). In such a
case two situations could occur: either I, N [rg,00) = [rp, 1) and lim,_,, u(r) = oo (u is a large
solution), or I, N [rg,00) = [1ry,00) and lim,_.o, #(r) = co.

3.2. Associated differential systems

To the equation (17) we associate several systems autonomous or not.
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3.2.1. Non-autonomous systems of order 2
Lemma8. Letx, X and ® be defined by
x(t)=r?e", X(@)=r7e"", ®)=-ru,(r) witht=Inr. 19)

Then u is a solution of (17) if and only if

Xr=x(2—-®D)
2-q)t (20)
O, =(2-N)D— Me? D! |D|9 + x,
where x > 0. This system is also equivalent to
X =X(g—D)
21
O, =2-N)P—e? D'(-M|D|7 + X).
Proof. We set
u(ry=U(t) witht=Inr. (22)
Then
~Us— (N=-2)U; - e*eV + Me® D', |7 =0, (23)
and ® = —U; = —r - with v = e". The proof follows. O

Remark 9. For the Emden equation (4) the system in (x, ®) is

X =x(2-®D)

®;=(2-N)D+x.
The equilibrium are (0,0) and (2(N —2),2). If N > 2, the characteristic values of the lin-
earisation at (0,0) are Ay = 2 — N with eigenvector (0,1) and A, = 2 with eigenvector (N, 1).
Hence (0,0) is a saddle point. The stable trajectory at (0,0) is located on x = 0 and actually
it is (x(2),®(1)) = (0,ce>™™M7). It is not admissible. The unstable trajectory at (0,0) satisfies
(x(1), (1)) = (Ne*!,e*")(c+ o(1)) (c > 0) when t — —oo, which corresponds to a solution u sat-
isfying (1(0), u,(0)) = (IncN, 0). Replacing IncN by uy, we obtain all the regular with u(0) = uq.

3.2.2. First autonomous systems of order 3

It is well-known that a non-autonomous system of order 2 can be transformed into an
autonomous system of order 3. Actually several transformations are possible.
Lemma 10. Let u be a solution of (17). Set

x=r?e", X=r" ®=-ru,, V=rlul?" witht=Inr. (24)

Then there holds in variable (x,®, V)
Xr=x(2-D)
O, =2-N)D—-M|D|V +x (25)
v, = V(N— (N-1)g-(q—1)(MVsign(@®) - g)),
and also with (X,®,V)
X;=X(g-®)
D, =(2-N)®-VIO|(M - 35) (26)
V, = V(N— (N-1)g—-(g-1)(M- ﬁ)sign(@)V).
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Proof. By a direct computation
r? =M = ||y,
®;=2-N)O—M|D|V +x=2-N)D+|D|'"7V(-M|D|7 + X)
and, whatever is the sign of @,

Yt o prig-n2=a g —1)(2—N+_M|(D|V+x)
=R+ @-D=2-q+(q o

—M|®|V +x

=67—N(€I—1)+(67—1)—q)

=q-N@-1)+(g- 1)(—MVsign(¢)) +g)

X .
=q-N(@g-1)+(q- 1)(—M+ W)Vs1gn(c1>),

which leads to (24) and (26). O

We also introduce another system of order 3 in the variables (x, ®,©), where O(f) = e?~9:

Xr=x(2—-D)
D, =x+2-N)D-M|D|90 (27)
0;=02-9)0.

This system will be interesting when ¢ — —oo (i.e. singularity in x) if 1 < g < 2 and when ¢ — co
if g > 2 since in these two cases O(f) — 0 when ¢ — —oo or t — oo according r — 0 or r — co. It
admits two equilibria, (0,0,0) and (2(N -2),2,0).

3.2.3. Reduction to an autonomous quadratic system of order 3

Using a suitable change of variable, the equation is transformed into a remarkable quadratic
system of Lotka—Volterra type as the next lemma shows it.

Lemma 11. Let u be a solution of (17). At any point where u,(r) # 0 define
re%
Z=——, V=rlu|?', ®=-ru, witht=Inr. (28)

;
Then there holds
Zy=Z(N-®+sMV - Z)

V;=V(N-(N-1)g+(g-1)(Z-sMV)) (29)
O, =®2-N+Z-sMV)

where s = sign(®P).

Proof. We start from (25) and define Z = %, = —%u. Then
Zy x¢ O ||

S o) @+N-2+M—-2Z,
Z x O @

which implies (29). O
Remark 12. For g # 2 the system (28) admits four equilibria

0=(0,0,0, Q=(N-202, No=(N,0,0), Po=(0,s*5 ).

The linearised system at Qy is
Zi=(N=-2)(N-2—-Z+MV -D)
Vi=2-q)V (30)
O, =2-N+Z-MV).
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The characteristic polynomial is
PA) =@2-qg-A(A*+(N-2)A+2(N-2)).

One root is 2 — g, the two other roots have negative real part. Hence if 1 < g < 2 there exist
a 2-dimensional manifold of trajectories converging to Qyp when ¢ — oo and an unstable tra-
jectory issued from Qp. This unstable trajectory corresponds to a solution u of (1) satisfying
lim,_qr2e*" =2(N-2). If q > 2, Qo is a sink which attracts all local trajectories.

The linearised system at Nj is

Zy=N(-®-MV-Z+N)
Vi=qV 31)
D, =20.

The characteristic polynomial is
PA)=-(q-MN2-N)N+A).

It can be checked that the trajectories converging to Ny at —oo correspond to the regular trajecto-
ries.

Finally the trajectories converging to Py at —oo with g > 2 correspond to the solutions of
Hamilton—Jacobi type as it is shown in the proof of Theorem 28.

4. Isolated singularities when 1 < g <2
4.1. Singular behaviour

In this section we use a perturbation argument due to [19, Proposition 4.1] that we recall below.

Proposition 13. Let h: Ry xRN — RN be a Carathéodory function. Assume that there exists locally
continuous function h* : RN — RN such that for all compact sets C < RN and all € > 0 there exists
T = T(e,C) > 0 such that
ess sup sup|h(r,x) - h* (x)| <e.
xeC =T

If x(t) is a bounded solution of x; = h(t, x) on R, such that x(0) = xg, then the omega-limit set of
the positive trajectory of x is a non-empty connected compact set of RN which is invariant under
the flow of the equation x; = h* (x).

Mutatis mutandis a similar result holds if R is replaced by R_ and omega-limit set by alpha-
limit set.

Our first result is a complete description of the behaviour of any solution near 0.
Theorem 14. Letl < g<2and N = 3. Ifu is any radial solution of (1) in By, \ {0} there holds:

(1) either

1
limr?e*") =2(N-2), thatis lir%(u(r) - 21n—) =1n2(N-2); (32)
r— r

r—

(2) or u is a regular solution, i.e. there exists uyp € R such that lim,_ou(r) = uy and
lim, g u,(r) =0;
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(3) orlim;_qu(r) =—oo and

. N-2 _
lli%r u(ry=y<0 when1<q<N_1, (33)
1 (N-1)\N! N
Hm rV 2 in eV Yur) = ——(—) when g = ——-, (34)
r—0 N-2\ M N-1
1
2-q -1((N-1)g—N\a1
limratu(r)=—-Epy:=— q (( )q )q when <g<2. 35)
r—0 2—g\ M(g-1) N-1

Proof. By Theorem 1 we have that r2etM < C = C(N, p,g,M)>0when0<r< r2—° We consider
the system (20) in (x,®) = (r2e*) —ru,) in the variable ¢ = Inr, that is

{xt =x(2-®) 36)

O, =x+@2—-N)D - Me? DP9,

Step 1. We assume that u is decreasing near r =0. Then® >0and x(r) < Cfor0<r < %
If @ is unbounded on (—oo, T] with T = In7, we encounter two possibilities.

o Either ® is monotone as t — —oo and ®(#) — co. Then for any A > 0 we have that x(f) <
—Ax(t) for t <ty < T, which implies that ¢ — e x(t) is decreasing on (—oo, £4], thus
x(t) = eA'a=D x(¢,) on this interval, an inequality which contradicts the boundedness of
x(1).

e Or @ is not monotone and thus there exists a sequence {t,} tending to —oco such as
®(t,) is a local maximum of ®, and the sequence {®(t,)} tends to co when n — oo.
From (36) we have that x(t,) = (N — 2)®(t,) + Me®? 9 |®(z,)|! — co. This contradicts
the boundedness of x.

Hence @ is bounded. Therefore there exists x > 0 such that sup{|x(t)|, |(I>(t)|} <xfort<InT.
Since g < 2 this system is an exponential perturbation as t — —oo of the system

{ X =x(2—-®D) 37)

O, =x+(2-N),

in the sense of Proposition 13, which is the system associated to the Chandrasekhar-Emden
equation —Au = e. This system admits the equilibria (2(IV —2),2) and (0,0) which both are
hyperbolic. The point (2(N —2),2) is a sink while (0,0) is a saddle point. Therefore (2(N —2),2)
is repulsive when ¢t — —oo and the only solution in its neighbourhood is the constant solution
(2(IV - 2),2) which corresponds to the explicit solution of the Chandrasekhar-Emden equation,
u(r) = ln%. To the stable trajectory of (37) converging to (0,0) corresponds the regular
solution of the same equation.

By Proposition 13 any bounded solution of (36) admits a limit set at —oo which is invariant
under the flow of (37), actually, the only possibilities are (2(N - 2),2) and (0,0). Then either
(x(),®(0) — (2(N-2),2) or (x(8),®(8)) — (0,0) when ¢t — —oo.

In the first case u(r) satisfies (32). In the second case we introduce the system (27) with
O(t) = e~ P! and we are in the situation where (x(¢,®(1),0(#)) — (0,0,0) when ¢ — —oco. We
recall the system (27) in (x, ®, ©) with O(f) = e>~9?,

Xr=x(2-D)
O, =x+2-N)D-M|P|90 (38)
0;=02-9)0.
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The associated linearised system at (0,0,0) is

X =2X
O, =x+(2-N)O (39)
0;=02-9)0.

The eigenvalues are 1; =2 >0, 1, =2—-N <0 and A3 =2—-¢g > 0. Hence there exists a 2-
dimensional unstable manifold .4 of trajectories issued of (0,0,0) as t — —oo; #; is relative to
the eigenvalues 1; and A3 with corresponding eigenvectors w; = (NN, 1,0) and w3 = (0,0,1) which
generate the tangent 2-plane at this point. In the manifold .# there exists one trajectory J7,
called the fast trajectory, associated to A; and admitting the vector w; for tangent vector at this
point. However this trajectory is located in the plane ® = 0 since the point (0,0) of the restriction
of (38) to this plane is a saddle point, hence this trajectory is also the unstable trajectory of
(0,0). Therefore this trajectory is not admissible. Hence our trajectory is associated to A3 with
tangent vector ws at (0,0,0). Along this trajectory there holds x(#) = 0(e® 9!) = o(©(#)) and
@(1) = 0(e?~ %), Then r| ur(r)| = 0(r?~9) when r — 0, and thus u(r) has a finite limit ug at r = 0,
which implies x(f) = e" eZI(l +o0(1)) as t — —oo. It follows from the equation (1) and elliptic
equation regularity that u can be extended as a C? solution, thus u,(0) = 0 and u is a regular
solution.

Step 2. We assume that u is increasing near r = 0. Then either u(r) has a finite limit uy when
r — 0 or u(r) — —oo. Moreover u;, is monotone near 0: indeed at any point 7 where u,(7) = 0 the
following identity

N-1 .
Urrr (1) = (T - eu(r))ur(?) >0.

Then:

e either u,(r) — 0 but in that case u(r) — ug at 0 and u is concave near 0, hence it is
decreasing, contradiction;

» or u, has a positive limit cy at 0, then again u(r) — up but from the equation u,, is not
integrable at 0, contradiction;

« or u, tends to co. In that case e”) = o(u!(r)). In that case equation (17) can be written
under the form

u+Mru! =0 (40)

—Upy —

where M(r) = M — (u,(r)~9)e*"”) — M when r — 0. Equation (40) is explicitly integrable
and we have

o .
rm D@D x () = g NV X () + (g - 1) f s~ (N=DE@-DR7(s) ds. (41)
r

where X(r) = ui_q. By performing a direct integration of (41) we obtain (3). g

4.2. Existence of singular solutions of Emden—Chandrasekhar type

Theorem 15. Let1< g <2 and N = 3. Then there exists a unique radial solution u,, of (17) defined
on (0,00) such that

lirr(l) r?e"V =2(N-2) and lirr(l) rup(r)=-2. (42)
r— r—
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Proof. We still consider the systems (36) and (38) relative to (x, ®, ®). Here we prove the existence
of a unique trajectory 9 of (38) converging to the poillt Py = [Z(N— 2),2,0) as t — —oo. The
linearised system at Py with x =2(N-2)+xand ®=2+® is

X:=—-2(N-2)®

O, =x+2-N)D-M290 (43)

0;=2-¢9)6.

0-2(N-2) 0
A:(l 2-N —ZqM).
0 0 2—-q
The characteristic polynomial associated is

det(A—AD):=P(A) = (2-q-N)(A*+(N-2)A1+2(N -2)). (44)

Set

The corresponding eigenvalues are 1; =2 —¢g > 0 and A,, A3 which are real and negative if N = 10
and complex with negative real part if 3 < N < 9. Hence we have the standard decomposition

R®=ker(A- M Do H

where H is either ker(A — A1) & ker(A — A3I) if Ay # A3 are real, or ker(A — AaD? if Ay = A3
(necessarily real), or %e(ker(A —Ax) @ ker(A-— /13])) if 1, # A3 are not real but conjugate. Then
ker(A— A1) =span{w} where w; has for components

w1 =(2(N-2),q-2,2T7Mf(q)) where f(q)=qg*—(N+2)g+4(N-1).

We prove that f(gq) # 0. This is clear if N < 10. If N = 10 it admits two positive roots q; < g, with
2 < g,. Since f(2) >0, then 2 < q;. Therefore f(g) > 0. Then there exists a unique trajectory J *
associated to (x*,®*,0*) such that lim;_._oo(x* (1), ®* (1), 0* (1)) = (2(N - 2),2,0) with tangent
vector at the trajectory at Py is colinear to w; and such that ®*(¢) > 0 as ¢ — oco. To this trajectory
is associated a solution u,, of (17) satisfies (42). It is decreasing; by Proposition 6 it is defined on
(0,00) and it satisfies lim, .o, u(r) = —oo and lim,_., ¢, (r) = 0. Any other solution corresponding
to the same trajectory is just a time shift of (x*(¢),®*(¢),©*(¢)) and it corresponds to the same
function u,,. Il

4.3. Existence of singular solutions of Hamilton—Jacobi type

Next we show the existence of solutions satisfying (35).

Theorem 16. Let % < q < 2. Then there exists infinitely many radial solutions u of (17) defined
on (0,00) such that
lim rPu(r) = ~¢u, (45)
where B = 2%’17.
Proof. We set U = —u, then
~AU-M|VU|7+e7Y =0,
and we put
Ut =rPew, U =-r 7Tnw=-rFnw witht=Inr. (46)
We are led to the system
{ §e=ps—n 47)

L[ —ﬁt
Ne=—kn+Mnd—erTe ¢ ¢D,
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with x = (N_ql#v > 0. The couple (&,7) is a solution if (£(2),7(8)) — (Em, BEm) when ¢ — —co. Set

E=¢&—&yand =n— Béy. Then

&= PBE-T
_t — — qt _ Bt (F. (48)
n,=x(q-Dn+F@)—eile C+Em)
where F(7)) = O(|771%). Let 0 < 6 < 4x(2 — q), then there exists p := p(6,x) > 0 such that
0Bx* —0xy +x(q—Dy* = uOx* + y*.
Hence
1d - . o
55(952 +7P) = (O +72) + 7(F) - e71 e~ i) 49)

There exists (xo, yo) such that:
M) Ixol < 1éms
@ Iyol <min{Zéns,c} = [FOo)| < Elyol® < Elyol%
and if we choose (Eo,ﬁo) such that |&y| < |xo| and 7! < |yol. We denote by (E(t)rﬁ(t))tsto the

solution of (48) with initial data (£(ty),7(f0)) = (€, 7). As long as |&(£)| < |xol and [7(8)] < |yol we
have

A e PE 4 24t pig
InleTe™® P& = §n2+—efkle_28 pregt

and
1d -2 _ uoo=2  _ c(¥)
- — (O +7H) =508 +7H) - —,
53,06 v =508+ - —
where C(1) is a positive function which satisfies
lim e *c(t)=0 foralla>0.
t——o00
This implies

_ _ fo
OE()? +7j(1)? < e““‘fo)(efﬁ +72) + e'”tf e Mce(s)ds for £ < 1. (50)
t

As long as |E(t)| < |xg] and |1_)(t)| < |yol, the above ingquality holds. If we take 953 +1]% <
min{fx3, y2}, inequality (50) holds for all ¢ < #y. Hence (¢(1),7(¢)) — (0,0) when ¢ — —oo, which
implies

Jim (£00,n(6) = Eur, BEr). (51)

If we set rg = e and u(r) = —r‘ﬁ(fM + E(ln r)), then u is a solution of (17) in (0, ry] which
satisfies (45). Such a solution can be extended to (0,00) by Proposition 6 and the choice of its
data at r = ry has for unique restriction u(ry) and u, (ry) corresponding to (g, 7). Il

Next we show the existence of solutions of (17) satisfying (33) by a fixed point method.

Theorem17. LetN=3andl<q< % Then there exist pg > 0 and ko > 0 such that for0 < p < pg
and —ko <y < 0 there exists a radial function u, satisfying

—Auy + M|Vu, |- e = cyydo in2'(Bp),

52
uy =0 on0B,. (62)

Furthermore

N

ylr(l) rN-2 uy(r)=vy. (53)
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Proof. We look for a radial solution u satisfying
lin(l)rN_zu(r) =y and lin(l)rN_lu(r) =(1-N)y. (54)
r— r—

If such a solution exists e” and |[Vu|7 are integrable and (52) holds. The function U = —u has to
satisfy (note that —y > 0)

U= — U,-MIVUl9+e Y =0 in(0,p),

lim rV2U(r) = -,

U =-y (55)
lim Nl () = (N -1y,

e

U(p) =0.

Hence the function V(r) = U, (r) satisfies
;
V(r)=(N-1yr'N- rl‘Nf (M|V|7—eV)sN1ds. (56)
0

We combine this with

p
U(r)= —f V(s)ds, (57)

and define the operator (U, V) — K(U,V) = (K1 (U, V), K>(U, V)) with
o
KW,V =- [ Vs

r (58)
,
KU, V)() = (N=Dyr' N - rl‘Nf (MV]9 - e V)N gs.

0
We define K on the subspace & of C((0, p]) x C((0, p]) of functions W = (U, V) which satisfy
Wz = (U W), = max{a sup rV72|U(r)], sup rN‘1|V(r)|} = max{o N1 (U), Na(V)} < oo,
0<r<p O<r<p

where0 <o <1.

Step 1: Lipschitz estimate. We have

)

o
f (V1 —-Va)ds
.

0<r<p

[K (U1, V1) = KUz, V)| 5, =max{a sup rV72

sup
0<r<p

Lr(M(|V1|q —V2]9) = (e - e—\UZI))SN—l ds

}

=max{l, }.

Sinceforr<s<p
Vi =) ()] =s"N sup r¥ (Vi - V) ()],
0

<r<p

we have that
o

N-2

L < sup V(W - V)(0)] =

No(Vh —Wo).
N_zP (V1 = V2)

Concerning I, we have
le” = e7IU| < ||Uy | - U] = UL - Us,
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hence
r p
sup f (e7!UM - 71Uzl §N=1 g s(sup rN_2|U1(r)—U2(r)|)f sds
0<r<plJO 0<r<p 0
02
<= sup N2 U (1) - U2(1)]
2 0<r<p
0?
< ?Nl(Ul_UZ)r
and
[1Vi17=1217](9) = gsup{ [V (9)| T [Va(9)| T Hiva = Val(s)
< g sup max{|r¥ V)] T PN V(0|1 SO - v ),
O<r<p
and
.
sup fo m(1V119—V2|9) sV ds
0<r<p
mqmax{|rN’1V1(r)|q_l,\rN’le(r)iq_l} Nl
< sup sup |V1(r)—V2(r)|
0<r<p N-q(N-1) 0<r<p
mqmax{|rN‘1V1(r)|q_1,\rN‘le(r)iq_l}
< sup No(V = Vo).
0<r<p N-q(N-1)
Finally,
o
[ KU, V1) = KUz, V)| 5 SmaX{N_ZNZ(Vl - Va),
2 Mgmax{NJ ' (), Ny~ (1a)}

%Nl(ul —Up)+ Na(Vi - Vz)}. (59)

N-q(N-1)
Step 2: Bounds on the mapping K. We still have to estimate the terms qu 71(Vj) and for such
a task we have to find a ball B in C((0, p]) x C((0, p]) endowed with the norm |- |z which is
invariant under K. If (U,V) € B* =B #((0,0)) we have by assumption

R
GIE ;rz_N and |V(r)|<Rr'™N forallo<rs=p. (60)
Then P R
NﬂKﬂUJU)ssuprN;a[ Rs' Nds< : (61)
O<r=p r N-2
Since by (60)
r N MRY N-q(N-1)
[ i e geg T MBS
0 N N-qN-1)
we obtain
pZN e (N2 pN  MRIpN-a(N-D) o
N (KU, V)<t +(N=2yl+ —+—L
> (Ka( ) 2 1(U) +( Myl N N_gWN-1D (62)
and finally
oR p°R pN  MRIpN-aIN=D
“MUWﬂﬂsnm%———ﬁ—nﬂN—mm+——+————————} (63)
N-2" 20 N N-g(N-1)

We fix o = %. Therefore for any R > 0 there exist 0 < pg < 1 and ky > 0 such that for 0 < |y| < ko and
0 < p < pp there holds
[V, <R = |KWUW|,=R (64)
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Step 3: End of the proof. With the choice of o, we have %5 = ;7 < 3. Furthermore, if

|(U, V)| 4 = R we have also supy.,<, ™V "!|V(r)| < R, hence NJ7'(v) < R71. Combining this
fact with estimate (59) we obtain that if (U;, V;) and (U,, V») are in BJ( there holds if

| KWL VD) - KW, V)| < max{ 3No(Vi - V2), G Ny (UL — Un) + s Ny (Vi = Vo) | (65)

q-1
Up to reducing the value of R, always with R < 1, we can assume that % < i. A

straightforward verification shows that
2
ax{3N2(Vi = V2), & Ni (U1 = Up) + ENa (Vi = Vo) < max{3, 02 [IU= Ve (66)
Since p < 1, the mapping K admits a fixed point (U, V). Hence U satisfies
g, Ny T4 UI_g i
Uyr . U —M|VU|" +e =0 1in(0,p),
lim rN2U(r) = -,
r—0
and it vanishes on r = p. Since —y > 0 and lim, ¢ N2y = —7 there exists p; € (0, p] such that
U(r)>0for0<r < p;. Hence e”'V! = ¢"U. Thus u = —U satisfies (52) in B, . By Proposition 6 u
can be extended as a solution of
—Au+M|Vul?—e" =cyydy in2' RY). (67)

Note that the existence of solutions to (67) is natural as soon as it is proved that |Vu|? is integrable
by using the classical result of [8]. O

5. Isolated singularities when g > 2

We first denote by Upjk the solution of the eikonal equation in RN\ {0}
Mlu,|7-¢e*=0. (68)

Its expression is
Mgq1 .
Ueik(r) =1n — —qInr+Angm with Ay gnm=InMg9. (69)
r
Notice that if N = 2, Uy is a solution of (17) in R? \ {0}. If N = 2 it is a supersolution.
Our first key result is the description of singularities at r = 0 when g > 2.

5.1. Singular behaviour

Theorem 18. Let N =1 and q > 2. If u € C*(By, \{0}) is a radial solution of (1) in By, \ {0}, the
following dichotomy holds:

(1) either
limr?e“") = Mq?  and yn(l)rur(r) =-gq; (70)

r—0

(2) or there exists ug € R such that

‘&
L

u(r) = uo+cMqu (1+o(1)) asr —0, (71)

(N-1)g-N Cg-l 1 N\ .
where ey g = 4 (S )7 PN > 1 and ey, =~ 5 (k) T
(3) oru isregularat 0 in the sense that there exists ugy € R such that
lim u(r) = ug and limu, (r) =0; (72)
r—0 r—0
(4) or N =1 there exists uy € R such that

lirr(l) u(r)=upeR and lir% ur(r) = b € R,. (73)
r— r—
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For proving this result we need two intermediate lemmas.

Lemma19. AssumeN =1 and q > 2. If u is a solution of (17) in (0,1), then either for any C € (0,1)
there exists rc > 0 such that
v > CMq? forallr =rc, (74)

or u satisfies (2), (3) or (4) in the previous statement.

Proof. Step 1: The case of decreasing solutions. Assume u, < 0 near 0. Then u, < 0in (0,1) by
Lemma 5. Following an idea of Serrin and Zou [23], for any C € (0, 1) we define the function F¢ by

Fc(r)=e“*—CM|u,|9. (75)

(i). We first prove that given C € (0, 1), F¢ has a constant sign near 0. There holds

-1
Iurl—e”).
|ur|)

N-1
= —CM]u,|7*! +CM6/|ur|q(M(1—C)|ur|"_1 + —)
;

-1
_lur| .

As a consequence, if furthermore F,, ' (r*) <0, we obtain that for r = r*

N
FL(r) = —e"|uyl +CMq|ur|q*1(M|ur|q+

At a point r* such that F¢(r*) = 0 we have

N-
FL(r*) = =CMlu, |7 + CMqlu, |7~ 1(M(l O)lurl?+

N
= CMIurlq(qM(l ~Olu T +¢q

-1
gMQA - O)lu, 77" + q < lurl. (76)

Since g > 2, this inequality implies that u, (r*) is bounded and more precisely |ur(r*)| <Acmq=
1 ¥ 9
(qM(l Q)% which in turn implies etlr’) = CM|u (r* )|’7 < Bc,m,qg = CM(gM(1—-C))74. This

sign near 0.

Next, if N =1, u, is monotone near 0 by Lemma 5. If the function F¢ is oscillating near 0, there
exist two sequences {r,} and {7} tending to 0 such that Fc(r,) = Fc(7,) = 0 with F’ (rp) <0
and F () > 0. This implies ‘u,(rn)i < Ac,m,q and |ur(r,,)| > Ac,m,q, which contradicts the
monotonicity of u,. As a consequence, for N =1 also, F¢ keeps a constant sign near 0.

(11) Suppose that for any C € (0, 1) there exists r¢ € (0,1) such that Fc(r) >0for0<r<rc. Then

_u)

e + (CM) a u, = 0 on this interval which implies that r — (CM) 7 r—ge 4 in increasing on

ur)

(0,r¢). Since u, < 0, either u(r) — oo when r — 0, in which case (CM)‘? r— qe_lf? >0 and
therefore (") > CMq9r~9 whichis (74). Or u(r) — up and the assumption F¢ > 0 implies that u,
is bounded on (0, r¢]. By standard regularity theory, u,, is also bounded. This implies that u,(r)
has a limit when r — 0, and this limit is necessarily zero from the equation if N > 1. Therefore in
that case u satisfies (73) or (72).

(iii). Suppose now that for some C € (0, 1) there exists r¢ € (0,1) such that F¢(r) <0forO<r <rc.
Then

-1
—Upy — u+M1-0Olu?<0.

Setpu=MQ1~-C)and W = —rN~1y, = rN-1|y, |, then
pur~ VD@D | yayy, <,
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By integration, it implies that the function

r— W) + _Ma-1) pN-(N-Dq

(N-1)g-N
is nondecreasing. When N > 1 we have that (N — l)q N > 0 since g > 2 and we get a
contradiction. When N=1, W = —u, and r — |ur(r)| —ulg-Dris nondecreasing. Hence
it admits a limit £ = 0 when r — 0. If £ = 0 then |u, (r)| — co. Since lur (]~ = g - Dr — 0, we

have that |u,(r)|l 9> u(g—1)r. Hence |u,(r)| ,u(q l)r) ‘1 4-1, By integration we obtain that
u(r) has a limit . Slnce Urr + M| url"(l + 0(1)) 0 we deduce by integration that (71) holds. If
¢ >0 then |u,(r)| — —= and (73) holds.

Step 2: The case of increasing solutions. Since uis bounded from above, it follows by Theorem 3
1
that |u,(r)| < cr a1 near 0. Since g > 2 it follows that u(r) admits a limit u#y when r — 0. The

function v = u — uy satisfies

N
—Urr__Ur+M|Vr|q:eu0(ev_1) =¢v
r

where(,b:e”oe L _, et a5 r —0.Set W =rV-1y,, then
W, = rN_l(Mr_(N_l)qW" - v).

The function u, is monotone near 0. Indeed, at a point ¥ where u;(7) = 0 there holds
N-1 .
rrr (F) = (—~2 - e”(”)ur(ﬂ;
7

as u(r) — upgwhenr — 0, % — e is positive near 0 if N = 2, negative if N = 1 and in any case this
expression keeps a constant sign.

Either u, — oo when r — 0 or u, has a finite limit. In the first case we have that ¢v = o(v;)
when r — 0. Thus we can write the equation satisfied by v under the form

_rl_N(rN_l Ur)r +M* (r)|Vr|q =0

where M*(r) = M(l + 0(1)). This equation is just a perturbation of —rll_N(rN‘1 vr)r+ M 9=0
and it is explicitly integrable. If N > 1 it yields v,(r)=O@p,nr~ 7 (1+0(1)) where Op,y =

(%V) . We obtain (71). If N = 1 we obtain a contradiction. In the case where u;, has a
ﬁnite limit, the function u satisfies (72) or (73). O

Next we give the precise behaviour of solutions of (17) such that r7e* is positively bounded
from below. The result is obtained thanks to an energy function adapted from Leighton’s
method [1].

Lemma 20. Let N =1 and q> 2. Ifu is a solution of (17) such that r9e" = Cy for someC, >0 ina
neighbourhood of 0, then (70) holds.

Proof. Since u(r) = —qglnr + c and u, has constant sign near 0, it is negative. We set
X =r1e"", y@)=-r?*te* My, (r) witht=Inr. (77)

Then (X, Y) satisfies
=qgX-Y:=f(XY),
(78)

v? q
:(q—N+2)Y—Y+e(2_’7”( _1)=g(X,Y,t).

X4
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This system is a variant of system (20) where the unknown are X(#) and ®(#) = —ru,(r). Hence
Y (#) = X(1)®(t). Note that the use of (X, Y) is the most natural transformation for the equation
associated to (12). We recall that Leighton’s method relative to an autonomous system

'%'[ = f(%) @/),

@[ = g(%r @))

which has the property that the relation f(% ,%) = 0 is equivalent to & = h(Z) consists in
analysing the variations of the function ¢ — % (2 (1), % (1)) defined by

[ 24
F(X,¥Y) =f f(Z,9) ds—f g(s, h(s))ds. (79)
h(Z) h(Z)

We adapt this methods to the non-autonomous system (78) in considering first

Y(1)

Y (1)
F(t) = FX(9),s) ds—f g(s,gs,t)ds
.40) 40

X2 t 2 3
= (N-2)q Xm tz() o2 q)t(quXZ(”_Xsm).

In this expression the term e®~ 9 tends to co when t — —oo. Therefore we replace F by

X2 X3t X Xt
G(1) = e 9D R() = MO O _XO  a ZJr((N 24 ( ) Xi( )) (80)
2 3 2
Then we obtain
X X2 N-2
Gr=Mq7-X)XX;+(q —2)6("_2”((N—2)q3 -5 ) + e“f‘z”xt(% - X”)
X X2
=(Mq7-X)XX; + (q—z)e(‘i‘z”((N—Z)qE - Tt)
2
+ e‘”f‘z”xt(—(N_z)q SN2y - e(z_q”(M—Y‘j - Xz))
2 X Xxa-1

:( - | X+ e 20 (),
where

W)= ( —2)((N—2) X X?) +X ((N_Z)" _(N-2)Y - X?)

- 57> 2 X
X X2\ (N-2q X3
=(q-2)| (N~ 2)q +———X - — +(N=-2)(X; — g X) X;.
2 2 X
Replacing X; by its value we obtain the following expression for G,(¢)
G =MX"(gX -Y)(qgTXT- Y9+ 972y (z). (81)

Using the assumption and the bound from Theorem 1, we have in a neighbourhood of 0
C<rie*M < ,.

This implies that X (¢) is bounded from above and from below. By the proof of Lemma 19 we have
forany C <1, CM|u,|9 < e“" near 0, hence |u,| < =2 % nhear 0. Since X (1) isbounded when t — —oo
and Y (1) = () X () = —ru,(r) X (1), we have also that D(1) andSY(t) are bounded at —oo. Hence
X (1) = gX(1) — Y (¢) shares the same property. Furthermore % =X*()(q - (I>(1f))2 is bounded,
a fact which implies that the function ¥ (#) is bounded. Noticing that (X — Y)((gX)7-Y9) = 0,
we obtain

G(t)=MX"1(gX-Y)((gX)T-YT) + 972 > 92" fort=<0.
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This implies that the function ¢ — G(z) + %e(‘"zn is increasing. Hence either it tends to some
finite ¢ or it tends to —oo when t — —oo. Since X(t) is bounded from above and below and Y (¢) is
bounded, we deduce that ¢ is finite. By the definition of G(f) we have that M qq@ - @ -/
when t — —oo, hence X(#) converges to some A such that Mq? %2 - %3 =/, and ¢ # 0 since
X(#) is bounded from below. Concerning Y (), either it has a limit A and X;(f) — gA — A. But
the only possible limit for X,(#) at —oo is zero, thus A = gA. Or Y (#) is not monotone, thus it
oscillates at infinity and for a sequence {t,} of extremal points of Y tending to —oco, we have that

2
(- N+2)Y(ty) - %fn”)) = 0(e9=2)n) — 0 from the equation. Since X(t,) — A and e9=2 — 0 it

1
follows that Y (#,,) admits a limit when #,, — oo, which implies in turn that Y9(z,) — % Hence,
~ ~ 1,1
even if it oscillates, Y (¢#) admits a limit that we denote A at —oco, and A = [%) . Therefore

lim,_qr9e*" = Mq1. Since ®(t) = %, then lim;_._o, ®(¢) = g = —lim,_g ru,(r). O

In the next lemma we give precise estimates of the behaviour of such solutions by a method
inspired from [4].

Lemma21. Let N > 1 and q > 2. If u is a solution of (17) satisfying (70), then

urr(r)zr—qz(1+0(1)) asr — 0. (82)
Furthermore Mad N
_ q _ -2 q-2
u(r)=In p qu(q_l)r (1+0(1)) asr—0o, (83)
and

uy(r) = —z(l _WN-2-2) rd=2

r Mqgi(g-1)

Proof. In the proof we use the system (21) in X(¢) = rde*" and ®©(f) = ru, (r) with t =Inr. We
recall it below

(1+o()| asr—o. (84)

X =X(q-9)
D, =(2-N)D+e? DX - M|®Y).
Then @ > 0 since u, < 0. Note that (Mg, g) is an equilibrium of (21) only if N = 2.

Step 1. We claim that

tgrpooe(z—‘i“(xm - M®9(1)) = (N-2)q. (85)
Set
¥ (1) = e® DX(1) - MDY (1) = Dy(1) + (N - 2)D(2).
Then

Y=+ (N-2)0;
=2-)e® (X - M) +e? P (X(qg— D)~ Mgd7 D))
=2-q¥+e* P X(g-®) - Mge® P01 (2~ N)D +P)
=(2-g-Mqe®* P01 )y + > V(X (g - D)+ Mq(N —2)09)
- e(Z—W(X(q — @)+ Mg(N-2)07 +¥((2— g)e 2! - quﬂ‘l)).
If ¥ is not monotone near infinity, at each t* < 0 where ¥;(¢*) = 0 there holds
((g-2)eY972" + Mgo9~1 (1)) W (t*) = X(t*) (g — D)) + Mg(N - 2)09 (™).
Equivalently

X(t*)(q—-t")

Mqai (%) + (N =2)D(t7).

-2 .
(—q AT 11w (r*) =

Mq®9-1(1*)
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By assumption ®(¢) — ¢ and X(t) — Mg? as t — —oco. If t* = t, — —oo, we have that ¥ (t,,) —
(N-2)q,then ¥(1) — (N-2)q.

If ¥ is monotone near infinity, then it admits a limit L € [—oo,00]. Since @;(¢) — L— (N —-2)q
and ®(#) — g when t — —oo, then necessarily L is finite, ®;(¢) — 0 and finally L = (N —2)q as in
the previous case. It follows that

Jim W(5)=(N-2)g= lim e P'(X(1) - MP(1),
which can be written
X () - M®(t) = (N-2)qe'7?*(1+0(1)) ast— —oo,
which is the claim.
Step 2: End of the proof. Relation (85) can be expressed by
rz(e”(” - M|ur(r)|q) =(N-2)q(1+0(1) asr—o0. (86)
By (17) we obtain (82) since

N-1 N-1
- e + My 9 = S =19
-

N-2
1+0(1)) - (r—z)q(l +o(1)) = r—qz(l +o(1)).

Urr =

u

I

2

Since M|u,(r)|” = e“"(1 + 0(1)) when r — 0, we define W by u,(r) = —¢
M

(1+W(r)). Then

=

W (r) — 0 and we have when r — 0,

(e = MJu, ()| 7) = 12" (1= (1+ W(r)7) = =gr2e" W) 1+ 0(1).

This implies
(N—2)e 4" (N-2)rd=2
W(r):—T(Ho(n)=—M—qq(1+o(1)).
Therefore i
edq (N-2)ra=2
—up(r)=——|1- 7 (1+o(1))), 87)
Mi Mgq
which can be written as
Mied 1 (N-2)r97 1+0(1))=0
q q _ =
e 9 ur(r+ Mg (1+o(®)=0.
By integration,
1 _u (N-2)ri=2
-qMie 4 +r(1——(1+o(l)))=0.
M(g-1q1

This yields the expansion of e*("),

q —2)pa-2
) — MrZ (1 + z\fflglq _Zi)rqq_l (1+ 0(1))), 88)
from which follows
ury=in M4 N 27 (1+0() asr—o. (89)
rd Mqgi(g-1)
Combining (87) and (88) we obtain
-2

~ur () = %(1 ul J_\fc)](q‘z;f)lr)q (1+ 0(1))) asr —0. (90)
This ends the proof. O

Remark 22. By (88) we obtain the
r7e"" > Mg (resp. r7e"" < Mq7) ifN=2 (resp. N=1). (91)
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5.2. Existence of singular solutions of eikonal type

In this section we prove existence results for eikonal type solutions. The proof is difficult and in
dimension N = 2 it is based upon the construction for N = 1.

5.2.1. Thecase N =1

Theorem 23. Let N =1 and q > 2. Then there exists one and only one solution u™ of (17) in (0,00)
such that (70) holds. Furthermore u® = lim,_.oo U, where u,, is the regular solution of (17) in (0,00)
such that u, ,(0) = 0 and u,(0) = n.

Proof of the uniqueness. We already know that such a solution u is decreasing and satisfies
lim, o u(r) = —oco. Hence r — u(r) is a decreasing diffeomorphism from (0, 00) onto (—oco,0);
we consider r as a function of u and set

z(w) = u2(r) = u3(r(w).

Then z is defined on R and there holds
dz dr

du :Zururrdu = 2trr
hence
dz q u
— =2Mz?2 —2e”. 92)
du

The associated system in (7, z) as functions of u is

Zy = 2Mz7 —2e"
_ 93)
ry= —72.
By (70) we have that
2u
e 1 _u
z(w)=—5(1+0(1)) and r(w)=Miqge 4(1+0(1)) asu— oco. (94)
Mi

The point is that there exists a uniqgue solution of (92) satisfying (94). To see that, let z; and z, be
two such solutions, then by subtracting the two corresponding equations in z; (j = 1,2), the term
—2e" disappears and we obtain
d(z; — z2)
du
where ¢ :=&(u) =02z (u) + (1 —0) 2z (u) for some 6 € [0, 1]. Because of (70) we have that

q q q-2
=2M(z} -z} )=Mq¢ 7 (21— 22),

2

quqT_z = qM% e(lfti)u(l + 0(1)) as u — oo.
Hence the function

u— H(u,v):= e_IVMfVu“((S)qT_2 (21 (w) - 22 (w)
is constant for any v. Since by I'Hospital’s rule

R Mq* -2
—qu £(s)quds=——qu(1 ‘27)”(1+0(1)) as u— oo,
v

it follows from (94) that H(u,v) — 0 as u — oo, hence H(v, v) = 0 which implies z; (v) = z2(v).
Therefore if u; and u, are solutions, the uniqueness of z; and zp implies u; (1) = u2 (1) < 0 for
any r >0 and u; (r) = uz(r) + c. The fact that u; and u, satisfy (17) implies ¢ = 0.
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Proof of the existence. Equation (17) reduces to
—Urr+ Mluy|9-e“=0, (95)
equivalently to the autonomous system of order 2,
Ur=-v
' (96)
v, = e — Mv|9.
Let a; = 0 and denote by u, any regular solution of (95) such that #(0) = a > a; and u,(0) = 0.
Since u, is monotone it is decreasing and necessarily it tends to —oo at infinity; from Proposition 6
there exists a unique p; such that u,(p;) =0.
Step 1. We claim that there exists K = Kg;,um,q4 > 0 such that
|uar(p1)| =K. C
We consider the function F¢ defined in (75) for C = % and F%(r) = glta(n) _ %M| um(r)|q. Then
F 1 (0)=e”and
F% (p1) = e - %Mluar(Pl)w'
If F% (01) = 0 we obtain

1
2eM\q
|uar(p1)|5( ]ew )‘f.

If F% (p1) < 0 there exists rg € (0, p1) such that F% (rg) = 0 and F’% (r9) < 0 and by (76), we deduce
|tar (ro)|? >0, then 2‘1qM|u,,,(r0)|q*1 <|uar(ro)|, hence
|tar(r)| < @ gM) T2 = Ry pr.g)
and
—Uqrr(ro) = € — M|ug, (ro)| " = =27 M| uar(ro)| 7 <0,

Since ug - (0) = —e? < 0, there exists r, € (0, 19) such that u,,,(r2) = 0, and this point is unique
since —ug,rr(r2) = 4«2y, .(ry) < 0. Then ugy,r > 00n (12, p1)- Thisimplies that u,, is increasing
on (r2,p1) and thus u,,(r2) < ugr(p1). Consequently,

|uar(p1)i = |uar(l‘0)| = I?al,M'Q'
Estimate (97) follows with K = max{(22)7, g, a1 4}

Step 2. We claim that there exist singular solutions. We denote by # the vector field
H(u,v) = (-v,e" = M|v|9) = (1 (u, v), #6(u, v))

in the phase plane Q := {(u, v) : v > 0}. We denote by € the curve {(«,v) € Q: Mv7 = ¢} and the
two regions

R={w,v)eQ:Mvi>e"} and F:={uv)eQ:Mvi<e"}.

On % the vector field is horizontal and entering in %. Thus this region is positively invariant. On
the axis v = 0 the vector field is vertical and inward to Q.

A regular trajectory 9, := {(ua, —um)} >0 Starts from (a,0) with a vertical slope. Since there
exists a unique r, > 0 such that ug,(r2) = 0, I, intersects € in Q and remains in % which is
indeed positively invariant. Conversely, any trajectory issued from a point (&, v) € € for r = 1
is included in . for r < 7 as long as it remains in Q. Since /# admits no equilibrium in %,
this backward trajectory cannot remain bounded for r < 7. If this backward trajectory does not
intersect the axis v = 0, then u(r) — oo when r < r decreases to the infimum of the maximal
interval of existence and v(r) admits a finite limit. From (96) this implies that v,(r) — oo,
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contradiction. Then the trajectory intersect v = 0 at some 7 < r. This implies that u(r —7) is
the regular trajectory issued from u(7).

We first take a; = 0. Hence any regular trajectory cuts the axis # = 0 at a point ¢ such that
0 < ¢ = Ko,m,q- Therefore, any trajectory through a point (0, ¢) with ¢ > Kg a,4 is not a regular one.
We denote by Reg the set of ¢ > 0 such that the trajectory through (0, ¢) is regular and put

¢* =sup{c>0:ceReg}. (98)

By the implicit function theorem, the set of Reg is open and it is an interval since two trajectories
cannot intersect. Therefore c* is not in this set. Let ., be the backward trajectory through
(0,c*). It does not intersect €, thus it is located in the region £ where Mv9 > e". This means

_um

ure_% +M 3 <0, thus the function r — M 3 r—qe 4 isnonincreasing, consequently, for such
a trajectory, the variable r is bounded from below. Therefore any solution u with trajectory I * is
defined on a maximal interval (R*,c0) with R* > —co. Now the function r — u* := u(r — R*) which
a solution is defined on the maximal interval (0,00), it is nonincreasing, thus it is necessarily
singular and the trajectory J, of any regular solution lies below 9 * in the half-plane Q. By

Theorem 18 we have two possibilities.
1

(i) Either there exists a; > 0 such that u*(r) — a1 and u} (r) = —(m) -1 riﬁ (1+0(D)
when r — 0. In such a case, for any a > a;, the regular solution u, which satisfies
uq(p1) = a; for some p; > 0 satisfies also |ua,(p1)| < Kg,,m,q by (97). This means that
in the phase plane, on the trajectory 9, there holds v, < Ky, a4 at the point (a1, v4) =
(ua(pl), —u,a(pl)). Consider now the trajectory passing through (a;,1 + Kg, a1,4), it is
below I * and above J, for all a > a;. Therefore it intersects the axis u = 0 at some ¢ < ¢*
but which is also larger or equal to sup{c: ¢ € Reg} which is ¢*. This is a contradiction.

(i) Orlim,_q u*(r) = co. By Theorem 18 this implies that (70) holds.

Step 3: Convergence of the regular solutions. We consider the regular solutions u,,, this means
U, (0) = n and u,,(0) = 0. Let b < 0, since u, is decreasing and tends to —oo when r — oo there
exists pj,p > 0 such that u,(r) > bon [0,p,,) and u,(p,,p) = 0. Similarly u*(r) > b on [0, p« p)-

We can write
_f” du _f” du and _foo du
Pnb= ) 0w ~ )y Yo @on(@) Peb= ), vy

Because two different trajectories cannot intersect, v, () is an increasing function of n. Hence,
by the monotone function theorem

b =0fpyp = 1M pyp.
This implies that all the regular solutions are greater than b on [0, p ). By Theorem 1(1) we have

forany R>0
eun(r) < Cr_q for all re (OyR]

where C > 0 depends on R but not on # since u,, is decreasing on [0, c0), therefore there also holds
0<enP<Ce?r=9 on [0, 0]
From (14) in Theorem 3 we have

|unr(r)| < C(r_ﬁ +r71+1) forallre (0,%],

where C > 0 is independent of n and thus
q-2

[tnrr (]| <CET+7 T +77241) on[0,p. ).
There exists a subsequence {r;} and a solution Uy, = b of (95) such that {u, j} converges to Uy in

the Clloc((O, P+ p))-topology. The corresponding trajectory Iy, is below J%, thus I, crosses the
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axis u = 0 at a point which is necessarily c* from (98), hence 9y, = 9. Because of uniqueness,
see Step 1, the whole sequence {u,l].} converges to u*. O

5.2.2. Thecase N =2

Theorem 24. Let N > 1 and q > 2. Then there exists at least one solution u* of (17) in (0,00) such
that (70) holds.

Proof. Since the proof uses the result in dimension 1, we will denote by u™ or 1! the solutions
in N-dim or in 1-dim. Thus u(N ) and u(l) denote the regular solutions respectivelX]m RN and in R

with initial data a. For b < 0 we denote by [0, p(N )) the maximal interval where u ) > b
Step 1. We claim that pa ) > p;l)b and u™ > 4P on (0, p(” ) for N> 1. Since r — u'(r) (j =1,N)
is decreasing, we set 20) () = (u9")? ()™ (w). Then
dz! N-1
20 oM™ ae = N
du ()
for N> 1, and
dz®
—oM(zM)? 12t =0,
du
we obtain that
1 (N)
z7 -2z .4 g, N-1 .4 q
— M((z)2 —(z“‘”)z)—W zZM <2M((zM)2 - (zV)2). (99)
We have also
@,
ud (r) = a+f - ff (MIud))7 - e"a )i dtds, (100)

hence

ud (r) = - T (1w o(1) asr—o.

By integration we obtain in particular u{" (r) > u{’ (r) near r = 0, and

o2a
1
2w -z2NMw) = %(1 +o(1)) asu—a.
Let @ be the infimum 8vf the u € (b, a) such that zV(w) — z"™M ) > 0. If @ > b, then zV(@) —
ZN(@ =0 and M( a@) = 0, which contradicts (99), hence z" (1) > z"™ (u) on (b,a). By
assumption u™ (pN ) = b. This implies that (u(N) ul); > 0 on the interval (o, mln{pg\g,p(ul)b})
(N) 1

> Uy Ny M S M m Al

By integration u,, on this interval, which implies Pab > Pab and u,; "’ > u, on (0, Py,

which is the clalm.

Step 2: Convergence of the regular solutions. Because the upper estimates of Theorem 1(1) and
Theorem 3 hold independently of 7, one can extract a subsequence {r;} such that {uﬁl\;} converges

in the C! ur

loc
larger than the 1-dimensional solution U,

((0 p(” )) -topology to a function > b which is a solution of (17) on (O,pil')b), is

*W'> p. Thus itis singular and by Theorem 18 it satisfies

lim r7e% " ) = =Mqg? and lim rUZ(N)(r) =—
r—0 r—0 r

This solution can be extended as a global solution on (0,00) by Proposition 6. This ends the
proof. g

Remark 25. The uniqueness of the singular solution of eikonal type when N = 2 is a challenging
question. The remarkable fact is that all the solutions of this type have the same asymptotic
expansion up to any order. This result is proved in the appendix.
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Remark 26. Step 1 of our proof is an adaptation to equation (17) of a method introduced by
Voirol [25, Proposition 1.7] dealing with the Chipot-Weissler equation

N-1
—ttyy = =y +|uy |1~ uP = 0. (1on)
r

5.3. Existence of singular solutions of Hamilton—Jacobi type

In this section we prove the existence of singular solutions with the same behaviour as the one of
the solutions of the Hamilton-Jacobi equation.

Theorem 27. Let N =1 and g > 2. Then for any uy € R there exists at least one solution u of (17)
in (0,00) satisfying

-1 1 T g2
u(r)zuo—q—(—)q ra1(1+o0(1)) whenr—O0. (102)
Furthermore u is decreasing on (0,00).

Proof. We still use system (96). For any w € R, we denote by (w, c},) the intersection of F, with
the axis u = w. For ky > cj, the trajectory 9%,,,, going through (w, ko) is singular and differs
from 9. By Theorem 18 97y, ,, has a vertical asymptote u = ug for some uy > w. Because two
trajectories cannot intersect, the mapping ko — f (ko) = uo is decreasing from (c},,00) to (w,c0).
It is certainly continuous because of the non-intersection condition and onto from (c},,c0) to
(w,00). This implies the claim for any ©y > w and for any w € R. O

Theorem 28. Let N =2 and g > 2. Then for any ug € R there exists at least one solution u of (17)
in (0,00) satisfying
1

- -1 - T g2
q_;(NE\Z(ql_)DN)qlr%(uo(l)) when r — 0. (103)

The function u is increasing near 0.

u(r) =ugp+

Proof. We use the system (29) with Z = —%, V =r|uy|97" and ® = —ru,. The solution u we look
for satisfies lim, ¢ u(r) = ugp and lim, ¢ rﬁ ur(r) = k for some real number k. Since we search
increasing solutions, k = 0, ® and Z are non-positive and the system becomes
Zi=Z(IN-®-MV -2)
Vi=V(N-(N-1g+(g-1D(Z+MV)) (104)
O, =02-N+Z+MV).

Step 1: The linearised problem. In this system the relation V = e>~9?|®|9~! holds and thus

X o9 1o 2 4
Z:e(z_q”a, X:L and e¥'X=_7ZViZ|®| 72,

The system (104) admits Py = (0, Vp, 0) for stationary point with V = %. Setting V = Vo +V
the linearised system is
—_4
4= g2
Vi=(@-1DVW(Mv+2) (105)
_ g2
¢t - F .

The eigenvalues of the linearised system (Z, V,®) at (0,0,0) are (%, (N-1)g—N, Z—:f). They are
all positive. Hence there exists a neighbourhood 7 of Py such that all trajectories with a point
in 7 converge to Py when ¢t — —oo.
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Step 2: End of the proof. We recall that u is a solution of (17) if and only if (X, ®) defined by (19)
satisfies the system (21) but this system is not equivalent to (29). Let ¢ > 0 such that the ball
B, (Pyp) is in the attractive basin of Py when t — —oco. If P* := (Z*,V*,®*) € B, (Py) with Z*,®* <0
we denote by 9p+ the backward trajectory of P* and we set

VAT a2,
H(t) = .

Then
(-0 —g2s Vg2t
q a1 v @
=g-2+N-g(N-1D)+g-1)(MV+2)—(g—1)2-N+MV + Z)
=g-2+N-(N-1)g+(g-1)(N-2)
=0.

Hence the function H is constant. This implies that V = be@ D ®|9-! for some b > 0. It is easy
. q-1 1 (g— . .
to check by computation that X = Z2—® = p=1¢(d-27 7@ satisfies the following system,

Xi=(q-D)X
®;=—(N-2)@+be? DX - M|®1).

We deﬁne a= Llnb T=t+a X9D1) = X(1-a) and ®9 (1) = ®(r — a). Then ®D (1) ~
2
—VO" 1" a5 7 — —c0 and (X@, ®@) satisfies the system

X(d) (- o@) x(@
q)(t“) = —(N-2)0@ +C=D7(X(@ _ M|0(@))9),

By Lemma 8, equivalently the function p — u'® (p) = In(p~9X'¥)(In p) satisfies (17), with pul” =
-®@(7) and p(uy”)9! = e? DT (-0@)7-1, thus limp_,op(u})‘”(p))m1 = V. Since g > 2 the
function u;)“) is integrable near 0 and there exists some 1y such that lim,_.¢ u@ (p) = up. This
implies that

I I

- 1=

1
u(r) - uo—Z—V ra1(1+o0(1)) asr—0.

2
Since D¥(Py) is invertible the flow of ¢ is conjugate to the one of D% (Py) in a neighbourhood
of Py. hence there exists a C? diffeomorphism © from B, (P) (up to reducing o in order B, (Pp)
is a subset of the basin of attraction of Py) to a neighbourhood 7 of 0 such that ¢ —4(Py) =¥ o
D% (Py), and the trajectories of (104) in B, (Py) (for some a > 0) are in one to one correspondence
via ¥ with the trajectories of

(Z1, Vi, @) = DF (P)((Z,V, D). (106)
Since all the trajectories of (106) converge to 0 when ¢ — —oo, all the trajectories of (104) issued
from B (Pp) converge to Py when ¢ — —oo. This ends the proof. Given arbitrary coefficients C;
(j =1,2,3) with C5 > 0, the solutions of the linearized system (106) are expressed by
at
Z(t) =Cyed!

V(H) = CreN@-D-Nt | @-2C1 5
V(t)=Cse M(g— l)eq

t

(g-2)t
O(1) =Csze a1,

in general, with a standard modification if N =3 and g = 3“[ or N=2and g =2+ /2 since in
these two cases q— = (N—-1)g— N. If (V,D) satisfies (29), then the equivalence of trajectories
yields

V(1) = be® DtoI (1) ~ he?PICT @2 = pcd 7,
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_ g0
and clearly b = VpCy 7 = =9 with the previous notations. Hence e7* = (V,Cy~ 7)74, from
which equality it follows that

2 2_ _alg-n+2
=

g4
u =Gy v P acy”? =vytac, 7. (107)
This implies that 1y can take any value. 0

6. Behaviour of solutions in an exterior domain

In this section we consider radial solutions of (1) defined in By . If u is such a solution, it
satisfies (11) that we recall

eV < Cr~min24h for all r > 2r. (108)
Equivalently
_2 .
0 <) T ifa>2 (109)
r-7 ifl<g<2.

Applying Theorem 3 in By (x) for x € Bf we obtain the following result.
2

Theorem 29. Let N =1 and q > 1. Ifu € C(By) is a radial solution of (1) in B;, there holds in
Bzcro,for some positive constant C = C(N, q, M),

1

7= 2,
lwn|=cl” T Ya> (110)
b ifl<g<2.
We will see later on that in both cases the estimate is of the form
|ur(r]=Cr . (111)
Theorem 30. Let N >3 and q > 2. Ifu € C(By)) is aradial solution of (1) in By, it satisfies
lim r?e*"” =2(N-2) and lim ru,(r) = -2. (112)
r—o00 r—oo

Proof. As in Theorem 15 we use the systems (20) and (27) with variables x(t) = r2edn @ =
—ru,(r) and O(1) = e?~ 9!, Here, since ¢ > 2 and t = Inr — oo, we have that ©(f) — 0 when
t — oo. The system in the variable # admits O = (0,0,0) and Py = (2(N —2),2,0) for equilibria. The
eigenvalues of the linearised operator at Py given by (44) are A; =2—q <0 and 1,, 13 are negative
too if N = 11, double with value 2 — N if N = 10 or non-real with negative real part Ze(A;) =2- N
if 3 < N < 9. Therefore Py is a sink with a domain of attraction which contains some ball B, (Py).
The eigenvalues of the linearised operator at O

Xy =2X
O, =x-(N-2)0
®t:(2_q)®r

are 2,2—q and 2 — N, hence O is a saddle point with a 2-dimensional stable manifold .# and an
unstable trajectory 9y.

We claim that all the solutions in By belong to the domain of attraction of Py and behave as
in (112). Indeed (x, ®) satisfies (20) that is

Xy = (2 - (I))x
O;=x+@2-N)O—- M@ D@4,

Since e“(" — 0 from (109), u is decreasing, thus u,(r) < 0 (the inequality is strict from the
equation), then ®(¢) > 0 and x() is bounded from (109). Suppose now that ® is unbounded.
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e Either ® is monotone, thus ®(f) — oco. From (20) we have ®; < %(D for t large
enough, which implies that ¢ — e'T !®(r) is decreasing. Therefore it is bounded which is
contradictory.

« Or there exists a sequence {¢,,} tending to infinity such that ®(z,) is a local maximum
of ® and ®(t,) — oco. Since ®,(t;) = 0 we obtain from (20) that x(t,) = (N —2)®(t,) +
Me®@Dind(t,)9 — co which contradicts the boundedness of x(¢).

Therefore ®(¢) remains bounded. This implies that the system (20) is an exponentially small
perturbation of the system associated to Emden-Chandrasekhar equation (4)

{xt:(Z—CD)x

(113)
O, =x+(2-N)D.

By Proposition 13 the omega-limit set of any trajectory of (27) is a compact connected subset
invariant for (113). This system is well studied (e.g. [5,12]). It is known that the solutions of (113)
converge to an equilibrium when # — co and this equilibrium is either (2(N - 2),2) or (0,0). In
the first case we obtain (112). In the second case we use system (27) and we analyse the eventual
convergence of a solution (x, ¢, 0) to O = (0,0,0). This would imply that this trajectory belongs to
the stable manifold .#, therefore

|o(0)] = 0(e? M. (114)
If we plug this estimate into (20), we obtain that

r
x(1) = x(fp) el @~P)ds

t
Set A(fp, ) = e o @) ds

This implies

, then there exists 8; > 6, > 0 such that 8, < A(ty, t) < 60;, forall £ > ty > 0.

x()] = |x(t ~hg, for = 1.
|x(8)| = |x(t0)|e? =00, forall t> ¢

Consequently, if the omega limit set of the trajectory (x(t), (D(t)) of (20) is (0,0) there must hold
x(tp) = 0. As a consequence this trajectory must be contained in the plane x = 0. In such a case ®
satisfies the equation

D=2~ N)P— Me? V@]9, (115)
This equation is explicitly integrable and we obtain
_ _ M
(g-1)(N-2)
This relation is not compatible with (114). Hence the omega limit set of the trajectory is reduced
to Py, which ends the proof. O

In the case 1 < g < 2 we show that all the solutions behave at infinity like the solution of the
eikonal equation.

Theorem31. LetN=3andl<q<2. Ifue C(B,CO) is a radial solution of (1) in BE , it satisfies

ro’

lim r9¢“"” =Mg9  and lim ru,(r) =—q. (116)
—00

r—o0
Note that this behaviour is satisfied both by any regular solution or by the singular solution we
have constructed.

Proof. We use the system (21) with variables X () = r7e¢“") and ®(t) = —ru,(r), always with
t=Inr, thatis

Xi=X(g-D)

O, =(2-N)P—e? D'(-M|D|7 + X).
Note that u(r) cannot have local minimum, and since it tends to —oo by (109) it is decreasing,
thus @(z) = 0. Here X is bounded by (109) and also @ is bounded by (110).
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We claim that X is bounded from below. We still use the function G defined at (80), that is

xz x3 X X?
G(t)=MqT—-"—+ (q‘Z)f(N—z 1
(D=Mq =5 +e (N=245 -

Then from (81),
Gi()=MX"9(gX-Y)(gIXT- YT+ 9721y (p),

where
X2\ (N-2 x3
7”) + ﬂxt - L+ (N-2)(X; - gX) X,

X
Y()=(q-2) (N—Z)qE— 2 X

Since X and ® are bounded the same holds with X; from the equation (21), and because XT? =
X?(q—®)3, we obtain that W is also bounded by some constant C > 0. Because (g X — Y)(q7X9 -
Y4) = 0 we obtain that G; = —Ce'9"2* from what it follows that the function r — G(f) + ﬁ eld—21t
is increasing. Since it is bounded, it converges to some limit £ when ¢t — co. Hence the function
t— qu@ - % tends to ¢ which implies that X(#) admits a limit A when ¢ — oo, and 1
satisfies M g9 %2 - %3 = ¢. If ®(¢) is not monotone, then at each extremum ¢, of ®(¢) we have

p)
X(t,) = M®I(t,) = (N-2)e'9 2 d(s,) = lim ®I(t,) = —.
n—00 M

This implies that

li o0 = (1) = liminfo) = lim @
imsup (t)—(M) —1tIE<1>£1 (t)—tLIEO (1).

t—o00
If ® is monotone, then it admits also a limit. In any case we set L = lim;_.o, ®(¢). From the
equation (21) we have

%(ew_z)td)(t)) = NP (X (1) - MO (1)).

Hence

t
(1) = e(Z‘NW"O’@(n+e(2‘N”f eN=D3(X (5) - M®(5)) ds. 117)

to
If A — ML9 # 0 we obtain a contradiction, since the integration of (117) implies

-t

N-q

O(1) = (A—ML7(1+o(1)).

Therefore
lim X(1) = M(lim (1))
t—o0 iy

Again from (21),
X(1) = X(1g) /0 4 Wds

q-(s)ds q-o(s)ds

t t
Then, if L < g, eflo( — 00, contradiction. If L > g, effo( — 0, then X(¢) — 0, then
A =L =0. We use again the first equation in (117) and we have X; = §(#) X (¢) with g = g—®(t) — g
when ¢ — oco. Then for any 7, > 0 we have

t ~
X(8) = X(tg)el0 999,
Thus X(#) — oo, contradiction. Hence
lim®(#=g and  lim X(1)= Mq1. (118)

This ends the proof. d
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7. Globality of the solutions when 1 < g <2

Theorem 32. Let1< g<2andN =1. Then the maximal interval of a solution u of (17) is (0,00)
if N = 2 and (—o0,00) if N = 1. In that case u is symmetric with respect to some a € R.

Proof. For N = 1 we consider any solution u defined on a maximal open interval I, = (p,n) and
let ry € I,,. From Remark 7 if u, (r9) <0, then n = co. If u, (rp) > 0, either u has a unique maximum
at some point r; € (rg,n), or u,(rg) > 0.

(i). We first prove that n = co. From Remark 7, if u,(rg) < 0, then n = co. If u,(rp) > 0 has a
maximum at r1, then u is decreasing on (r171) and thus n = co by the same remark.

Hence u, > 0 on (r1,7) and we can encounter two possibilities: either n = co and u(r) — L€
(0,00) when r — oo, which contradicts the upper estimate (11), or n < oo, and we are left with this
case, with again two possibilities.

Iflim; ., u(r) = L < oo, then

=" luy), =V et —u) s k=nNtetl
Therefore the function r — rN~1u, + kr is increasing and it tends to oo since the solution is the
maximal one and u remains bounded. This implies that u, (r) — co and e*” = o(u) when r — 1.
Hence the equation becomes —,, + Mu! (1+0(1)). Setting v = u, we obtain by integration that

v(r)=ur(r)=(M(g-1n- r))’ﬁ(l +o(l)) asr—n,

but this is not possible since 1 < g < 2 and thus u, is not integrable near 1, which contradicts
L < co. Consequently there must hold L = co. Again u, is monotone near 7 since at any extremal

point r where u,.(r) =0, we have that u, (1) = (% - e“) u,. Since % —e'*— —cowhenr — 17,
then u,,, keeps a constant sign. Therefore u, is non-decreasing and clearly
N-1
Uy = Muy - ur—e"=0.

Then e* < Muf(l +0(1)), and by integration we deduce that e < C(n—r)~9. Now we set
u(r) = v(h(r)) where h(r) =n - r and consider the system in the variables

X=h9e", ®=-hv(h), h=¢, (119)
which is
X =X(g-D)
120
{q>,=q>+e(2—q)T(X—Mq>Q)—j]"—;qn, (120

and 7 — —oo when r — 1. We claim now that @ is bounded. If it is not the case and ®(7) is not
monotone, at any T where ®; (7) = 0 we obtain

o@D (1+01) =e® P (MO!F) - X(7) < e* P MOI(7),

and thus M®971(7) = e"@~97(1 + 0(1)). Since this is valid in particular at the local minima of @,
we deduce that ®(7) — co when T — —oo, with the additional information that ®,;(7) = 0. Since

et

D (@) = e#"VT2X (@) - (XP)@) - M2 - )@ (D)) - 117\]_ .

1 . T
-eT®(f)(1+ ¢ )20,
4 U]

which yields

_ T
2X(7) - (XO)(D) - M- 077 = ¢V 1+ — )

which in turn implies that ®(7) is bounded, contradiction. As a consequence ® is monotone
and tends to co at —co. From the first equation in (120), X = —X®(1 + o(1)) when 7 — —oo,
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which is impossible if X remains bounded. As a consequence the function ® is bounded and
the system (120) is an exponential perturbation of the system

{XT=X(q—<I>)

(121)
O, =0.

This implies that (X (1), (D(T)) converges to the unique stationary point of (121) which is (0, 0).
Returning to the variable u, we get that u, = o((n—r)~!) near r =, then

g_N-
Urr = Mluy|? -

lur —e"=o(n-n"17),

which implies that u, (r) = o((n— r)l_"). Thus u; is integrable near n and u(r) admits a finite limit
when r — 1), which is a contradiction. As a consequence we deduce the following.

(ii). If N =1 then the solution is defined on whole R, indeed r — u(-r) is also a solution, thus
Iu = (P’ﬂ) = (—O0,00).

(iii). If N = 2, we claim that p = 0. We proceed again by contradiction, assuming that p > 0.
Clearly u is monotone near p.
If u is increasing near p it has a finite limit L at p because

~N ), =N - Muy <€ asr—p, (122)

which implies that ¥V~'u, + Cr is increasing. Then u, admits a finite limit at p. Combined with
the fact that u(r) — L, we see that p cannot be the infimum of I,,. Consequently u(r) decreases
to —oo when r — p. In such a case ") — 0. Moreover u, is also monotone near p: indeed at
each local extremum 7 of u, we have u,,(7) = 0, we have

N- -
um(?)z(rT)ur(ﬂ—> 2 >0 as7—p.

As a consequence these local extrema are local minima of u,; necessarily u,(r) cannot oscillate
and it tends to oo when r — p. Again this fact implies that u,, = Mu, (1+0(1)) and by integration
we encounter a contradiction since 1 < g < 2.

If u is decreasing near p, then u(r) — L < oo when r — p. By (122), —(rM1y,), < C, hence
r——rN"ly. +Cris increasing and thus lim,_. , u, (r) = —oo since p is an endpoint I,. We have
again that u, is monotone and u is convex. Therefore 0 < u,, = M|u,|7 - Nr_l u, — e*. Hence
el < Mlurlq(l + 0(1)) and by integration we deduce that et < C(r - p)~9. Asin (i) we set
h(r)=r—p e’ =r—pand define X(r) and ®(7) as in (119). Since (X, ®) satisfies

X:=X(g-D)
®; = O+ eV (X - MO - 20,
we obtain a contradiction as in this case. This ends the proof. U

Appendix

In Lemma 21, formula (83) gives an expansion of u near zero at the order 1. We show below that
u(r) satisfies a unique expansion of order »n of the form

Ma‘
u(r)=In +arrT 2+ apr? 9P 4 197D (g, + 0(1)) asT—0, (123)

where the a; can be computed by induction.
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Theorem 33. Let N =2 and q > 2. There exists a unique sequence of real numbers {an}p>1 such
that any radial function u satisfying (125) in By, \ {0} and (70) there holds for any n e N*,
q
u(r)=In q—q +arrT 2+ apr? 9D 4 @, M2 (14 dy (1), (124)
r
whered,(r) — 0 whenr — 0.
Proof. For the sake of simplicity we consider equation (17) with M = 1. Actually, this is not a
1 2
restriction since if u* satisfies (1), the function x — u(x) = u* (M -2 x) + M -2 satisfies
—Au+|Vul7-e*=0. (125)
Since any solution is decreasing, we consider u, as a function of u and set
ur =—fu.
Then u,, = —f(u)% = f9(u)—e*+ #f(u). Thus we obtain the system
df N-1 +f‘7(u)—e“
du r fu)

dr 1 (126)
du~ fw’
Using (70) we have
fw =et (1+0(1)) and r(uw = ge 1 (1+0(1)) asu—oco.
We set _y
®=e df(u), V=o-1 and 9=q7. 127)
Notice that e?% — oo since g > 2. The new system in (@, r) is
do ® N-1 o9-1
W gt L e o
” u
q_ﬂ ref (128)
dr e d
du @
Step 1: Development of order 1. We look for A; such that
oW =1+A1e%(1+0(1)) asu— oo.
Equivalently V(1) = Aje”%%(1+0(1)). The system in V and r is
dv_ 1+V N-1 (+V)7-1 5,
—_ = e
du 7 1+V
_CL req (129)
dr e
du 1+V’

We set v (u) = "V (), then w(u) = 0(e?") when u — co. Hence

e—@u(d_u/_ q—2 )

1+e0u - —Ouyqq, _
_ e 1//+N 1+egu(1+e Yy -1
du q

u

q red 1+e Oty

_u
dr e q

)

du 1+e 0y’
As a consequence

dy _qg-2 et y N-1 4, Ou
— =—Y-———-—+—-e "+qe’"y(l+o(1)
du q 9 4 red ( )

Ou

=g y(1+o0(1) +e —$+ (1+o0(D)],
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that we can write under the following form

d_W_ Ou _N
T ge’y(1+o0() =

_269”(1+0(1)). (130)

o Either v is not monotone for large u. At each u where 3—15 = 0, we get that w(u) =

2% (1+0(1)). These implies limy—oo ¥ (1) = 5.

¢ Or v is monotone and there holds lim,,_.., ¥ () = +oo. Therefore dd—ls =gy (1+0(1)),
which implies - (Injy| - e'9-2%) > 0 and thus |y (w)| = ke ™" Since w(w) = 0(e?*) we
obtain a contradiction.

e Or v is monotone and y(u) — ¢ when u — oo for some ¢. If ¢ # @, we obtain the
following relation 9% = (g¢ - %) (1+ o(1)) which is not compatible with y (1) — £.

In all the cases we obtain

lim y(u) = o (131)

This yields the first term of our expansion

2 —
@=1+V=1+A1e%(1+0(1)) with A, =

7 (132)

as a consequence

dr e_% _u 0 _u 1-q,
—=- =—¢ 9|1-A1e’*(1+01))|=-e 9+ A1e 7 (1+0(1)). (133
TR Vo e (iR (1-Are™(1+0(1))) e @ “(L+o). (133)
Integrating this relation and using that r (#) — 0 when u — oo, we obtain
©dr

r(u)=-— . Eds

Qs 0 1-q
=[ e qu—Alf e (1+e(s))ds
u u
_ (134)
_u A 4
=qe L7+1q Le qqu(1+0(1))

= e_g + N-2
9 q(g—-1)

since for any €y > 0and |e(s)| =< ¢ there exists u,, such that for any u = u,, there holds

o0 1- o0 1-
f e7q3(1+e(s))ds—f e 7 *ds| < I

s — 0.
u u qg-1
Step 2: Development of order n. We proceed by induction assuming that we have already ob-
tained the development of @ at the order n—1

O =1+V=1+A1e "+ Ape™ " o4 ™04, ve, 1 (w), (135)

1-q
e 7 “(1+o0(1)),

where the A; depend on N and g and €, (1) — 0 when u — oco. Consequently

_u

dr_ e 4
du  1+V

) - (136)
1+Ale,gu+A26720u+...+e*(n71)6u(An_1+€n—1(u))

_u _ _ —(n— ~
=e 4(1+B1e Ou | Bre 20U ...y o ”9”(3,1_1+en_1(u))),

where €,-1(u) — 0 as u — oo, with B; = —A; and the other coefficients can be made explicit
through a lengthy but explicit computation. Set

@=1+A1e 0%+ Aye 20U 4.4 A, o~ (10U pmnOugy (137)
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We do not know if @ is bounded but only that ® =€,,_; e thus e %“®(u) — 0 when u — co. Thus
dv do

5, =0 e 0% 204,072 ... (n-1)0 A, e” VU _ oD 0 4 d—e‘"eu. (138)
u u

We recall the expression
dv 14V N-1  ,,0+WM9-1
=- + +e

av _ , 139
du q red 1+V (139)
obtained by using the following expansion at the order n — 1 (actually, valid at any order)
1+WV)i-1 _
T v = qV(l+g1V+~~+ngk+~~+gn_1V" 1(1 +Tln—1(V))), (140)
where g1 = %3 and the gy are polynomials in k and g and also 1;,—; (V) — 0 when V — 0.
Moreover, by integration of (136), we obtain
w o dr d
r(u)=-— —ds
u ds
0 0 1-q 00 _1+(=Dg-2) _
=—f e ﬂds+Blf q +--~+f e q (Bp-1+€pn-15)ds
u u u
_u B B,,_
=qe 9 (]_ + 1 e_eu 4+t n—le_(n_l)eu +é‘”_1(u)e—(n—l)6u .
qg-1 1+(n-1)(g-2)
therefore
N-1 N-1 1
rel?; q 1+%e‘9”+~-+1+(n3+’)%q_2)e‘("‘1)9”+€n_1(u)e‘(”‘1)9”
N_
=——(1+Ce gt Gy VI er (om0,
where C; = —% and Cy is a polynomial in g and k. Then using (139) and (140),
dv do
Fre —0A1e79 — 204,070 — ... (n=1)0A,_1e”"VOU _ g 0Up 4 om0 i
N-1
= Y (1+Cre 4ok Gy e V0 e ()e~ 7 10N) (141)
1+V
- + qu9“(1 gVt g VE ot g, V(1 +nn_1(V))),
and, by the definition of ®, from (137) there holds
Vel = Ap+ Age P oot Ay e D0y (7ML, (142)
and
V=Ae 04 Ape U4y A, e (D0 pm(n=DOug | (), (143)

Then, using (142) we compute the expression 1+ gV + g V24t gn V”[l + nn_l(V)). Since
len-1(w)| < 1, we write forany k=1,...,n—1,
VE=(a+1)* with a=A1e %%+ Aye 2" 4.4 Ay_1e” V0% and 7= D04, (u).
Then
\(a+r)k—ak| < kitl(lal + |T|)k

< Klrl(Al+ -+ 1 Apoa |+ [Ear @) [Enoa )

< klAn1l(1A 1+ + 1A+ 1) e D4, )|

= cx[en-1 e "V

now
- — —(n— k
gV =gr(Are ™0+ Age ™" oy Ay eI 45 (),
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with |81,k (w)| < ck|gkl|€n—1(w)|. Therefore
1 +g1V+ -.-+gkvk+...+gn_lvn—l(1 +T]n—1(V))

:1+g1(Ale—9u+Aze—29u+,..+An —(n- 1)6u)+ .
+gk(A1e—9u+A2e—29u+,,,+An_le—(n—l)eu)k
+gn(Ale*0u+A26726u+_,.+An_le*(nfl)eu)n+67(n,1)9u6n_1(u),

then
L+ gVt gVt gy VI (1410 (V)
= 1+Dle*0u+D26720u+...+Dn_le*(n71)9u +ei(n71)9u6n_1(u) (144)

with |6n_1(u)| < Cn_1|En_1(u)| and the coefficients D; can be explicitly computed. Next we
compute from the expression of @, (138)-(143) and (144),

e_”e((l - nG)CIJ + d_cI))
q du

dv 1
= +0A1e70 120470 1+ 4 (n-1)0 Ay eV Ee*"%
_dv
(9——)141679” (6——)A e Uy .. ((n 1)0——) e (nmhou
Cdu q q q
N_

1
= T(1 +Cre %k Cre MU oy (Cpoy + 8 (u))e‘(”‘”G”)

1+V

+ qu"“(l +@ VA g Vit g V1 +nn,1(V)))

(145)
N-1
= T(] + Clefgu doeeet Ckefkeu 4ot (Cn—l +E‘n_l(u))e*(n71)9u)

+C](A1 +Aze—9u+,..+An_le—(n—2)9u+e_(n_1)q))

x(1+Dye %+ Dye 0 4.4 D)y 00U 4 o=n=DOUgs ) (1))

1 1
+160 - —)Ale—Hu (29 )A e—29u et ((n_ 16 - _)Anile—(n—l)ﬁu
q q q

N-2
== +qA +Ee %+ B0 4.

+ Epo1e” 0145, (w) + ge” V0D (14 5, (w),

where gn(u) — 0.
Because of (132) 2=2 7 24 qA; =0. We claim that E» = E3 = --- = E;_» = 0. If this does not hold,
let k € [1, n — 2] be the smaller integer such that Ej. # 0. Then

1 ~ do _

0 n0 —qe®(1+68,(w)|®+ o Epeln=R0u,

Since ®(u) = o(e?%), then (% —nf - q60”(1 + gn(u)))(b = 0(e?%"). Thus
do
du

which implies |®| = Cen=kfu contradiction. Therefore we are led to the following relation

_Eke(n k)6”(1+o(1))

1 ~ ® <
P n0 —qel"(1+68,(w)|®+ Z—M = Ep1e%"(1+6,(w), (146)
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which yields
Ou ! do Ou g
—qe’™(1 +6n(u))(D+d— =Ep_1""(1+6,(w). (147)
u

Finally we conclude as in Step 1, considering the three possibilities for ®:

o either non-monotone near infinity which implies that lim,,_.o, = Sy 27 An;

¢ or ® is monotone and tends to +oo and this would lead to a contradiction with ®(u) =

0(e%") when u — oo;
¢ or ® is monotone and bounded, thus it admits a limit which is necessarily —

En-1
q "

Thus we have obtained the development at the order n of the function @(u). This yields a
development of g—; by the second equation in system (129) under the form

dr _u _ _ _ ~
i ‘7(1+Ble Ou Bre™20u 4. 4 p ”Hu(Bn+en(u))).

From this we obtain the expansion of r(u) by integration and finally obtain algebraically the
expansions in the variable r

ed = g(l +b1rT2 4t (b + o(l))r"(qu)),
and q
u(r) = ln% +arrT 2+ 4+ "7 (@, + 0(1)).

It is noticeable that all the terms of order n in these expansions are polynomials in N, n, g. O

Remark 34. The fact that a solution of eikonal type can be expressed formally by a series in
the variable r9-2 is a strong presumption for uniqueness. However it appears very difficult to
prove that the radius of convergence of this series is positive. This type of question is similar to
the existence and uniqueness problem encountered in the study of the singular solutions of the
capillary equation as shown in [15,16]. However in this problem, the formal series obtained in
the study of singular solutions can be proved to have a null radius of convergence.

Remark 35. If N =2 there exists an explicit solution of (125), namely u* (x) = In % and clearly
it satisfies (70). As a consequence all the terms D; in the expansion of another radial solution
of (125) satisfying (70) are zero, which means that for any 7, there holds

qq

u(r) =In-— + o(r™9-2)
rd

asr —0.

This situation is reminiscent of a result of Brezis and Nirenberg [10, Theorem 2] dealing with the
equation
—Au+|Vul? = k().
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