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Abstract. Given a connection A on a SU(2)-bundle P over R4 with finite Yang–Mills energy YM(A) and
nonzero curvature FA (0) at the origin, and given ρ > 0 small enough, we construct a new connection Â on
a bundle P̂ of different Chern class (

∣∣c2(A)− c2(Â)
∣∣ = 8π2), in such a way that Â is gauge equivalent to A in

R4 \ Bρ (0), gauge equivalent to an instanton in a smaller ball Bτρ (0), and

YM(Â) ≤ YM(A)+8π2 −ε0ρ
4 |FA (0)|2 ,

where τ ∈ (0.3,0.4) and ε0 > 0 are universal constants independent of A and ρ. Our gluing method is similar
in spirit to the one of Brezis–Coron for harmonic maps. We compare it with classical results by Taubes and
discuss applications and open problems.

Résumé. Étant donnée une connexion A sur un fibré principal P en groupe SU(2) sur R4 avec une énergie de
Yang–Mills finie égale à YM(A) et ayant une courbure non nulle FA (0) à l’origine, et étant donné un rayonρ > 0
suffisamment petit, nous construisons une nouvelle connexion Â sur un SU(2) fibré principal P̂ , de classe de
Chern différente à celle de P (

∣∣c2(A)− c2(Â)
∣∣ = 8π2), de telle sorte que Â soit équivalente de jauge à A dans

R4 \ Bρ (0) et équivalente de jauge à un instanton dans une boule plus petite Bτρ (0), et de telle sorte que le
coût d’énergie de Yang–Mills soit strictement inférieur à la somme de YM(A) et de l’énergie de l’instanton
inséré. Précisément nous avons

YM(Â) ≤ YM(A)+8π2 −ε0ρ
4 |FA (0)|2 ,

où τ ∈ (0.3,0.4) et ε0 > 0 sont des constantes universelles indépendantes de A et de ρ. Notre méthode de
recollement est similaire dans l’esprit à celle de Brezis–Coron pour les applications harmoniques utilisée pour
construire de nouvelles solutions. Nous la comparons par ailleurs avec des résultats classiques de Taubes sur
les champs de Yang–Mills et discutons ses applications existantes et potentielles ainsi que des problèmes
ouverts.
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1. Introduction

Strict inequalities have come to play a central role in solving variational problems since the
seminal work of Aubin [1] on the solution of the Yamabe problem in dimension n ≥ 6, followed
by the work of Schoen [25] solving the Yamabe problem in the remaining dimensions, via
the celebrated positive mass theorem. The broad general principle at play is the following:
in variational problems with lack of compactness, a blow-up phenomenon might lead to the
absence of solutions. On the other hand, usually blow-up implies an (energy) inequality, so that
proving the strict opposite inequality is the crucial tool in preventing blow-up and recovering
enough compactness to apply variational methods.

1.1. The Brezis–Coron construction in dimension 2, dipoles and the regularity of harmonic
maps in dimension 3

This principle was elegantly used by Brezis and Coron in the setting of S2-valued harmonic maps
of dimension 2. Solving an open problem raised by Giaquinta and Hildebrant [10], they showed
that given and smooth non-constant boundary datum g : ∂D2 → S2, it is possible to extend it to
two distinct harmonic maps u and u. In fact u minimizes

E(u) :=
∫

D2
|∇u|2 dx dy

in the set Eg := {
u ∈ H 1(D2,S2) : u

∣∣
∂D2 = g

}
, and its existence follows immediatly by direct

methods, while u minimizes E in Eg ,±1, where Eg ,k is the set of maps in Eg , which additionally
satisfy the topological constraint that the Brouwer degree (suitably defined) of u relative to u is k.

Existence in Eg ,k is a typical problem with lack of compactness, as a minimizing sequence
(un) ⊂ Eg ,k can concentrate and “jump” to a different homotopy class, so that un * u∞ ∈ Eg ,k ′ for
some k ′ ̸= k. If this happens, due to concentration, the energy drops of at least 4π, in fact

E(u∞) ≤ liminf
n→∞ E(un)−8π|k −k ′|. (1)

Then, if one proves that for k = 1 or k =−1

inf
Eg ,k

E < inf
Eg

E +8π, (2)

concentration becomes impossible, since otherwise (1) and (2) combined would imply E(u∞) <
infEg E .

Hence, the strict inequality (2) is the crucial ingredient in the existence of a second harmonic
map with boundary value g . In order to obtain it, Brezis and Coron [3] showed that given a
smooth map u : Ω ⊂ R2 → S2 and x0 ∈ Ω such that ∇u(x0) ̸= 0, it is possible to change u in a
ball Bρ(x0) to a new smooth map û (see Figure 1) such that the Brouwer degree of û relative to u
is1 ±1 and ∫

Ω
|∇û|2 dx2 ≤

∫
Ω
|∇u|2 dx2 +8π−ε0

∣∣∇u(x0)
∣∣2
ρ2, (4)

for ρ > 0 sufficiently small. To fix the ideas, if x0 = 0, u(0) = (0,0,1) ∈ S2 and ∇u(0) ̸= 0, Brezis and
Coron construct û such that û = u in Ω \ Bρ(0), û is a rotation and a rescaling vλ of the inverse
stereographic projection in Bρ/2(0), and û is an interpolation between u and vλ in Bρ(0)\Bρ/2(0).
The subtle part in [3] is proving that the interpolation energy E

(
û,Bρ(0) \ Bρ/2(0)

)
, which we will

call “cost of gluing” is smaller than the “energy saving” 8π−E
(
vλ,Bρ/2(0)

)+E
(
u,Bρ(0)

)
, although

1Depending on whether ∇u(x0) preserves or reverses orientation, a condition that in complex coordinates can be
expressed as

|∂z̄ u| ≤ |∂z u| or |∂z u| ≤ |∂z̄ u|, (3)

the counterparts of our conditions (11) and (14) below.
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Figure 1. Brezis–Coron method of replacing u by a new map of different Brouwer degree.

they are both of order ρ2. The difference between energy saving and cost of gluing will be called
“energy gain”.

Also Jost [16], independently of Brezis–Coron, constructed a second harmonic map proving
an estimate similar to (4), with a slightly different method. We further mention that the Brezis–
Coron construction has been recently adapted by the first author and Hyder [14] to the case of
half-harmonic maps from the line into the circle, proving an analog to (4) and the existence of a
second half-harmonic map for any non-constant Dirichlet boundary condition.

Notice that, in order to solve the problem raised by Giaquinta and Hildebrandt, the non-
quantitative estimate ∫

Ω
|∇û|2 dx2 <

∫
Ω
|∇u|2 dx2 +8π (5)

would have been sufficient. On the other hand the quantitative form (4), in which the energy gain
is of the order ρ2, turned out to be very relevant in the study of the relaxed Dirichlet energy for
3-dimensional maps into S2 and its applications to regularity, particularly using 3-dimensional
“strict” dipoles, as we shall recall.

The name dipole, as introduced by Brezis–Coron–Lieb [4], refers to a map w : R3 → S2,
constant outside a compact set, smooth away from two points {P, N } ∈ R3, where there are
singularities of Brouwer degree ±1 (deg

(
w

∣∣
∂Bδ(P )

) = 1, deg
(
w

∣∣
∂Bδ(N )

) = −1 for small δ > 0). As
proven in [4, Theorem 3.1], for every ε> 0 one can construct such a dipole satisfying

8π< E3d (w) ≤ 8πh +ε, (6)

where h = |P −N | and E3d is the Dirichlet energy in dimension 3. Estimate (6) suggests that the
cost of creating two topological singularities {P, N } is bigger than 8π|P −N |.

On the contrary, as shown by Hardt–Lin–Poon [13] in the axially symmetric case and by the
second author [22] in the general case, given a map u : Ω ⊂ R3 → S2, smooth near ξ ∈ Ω with
∇u(ξ) ̸= 0, and an arbitrarily small neighborhood Ω′ ⋐ Ω of ξ, one can “insert” a dipole with
singularities {P, N } ⊂Ω′ of Brouwer degree ±1 as above, obtaining a new map v which equals u in
Ω\Ω′, v

∣∣
Ω′ ∈C∞(

Ω′ \ {P, N }
)
, and satisfies the strict inequality

E3d (v) < E3d (u)+8πh, (7)

where h = |P −N |. The crucial point in (7) is that the cost of inserting the two singularities {P, N }
is strictly smaller than 8π|P −N |, contrary to (6).2

One constructs v (see Figure 2) roughly as follows: up to a rotation and translation take
ξ = 0 and assume ∇R2 u(0) ̸= 0. Set v = u, outside the cylinder Bρ(0)× (−h/2−h2,h/2+h2); for

2The map w in (6) can also be seen as inserting a dipole to a constant map u, hence the condition ∇u(ξ) ̸= 0 is never
satisfied.
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Figure 2. The strict dipole construction.

z ∈ (−h/2,h/2) away from ±h/2, replace u
∣∣
Bρ (0)×{z} with a map of different degree, as constructed

by Brezis–Coron, at a cost

E
(
v
∣∣
Bρ (0)×{z}

)≤ E
(
u

∣∣
Bρ (0)×{z}

)+8π−ε0
∣∣∇R2 u(0, z)

∣∣2
ρ2, (8)

according to (4). As z → ±h/2 one shrinks v( · , z), creating the singularities at (0,±h/2), still
respecting (8). Integrating (8) for z ∈ (−h/2,h/2) seems to lead to (7), with an energy gain of
order O

(∣∣∇R2 u(0)
∣∣2
ρ2h

)
but on the other hand, by shrinking v( · , z) as z → ±h/2 and by gluing

v to u
∣∣
Bρ (0)×{±(h/2+h2)}, one introduces a significant amount of z-derivative, adding an energy of

at least O(ρ4/h). The estimate of this contribution is the main difficulty in the symmetric strict
dipole construction of [13] and particularly in the non-symmetric case of [22]. The additional
“ingredient” in the dipole construction of the second author in [22] was to “follow” the evolution
of the initial map u along the z direction and to insert coverings of S2 at each z-level centred at
u(0,0, z) instead of centring them at u(0,0,0). In this way the z derivative of v(0,0, z) is equal to
the z derivative of u(0,0, z) and no “useless” energy is added along the tube in such a way that the
cost of closing the dipole at the two singularities is eventually dominated by the gain of energy all
along the connecting tube which is chosen to be of length h =p

ρ.
Coming back to the axially symmetric framework, in order to obtain (7), the quantitative term

−ε0
∣∣∇u(x0)

∣∣ρ2 in (4) (hence in (8)) cannot be made arbitrarily smaller (for instance of order ρ4),
since otherwise the 2-dimensional energy gain would be outspent by the cost of “closing the
dipole”, i.e. the vertical derivative coming from the rescaling as z →±h/2. This was made precise
by the first author [19], working on n-axially symmetric maps for n > 1. In this case, ∇u = 0 along
the vertical axis, and the energy gain in (4) on disks transversal to the axis is only at most O(ρ4),
smaller than the cost of closing the dipole.

Now, considering that the strict dipole construction of Hardt–Lin–Poon was crucial in their
proof that axially symmetric minimizers of the relaxed Dirichlet energy (as introduced by
Bethuel–Brezis–Coron [2] and Giaquinta–Modica–Soucek [11]) have only isolated “degree zero”
singularities, the absence of a strict dipole for n-axially symmetric maps makes the correspond-
ing regularity theory still open.

Open Problem A (see [19]). Are n-axially symmetric minimizers of the relaxed Dirichlet energy
smooth away from finitely many points when n > 1, similar to the case n = 1 treated in [13]?

Due to the same difficulty of constructing dipoles satisfying (7) at points where ∇u = 0, it is
still unknown whether tangent maps to minimizers of the relaxed Dirichlet energy from R3 to S2

are necessarily constant (see [19] for more details).
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Open Problem B. Are degree-zero homogeneous maps u : R3 → S2 locally minimizing the relaxed
Dirichlet energy necessarily constant?

Moreover, the above-mentioned (non-symmetric) dipole construction satisfying (7) was the
fundamental ingredient in the second author’s construction of weakly harmonic maps from B 3

into S2 which are everywhere discontinuous [22]. The failure of the dipole construction for n-
axially symmetric maps when n ≥ 2 raises the following question.

Open Problem C. Are there n-axially symmetric weakly harmonic maps in H 1(B 3,S2) which are
everywhere singular on the z-axis

{
(0,0, z) : z ∈ (−1,1)

}
when n ≥ 2?

The answer is affirmative in the case n = 1, as shown by the second author [21].

1.2. Instanton’s insertion for the Yang–Mills energy in dimension 4

The main purpose of this work is to show that a construction very similar in spirit to the one
of Brezis–Coron is also possible for the Yang–Mills energy in dimension 4, and to discuss the
possibility of a 5-dimensional dipole construction for the Yang–Mills energy, with an eye towards
the regularity theory for weak Yang–Mills connections in dimension 5.

Consider a connection A ∈ Ω1(R4)⊗ su(2) := C∞(
R4,Λ1R4 ⊗ su(2)

)
on a SU(2)-bundle P . Up

to modifying A outside a compact set, we can assume that A is the pull-back via stereographic
projection of a smooth connection on a SU(2)-bundle over S4. In particular, we can define its
Chern class

c2(A) :=
∫
R4

tr(FA ∧FA) ∈ 8π2Z, (9)

and its Yang–Mills energy

YM(A) :=
∫
R4
|FA |2 dx4 <∞. (10)

The precise definition tr(FA ∧FA) and |FA | will be given in the next section.
The Yang–Mills energy in dimension 4 enjoys several properties of the Dirichlet energy in

dimension 2, starting with scale invariance. Moreover, as we shall discuss in the following section,
any 2-form (for instance FA) in dimension 4 can be split into a self-dual and an anti-self dual part,
similar to the splitting of ∇u in dimension 2 (e.g. u : R2 → S2) into a conformal and anticonformal
part. The analog of conformal (or anti-conformal) maps such as Möbius transformations, for
Yang–Mills is given by the self-dual instantons and the anti-self-dual instantons, also discussed
in the next section. Finally, the role played by the Brouwer degree for 2-dimensional maps into S2

will be taken over by the 2nd Chern-class (9).
With these ingredients, we can state the main result of this paper, which can be seen as the

Yang–Mills counterpart of the Brezis–Coron construction.

Theorem 1. Let A ∈ Ω1(R4)⊗ su(2) be a smooth connection form on R4 with finite Yang–Mills
energy such that FA(0) ̸= 0. Assume that∣∣P+FA(0)

∣∣≤ ∣∣P−FA(0)
∣∣, (11)

where P+ and P− are respectively the projections of 2-forms onto self-dual or anti-self dual 2-forms
inR4. Then, there exists τ ∈ (0.3,0.4) such that for ρ > 0 small enough, one can modify A into Â such
that A and Â are gauge equivalent to each other on R4 \ Bρ(0), Â is gauge equivalent to a self-dual
instanton in Bτρ(0), ∫

R4
tr(F Â ∧F Â) =

∫
R4

tr(FA ∧FA)−8π2, (12)

and ∫
R4
|F Â |2 dx4 ≤

∫
R4
|FA |2 dx4 +8π2 −ε0

∣∣FA(0)
∣∣2
ρ4, (13)

for a positive constant ε0 independent of A and ρ.
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Remark 2. The corresponding result holds in case∣∣P+FA(0)
∣∣≥ ∣∣P−FA(0)

∣∣, (14)

with (12) replaced by ∫
R4

tr(F Â ∧F Â) =
∫
R4

tr(FA ∧FA)+8π2, (15)

and with Â gauge equivalent to an anti-selfdual instanton in Bτρ(0).

The geometric meaning of (12) and (15) is that while A is a connection on a given SU(2)-
bundle P , Â is a connection on a different SU(2)-bundle P̂ of Chern class c2(P̂ ) = c2(P )± 8π2,
obtained by a gluing procedure, already described for instance in [9,18,27]. Roughly speaking,
P̂ is obtained gluing the trivial SU(2)-bundle over Bρ(0) to the trivial SU(2)-bundle over R4 \ {0}
via the non-trivial gauge changes g (x) = x

|x| , or g (x) = x
|x| , where we identify R4 with the space of

quaternionsH, see Section 2.1.
Since such change of bundle/Chern class can be obtained by gluing a rescaled (concentrated)

self-instanton SDλ as given in (44), and since YM(SDλ) = 8π2, it is not difficult to construct Â such
that YM(Â) ≤ YM(A)+8π2 +ε with ε > 0 arbitrarily small. In fact, scaling arguments lead to the
more quantitative

YM(Â) = YM(A)+8π2 +O(ρ4), as ρ→ 0, (16)

where ρ is the scale at which the gluing occurs. This can be made to hold true irrespective of
whether condition (11) is satisfied or not. On the other hand, for applications it is crucial in
Theorem 1 that the term O(ρ4) in (16) is negative and this is precisely the content of (13).

Regarding the main difficulty in proving (13), there is a strong analogy with (4), in that the
energy saving due to the removal of the original connection in Bρ and to the energy of the
glued instanton (which is strictly less than 8π2), is of the same order ρ4 of the cost of gluing the
instanton to the original connection. As in [3], there seems to be no deep reason why the energy
saving should be bigger than the cost of gluing, giving a positive energy gain. In fact, by following
in the steps of [3], i.e. replacing A in Bρ/2(0) with a self-instanton SDλ, obtained by scaling by a
suitable factor λ > 0, and gluing in the annulus Bρ(0) \ Bρ/2(0) we would obtain that in the most
degenerate (least symmetric) cases, the cost of gluing is bigger than the energy saving for every
choice of λ> 0. It is only by inserting SDλ in Bτρ(0) for some τ ∈ (0,1), then gluing in Bρ(0)\Bτρ(0)
and fine-tuning both τ and λ that we can obtain a net energy gain (and actually quite small: the
energy saving is only around 1% bigger than the gluing cost, in the worst possible case).

Figure 3. In Theorem 1 the instanton is glued to A in the region Bρ(0) \ Bτρ(0).

A different approach to the instanton insertion was taken by Taubes [27] as part of his
important work on the Atiyah–Jones conjecture regarding the homotopy type of the space of
instantons versus general connections modulo gauge action (see Segal [26] for a counterpart
regarding the space of holomorphic versus general maps from C into CP1). Taubes’ method
in some sense weakens the estimate but simplifies the proof and has the advantage of holding
true even without condition (11). The main difference between Taubes’ approach and ours is
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Figure 4. In Taubes’ original approach [27] the instanton the gluing region is Bρ1/2 (0) \
Bρ3/2 (0).

the thickness of the gluing region. Following Brezis–Coron, we want the gluing region to be an
annulus Bρ(0) \ Bτρ(0). Correspondingly, we choose Â of the form (see Figure 3)

Â = ηρ Ã
g0 + (1−ηρ)SDλ,

where Ã
g0 will be obtained from A restricted to ∂Bρ(0), via a projection, a gauge change and

SDλ is a suitably scaled instanton (λ depending on ρ). Most importantly, ηρ is a cut-off function
vanishing in Bτρ(0) and equal to 1 in R4 \ Bτρ(0).

Taubes, instead, performed the gluing in the thicker annulus Bρ1/2 (0) \ Bρ3/2 (0), using two cut-
off functions, so that

ÂTaubes =ϕρ Ãg0 +ψρSDλ,

with ϕρ = 0 in Bρ3/2 (0), ϕρ = 1 in R4 \ B2ρ3/2 (0), ψρ = 1 in Bp
ρ(0) and ψρ(0) = 0 in R4 \ B2

p
ρ(0), see

Figure 4.
A mild modification of Taubes’ proof gives the following result, of which we shall also give the

proof for the sake of completeness.

Theorem 3. Let A ∈ Ω1(R4)⊗ su(2) be a smooth connection form on R4 with finite Yang–Mills
energy such that

P−FA(0) ̸= 0. (17)

Then, for 0 < b < 1 < a and for ρ > 0 small enough, one can modify A into Â such that A and Â
are gauge equivalent to each other on R4 \ Bρb (0), Â is gauge equivalent to a self-dual instanton in
Bρa (0), ∫

R4
tr(F Â ∧F Â) =

∫
R4

tr(FA ∧FA)−8π2, (18)

and ∫
R4
|F Â |2 dx4 ≤

∫
R4
|FA |2 dx4 +8π2 − 4π2

p
3

∣∣P−FA(0)
∣∣2
ρ4 +O(ρ4+δ), (19)

as ρ→ 0, for some δ> 0 depending only on a and b.

Remark 4. By replacing condition (17) with

P+FA(0) ̸= 0, (20)

one can replace (18) with (15) by gluing an anti-self-dual instanton.

Cutting-off the instanton and the connection A at different scales, while thickening the
interpolation region, has the advantage of making several “error” terms in the computation of the
gluing cost of smaller order compared with the main energy gain. As shown in [28] (and as easily
inferable from the proof of Theorem 3), one can actually take b = 1 in Theorem 3, at the cost of
making the constant 4π2p

3
smaller, but still independent of A. Instead, if one wants to have a gluing

region of the form Bρ(0) \ Bτρ(0), with τ ∈ (0,1) independent of A, with our current “technology”
one needs a condition as in (11) of Theorem 1.
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On the other hand, in dimension 2 Kuwert [17] was able to refine the Brezis–Coron approach
and construct a map û : Ω→ S2 by inserting an anti-conformal (resp. conformal) map v in Bρ(x0)

and gluing it to the original map u in the very thin region Bρ+ρ3/2 (x0) \ Bρ(x0), in such a way that
deg(û) = deg(u)−1 (resp. deg(û) = deg(u)+1) with an estimate of the form

E(û) ≤ E(u)−2π
∣∣∂z u(x0)

∣∣2
ρ2 +O(ρ3/2), as ρ→ 0

(resp. E(û) ≤ E(u) − 2π
∣∣∂z̄ u(x0)

∣∣2
ρ2 + O(ρ3/2)) under the only condition ∂z u(x0) ̸= 0 (resp.

∂z̄ u(x0) ̸= 0). This allowed Kuwert to prove that for generic boundary data g : ∂Ω ⊂ R2 → S2,
there exists minimizers of the Dirichlet energy in every homotopy class. Kuwert’s refined con-
struction is based on the existence of conformal maps which are very close to u

∣∣
∂Bρ (x0), as already

used by Jost [16]. At this stage, we do not know whether we have sufficiently many self-instantons
(anti-self-instantons) to reproduce Kuwert’s argument.

Open Problem D. Is it possible, given a smooth connection A ∈Ω1(R4)⊗ su(2) satisfying (17), to
construct Â satisfying (18) in such a way that Â is self-dual (i.e. P−F Â = 0) in Bρ(x0), Â = A up to
gauge change in Bρ+ρa (x0) for some a > 1, and (19) holds as ρ→ 0?

1.3. Dipoles in dimension 5 and regularity questions for the Yang–Mills energy

Taubes’ estimate (essentially Theorem 3 in our setting) has several applications. We mention
in particular the existence of minimizers of the Yang–Mills energy in different Chern classes, as
shown by Isobe and Marini [15], which is the counterpart of Kuwert’s [17] result for harmonic
maps. Indeed, for this result, the thickness of the gluing region is not relevant.

On the other hand, for us Theorem 1 was initially motivated not just by curiosity (“Will the
Brezis–Coron construction — which has the advantage to be very natural and handful — work in
the Yang–Mills setting?”) but also by a regularity project for the Yang–Mills energy analogous to
the one developed by the second author for harmonic maps, namely the following question.

Open Problem E. Is there a weak Yang–Mills connection (a critical point of YM defined in a suit-
able space of su(2)-valued 1-forms) in dimension 5 or higher which is everywhere discontinuous?

The notion of weak connection was originally introduced in [20] and precised in [5]. It can
be defined as follows: an su(2) weak connection in the 5-dimensional euclidian space R5 is an
su(2)-valued one form A such that:

(i) A ∈ L2
(
R5,Λ1(R5)⊗ su(2)

)
;

(ii) FA := dA+ A∧ A ∈ L2
(
R5,Λ2(R5)⊗ su(2)

)
;

(iii) for all open set U ⊂ R5, any bi-lipschitz homeomorphism Ψ from U into Ψ(U ) ⊂ R5 then
∀ f ∈ C 1

0

(
Ψ(U ),R+)

, for a.e. t > 0 the restriction of A to Ψ−1
(

f −1(t )
)

is locally gauge
equivalent to an su(2) one form in L4.

One of the main achievements of [5,20] was to prove that this class is weakly sequentially closed.
Moreover the Yang–Mills equation is well-defined on this class and it allows for the existence of
topological singularities satisfying

d
(
tr(FA ∧FA)

) ̸= 0 in D′(R5). (21)

This last condition is excluded for smooth connection forms A ∈ C∞(
R5,Λ1(R5)⊗ su(2)

)
which

must satisfy
d
(
tr(FA ∧FA)

)= 0 in D′(R5). (22)

This follows from formula (101) and Stokes’ theorem:∫
Br (x0)

d
(
tr(FA ∧FA)

)= ∫
∂Br (x0)

tr(FA ∧FA) =
∫
∂Br (x0)

d
(
tr

(
A∧dA+ 2

3 A∧ [A, A]
))= 0,
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Figure 5. The 5-dimensional dipole construction for the Yang–Mills energy.

for every ball Br (x0) ⊂ R5. By approximation, (22) holds also as long as |∇A||A|2 +|A|3 ∈ L1
loc(R5).

In particular, this is the case for A ∈ W 1,p
loc

(
R5,Λ1(R5)⊗ su(2)

)
with p ≥ 15

7 > 2. The case p = 2 is
more subtle: first of all notice that for A ∈W 1,2

loc

(
R5,Λ1(R5)⊗ su(2)

)
, A∧A ̸∈ L2

loc

(
R5,Λ2(R5)⊗su(2)

)
in general, so that (22) is not well-defined. If we assume both A ∈W 1,2

loc and FA ∈ L2
loc, then (22) is

well-defined and it does indeed hold true, but its proof is less direct and will be discussed in an
upcoming work.

Observe that the counterpart to (21) in the previously commented framework of harmonic
maps from B 3 into S2 is the condition

d(u∗ω) ̸= 0, (23)

where ω is an arbitrary 2-form on S2 such that
∫

S2 ω ̸= 0. The everywhere discontinuous

harmonic maps constructed by the second author in [22] satisfy supp
(
d(u∗ω)

) = B 3. Coming
back to the possibility to construct singular Yang–Mills weak connections, following [22], then a
possible methodology would go through the building block construction dipoles for the Yang–
Mills energy in 5 dimension, replacing a smooth connection A ∈ Ω1(R5)⊗ su(2) inside a small
cylinder B 4

ρ(0)× (−h/2,h/2) ⊂ R4 ×R (up to rotation and translation) in such a way that the new
connection B satisfies the analog of (7), namely

YM5d (B) < YM5d (A)+8π2h, (24)

and B has singularities at (x0,±h/2) of second Chern class ±8π2 i.e. B satisfies

d
(
tr(FB ∧FB )

)= 8π2[δ(x0,h/2) −δ(x0,−h/2)
]
.

As shown in Figure 5, and in analogy with the harmonic map case seen above, one would replace
A in B 4

ρ(0)× {0} by Â as in Theorem 3 and then rescale on B 4
ρ(0)× {t } as t →±h/2. This motivated

the need to have well separated regions where Â equals an instanton and where it equals A (up
to gauge transformation) and a “thin” gluing region, as in Theorem 1.

As we investigated this matter, we found something that we did not expect: no matter
how nicely one glues the instanton to a connection A in 4d and how carefully on closes a
corresponding a dipole of length h ≪ 1 in 5d, its cost is in general bigger than 8π2h. This is due
to the energy necessary to interpolate Â on B 4

ρ(0)× {0} with A on B 4
ρ × {±h/2}, which is of order

ρ4h−1, in general bigger than the energy gain of order ρ4h given by the horizontal replacement
of A with Â.

If we choose h = ρb for some b > 0, we can compare this phenomenon with the case of n-
axially symmetric harmonic maps, as summarized in the following table.
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Harmonic maps
standard 3d dipole

Harmonic maps
n-axially

symmetric 3d dipole

Yang–Mills
5d dipole

Horizontal gain ε0ρ
2+b ε0ρ

2n+b ε0ρ
4+b

Cost of vertical interpolation ∼ ρ4−b ∼ ρ4−b ∼ ρ4−b

In particular the cost of closing the dipole is of order ρ4h−1 = ρ4−b both for Yang–Mills dipoles
and for harmonic maps. But for 1-axially symmetric harmonic maps the energy gain is of order
ρ2+b , hence greater than the cost of closing the dipole, as long as we choose b < 1. Instead, for
2-axially symmetric harmonic maps, the energy balance is exactly the same as for Yang–Mills.
Then, in analogy with Open Problem A, we state the following.

Open Problem F. How regular are SO(4)-equivariant Yang–Mills connections in R5 =R4×R? Can
they have a line of singularities at {0}×R?

The analogy between 2-axially symmetric harmonic maps from B 3 into S2 and SO(4)-
equivariant SU(2)-connections was already noticed by Grotowski and Shatah [12] in the setting of
flows. In fact, Schlatter–Struwe–Tahvildar-Zadeh, [24], proved that, contrary to the 2-dimensional
harmonic map flow, the 4 dimensions SO(4)-equivariant Yang–Mills flow does not blow up in fi-
nite time and conjectured that this is the case even for non-equivariant flow. Grotowski–Shatah
then noticed that also the 2-axially symmetric harmonic map flow from R2 into S2 does not blow
up in finite time, contrary to the 1-axially symmetric example given by Chang–Ding–Ye [6].

Notice that there is a strong link between closing a (small) dipole and developing a singularity
in finite time: in some sense, the axis of the dipole can be seen as the time axis, and developing a
singularity in finite time would be an efficient way of closing the dipole, creating a singularity. In
fact, in [24] the flow can blow up, but only in infinite time, in the same way as we are allowed to
construct Yang–Mills dipoles satisfying (24) only if we allow h to be sufficiently large.

Let us also mention that Schlatter–Struwe–Tahvildar-Zadeh’s conjecture [24] was proved by
Waldron [30], who showed that in dimension 4, the Yang–Mills flow (for general compact Lie
groups) does not blow up in finite time. This casts further doubts on the possibility of construct-
ing very irregular Yang–Mills connections in dimension 5 using the relaxed energy, following the
ideas of [22], see Open Problem E.

2. Preliminaries and notations

2.1. Connection forms, curvatures and self-duality

Let A ∈ Ω1(R4) ⊗ su(2) be a smooth 1-form on R4 ≃ C2 with values into su(2), the Lie algebra
of the special unitary group SU(2). We identify su(2) with the vector space Im(H) of imaginary
quaternions i, j,k as

i =
(

i 0
0 −i

)
, j =

(
0 1
−1 0

)
, k =

(
0 i
i 0

)
. (25)

Observe that i j = k, and in particular

[i, j] = 2k, [j,k] = 2 i, [k, i] = 2 j. (26)

Adding the identity matrix 1 = (
1 0
0 1

)
, we can identify R4, H and the real subspace M2(C) spanned

by 1, i, j,k, namely we identify x = (x1, x2, x3, x4) ∈R4 with

x = x11+x2i+x3j+x4k ∈H⊂ M2(C), (27)

and SU(2) corresponds to the set of unitary quaternions, i.e. x as in (27) with x2
1+·· ·+x2

4 = 1. With
this identification

|1| = |i|2 = |j|2 = |k|2 = 2. (28)
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Moreover, given p = pi i+pj j+pk k ∈ Im(H) we have

|p|2 = tr(p p)

=− tr
(
(pi i+pj j+pk k)(pi i+pj j+pk k)

)
=−(p2

i +p2
j +p2

k) tr(1)

=−2(p2
i +p2

j +p2
k)

=−2Re(pp).

(29)

Using (25) we can write

A =
4∑

l=1
Al dxl =

4∑
l=1

(
Al

i i+ Al
j j+ Al

k k
)

dxl , (30)

with pointwise norm∣∣A(x)
∣∣2 =

4∑
l=1

(∣∣Al
i (x)

∣∣2|i|2 + ∣∣Al
j (x)

∣∣2|j|2 + ∣∣Al
k(x)

∣∣2|k|2
)
= 2

4∑
l=1

(∣∣Al
i (x)

∣∣2 + ∣∣Al
j (x)

∣∣2 + ∣∣Al
k(x)

∣∣2
)
.

We also called such a A a connection one form3 on R4.
Let us now define for A,B ∈Ω1(R4)⊗ su(2)

[A,B ](X ,Y ) = 1

2

([
A(X ),B(Y )

]− [
A(Y ),B(X )

])
. (31)

In particular

[p dxi , q dx j ] = 1

2
[p, q]dxi ∧dx j , for p, q ∈ su(2). (32)

Then, the curvature of A is the two form taking values into su(2) given by4

∀ X ,Y ∈R4 FA(X ,Y ) := dA(X ,Y )+ [
A(X ), A(Y )

]
=

4∑
l ,m=1

(∂xl Am −∂xm Al )Xl Ym +
[

4∑
l=1

Al Xl ,
4∑

m=1
Am Ym

]

=
4∑

l ,m=1

(
∂xl Am −∂xm Al + [Al , Am]

)
Xl Ym ,

(33)

and naturally we introduce the notation

F lm
A := ∂xl Am −∂xm Al + [Al , Am]. (34)

The norm of FA is given by

|FA | =
∑

1≤i< j≤4

∣∣FA(∂xi ,∂x j )
∣∣2,

the norms on the RHS being given by (29).
We recall the definition of the Hodge operator ⋆ on the space of alternated 2-forms in R4

∀α, β ∈∧2R4 α∧⋆β= 〈α,β〉⋆1, (35)

where 〈 · , · 〉 denotes the standard scalar product on ∧2R4 and ⋆1 is the standard volume form on
R4 given by

⋆1 = dx1 ∧dx2 ∧dx3 ∧dx4. (36)

3We shall be exclusively considering su(2) connections in this work.
4We are taking the most spread notation according to which

dxl ∧dxm (X ,Y ) = Xl Ym −Xm Yl .
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A form α is called self-dual (resp. anti-self dual) if ⋆α = α (resp. ⋆α = −α). The 3-dimensional
vector subspace of ∧2R4 made of self-dual (resp. anti-self dual) form is denoted ∧2+R4 (resp.
∧2−R4). An orthonormal basis of (∧2R4)+ (resp. (∧2R4)−) is given by

ω±
i = 1p

2

(
dx1 ∧dx2 ± dx3 ∧dx4

)
ω±

j = 1p
2

(
dx1 ∧dx3 ± dx4 ∧dx2

)
ω±

k = 1p
2

(
dx1 ∧dx4 ± dx2 ∧dx3

)
.

(37)

It is important for later purposes to observe

(i) the sub-vector spaces (∧2R4)+ and (∧2R4)− are orthogonal to each other and

∧2R4 = (∧2R4)+⊕ (∧2R4)−;

(ii) the family (ω+
i ,ω+

j ,ω+
k ,ω−

i ,ω−
j ,ω−

k ) realizes an orthonormal basis of ∧2R4.

We shall denote P± the orthogonal projections onto (∧2R4)±. We recall the well-known

tr(FA ∧FA) =−|P+FA |2 +|P−FA |2. (38)

Also observe that
dx ∧dx = (1 dx1 + i dx2 + j dx3 +k dx4)∧ (1 dx1 − i dx2 − j dx3 −k dx4)

=−2
p

2(ω+
i i+ω+

j j+ω+
k k)

(39)

and
dx ∧dx = (1 dx1 − i dx2 − j dx3 −k dx4)∧ (1 dx1 + i dx2 + j dx3 +k dx4)

= 2
p

2(ω−
i i+ω−

j j+ω−
k k).

(40)

This implies in particular

⋆(dx ∧dx) = dx ∧dx, ⋆(dx ∧dx) =−dx ∧dx. (41)

A special case of interest in this work is given by

A(x) := SD(x) = Im

(
x dx

1+|x|2
)

(42)

where the x ∈R4 is identified canonically with the quaternion as in (27) and x := x11−x2 i−x3 j−
x4 k is its conjugate. The curvature of SD is given by the formula (see the appendix for details)

FSD = dx ∧dx(
1+|x|2)2 . (43)

Pulling back via a dilation of factor λ> 0 gives the rescaled version of SD, namely

SDλ(x) := Im

(
λ2 x dx

1+λ2 |x|2
)
, (44)

with curvature

FSDλ
= λ2 dx ∧dx(

1+λ2|x|2)2 . (45)

Thanks to (41), we observe

⋆FSDλ
= FSDλ

, (46)

that we can also rewrite

P+(FSDλ
) = FSDλ

or, equivalently, P−(FSDλ
) = 0. (47)

Denoting

ASDλ(x) := Im

(
λ2 x dx

1+λ2 |x|2
)
=−Im

(
λ2 dx x

1+λ2 |x|2
)

(48)
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we obtain as before

FASDλ
(x) = λ2 dx ∧dx(

1+λ2 |x|2)2 . (49)

Combining (40) and (49) is implying

P−(FASDλ
) = FASDλ

⇐⇒ P+(FASDλ
) = 0 ⇐⇒ ⋆FASDλ

=−FASDλ
. (50)

2.2. Gauge changes and the exponential/polar/radial gauge

Let A be a smooth su(2) connection 1-form on R4 and g be a smooth map from R4 into SU(2).
Following [23, Section III.3], we denote

Ag := g−1 A g + g−1 dg (51)

where we identify g with the corresponding unit quaternions. A direct computation (see [23,
Section III.3]) gives

FAg = g−1 FA g . (52)

The passage from A to Ag corresponds on R4 to a change of trivialization (or gauge change) of the
underlying principal trivial SU(2) bundle R4 ×SU(2) for which A is the one form representing a
connection (see [23, Section III]). First of all we proceed to a first smooth gauge change ensuring
A(0) = 0. This is possible by taking

g := exp

(
−

4∑
l=1

xl Al (0)

)
. (53)

From now on we will only work with connection form satisfying A(0) = 0.
In [29] K. Uhlenbeck is considering a special gauge change g such that ultimately

∀ x ∈R4 0 = Ag (x)
∂

∂r
:=

4∑
l=1

(Ag )l (x)
xl

|x| (54)

where is the contraction operator between forms and vectors (more generally between con-
travariant and covariant tensors). Such a gauge is called in the literature exponential (or also
polar or radial) gauge. We recall for the convenience of the reader the construction of g . The
gauge g is obtained by “parallel transporting” with respect to A the identity at the origin along
the rays given by the straight half lines emanating from 0. Precisely we solve for any σ ∈ S3 and
r ∈R+ {

∂r g (r,σ) =−A(r σ) g (r,σ)

g (0,σ) = 1,
(55)

where 1 is either the neutral element in the quaternions or the unit matrix in SU(2). The existence
and uniqueness g ∈ C 1

(
R+,SU(2)

)
for any σ ∈ S3 follows using the smoothness of A by classical

ODE theory. We first claim that g ∈ Liploc(S3×R+). Indeed for any pairσ andσ′ in S3 the quotient
difference u(r,σ,σ′) := (

g (r,σ)− g (r,σ′)
)
/|σ−σ′| satisfies∂r u(r,σ,σ′) =−A(r σ)u(r,σ,σ′)− A(r σ)− A(r σ′)

|σ−σ′| g (r,σ′)

u(0,σ,σ′) = 0.
(56)

Hence we have for r < R, that
∣∣g (r,σ′)

∣∣=p
2,

∂r |u| ≤ |∂r u| ≤ ∥A∥L∞(BR (0))|u|+
p

2r∥∇A∥L∞(BR (0)). (57)

This implies

∂r
(
e−r ∥A∥L∞(BR (0)) |u|−p

2
−1

r 2∥∇A∥L∞(BR (0))
)≤ 0. (58)
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Since |u|(0,σ,σ′) = 0 we deduce

∀ r ≤ R ∀ σ,σ′ ∈ S3

∣∣g (r,σ)− g (r,σ′)
∣∣

|r σ− r σ′| ≤ 2−1 er ∥A∥L∞(BR (0)) r ∥∇A∥L∞(BR (0)). (59)

We have also from (55)

∀ r,r ′ ≤ R ∀ σ ∈ S3

∣∣g (r,σ)− g (r ′,σ)
∣∣

|r − r ′| ≤ ∥A∥L∞(BR (0)). (60)

Let 0 < r < r ′ and σ,σ′ in S3 we have∣∣g (r,σ)− g (r ′,σ′)
∣∣

|r σ− r ′σ′| ≤
∣∣g (r,σ)− g (r,σ′)

∣∣
|r σ− r ′σ′| +

∣∣g (r,σ′)− g (r ′,σ′)
∣∣

|r σ− r ′σ′| . (61)

Because of the convexity of Br (0) in R4 the point rσ′ is the nearest point to r ′σ′ in Br (0), hence

|r σ′− r ′σ′| ≤ |r σ− r ′σ′|. (62)

We have also

|rσ− r ′σ′|2 = r 2 + (r ′)2 −2r r ′σ ·σ′ ≥ 2r r ′−2r r ′σ ·σ′. (63)

Cauchy–Schwartz inequality gives |σ ·σ′| ≤ |σ| |σ′| = 1, hence

|rσ− r ′σ′|2 ≥ 2r r ′ (1−σ ·σ′) ≥ 2r 2 (1−σ ·σ′) = r 2 + r 2 −2r r σ ·σ′ = |rσ− rσ′|2. (64)

Combining (61) with (62) and (64) gives then∣∣g (r,σ)− g (r ′,σ′)
∣∣

|r σ− r ′σ′| ≤
∣∣g (r,σ)− g (r,σ′)

∣∣
|r σ− r σ′| +

∣∣g (r,σ′)− g (r ′,σ′)
∣∣

|r σ′− r ′σ′| . (65)

Combining now (65) with (59) and (60) is implying∣∣g (r,σ)− g (r ′,σ′)
∣∣

|r σ− r ′σ′| ≤ 2−1 er ∥A∥L∞(BR (0)) r ∥∇A∥L∞(BR (0)) +∥A∥L∞(BR (0)). (66)

The map g obviously extends to a map on R4 and we have established the following lemma.

Lemma 5. Let A be a smooth su(2) connection one form onR4 such that A(0) = 0. Let g be the map
from R4 into SU(2) solving (55). Then g ∈ C 1

(
R4,SU(2)

)
and for any R > 0 the following estimate

holds:

∥∇g∥L∞(BR (0)) ≤ 2−1 er ∥A∥L∞(BR (0)) r ∥∇A∥L∞(BR (0)) +∥A∥L∞(BR (0)). (67)

Moreover, Ag is continuous at the origin and Ag (0) = 0.

Proof of Lemma 5. The fact that g is locally Lipschitz in R4 and that the estimate (67) holds is a
direct consequence of (66). From the fact that A(0) = 0 we obtain that

lim
R→0

∥∇g∥L∞(BR (0)) = 0. (68)

This implies the lemma. □

We recall the standard trivialisation of T S3 by the following orthonormal tangent frame
e1 := x1∂x2 −x2∂x1 +x3∂x4 −x4∂x3

e2 := x1∂x3 −x3∂x1 +x4∂x2 −x2∂x4

e3 := x1∂x4 −x4∂x1 +x2∂x3 −x3∂x2 ,

(69)

to which we add the radial vector

∂r = x1∂x1 +x2∂x2 +x3∂x3 +x4∂x4 .

We extend this frame by 0-homogeneity to T (R4 \ {0}).
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Its dual basis is given for x ∈ S3 by
e∗1 := x1 dx2 −x2 dx1 +x3 dx4 −x4 dx3

e∗2 := x1 dx3 −x3 dx1 +x4 dx2 −x2 dx4

e∗3 := x1 dx4 −x4 dx1 +x2 dx3 −x3 dx2

dr := x1 dx1 +x2 dx2 +x3 dx3 +x4 dx4,

(70)

again extended by 0-homogeneity to T ∗(R4 \ {0}). We recall also the three standard complex
structure (I , J ,K ) on R4 

I∂x1 = ∂x2 and I∂x3 = ∂x4

J∂x1 = ∂x3 and J∂x4 = ∂x2

K∂x1 = ∂x4 and K∂x2 = ∂x3 .

(71)

With these notations we have for instance

e1 = I∂r , e2 = J∂r and e3 = K∂r , (72)

and we have by duality

e∗1 = I dr, e∗2 = Jdr and e∗3 = K dr. (73)

Given Ag in exponential gauge as above, we can then write

Ag =
3∑

l=1
Ag

el
e∗l where Ag

el
= Ag el . (74)

Using the fact that Ag ∂r = 0 we write for any l = 1,2,3

FAg (∂r ,el ) = dAg (∂r ,el )+ [
Ag ∂r , Ag el

]= dAg (∂r ,el ). (75)

Using the Cartan Formula for the exterior derivative of one forms we obtain

dAg (∂r ,el ) = d(Ag el ) ∂r −d(Ag ∂r ) el − Ag [∂r ,el ] = ∂r (Ag
el

)− Ag [∂r ,el ] (76)

where we used again Ag ∂r = 0. We have for any vector field Y in R4

[r ∂r ,Y ] =∑
i , j

[
x j ∂x j Y i −Y j δi j

]
∂xi =

∑
i

r ∂r Y i ∂xi −Y = r ∂r Y −Y . (77)

In particular, for l = 1,2,3

[r ∂r ,el ] =−el . (78)

Using the formula

[ f X ,Y ] = f [X ,Y ]−∇Y f X (79)

we obtain

[∂r ,el ] =−r−1 el (80)

and

FAg (∂r ,el ) = dAg (∂r ,el ) = ∂r (Ag
el

)+ r−1 Ag el = r−1∂r (r Ag
el

). (81)

Combining (74), (75) and (76) we obtain the following expression of the connection form in
exponential gauge in terms of the curvature (which is maybe the main reason why this gauge
is often used in the literature)

Ag (rσ) = r−1
3∑

l=1

∫ r

0
FAg (tσ)(∂r ,el ) t dt e∗l , (82)

where we have used from Lemma 5 that Ag (0) = 0.
From this expression we deduce the following lemma.
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Lemma 6. Let A be a smooth su(2) connection one form on R4 such that A(0) = 0. Let g be the
map from R4 into SU(2) solving (55). Then

∀ R > 0 ∀ x ∈ BR (0)
∣∣Ag (x)

∣∣≤ ∥FA∥L∞(BR (0))|x|, (83)

and

Ag (x) = |x|
2

3∑
l=1

FAg (0)(∂r ,el )e∗l +O
(|x|2), as |x|→ 0.

3. Self-instanton insertion and proof of Theorem 1

Let A be the exponential gauge of a smooth one form connection which was originally chosen to
be zero at the origin (unlike the previous section we do not mention the gauge change bringing
to the exponential configuration anymore). To fix ideas we assume that A is a connection form
issued from a smooth connection of a principal SU(2) bundle E over S4 via the stereographic
projection in such a way that we have respectively∫

R4
|FA |2 dx4 <+∞ (84)

and
c2(E) =

∫
R4

tr(FA ∧FA) =
∫
R4

(−|P+FA |2 +|P−FA |2
)

dx4 = 8π2k, where k ∈Z. (85)

Let g0 ∈ SU(2) (i.e. g0 is constant on R4) to be fixed later. In a first step we consider the gauge
transformed of A given by

Ag0 = g−1
0 A g0. (86)

This gauge is still exponential. Now, away from zero, we proceed to a gauge change of degree +1.
Precisely we denote

Ãg0 := x

|x| Ag0
x

|x| +
x

|x| d

(
x

|x|
)
. (87)

It is important at this stage to stress the fact that this new gauge (singular at the origin) is still
exponential in the sense that

Ãg0 ∂r = 0. (88)

Letηbe a smooth increasing function fromR+ into [0,1] such thatη≡ 0 on [0,τ], for some τ ∈ (0,1)
to be fixed later, and η≡ 1 on [1,+∞). For ρ > 0 sufficiently small, we denote

∀ x ∈R4 ηρ(x) := η
( |x|
ρ

)
. (89)

Moreover, for a constant c0 > 0 to be fixed independently of ρ we set

λ2 = 1

c0ρ4 , λ→∞ as ρ→ 0+. (90)

We introduce the following gluing between Ãg0 and SDλ (compare to (44)). First, for any 1-form A,
we set

A :=φ∗
ρA in Bρ(0) \ Bτρ(0), (91)

where φρ(x) := ρ x/|x|, and
A := A in R4 \ Bρ(0). (92)

Then we define
Â(g0,ρ,λ) := ηρ Ã

g0 + (1−ηρ)SDλ. (93)

Notice that Ã
g0 is continuous thanks to (88), but not smooth. For the sake of Theorem 1

(estimate (13) in particular) this is not an issue, since dÃ
g0 ∈ L2

loc

(
R4 \ {0},Λ2R4 ⊗ su(2)

)
,5 hence

5We have
dÃ

g0 = dÃ
g0 1R4\Bρ (0) +d(φ∗

ρ Ãg0 )1Bρ (0) in D′(R4 \ {0}),
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Ã
g0 can be approximated through convolution by Ã

g0
ε := Ã

g0 ∗ϕε in such a way that Ã
g0
ε → Ã

g0

in L4
loc(R4 \ {0}) and dÃ

g0
ε = (dÃ

g0 )∗ϕε → dÃ
g0 in L2

loc(R4 \ {0}), hence F Ãg0
ε

→ F Ãg0 in L2
loc(R4 \ {0})

strongly. Using the identities

x

|x| d

(
x

|x|
)
= Im

(
x

|x| d

(
x

|x|
))

= Im

(
x

|x|2 dx

)
= x

|x| Im
(

dx x

|x|2
)

x

|x| , (94)

and

Im

(
x

|x|
λ2 x dx

1+λ2 |x|2
x

|x| −
dx x

|x|2
)
=− 1

|x|2 Im

(
dx x

1+λ2 |x|2
)
=− 1

1+λ2 |x|2 d

(
x

|x|
)

x

|x| (95)

we obtain

Â(g0,ρ,λ) = x

|x|
(
ηρ g−1

0 A g0 + (1−ηρ)
x

|x| Im
(
λ2 x dx

1+λ2 |x|2
)

x

|x|
)

x

|x| +ηρ
x

|x| d

(
x

|x|
)

= x

|x|
(
ηρ g−1

0 A g0 + (1−ηρ)Im

(
x

|x|
λ2 x dx

1+λ2 |x|2
x

|x| −
dx x

|x|2
))

x

|x| +
x

|x| d

(
x

|x|
)

= x

|x|
(
ηρ g−1

0 A g0 − (1−ηρ)
1

1+λ2 |x|2 d

(
x

|x|
))

x

|x| +
x

|x| d

(
x

|x|
)
,

(96)

hence

Â(g0,ρ,λ) = x

|x|
qA(g0,ρ,λ)

x

|x| +
x

|x| d

(
x

|x|
)

(97)

where

qA(g0,ρ,λ) = ηρ g−1
0 A g0 + (1−ηρ)S̃Dλ, (98)

and

S̃Dλ =
x

|x|SDλ
x

|x| +
x

|x| d

(
x

|x|
)
=− 1

1+λ2 |x|2 d

(
x

|x|
)

x

|x| (99)

is the self-instanton after a change of gauge.
Observe that we have {

F Â = x
|x| g−1

0 FA g0
x
|x| in R4 \ Bρ(0),

F Â = FSD in Bτρ(0).
(100)

Lemma 7. We have ∫
R4

tr(F Â ∧F Â) =
∫
R4

tr(FA ∧FA)−8π2.

Proof. Using the Chern–Simons formula (see [7,9])

tr(FA ∧FA) = d tr
(

A∧dA+ 2
3 A∧ [A, A]

)
, (101)

where 1R4\Bρ (0) and 1Bρ (0) are respectively the characteristic functions of R4 \ Bρ (0) and Bρ (0). Indeed, for any ω ∈
Ω2(R4 \ {0}),∫
R4

Ã
g0∧dω=

∫
Bρ (0)

φ∗
ρ Ã

g0∧dω+
∫
R4\Bρ (0)

Ã
g0∧dω=−

∫
Bρ (0)

dφ∗
ρ Ã

g0∧ω−
∫
R4\Bρ (0)

dÃ
g0∧ω+

∫
∂Bρ (0)

(φ∗
ρ Ã

g0−Ã
g0 )∧ω,

and the last integral vanishes since ι∗
∂Bρ (0)φ

∗
ρ Ãg0 = ι∗

∂Bρ (0) Ãg0 .
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we get, for ε> 0 sufficiently small,∫
BR (0)

tr(F Â ∧F Â) =
∫
∂BR (0)

tr
(

Â∧dÂ+ 1
3 Â∧ [Â, Â]

)
=

∫
∂BR (0)

tr
(

Ãg0 ∧dÃg0 + 1
3 Ãg0 ∧ [Ãg0 , Ãg0 ]

)
=

∫
BR (0)\Bε(0)

tr(F Ãg0 ∧F Ãg0 )+
∫
∂Bε(0)

tr
(

Ãg0 ∧dÃg0 + 1
3 Ãg0 ∧ [Ãg0 , Ãg0 ]

)
=

∫
BR (0)\Bε(0)

tr(FAg0 ∧FAg0 )+
∫
∂Bε(0)

tr
(

Ag0 ∧dAg0 + 1
3 Ag0 ∧ [Ag0 , Ag0 ]

)
+

∫
∂Bε(0)

tr(Q)

=
∫

BR (0)
tr(FAg0 ∧FAg0 )+

∫
∂Bε(0)

tr(Q),

(102)

where Q denotes a 3-form with the expansion

Q = x

|x| d

(
x

|x|
)
∧d

(
x

|x|
)
∧d

(
x

|x|
)
+ 2

3

x

|x| d

(
x

|x|
)
∧

[
x

|x| d

(
x

|x|
)
,

x

|x| d

(
x

|x|
)]

+O(ε−2),

as ε→ 0. We have

x

|x| d

(
x

|x|
)
∧d

(
x

|x|
)
∧d

(
x

|x|
)

= x

|x| d

(
x

|x|
)
∧d

(
x

|x|
)

x

|x| ∧
x

|x| d

(
x

|x|
)

=− i I dr + j Jdr +kK dr

|x| ∧ i I dr + j Jdr +kK dr

|x| ∧
(
− i I dr + j Jdr +kK dr

|x|
)

= 6 i j k

|x|3 I dr ∧ Jdr ∧K dr

=− 6

|x|3 I dr ∧ Jdr ∧K dr.

(103)

We have [
x

|x| d

(
x

|x|
)
,

x

|x| d

(
x

|x|
)]

=
[
− i I dr + j Jdr +kK dr

|x| ,− i I dr + j Jdr +kK dr

|x|
]

= 2

|x|2
(
i Jdr ∧K dr + jK dr ∧ I dr +k I dr ∧ Jdr

)
,

(104)

hence

2

3

x

|x| d

(
x

|x|
)
∧

[
x

|x| d

(
x

|x|
)
,

x

|x| d

(
x

|x|
)]

=− 4

3|x|3 (i I dr + j Jdr +kK dr )∧ (
i Jdr ∧K dr + jK dr ∧ I dr +k I dr ∧ Jdr

)
= 4

|x|3 1 I dr ∧ Jdr ∧K dr.
(105)

Then

Q =− 2

|x|3 1 I dr ∧ Jdr ∧K dr +O(ε−2),

and, recalling that tr(1) = 2,∫
∂Bε(0)

tr(Q) =− 1

ε3

∫
∂Bε(0)

4 I dr ∧ Jdr ∧K dr +O(ε) =−8π2 +O(ε).

Letting ε→ 0 in (102) we conclude. □
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Our goal now is to estimate ∫
R4
|F Â |2 dx4 −

∫
R4
|FA |2 dx4. (106)

Lemma 8. We have∫
R4
|F Â |2 dx4 −

∫
R4
|FA |2 dx4 = 8π2 +2

∫
Bρ (0)\Bτρ (0)

|P−F
qA |2 dx4 −2

∫
Bρ (0)

|P−FA |2 dx4. (107)

Proof of Lemma 8. Thanks to Lemma 7 and (38) we have∫
R4
|F Â |2 dx4 −

∫
R4
|FA |2 dx4

=
∫
R4
|P+F Â |2 dx4 −

∫
R4
|P+FA |2 dx4 +

∫
R4
|P−F Â |2 dx4 −

∫
R4
|P−FA |2 dx4

= 8π2 +2
∫
R4
|P−F Â |2 dx4 −2

∫
R4
|P−FA |2 dx4

(108)

Combining (100) with the fact that FSDλ
is self-dual gives∫

R4
|F Â |2 dx4 −

∫
R4
|FA |2 dx4 = 8π2 +2

∫
Bρ (0)\Bτρ (0)

|P−F Â |2 dx4 −2
∫

Bρ (0)
|P−FA |2 dx4. (109)

Because of (97) we have on Bρ(0) \ Bτρ(0)

F Â = x

|x| F
qA

x

|x| , (110)

and in particular

P−F Â = x

|x| P−F
qA

x

|x| . (111)

Then (108) follows at once. □

We are now estimating the difference in (108) in the limit ρ→ 0 by taking λ as in (90), where c0

is going to be chosen later independent of ρ.
We will use the following basic estimates.

Lemma 9. We have
1

1+λ2|x|2 = 1

λ2|x|2 +O(ρ4) =O(ρ2),

S̃Dλ =O(ρ),

dS̃Dλ =O(1),

(112)

uniformly in Bρ(0) \ Bτρ(0) as ρ→ 0, and

qA =O(ρ),

d qA =O(1),
(113)

uniformly in Bρ(0) as ρ→ 0.

Proof of Lemma 9. The first estimate follows at once from the definition of λ. The second
one follows from the definition of S̃Dλ and d

( x
x

) = O(ρ−1) in Bρ(0) \ Bτρ(0). Combining (83) in
Lemma 6 with (111) is implying

∥qA∥L∞(Bρ (0)\Bτρ (0)) =O(ρ). (114)

We have also for any x ∈ Bρ(0) \ Bτρ(0)

|d qA| ≤ ∥η′∥∞ρ−1
[∣∣A(x)

∣∣+|x|−1 ∣∣(1+λ2 |x|2)−1∣∣]+|dA|(x)+λ2 (
1+λ2 |x|2)−2

≤O(1)+|FA |(x)+O(ρ2)+O(λ2ρ4)

=O(1). □
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Lemma 10. We have∫
R4
|F Â |2 dx4 −

∫
R4
|FA |2 dx4 = 8π2 +2

∫
Bρ (0)\Bτρ (0)

|P−d qA|2 dx4 −2
∫

Bρ (0)
|P−FA |2 dx4 +O(ρ6). (115)

Proof of Lemma 10. From Lemma 9 we have

F
qA = d qA+O(ρ2) in Bρ(0) \ Bτρ(0),

hence

P−F
qA = P−(d qA)+O(ρ2) in Bρ(0) \ Bτρ(0),

and

|P−F
qA |2 =

∣∣P−(d qA)
∣∣2 +O(ρ2) in Bρ(0) \ Bτρ(0).

Then (115) follows at once from Lemma 8. □

This brings us naturally to the estimation of the square of the L2 norm of P−d qA on Bρ(0) \
Bτρ(0).

Lemma 11. We have

P−(d qA) = η′ρP−
(
d|x|∧ Ag0

)+ηρP−(dAg0 )− 1

4λ2|x|3 η
′
ρdx ∧dx +O(ρ2)

= η′ρg−1
0 P−

(
d|x|∧ A

)
g0 +ηρg−1

0 P−(dA)g0 − 1

4λ2|x|3 η
′
ρdx ∧dx +O(ρ2)

(116)

uniformly in Bρ(0) \ Bτρ as ρ→ 0.

Proof of Lemma 11. From the definition of qA = ηρAg0 + (1−ηρ)S̃Dλ we get

d qA = η′ρd|x|∧ (Ag0 − S̃Dλ)+ηρdAg0 + (1−ηρ)dS̃Dλ.

With Lemma 9 we have, uniformly in Bρ(0) \ Bτρ(0)

dS̃Dλ = FSDλ
+O(ρ2),

and, by self-duality,

P−(dS̃Dλ) =O(ρ2).

Therefore

P−(d qA) = η′ρP−
(
d|x|∧ Ag0

)+ηρP−(dAg0 )−η′ρP−
(
d|x|∧ S̃Dλ

)+O(ρ2). (117)

Now observe that

2 |x|3 P−
(
d|x|∧d

(
x

|x|
)

x

|x|
)
= P−

(
d|x|2 ∧dx x

)
. (118)

Moreover

P−
(
d|x|2 ∧dx x

)= P−
(
d(x x)∧dx x

)
= x P−

(
dx ∧dx

)
x +P−

(
dx x ∧dx x

)
= P−

(
dx x ∧dx x

)
= P−

(
dx x ∧d|x|2)−P−

(
dx x ∧x d x

)
=−P−

(
d|x|2 ∧dx x

)−|x|2 dx ∧dx.

(119)

This gives

P−
(
d|x|2 ∧dx x

)=−|x|2
2

dx ∧dx. (120)

Hence combining (118) and (120) we obtain

P−
(
d|x|∧d

(
x

|x|
)

x

|x|
)
=− 1

4 |x| dx ∧dx. (121)
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In particular

P−
(
d|x|∧ S̃Dλ

)=− 1

1+λ2|x|2 P−
(
d|x|∧d

(
x

|x|
)

x

|x|
)
= 1+O(ρ2)

4λ2|x|2 dx ∧dx. (122)

Inserting (122) into (117) we conclude. □

In order to compute |d qA|2 we express P−
(
d|x| ∧ A

)
and P−(dA) in terms of the orthonormal

basis
{
ω−

i (x),ω−
j (x),ω−

k (x)
}

given by the following lemma, whose proof is postponed to the
appendix.

Lemma 12. Given x ∈R4 \ {0}, the set of 2-forms
ω−

i (x) =p
2P−(dr ∧ I dr )

ω−
j (x) =p

2P−(dr ∧ Jdr )

ω−
k (x) =p

2P−(dr ∧K dr )

(123)

realizes an orthonormal basis of (Λ2R4)−.

The compatibility with the previous notations is given by
ω−

i =ω−
i (1,0,0,0)

ω−
j =ω−

j (1,0,0,0)

ω−
k =ω−

k (1,0,0,0).

(124)

Lemma 13. On Bρ(0) \ Bτρ(0) there holds

P−
(
d|x|∧ A

)= ρ2

2
p

2|x|
(
FA(0)(∂r , I∂r )ω−

i (x)+FA(0)(∂r , J∂r )ω−
j (x)+FA(0)(∂r ,K∂r )ω−

k (x)
)

+O(ρ2), (125)

and

P−dA =− ρ2

p
2|x|2

(
FA(0)(J∂r ,K∂r )ω−

i (x)+FA(0)(K∂r , I∂r )ω−
j (x)+FA(0)(I∂r , J∂r )ω−

k (x)
)

+O(ρ), (126)

as ρ→ 0.

Proof of Lemma 13. We have

P−
(
d|x|∧ A

)= A I∂r P−(dr ∧ I dr )+ A J∂r P−(dr ∧ Jdr )+ A K∂r P−(dr ∧K dr )

= 1p
2

(
A I∂r ω

−
i + A J∂r ω

−
j + A K∂r ω

−
k

)
.

(127)

From Lemma 6 we get
A I∂r = (φ∗

ρA) I∂r = A(ρ)
(
(φρ)∗I∂r

)= ρ
|x| A(ρ) (I∂r ) = ρ2

2 |x| FA(0)(∂r , I∂r )+O(ρ2)

A J∂r = (φ∗
ρA) J∂r = A(ρ)

(
(φρ)∗ J∂r

)= ρ
|x| A(ρ) (J∂r ) = ρ2

2 |x| FA(0)(∂r , J∂r )+O(ρ2)

A K∂r = (φ∗
ρA) K∂r = A(ρ)

(
(φρ)∗K∂r

)= ρ
|x| A(ρ) (K∂r ) = ρ2

2 |x| FA(0)(∂r ,K∂r )+O(ρ2)

and (125) follows.
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In order to prove (126), observe that A = A on ∂Bρ(0), while in Bρ(0) \ Bτρ(0)

φ∗
ρ(dr ∧ I dr ) =φ∗

ρ(dr ∧ Jdr ) =φ∗
ρ(dr ∧K dr ) = 0,

φ∗
ρ(I dr ∧ Jdr ) = ρ2

|x|2 I dr ∧ Jdr,

φ∗
ρ(Jdr ∧K dr ) = ρ2

|x|2 Jdr ∧K dr,

φ∗
ρ(K dr ∧ I dr ) = ρ2

|x|2 K dr ∧ I dr.

(128)

Then we have
dA =φ∗

ρdA

=φ∗
ρFA +O(ρ)

= FA(0)(I∂r , J∂r )φ∗
ρ(I dr ∧ Jdr )+FA(0)(J∂r ,K∂r )φ∗

ρ(Jdr ∧K dr )

+FA(0)(K∂r , I∂r )φ∗
ρ(K dr ∧ I dr )+O(ρ),

(129)

hence

dA =
(
ρ

|x|
)2[

FA(0)(I∂r , J∂r ) I dr ∧ Jdr +FA(0)(J∂r ,K∂r ) Jdr ∧K dr

+FA(0)(K∂r , I∂r )K dr ∧ I dr
]+O(ρ). (130)

Observe that we have respectively

⋆(dr ∧ I dr ) = Jdr ∧K dr, ⋆(dr ∧ Jdr ) = K dr ∧ I dr, ⋆(dr ∧K dr ) = I dr ∧ Jdr. (131)

This gives in particular
P−(I dr ∧ Jdr ) =−P−(dr ∧K dr ) =−p2

−1
ω−

k (x)

P−(Jdr ∧K dr ) =−P−(dr ∧ I dr ) =−p2
−1
ω−

i (x)

P−(K dr ∧ I dr ) =−P−(dr ∧ Jdr ) =−p2
−1
ω−

j (x)

(132)

and (126) follows. □

Combining (125) and (126) with (116) finally gives in Bρ(0) \ Bτρ(0)

g0 P−d qA g−1
0

= 1

2
p

2

ρ2

|x| η
′
ρ

(
FA(0)(∂r , I∂r )ω−

i (x)+FA(0)(∂r , J∂r )ω−
j (x)+FA(0)(∂r ,K∂r )ω−

k (x)
)

− 1p
2

ρ2

|x|2 ηρ
(
FA(0)(J∂r ,K∂r )ω−

i (x)+FA(0)(K∂r , I∂r )ω−
j (x)+FA(0)(I∂r , J∂r )ω−

k (x)
)

− 1

4λ2 |x|3 η
′
ρ g0 dx ∧dx g−1

0 +O(ρ).

(133)

Thus∫
Bρ (0)\Bτρ (0)

|P−d qA|2 dx4

= ρ2

8

∫ ρ

τρ
sη′

(
s

ρ

)2

ds
∫

S3

(∣∣FA(0)(∂r , I∂r )
∣∣2 + ∣∣FA(0)(∂r , J∂r )

∣∣2 + ∣∣FA(0)(∂r ,K∂r )
∣∣2

)
dvolS3

+ ρ4

2

∫ ρ

τρ
η

(
s

ρ

)2 ds

s

∫
S3

(∣∣FA(0)(I∂r , J∂r )
∣∣2 + ∣∣FA(0)(J∂r ,K∂r )

∣∣2 + ∣∣FA(0)(K∂r , I∂r )
∣∣2

)
dvolS3

+ 1

16λ4ρ2

∫ ρ

τρ
η′

(
s

ρ

)2 ds

s3

∫
S3
|dx ∧dx|2 dvolS3
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− ρ3

2

∫ ρ

τρ
η′

(
s

ρ

)
η

(
s

ρ

)
ds

∫
S3

[〈
FA(0)(∂r , I∂r ),FA(0)(J∂r ,K∂r )

〉
+〈

FA(0)(∂r , J∂r ),FA(0)(K∂r , I∂r )
〉+〈

FA(0)(∂r ,K∂r ),FA(0)(I∂r , J∂r )
〉]

dvolS3

− 1

4
p

2λ2

∫ ρ

τρ
η′

(
s

ρ

)2 ds

s

×
∫

S3

〈
g0 dx ∧dx g−1

0 ,FA(0)(∂r , I∂r )ω−
i (x)+FA(0)(∂r , J∂r )ω−

j (x)+FA(0)(∂r ,K∂r )ω−
k (x)

〉
dvolS3

+ ρ

2
p

2λ2

∫ ρ

τρ
η′

(
s

ρ

)
η

(
s

ρ

)
ds

s2

×
∫

S3

〈
g0 dx ∧dx g−1

0 ,FA(0)(J∂r ,K∂r )ω−
i (x)+FA(0)(K∂r , I∂r )ω−

j (x)+FA(0)(I∂r , J∂r )ω−
k (x)

〉
dvolS3

+O(ρ5).

Lemma 14. We have∫
S3

(∣∣FA(0)(∂r , I∂r )
∣∣2 + ∣∣FA(0)(∂r , J∂r )

∣∣2 + ∣∣FA(0)(∂r ,K∂r )
∣∣2

)
dvolS3

=
∫

S3

(∣∣FA(0)(I∂r , J∂r )
∣∣2 + ∣∣FA(0)(J∂r ,K∂r )

∣∣2 + ∣∣FA(0)(K∂r , I∂r )
∣∣2

)
dvolS3

=π2∣∣FA(0)
∣∣2.

(134)

Proof of Lemma 14. We have∫
S3

(∣∣FA(0)(I∂r , J∂r )
∣∣2 + ∣∣FA(0)(J∂r ,K∂r )

∣∣2 + ∣∣FA(0)(K∂r , I∂r )
∣∣2

)
dvolS3

= 2π2 ∣∣FA(0)
∣∣2 −

∫
S3

∣∣FA(0) ∂r
∣∣2 dvolS3 . (135)

Moreover

FA(0) = ∑
i< j

F i j
A (0)dxi ∧dx j = 1

2

4∑
i , j=1

F i j
A (0)dxi ∧dx j , (136)

and on S3

FA(0) ∂r = 1

2

4∑
i , j=1

F i j
A (0)dxi x j − 1

2

4∑
i , j=1

F i j
A (0)xi dx j =

4∑
i=1

(
4∑

j=1
F i j

A (0)x j

)
dxi . (137)

Hence ∫
S3

∣∣FA(0) ∂r
∣∣2 dvolS3 =

4∑
i=1

∫
S3

∣∣∣∣ 4∑
j=1

F i j
A (0)x j

∣∣∣∣2

dvolS3

=
4∑

i=1

4∑
j ,l=1

〈
F i j

A (0),F i l
A (0)

〉∫
S3

x j xl dvolS3

=
4∑

i=1

4∑
j=1

∣∣F i j
A (0)

∣∣2
∫

S3
x2

j dvolS3

= 2π2

4

4∑
i , j=1

∣∣F i j
A (0)

∣∣2

=π2
∑
i< j

∣∣F i j
A (0)

∣∣2

=π2 ∣∣FA(0)
∣∣2. □
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Lemma 15. We have∫
S3

〈
FA(0)(∂r , I∂r ),FA(0)(J∂r ,K∂r )

〉+〈
FA(0)(∂r , J∂r ),FA(0)(K∂r , I∂r )

〉
dvolS3

+
∫

S3

〈
FA(0)(∂r ,K∂r ),FA(0)(I∂r , J∂r )

〉
dvolS3 = π2

p
2

[∣∣P+FA(0)
∣∣2 − ∣∣P−FA(0)

∣∣2
]

. (138)

Proof of Lemma 15. We have

P±FA(0) =p
2
−1(

FA(0)(∂r , I∂r )±FA(0)(J∂r ,K∂r )
)
ω±

i (x)

+p
2
−1(

FA(0)(∂r , J∂r )±FA(0)(K∂r , I∂r )
)
ω±

j (x)

+p
2
−1(

FA(0)(∂r ,K∂r )±FA(0)(I∂r , J∂r )
)
ω±

k (x).

(139)

Then∣∣P+FA(0)
∣∣2 − ∣∣P−FA(0)

∣∣2 = 4p
2

〈
FA(0)(∂r , I∂r ),FA(0)(J∂r ,K∂r )

〉
+ 4p

2

〈
FA(0)(∂r , J∂r ),FA(0)(K∂r , I∂r )

〉+ 4p
2

〈
FA(0)(∂r ,K∂r ),FA(0)(I∂r , J∂r )

〉
, (140)

and (138) follows. □

We denote 
ig0 := g0 i g−1

0

jg0 := g0 j g−1
0

ig0 := g0 k g−1
0 .

(141)

Lemma 16. We have∫
S3

〈
g0 dx ∧dx g−1

0 ,FA(0)(∂r , I∂r )ω−
i (x)

〉
dvolS3

=
∫

S3

〈
g0 dx ∧dx g−1

0 ,FA(0)(∂r , J∂r )ω−
j (x)

〉
dvolS3

=
∫

S3

〈
g0 dx ∧dx g−1

0 ,FA(0)(∂r ,K∂r )ω−
k (x)

〉
dvolS3

=
p

2

3
π2〈g0 dx ∧dx g−1

0 ,P−FA(0)
〉

.

(142)

Lemma 17. We have∫
S3

〈
g0 dx ∧dx g−1

0 ,FA(0)(J∂r ,K∂r )ω−
i (x)

〉
dvolS3

=
∫

S3

〈
g0 dx ∧dx g−1

0 ,FA(0)(K∂r , I∂r )ω−
j (x)

〉
dvolS3

=
∫

S3

〈
g0 dx ∧dx g−1

0 ,FA(0)(I∂r , J∂r )ω−
k (x)

〉
dvolS3

=−
p

2

3
π2〈g0 dx ∧dx g−1

0 ,P−FA(0)
〉

.

(143)

The computations in the proofs of Lemmas 16 and 17 are rather lengthy and are postponed to
the appendix.

Lemmas 14, 15, 16 and 17 imply∫
Bρ (0)\Bτρ (0)

|P−d qA|2 dx4

=
(
ρ2

8

∫ ρ

τρ
sη′

(
s

ρ

)2

ds + ρ4

2

∫ ρ

τρ
η

(
s

ρ

)2 ds

s

)
π2∣∣FA(0)

∣∣2 (144)
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+ 6π2

λ4ρ2

∫ ρ

τρ
η′

(
s

ρ

)2 ds

s3 − π2ρ3

2
p

2

∫ ρ

τρ
η′

(
s

ρ

)
η

(
s

ρ

)
ds

(∣∣P+FA(0)
∣∣2 − ∣∣P−FA(0)

∣∣2
)

− π2

λ2

(
1

4

∫ ρ

τρ
η′

(
s

ρ

)2 ds

s
+ ρ

2

∫ ρ

τρ
η′

(
s

ρ

)
η

(
s

ρ

)
ds

s2

)〈
g0dx ∧dxg−1

0 ,P−FA(0)
〉+O(ρ5).

Then, with a change of variables and (90)∫
Bρ (0)\Bτρ (0)

|P−d qA|2 dx4

= π2ρ4

2

(
1

4

∫ 1

τ
tη′(t )2 dt +

∫ 1

τ
η(t )2 dt

t

)∣∣FA(0)
∣∣2

+12c2
0

∫ 1

τ
η′(t )2 dt

t 3 − 1p
2

∫ 1

τ
η′(t )η(t )dt

(∣∣P+FA(0)
∣∣2 − ∣∣P−FA(0)

∣∣2
)

− c0

(
1

2

∫ 1

τ
η′(t )2 dt

t
+

∫ 1

τ
η′(t )η(t )

dt

t 2

)〈
g0dx ∧dxg−1

0 ,P−FA(0)
〉+O(ρ5)

= π2ρ4

2

[(
1

4

∫ 1

τ
tη′(t )2 dt +

∫ 1

τ
η(t )2 dt

t
− 1p

2

∫ 1

τ
η′(t )η(t )dt

)∣∣P+FA(0)
∣∣2

+
(

1

4

∫ 1

τ
tη′(t )2 dt +

∫ 1

τ
η(t )2 dt

t
+ 1p

2

∫ 1

τ
η′(t )η(t )dt

)∣∣P−FA(0)
∣∣2

− c0

(
1

2

∫ 1

τ
η′(t )2 dt

t
+

∫ 1

τ
η′(t )η(t )

dt

t 2

)〈
g0dx ∧dxg−1

0 ,P−FA(0)
〉

+12c2
0

∫ 1

τ
η′(t )2 dt

t 3

]
+O(ρ5).

(145)

We write
P−FA(0)∣∣P−FA(0)

∣∣ = aω−
i +bω−

j +cω−
k (146)

where a, b and c belong to Im(H) and satisfy

|a|2 +|b|2 +|c|2 = 1, (147)

and we have 〈
g−1

0
P−FA(0)∣∣P−FA(0)

∣∣ g0, iω−
i + jω−

j +kω−
k

〉
= 〈a, ig0〉+〈b, jg0〉+〈c,kg0〉. (148)

We will need the following elementary result.

Lemma 18. For any triple of vectors in R3, (a⃗, b⃗, c⃗), there exists a positive orthonormal basis
(⃗e1, e⃗2, e⃗3) such that

a⃗ · e⃗1 + b⃗ · e⃗2 + c⃗ · e⃗3 ≥ 1p
3

√
|a⃗|2 + |⃗b|2 + |⃗c|2. (149)

Proof of Lemma 18. By linearity we can assume
√

|a⃗|2 + |⃗b|2 + |⃗c|2 = 1. There exists a vector of
length at least 1/

p
3. Assume this is a⃗. We choose e⃗1 := a⃗/|a⃗|. We choose e⃗2 and e⃗3 arbitrary such

that (⃗e1, e⃗2, e⃗3) is forming a positive orthonormal basis. If

e⃗2 · b⃗ + e⃗3 · c⃗ < 0

we change (⃗e1, e⃗2, e⃗3) into (⃗e1,−e⃗2,−e⃗3) and we get

a⃗ · e⃗1 + b⃗ · e⃗2 + c⃗ · e⃗3 ≥ 1p
3

.

Hence the lemma is proved. □

Notice that the constant in Lemma 18 is optimal, as seen by taking (a⃗, a⃗, a⃗) where |a⃗|2 = 3−1.
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Proof of Theorem 1 (completed). Recalling (29) and using Lemma 18, we choose g0 such that〈
g−1

0
P−FA(0)∣∣P−FA(0)

∣∣ g0, iω−
i + jω−

j +kω−
k

〉
≥

√
2

3
, (150)

so that 〈
g0dx ∧dxg−1

0 ,P−FA(0)
〉≥ 4p

3

∣∣P−FA(0)
∣∣. (151)

Moreover, since
1

4
tη′(t )2 + η(t )2

t
− 1p

2
η′(t )η(t ) ≥

(p
t

2
η′(t )− η(t )p

t

)2

≥ 0

and
∣∣P+FA(0)

∣∣≤ ∣∣P−FA(0)
∣∣, we can further estimate from (145)∫

Bρ (0)\Bτρ (0)
|P−d qA|2 dx4

≤ π2ρ4

2

[(
1

2

∫ 1

τ
tη′(t )2 dt +2

∫ 1

τ
η(t )2 dt

t

)∣∣P−FA(0)
∣∣2

− 2c0p
3

(∫ 1

τ
η′(t )2 dt

t
+2

∫ 1

τ
η′(t )η(t )

dt

t 2

)∣∣P−FA(0)
∣∣+12c2

0

∫ 1

τ
η′(t )2 dt

t 3

]
+O(ρ5).

(152)

Finally:∫
Bρ (0)\Bτρ (0)

|P−d qA|2 dx4 −
∫

Bρ (0)
|P−FA |2 dx4

≤ π2ρ4

2

[(
1

2

∫ 1

τ
tη′(t )2 dt +2

∫ 1

τ
η(t )2 dt

t
−1

)∣∣P−FA(0)
∣∣2

− 2c0p
3

(∫ 1

τ
η′(t )2 dt

t
+2

∫ 1

τ
η′(t )η(t )

dt

t 2

)∣∣P−FA(0)
∣∣+12c2

0

∫ 1

τ
η′(t )2 dt

t 3

]
+O(ρ5).

(153)

Considering now that the minimum of a degree 2 polynomial ax2+bx+c is − b2

4a +c and is attained

at x0 =− b2

2a , we have that the minimum of the polynomial in c0 inside the square brackets above is

m(τ,η) =

−
(∫ 1
τ η

′(t )2 dt
t +2

∫ 1
τ η

′(t )η(t ) dt
t 2

)2

36
∫ 1
τ η

′(t )2 dt
t 3

+
(

1

2

∫ 1

τ
tη′(t )2 dt +2

∫ 1

τ
η(t )2 dt

t
−1

)∣∣P−FA(0)
∣∣2

=:ϕ(τ,η)
∣∣P−FA(0)

∣∣2.

Choosing

η0(t ) := t −τ
1−τ

leads to

m(τ,η0) =

−2τ2
(

3
2(1−τ) log 1

τ −1
)2

9(1−τ2)
+2

(
5−11τ

8(1−τ)
+ τ2

(1−τ)2 log
1

τ
− 1

2

)∣∣P−FA(0)
∣∣2

=:ϕ(τ)
∣∣P−FA(0)

∣∣2

(154)

and is attained for a constant c0 = c0(τ) > 0. Now, considering that ϕ(τ,η0) < 0 for τ ∈ [0.3,0.4],
we can modify η0 to a function η ∈ C∞(R) with η(t ) = 0 for t ≤ τ and η(t ) = 1 for t ≥ 1, choose
τ ∈ [0.3,0.4], such that ϕ(η,τ) < 0 and conclude∫

Bρ (0)\Bτρ (0)
|P−d qA|2 dx4 −

∫
Bρ (0)

|P−FA |2 dx4 ≤ π2ρ4

2
ϕ(τ,η)

∣∣P−FA(0)
∣∣2 +O(ρ5). (155)

Together with Lemma 10 this concludes the proof of Theorem 1. □
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4. Proof of Theorem 3

Given η, Ãg0 and SDλ as in the previous section, with

λ2 = 1

ρ4 , (156)

we consider

Â := ηρa Ãg0 + (1−ηρb )SDλ, (157)

where

0 < b < 1 < a, (158)

and, without loss of generality we can require 3
4 < b < 1.

Upon the same change of gauge as in (97), we can write

Â(g0,ρ,λ) = x

|x|
qA(g0,ρ,λ)

x

|x| +
x

|x| d

(
x

|x|
)

(159)

where
qA(g0,ρ,λ) = ηρa g−1

0 Ag0 + (1−ηρb )S̃Dλ. (160)

Lemma 7 continues to hold, and with a similar proof, Lemma 8 becomes the following.

Lemma 19. We have∫
R4
|F Â |2 dx4 −

∫
R4
|FA |2 dx4 = 8π2 +2

∫
B
ρb (0)\Bρa /2(0)

|P−F
qA |2 dx4 −2

∫
B
ρb (0)

|P−FA |2 dx4. (161)

Lemma 20. We have, for 1 < a < 4
3 ,

1

1+λ2|x|2 = 1

λ2|x|2 +O

(
ρ8

|x|4
)
=O(ρ4−2a), (162)

S̃Dλ(x) =O

(
ρ4

|x|3
)
=O(ρ4−3a), (163)

dS̃Dλ(x) =O

(
ρ4

|x|4
)
=O(ρ4−4a), (164)

P−(dS̃Dλ) =O

(
ρ8

|x|6
)
=O(ρ8−6a), (165)

qA(x) =O

(
|x|+ ρ4

|x|3
)
, (166)

P−(d qA)(x) =O(1), (167)

uniformly for x ∈ Bρb (0) \ Bρa /2(0) as ρ→ 0. More specifically,

qA(x) =
{

O(ρ4−3a) for x ∈ Bρ(0) \ Bρa /2(0),

O
(|x|) for x ∈ Bρb (0) \ Bρ(0).

(168)

Proof of Lemma 20. Estimates (162)–(164) are immediate consequences of the formulas. The
self-duality of S̃Dλ, together with (163) to get

P−(dS̃Dλ) = P−(F�SDλ
)−P−

(
[S̃Dλ, S̃Dλ]

)= 0+O

(
ρ8

|x|6
)
=O(ρ8−6a), in Bρb (0) \ Bρa /2(0).

Estimate (166) follows from (83) and (163). As for (167), together with (165), using that a < 4
3 , we

have

P−(d qA) =O(η′ρa A)+O(ηρa A)+O(ηρb S̃Dλ)+O(dS̃Dλ) =O(1), in Bρb (0) \ Bρa /2(0). □
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Lemma 21. For 2
3 < b < 1 < a < 4

3 we have∫
R4
|F Â |2 dx4 −

∫
R4
|FA |2 dx4

= 8π2 +2
∫

B
ρb (0)\Bρa /2(0)

|P−d qA|2 dx4 −2
∫

B
ρb (0)

|P−FA |2 dx4 +O(ρ12−6a)+O(ρ6b), (169)

as ρ→ 0.

Proof of Lemma 21. With (168) we estimate

P−F
qA = P−(d qA)+ [ qA, qA] = P−(d qA)+O(ρ8−6a) in Bρ(0) \ Bρa /2(0),

hence, using (167),

|P−F
qA |2 =

∣∣P−(d qA)
∣∣2 +O(ρ8−6a) in Bρ(0) \ Bρa /2(0),

and ∫
Bρ (0)\Bρa /2(0)

|P−F
qA |2 dx4 =

∫
Bρ (0)\Bρa /2(0)

∣∣P−(d qA)
∣∣2 dx4 +O(ρ12−6a).

Similarly, again using (168) and (167), we infer

P−F
qA = P−(d qA)+O

(|x|2) in Bρb (0) \ Bρ(0),

and
|P−F

qA |2 =
∣∣P−(d qA)

∣∣2 +O
(|x|2) in Bρb (0) \ Bρ(0).

Then ∫
B
ρb (0)\Bρ (0)

|P−F
qA |2 dx4 =

∫
B
ρb (0)\Bρ (0)

|d qA|2 dx4 +O(ρ6b).

Then (169) follows from (161). □

Lemma 22. We have

P−(d qA) = η′ρa P−
(
d|x|∧ Ag0

)+ηρa P−(dAg0 )− 1

4λ2|x|3 η
′
ρb dx ∧dx +O

(
ρ8

|x|6
)

(170)

uniformly in Bρb (0) \ Bρa /2 as ρ→ 0.

Proof of Lemma 22. This follows essentially as in the proof of Lemma 11, also using (165) to
bound the term

(1−ηρb )P−(dS̃Dλ) =O

(
ρ8

|x|6
)

and (162) to bound

−η′
ρb P−

(
d|x|∧ S̃Dλ

)=−
η′
ρb

1+λ2|x|2
1

4|x|dx ∧dx =−
η′
ρb

λ2|x|3 dx ∧dx +η′
ρb O

(
ρ8

|x|5
)
,

and

η′
ρb O

(
ρ8

|x|5
)
=O

(
ρ8

|x|6
)

since η′
ρb ̸= 0 only in Bρb (0) \ Bρb /2, where η′

ρb =O(ρ−b), and b < a. □

Lemma 23. We have∫
B
ρb (0)\Bρa /2(0)

∣∣P−(d qA)
∣∣2 dx4 =

∫
B
ρb (0)

|P−FA |2 dx4

−
∫

B
ρb (0)\B

ρb /2
(0)

η′
ρb

4λ2|x|3
〈

P−(dAg0 ),dx ∧dx
〉

dx4 +O(ρ4+δ) (171)

for some δ> 0 depending on a and b.



Luca Martinazzi and Tristan Rivière 1247

Proof of Lemma 23. Recalling (170), we integrate the 10 terms arising in
∣∣P−(d qA)

∣∣2 and estimate
them one by one. We start with∫

B
ρb (0)\Bρa (0)

|η′ρa |2
∣∣d|x|∧ Ag0

∣∣2 dx4 ≤
∫

Bρa (0)\Bρa (0)

∥η′∥2
L∞

ρ2a O
(|x|2)dx4

=O
(∣∣Bρa (0)

∣∣)
=O(ρ4a).

(172)

Since
FA =O(1) in Bρb (0),

and ηρa ≡ 1 in Bρb (0) \ Bρa /2(0), and ∥ηρa∥L∞ = 1, we have∫
B
ρb (0)\Bρa /2(0)

η2
ρa

∣∣P−(dAg0 )
∣∣2 dx4 =

∫
B
ρb (0)

∣∣P−(dAg0 )
∣∣2 dx4+O(ρ4a) =

∫
B
ρb (0)

|P−FA |2 dx4+O(ρ4a).

(173)
From (163) we have S̃Dλ =O(ρ4−3b) in Bρb (0) \ Bρb /2(0), hence we also have∫

B
ρb (0)\Bρa /2(0)

(η′
ρb )2

16λ4|x|6 |dx ∧dx|2 dx4 ≤
∫

B
ρb (0)\B

ρb /2
(0)

∥η′∥2
L∞

ρ2b
O(ρ8−6b)dx4 =O(ρ8−4b). (174)

Similarly∫
B
ρb (0)\Bρa /2(0)

η′ρaηρa

〈
P−

(
d|x|∧ Ag0

)
,P−(dAg0 )

〉
dx4 ≤

∫
Bρa (0)\Bρa /2(0)

O
(|x|)
ρa dx4 =O(ρ4a). (175)

Because η′ρa and η′
ρb have disjoint supports, we also get∫

B
ρb (0)\Bρa /2(0)

η′ρaη
′
ρb

〈
P−

(
d|x|∧ Ag0

)
,

dx ∧dx

4λ2|x|3
〉

dx4 = 0. (176)

Using that 8a = 9a −a ≤ 12−a we get∫
B
ρb (0)\Bρa /2(0)

∣∣∣∣O(
ρ8

|x|6
)∣∣∣∣2

dx4 =O

(
ρ16

∫ ρb

ρa /2

1

r 9 dr

)
=O(ρ16−8a) =O(ρ4+a),

∫
B
ρb (0)\Bρa /2(0)

∣∣∣η′ρa P−
(
d|x|∧ Ag0

)∣∣∣∣∣∣∣O(
ρ8

|x|6
)∣∣∣∣dx4 =

∫
Bρa (0)\Bρa /2(0)

∣∣∣∣O(
ρ8−a

|x|5
)∣∣∣∣dx4 =O(ρ8−2a),

∫
B
ρb (0)\Bρa /2(0)

∣∣ηρa P−(dAg0 )
∣∣∣∣∣∣O(

ρ8

|x|6
)∣∣∣∣dx4 =O

(
ρ8

∫ ρb

ρa /2

1

r 3 dr

)
=O(ρ8−2a).

Using (163) we bound∫
B
ρb (0)\Bρa /2(0)

η′
ρb

|dx ∧dx|
4λ2|x|3

∣∣∣∣O(
ρ8

|x|6
)∣∣∣∣dx4 =

∫
B
ρb (0)\B

ρb /2
(0)

∣∣∣∣O(
ρ12−b

|x|9
)∣∣∣∣dx4

=O(ρ12−6b)

=O(ρ6).

(177)

Finally we have∫
B
ρb (0)\Bρa /2(0)

ηρa

η′
ρb

4λ2|x|3
〈

P−(dAg0 ),dx ∧dx
〉

dx4

=
∫

B
ρb (0)\B

ρb /2
(0)

η′
ρb

4λ2|x|3
〈

P−(dAg0 ),dx ∧dx
〉

dx4. (178)
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Adding up (172)–(178) gives (171), with (recalling that 2
3 < b < 1 < a < 4

3 )

δ= min
{
b,4(a −1),b(1−a)

}
. □

Lemma 24. We have∫
B
ρb (0)\B

ρb /2
(0)

η′
ρb

4λ2|x|3
〈

P−(dAg0 ),dx ∧dx
〉

dx4 = π2

2
ρ4〈P−FA(0), g0 dx ∧dx g−1

0

〉+O(ρ4+b). (179)

Proof of Lemma 24. We compute

∫
B
ρb (0)\B

ρb /2
(0)

η′
ρb

4λ2|x|3
〈

P−(dAg0 ),dx ∧dx
〉

dx4

=
∫

B
ρb (0)\B

ρb /2
(0)

η′
ρb

4λ2|x|3
〈

P−
(
dAg0 (0)+O

(|x|)),dx ∧dx
〉

dx4

=
∫ ρb

ρb /2

η′
ρb

4λ2

(∫
S3

〈
P−

(
dAg0 (0)

)
,dx ∧dx

〉
dvolS3 +O(ρb)

)
ds

= ρ4

4

∫
S3

〈
P−

(
FAg0 (0)

)
,dx ∧dx

〉
dvolS3 +O(ρ4+b).

(180)

We now claim that∫
S3

〈
P−

(
FAg0 (0)

)
,dx ∧dx

〉
dvolS3 = 2π2〈P−FA(0), g0 dx ∧dx g−1

0

〉
. (181)

Similar to the proof of (126) in Lemma 13, using the frame ∂r , I∂r , J∂r ,K∂r , at an arbitrary point
of S3 as a basis for TR4, we write

FA(0) = FA(0)(∂r , I∂r )dr ∧ I dr +FA(0)(∂r , J∂r )dr ∧ Jdr +FA(0)(∂r ,K∂r )dr ∧K dr

+FA(0)(J∂r ,K∂r ) Jdr ∧K dr +FA(0)(K∂r , I∂r )K dr ∧ I dr +FA(0)(I∂r , J∂r ) I dr ∧ Jdr, (182)

hence, using (132),

P−FA(0) = 1p
2

(
FA(0)(∂r , I∂r )ω−

i (x)+FA(0)(∂r , J∂r )ω−
j (x)+FA(0)(∂r ,K∂r )ω−

k (x)
)

− 1p
2

(
FA(0)(J∂r ,K∂r )ω−

i (x)+FA(0)(K∂r , I∂r )ω−
j (x)+FA(0)(I∂r , J∂r )ω−

k (x)
)
. (183)

Then (181) follows at once from Lemmas 16 and 17. □

Putting Lemma 21 together with Lemmas 23 and 24 yields the following result.

Lemma 25. For 2
3 < b < 1 < a < 4

3 we have∫
R4
|F Â |2 dx4 −

∫
R4
|FA |2 dx4 = 8π2 −π2ρ4〈P−FA(0), g0 dx ∧dx g−1

0

〉+O(ρ4+δ), (184)

as ρ→ 0, for some δ> 0 depending on a and b.

Proof of Theorem 3 (completed). Taking Lemma 25 into account it now suffices to choose g0 as
before in order to obtain (151). □
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Appendix A. The self-instanton

Define

SD(x) = Im

(
x dx

1+|x|2
)
, (185)

where the x ∈ R4 is identified canonically with the quaternion x := x1 + x2 i + x3 j + x4 k and
x := x1 −x2 i−x3 j−x4 k. As a consequence we have the more explicit formula

SD1(x) = x2 i+x3 j+x4 k

1+|x|2

SD2(x) = −x1 i−x4 j+x3 k

1+|x|2

SD3(x) = x4 i−x1 j−x2 k

1+|x|2

SD4(x) = −x3 i+x2 j−x1 k

1+|x|2 .

(186)

The curvature of this connection form is given by

FSD(X ,Y ) := dIm

(
x dx

1+|x|2
)
(X ,Y )+

[
Im

(
x X

1+|x|2
)
,Im

(
x Y

1+|x|2
)]

. (187)

Recall that for any pair of quaternions (p, q) one has respectively

[p, q] = p q −q p

= (
Re(p)+Im(p)

)(
Re(q)+Im(q)

)− (
Re(q)+Im(q)

)(
Re(p)+Im(p)

)
= [

Im(p),Im(q)
]
.

(188)

Hence in particular

FSD(X ,Y ) = dIm

(
x dx

1+|x|2
)
(X ,Y )+

[
x X

1+|x|2 ,
x Y

1+|x|2
]

. (189)

We have first

dIm

(
x dx

1+|x|2
)
(X ,Y ) = Im

(
dx ∧dx

1+|x|2
)
(X ,Y )−

(
d|x|2

1+|x|2 ∧Im

(
x dx

1+|x|2
))

(X ,Y ). (190)

Observe that

dx∧dx = 2−1
4∑

l ,m=1
∂xl x ∂xm x −∂xm x ∂xl x dxl ∧dxm

= 2−1
4∑

l ,m=1
∂xm x ∂xl x −∂xl x ∂xm x dxl ∧dxm

= 2−1
4∑

l ,m=1
∂xl x ∂xm x −∂xm x ∂xl x dxm ∧dxl

=−dx ∧dx.

(191)

Hence

dIm

(
x dx

1+|x|2
)
(X ,Y ) = dx ∧dx

1+|x|2 (X ,Y )−
(

d|x|2
1+|x|2 ∧Im

(
x dx

1+|x|2
))

(X ,Y ). (192)

Observe that

Re

(
x dx

1+|x|2
)
= 1

2

x dx + dx x

1+|x|2 = 1

2

d|x|2
1+|x|2 , (193)
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where we have used the identity xx = |x|2. Combining (192) and (193) gives then

dIm

(
x dx

1+|x|2
)
(X ,Y )

= dx ∧dx

1+|x|2 (X ,Y )−
(

d|x|2
1+|x|2 ∧ x dx

1+|x|2
)
(X ,Y )

= dx ∧dx

1+|x|2 (X ,Y )−
(

x dx

1+|x|2 ∧ x dx

1+|x|2
)
(X ,Y )−

(
dx x

1+|x|2 ∧ x dx

1+|x|2
)
(X ,Y )

= dx ∧dx

1+|x|2 (X ,Y )− x X x Y −x Y x X(
1+|x|2)2 −|x|2 dx ∧dx(

1+|x|2)2 (X ,Y ).

(194)

Combining (189) and (194) is implying

FSD(X ,Y ) = dx ∧dx(
1+|x|2)2 (X ,Y ). (195)

Appendix B. Proofs of Lemmas 12, 16 and 17

Lemma 26. We have ∫
S3

x2
i dσ= π2

2
for 1 ≤ i ≤ 4,∫

S3
x4

i dσ= π2

4
for 1 ≤ i ≤ 4,∫

S3
x2

i x2
j dσ= π2

12
for 1 ≤ i < j ≤ 4.

Proof of Lemma 26. We recall the following well-known formula, see e.g. [8]: given a monomial
p(x1, x2, x3, x4) = xα1

1 xα2
2 xα3

3 xα4
4 with α1, . . . ,α4 ∈ 2N, we have∫

S3
p dσ= 2Γ(β1)Γ(β2)Γ(β3)Γ(β4)

Γ(β1 +β2 +β3 +β4)
, (196)

where βl = 1
2 (αl +1) for l = 1, . . . ,4, and Γ denotes the usual Γ function.

The lemma follows (196), using that Γ
( 1

2

) =p
π, Γ

( 3
2

) = 1
2

p
π, Γ

( 5
2

) = 3
4

p
π, and Γ(k) = (k −1)!

for k positive integer. □

Proof of Lemma 12. We compute

r 2 dr ∧ I dr = (x1 dx1 +x2 dx2 +x3 dx3 +x4 dx4)∧ (x1 dx2 −x2 dx1 +x3 dx4 −x4 dx3)

= (x2
1 +x2

2)dx1 ∧dx2 + (x2
3 +x2

4)dx3 ∧dx4 +x1 x3 (dx1 ∧dx4 + dx3 ∧dx2)

+x1 x4 (dx3 ∧dx1 + dx4 ∧dx2)+x2 x3 (dx2 ∧dx4 + dx1 ∧dx3)

+x2 x4 (dx3 ∧dx2 + dx1 ∧dx4)

= (x2
1 +x2

2)dx1 ∧dx2 + (x2
3 +x2

4)dx3 ∧dx4

+ (x1 x3 +x2 x4)
p

2ω−
k + (x2 x3 −x1 x4)

p
2ω−

j

= (x2
1 +x2

2)
p

2
−1

(ω+
i +ω−

i )+ (x2
3 +x2

4)
p

2
−1

(ω+
i −ω−

i )

+ (x1 x3 +x2 x4)
p

2ω−
k + (x2 x3 −x1 x4)

p
2ω−

j

= r 2

p
2
ω+

i + (x2
1 +x2

2 −x2
3 −x2

4)p
2

ω−
i + (x1 x3 +x2 x4)

p
2ω−

k + (x2 x3 −x1 x4)
p

2ω−
j .

(197)

Hence

P+(r 2 dr ∧ I dr ) = 2−1 |x|2 (dx1 ∧dx2 + dx3 ∧dx4) = r 2

p
2
ω+

i . (198)
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This implies

r 2 dr ∧ I dr =p
2
−1

r 2ω+
i +P−(r 2 dr ∧ I dr ). (199)

Similarly

r 2 dr ∧ Jdr = (x1 dx1 +x2 dx2 +x3 dx3 +x4 dx4)∧ (x1 dx3 −x3 dx1 +x4 dx2 −x2 dx4)

= (x2
1 +x2

3) dx1 ∧dx3 + (x2
2 +x2

4)dx4 ∧dx2 +x1 x4 (dx1 ∧dx2 + dx4 ∧dx3)

+x1 x2 (dx4 ∧dx1 + dx2 ∧dx3)+x2 x3 (dx1 ∧dx2 + dx4 ∧dx3)

+x3 x4 (dx3 ∧dx2 + dx1 ∧dx4)

= (x2
1 +x2

3) dx1 ∧dx3 + (x2
2 +x2

4)dx4 ∧dx2

+ (x1 x4 +x2 x3)
p

2ω−
i + (x3 x4 −x1 x2)

p
2ω−

k

= r 2

p
2
ω+

j + (x2
1 +x2

3 −x2
4 −x2

2)p
2

ω−
j + (x1 x4 +x2 x3)

p
2ω−

i + (x3 x4 −x1 x2)
p

2ω−
k .

(200)

Hence

P+(r 2 dr ∧ Jdr ) = 2−1 |x|2 (dx1 ∧dx3 + dx4 ∧dx2) = r 2

p
2
ω+

j . (201)

This implies

r 2 dr ∧ Jdr =p
2
−1

r 2ω+
j +P−(r 2 dr ∧ Jdr ). (202)

We have also

r 2 dr ∧K dr = (x1 dx1 +x2 dx2 +x3 dx3 +x4 dx4)∧ (x1 dx4 −x4 dx1 +x2 dx3 −x3 dx2)

= (x2
1 +x2

4)dx1 ∧dx4 + (x2
2 +x2

3) dx2 ∧dx3 +x1 x3(dx2 ∧dx1 + dx3 ∧dx4)

+x1 x2 (dx1 ∧dx3 + dx2 ∧dx4)+x2 x4 (dx1 ∧dx2 + dx4 ∧dx3)

+x3 x4 (dx1 ∧dx3 + dx2 ∧dx4)

= (x2
1 +x2

4)dx1 ∧dx4 + (x2
2 +x2

3) dx2 ∧dx3

+ (x2 x4 −x1 x3)
p

2ω−
i + (x1 x2 +x3 x4)

p
2ω−

j

= r 2

p
2
ω+

k + (x2
1 +x2

4 −x2
2 −x2

3)p
2

ω−
k + (x2 x4 −x1 x3)

p
2ω−

i + (x1 x2 +x3 x4)
p

2ω−
j .

(203)

Hence

P+(r 2 dr ∧K dr ) = 2−1 |x|2(dx1 ∧dx4 + dx2 ∧dx3) =p
2
−1

r 2ω+
k . (204)

This implies

r 2 dr ∧K dr =p
2
−1

r 2ω+
k +P−(r 2 dr ∧K dr ). (205)

From (199), (202) and (205) we deduce that

1 = |dr ∧ I dr |2 = 2−1 + ∣∣P−(dr ∧ I dr )
∣∣2,

1 = |dr ∧ Jdr |2 = 2−1 + ∣∣P−(dr ∧ Jdr )
∣∣2,

1 = |dr ∧K dr |2 = 2−1 + ∣∣P−(dr ∧K dr )
∣∣2.

(206)

Moreover
0 = 〈

dr ∧ I dr,dr ∧ Jdr
〉= 〈

P−(dr ∧ I dr ),P−(dr ∧ Jdr )
〉

,

0 = 〈
dr ∧ I dr,dr ∧K dr

〉= 〈
P−(dr ∧ I dr ),P−(dr ∧K dr )

〉
,

0 = 〈
dr ∧ Jdr,dr ∧K dr

〉= 〈
P−(dr ∧ Jdr ),P−(dr ∧K dr )

〉
.

(207)

This implies that
{
ω−

i (x),ω−
j (x),ω−

k (x)
}

is an orthonormal basis. □
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Proof of Lemma 16. We have respectively∫
S3

〈
g0 dx ∧dx g−1

0 ,FA(0)(∂r , I∂r )ω−
i (x)

〉
dvolS3

=
∫

S3
2
p

2ω−
i ·ω−

i (x)
〈

ig0 ,FA(0)(∂r , I∂r )
〉

dvolS3

+
∫

S3
2
p

2ω−
j ·ω−

i (x)
〈

jg0 ,FA(0)(∂r , I∂r )
〉

dvolS3

+
∫

S3
2
p

2ω−
k ·ω−

i (x)
〈

kg0 ,FA(0)(∂r , I∂r )
〉

dvolS3 .

(208)

We recall from (197) 
ω−

i ·ω−
i (x) = x2

1 +x2
2 −x2

3 −x2
4

ω−
j ·ω−

i (x) = 2(x2 x3 −x1 x4)

ω−
k ·ω−

i (x) = 2(x1 x3 +x2 x4).

(209)

Recall that on S3 we have

FA(0)(∂r , I∂r ) = FA(0)(x1∂x1 +x2∂x2 +x3∂x3 +x4∂x4 , x1∂x2 −x2∂x1 +x3∂x4 −x4∂x3 ). (210)

Hence we have successively using Corollary 26∫
S3

2
p

2ω−
i ·ω−

i (x)
〈

ig0 ,FA(0)(∂r , I∂r )
〉

dvolS3

= 2
p

2
∫

S3
(x2

1 +x2
2 −x2

3 −x2
4) (x2

1 +x2
2)dvolS3

〈
ig0 ,F 12

A (0)
〉

+ 2
p

2
∫

S3
(x2

1 +x2
2 −x2

3 −x2
4) (x2

3 +x2
4)dvolS3

〈
ig0 ,F 34

A (0)
〉

= 2
p

2
∫

S3
(x2

1 +x2
2 −x2

3 −x2
4) (x2

1 +x2
2)dvolS3

〈
ig0 ,F 12

A (0)−F 34
A (0)

〉
= 2

p
2

3
π2〈ig0 ,F 12

A (0)+F 43
A (0)

〉
,

(211)

we have∫
S3

2
p

2ω−
j ·ω−

i (x)
〈

jg0 ,FA(0)(∂r , I∂r )
〉

dvolS3

= 4
p

2
∫

S3
x2

2 x2
3 dvolS3

〈
jg0 ,F 24

A (0)+F 13
A (0)

〉+4
p

2
∫

S3
x2

1 x2
4 dvolS3

〈
jg0 ,F 24

A (0)+F 13
A (0)

〉
= 8

p
2
∫

S3
x2

2 x2
3 dvolS3

〈
jg0 ,F 24

A (0)+F 13
A (0)

〉
= 2

p
2

3
π2〈jg0 ,F 13

A (0)+F 24
A (0)

〉
(212)

and∫
S3

2
p

2ω−
k ·ω−

i (x)
〈

kg0 ,FA(0)(∂r , I∂r )
〉

dvolS3

= 4
p

2
∫

S3
x2

1 x2
3 dvolS3

〈
kg0 ,F 14

A (0)+F 32
A (0)

〉+4
p

2
∫

S3
x2

2 x2
4 dvolS3

〈
kg0 ,F 14

A (0)+F 32
A (0)

〉
= 8

p
2
∫

S3
x2

1 x2
3 dvolS3

〈
kg0 ,F 14

A (0)+F 32
A (0)

〉
= 2

p
2

3
π2〈kg0 ,F 14

A (0)+F 32
A (0)

〉
.

(213)
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We deduce∫
S3

〈
g0 dx ∧dx g−1

0 ,FA(0)(∂r , I∂r )ω−
i (x)

〉
dvolS3

= 2
p

2

3
π2〈ig0 ,F 12

A (0)+F 43
A (0)

〉+ 2
p

2

3
π2〈jg0 ,F 13

A (0)+F 24
A (0)

〉
+ 2

p
2

3
π2〈kg0 ,F 14

A (0)+F 32
A (0)

〉
.

(214)

We recall

P−FA(0) = 2−1 (
F 12

A (0)+F 43
A (0)

)(
dx1 ∧dx2 −dx3 ∧dx4

)
+2−1 (

F 13
A (0)+F 24

A (0)
)(

dx1 ∧dx3 −dx4 ∧dx2
)

+2−1 (
F 14

A (0)+F 32
A (0)

)(
dx1 ∧dx4 −dx2 ∧dx3

)
=

[(
F 12

A (0)+F 43
A (0)

)
p

2
ω−

i +
(
F 13

A (0)+F 24
A (0)

)
p

2
ω−

j +
(
F 14

A (0)+F 32
A (0)

)
p

2
ω−

k

]
.

(215)

Thus〈
g0 dx ∧dx g−1

0 ,P−FA(0)
〉

= 2
p

2

〈
ig0 ω

−
i + jg0 ω

−
j +kg0 ω

−
k ,[(

F 12
A (0)+F 43

A (0)
)

p
2

ω−
i +

(
F 13

A (0)+F 24
A (0)

)
p

2
ω−

j +
(
F 14

A (0)+F 32
A (0)

)
p

2
ω−

k

]〉
= 2

〈
ig0 ,F 12

A (0)+F 43
A (0)

〉+2
〈

jg0 ,F 13
A (0)+F 24

A (0)
〉+2

〈
kg0 ,F 14

A (0)+F 32
A (0)

〉
(216)

and finally∫
S3

〈
g0 dx ∧dx g−1

0 ,FA(0)(∂r , I∂r )ω−
i (x)

〉
dvolS3 =

p
2

3
π2〈g0 dx ∧dx g−1

0 ,P−FA(0)
〉

. (217)

We have then respectively∫
S3

〈
g0 dx ∧dx g−1

0 ,FA(0)(∂r , J∂r )ω−
j (x)

〉
dvolS3

=
∫

S3
2
p

2ω−
i ·ω−

j (x)
〈

ig0 ,FA(0)(∂r , J∂r )
〉

dvolS3

+
∫

S3
2
p

2ω−
j ·ω−

j (x)
〈

jg0 ,FA(0)(∂r , J∂r )
〉

dvolS3

+
∫

S3
2
p

2ω−
k ·ω−

j (x)
〈

kg0 ,FA(0)(∂r , J∂r )
〉

dvolS3 .

(218)

We recall from (197) 
ω−

i ·ω−
j (x) = 2(x1 x4 +x2 x3)

ω−
j ·ω−

j (x) = x2
1 +x2

3 −x2
2 −x2

4

ω−
k ·ω−

j (x) = 2(x3 x4 −x1 x2).

(219)

Recall that on S3 we have

FA(0)(∂r , J∂r ) = FA(0)(x1∂x1 +x2∂x2 +x3∂x3 +x4∂x4 , x1∂x3 −x3∂x1 +x4∂x2 −x2∂x4 ). (220)
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Hence we have successively∫
S3

2
p

2ω−
i ·ω−

j (x)
〈

ig0 ,FA(0)(∂r , J∂r )
〉

dvolS3

= 4
p

2
∫

S3
x2

1 x2
4 dvolS3

〈
ig0 ,F 12

A (0)+F 43
A (0)

〉
+ 4

p
2
∫

S3
x2

2 x2
3 dvolS3

〈
ig0 ,F 12

A (0)+F 43
A (0)

〉
= 8

p
2
∫

S3
x2

1 x2
4 dvolS3

〈
ig0 ,F 12

A (0)+F 43
A (0)

〉
= 2

p
2

3
π2〈ig0 ,F 12

A (0)+F 43
A (0)

〉
,

(221)

we have∫
S3

2
p

2ω−
j ·ω−

j (x)
〈

jg0 ,FA(0)(∂r , J∂r )
〉

dvolS3

= 2
p

2
∫

S3
(x2

1 +x2
3 −x2

2 −x2
4)(x2

1 +x2
3)dvolS3

〈
jg0 ,F 13

A (0)
〉

+2
p

2
∫

S3
(x2

1 +x2
3 −x2

2 −x2
4)(x2

2 +x2
4)dvolS3

〈
jg0 ,F 42

A (0)
〉

= 2
p

2
∫

S3
(x2

1 +x2
3 −x2

2 −x2
4)(x2

1 +x2
3)dvolS3

〈
jg0 ,F 13

A (0)−F 42
A (0)

〉
= 2

p
2

3
π2〈jg0 ,F 13

A (0)+F 24
A (0)

〉
(222)

and∫
S3

2
p

2ω−
k ·ω−

j (x)
〈

kg0 ,FA(0)(∂r , J∂r )
〉

dvolS3

= 4
p

2
∫

S3
x2

3 x2
4 dvolS3

〈
kg0 ,F 14

A (0)+F 32
A (0)

〉
+4

p
2
∫

S3
x2

1 x2
2 dvolS3

〈
kg0 ,F 14

A (0)+F 32
A (0)

〉
= 2

p
2

3
π2〈kg0 ,F 14

A (0)+F 32
A (0)

〉
.

(223)

Hence we have also∫
S3

〈
g0 dx ∧dx g−1

0 ,FA(0)(∂r , J∂r )ω−
j (x)

〉
dvolS3 =

p
2

3
π2〈g0 dx ∧dx g−1

0 ,P−FA(0)
〉

. (224)

We have∫
S3

〈
g0 dx ∧dx g−1

0 ,FA(0)(∂r ,K∂r )ω−
k (x)

〉
dvolS3

=
∫

S3
2
p

2ω−
i ·ω−

k (x)
〈

ig0 ,FA(0)(∂r ,K∂r )
〉

dvolS3

+
∫

S3
2
p

2ω−
j ·ω−

k (x)
〈

jg0 ,FA(0)(∂r ,K∂r )
〉

dvolS3

+
∫

S3
2
p

2ω−
k ·ω−

k (x)
〈

kg0 ,FA(0)(∂r ,K∂r )
〉

dvolS3 .

(225)

We recall from (197) 
ω−

i ·ω−
k (x) = 2(x2 x4 −x1 x3)

ω−
j ·ω−

k (x) = 2(x1 x2 +x3 x4)

ω−
k ·ω−

k (x) = x2
1 +x2

4 −x2
2 −x2

3 .

(226)
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Recall that on S3 we have

FA(0)(∂r ,K∂r ) = FA(0)(x1∂x1 +x2∂x2 +x3∂x3 +x4∂x4 , x1∂x4 −x4∂x1 +x2∂x3 −x3∂x2 ). (227)

Hence we have successively∫
S3

2
p

2ω−
i ·ω−

k (x)
〈

ig0 ,FA(0)(∂r ,K∂r )
〉

dvolS3

= 4
p

2
∫

S3
x2

2 x2
4 dvolS3

〈
ig0 ,F 12

A (0)+F 43
A (0)

〉
+ 4

p
2
∫

S3
x2

1 x2
3 dvolS3

〈
ig0 ,F 12

A (0)+F 43
A (0)

〉
= 8

p
2
∫

S3
x2

2 x2
4 dvolS3

〈
ig0 ,F 12

A (0)+F 43
A (0)

〉
= 2

p
2

3
π2〈ig0 ,F 12

A (0)+F 43
A (0)

〉
,

(228)

we have∫
S3

2
p

2ω−
j ·ω−

k (x)
〈

jg0 ,FA(0)(∂r ,K∂r )
〉

dvolS3

= 4
p

2
∫

S3
x2

1 x2
2 dvolS3

〈
jg0 ,F 13

A (0)+F 24
A (0)

〉
+4

p
2
∫

S3
x2

3 x2
4 dvolS3

〈
jg0 ,F 13

A (0)+F 24
A (0)

〉
= 8

p
2
∫

S3
dvolS3

〈
jg0 ,F 13

A (0)+F 24
A (0)

〉
= 2

p
2

3
π2〈jg0 ,F 13

A (0)+F 24
A (0)

〉
(229)

and∫
S3

2
p

2ω−
k ·ω−

k (x)
〈

kg0 ,FA(0)(∂r ,K∂r )
〉

dvolS3

= 2
p

2
∫

S3
(x2

1 +x2
4 −x2

2 −x2
3)(x2

1 +x2
4)dvolS3

〈
kg0 ,F 14

A (0)
〉

+2
p

2
∫

S3
(x2

1 +x2
4 −x2

2 −x2
3)(x2

2 +x2
3)dvolS3

〈
kg0 ,F 23

A (0)
〉

= 2
p

2
∫

S3
(x2

1 +x2
4 −x2

2 −x2
3)(x2

1 +x2
4)dvolS3

〈
kg0 ,F 14

A (0)−F 23
A (0)

〉
= 2

p
2

3
π2〈kg0 ,F 14

A (0)+F 32
A (0)

〉
.

(230)

Hence we have also∫
S3

〈
g0 dx ∧dx g−1

0 ,FA(0)(∂r ,K∂r )ω−
k (x)

〉
dvolS3 =

p
2

3
π2〈g0 dx ∧dx g−1

0 ,P−FA(0)
〉

. □

Proof of Lemma 17. We have∫
S3

〈
g0 dx ∧dx g−1

0 ,FA(0)(J∂r ,K∂r )ω−
i (x)

〉
dvolS3

=
∫

S3
2
p

2ω−
i ·ω−

i (x)
〈

ig0 ,FA(0)(J∂r ,K∂r )
〉

dvolS3

+
∫

S3
2
p

2ω−
j ·ω−

i (x)
〈

jg0 ,FA(0)(J∂r ,K∂r )
〉

dvolS3

+
∫

S3
2
p

2ω−
k ·ω−

i (x)
〈

kg0 ,FA(0)(J∂r ,K∂r )
〉

dvolS3 .

(231)
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We recall from (197) 
ω−

i ·ω−
i (x) = x2

1 +x2
2 −x2

3 −x2
4

ω−
j ·ω−

i (x) = 2(x2 x3 −x1 x4)

ω−
k ·ω−

i (x) = 2(x1 x3 +x2 x4).

(232)

Recall that on S3 we have

FA(0)(J∂r ,K∂r ) = FA(0)(x1∂x3 −x3∂x1 +x4∂x2 −x2∂x4 , x1∂x4 −x4∂x1 +x2∂x3 −x3∂x2 ). (233)

Hence we have successively using Corollary 26∫
S3

2
p

2ω−
i ·ω−

i (x)
〈

ig0 ,FA(0)(J∂r ,K∂r )
〉

dvolS3

= 2
p

2
∫

S3
(x2

1 +x2
2 −x2

3 −x2
4) (x2

1 +x2
2)dvolS3

〈
ig0 ,F 34

A (0)
〉

+ 2
p

2
∫

S3
(x2

1 +x2
2 −x2

3 −x2
4) (x2

3 +x2
4)dvolS3

〈
ig0 ,F 12

A (0)
〉

= 2
p

2
∫

S3
(x2

1 +x2
2 −x2

3 −x2
4) (x2

1 +x2
2)dvolS3

〈
ig0 ,−F 12

A (0)+F 34
A (0)

〉
=−2

p
2

3
π2〈ig0 ,F 12

A (0)+F 43
A (0)

〉
,

(234)

we have∫
S3

2
p

2ω−
j ·ω−

i (x)
〈

jg0 ,FA(0)(J∂r ,K∂r )
〉

dvolS3

= 4
p

2
∫

S3
x2

2 x2
3 dvolS3

〈
jg0 ,F 42

A (0)+F 31
A (0)

〉
+4

p
2
∫

S3
x2

1 x2
4 dvolS3

〈
jg0 ,F 42

A (0)+F 31
A (0)

〉
=−8

p
2
∫

S3
x2

2 x2
3 dvolS3

〈
jg0 ,F 24

A (0)+F 13
A (0)

〉
=−2

p
2

3
π2〈jg0 ,F 13

A (0)+F 24
A (0)

〉
(235)

and∫
S3

2
p

2ω−
k ·ω−

i (x)
〈

kg0 ,FA(0)(J∂r ,K∂r )
〉

dvolS3

= 4
p

2
∫

S3
x2

1 x2
3 dvolS3

〈
kg0 ,F 41

A (0)+F 23
A (0)

〉
+4

p
2
∫

S3
x2

2 x2
4 dvolS3

〈
kg0 ,F 41

A (0)+F 23
A (0)

〉
=−8

p
2
∫

S3
x2

1 x2
3 dvolS3

〈
kg0 ,F 14

A (0)+F 32
A (0)

〉
=−2

p
2

3
π2〈kg0 ,F 14

A (0)+F 32
A (0)

〉
.

(236)

We finally get∫
S3

〈
g0 dx ∧dx g−1

0 ,FA(0)(J∂r ,K∂r )ω−
i (x)

〉
dvolS3 =−

p
2

3
π2〈g0 dx ∧dx g−1

0 ,P−FA(0)
〉

. (237)
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We have∫
S3

〈
g0 dx ∧dx g−1

0 ,FA(0)(K∂r , I∂r )ω−
j (x)

〉
dvolS3

=
∫

S3
2
p

2ω−
i ·ω−

j (x)
〈

ig0 ,FA(0)(K∂r , I∂r )
〉

dvolS3

+
∫

S3
2
p

2ω−
j ·ω−

j (x)
〈

jg0 ,FA(0)(K∂r , I∂r )
〉

dvolS3

+
∫

S3
2
p

2ω−
k ·ω−

j (x)
〈

kg0 ,FA(0)(K∂r , I∂r )
〉

dvolS3 .

(238)

We recall from (197) 
ω−

i ·ω−
j (x) = 2(x1 x4 +x2 x3)

ω−
j ·ω−

j (x) = x2
1 +x2

3 −x2
2 −x2

4

ω−
k ·ω−

j (x) = 2(x3 x4 −x1 x2).

(239)

Recall that on S3 we have

FA(0)(K∂r , I∂r ) = FA(0)(x1∂x4 −x4∂x1 +x2∂x3 −x3∂x2 , x1∂x2 −x2∂x1 +x3∂x4 −x4∂x3 ). (240)

Hence we have successively using Corollary 26∫
S3

2
p

2ω−
i ·ω−

j (x)
〈

ig0 ,FA(0)(K∂r , I∂r )
〉

dvolS3

=−4
p

2
∫

S3
x2

1 x2
4 dvolS3

〈
ig0 ,F 12

A (0)+F 43
A (0)

〉
−4

p
2
∫

S3
x2

2 x2
3 dvolS3

〈
ig0 ,F 12

A (0)+F 43
A (0)

〉
=−8

p
2
∫

S3
x2

1 x2
4 dvolS3

〈
ig0 ,F 12

A (0)+F 43
A (0)

〉
=−2

p
2

3
π2〈ig0 ,F 12

A (0)+F 43
A (0)

〉
,

(241)

we have∫
S3

2
p

2ω−
j ·ω−

j (x)
〈

jg0 ,FA(0)(K∂r , I∂r )
〉

dvolS3

= 2
p

2
∫

S3
(x2

1 +x2
3 −x2

2 −x2
4)(x2

1 +x2
3)dvolS3

〈
jg0 ,F 42

A (0)
〉

+2
p

2
∫

S3
(x2

1 +x2
3 −x2

2 −x2
4)(x2

2 +x2
4)dvolS3

〈
jg0 ,F 13

A (0)
〉

=−2
p

2
∫

S3
(x2

1 +x2
3 −x2

2 −x2
4)(x2

1 +x2
3)dvolS3

〈
jg0 ,F 13

A (0)−F 42
A (0)

〉
=−2

p
2

3
π2〈jg0 ,F 13

A (0)+F 24
A (0)

〉
(242)

and∫
S3

2
p

2ω−
k ·ω−

j (x)
〈

kg0 ,FA(0)(K∂r , I∂r )
〉

dvolS3

=−4
p

2
∫

S3
x2

3 x2
4 dvolS3

〈
kg0 ,F 41

A (0)+F 23
A (0)

〉
−4

p
2
∫

S3
x2

1 x2
2 dvolS3

〈
kg0 ,F 14

A (0)+F 32
A (0)

〉
=−2

p
2

3
π2〈kg0 ,F 14

A (0)+F 32
A (0)

〉
.

(243)
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We finally get∫
S3

〈
g0 dx ∧dx g−1

0 ,FA(0)(K∂r , I∂r )ω−
j (x)

〉
dvolS3 =−

p
2

3
π2〈g0 dx ∧dx g−1

0 ,P−FA(0)
〉

. (244)

We have∫
S3

〈
g0 dx ∧dx g−1

0 ,FA(0)(I∂r , J∂r )ω−
k (x)

〉
dvolS3

=
∫

S3
2
p

2ω−
i ·ω−

k (x)
〈

ig0 ,FA(0)(I∂r , J∂r )
〉

dvolS3

+
∫

S3
2
p

2ω−
j ·ω−

k (x)
〈

jg0 ,FA(0)(I∂r , J∂r )
〉

dvolS3

+
∫

S3
2
p

2ω−
k ·ω−

k (x)
〈

kg0 ,FA(0)(I∂r , J∂r )
〉

dvolS3 .

(245)

We recall from (197) 
ω−

i ·ω−
k (x) = 2(x2 x4 −x1 x3)

ω−
j ·ω−

k (x) = 2(x1 x2 +x3 x4)

ω−
k ·ω−

k (x) = x2
1 +x2

4 −x2
2 −x2

3 .

(246)

Recall that on S3 we have

FA(0)(I∂r , J∂r ) = FA(0)(x1∂x2 −x2∂x1 +x3∂x4 −x4∂x3 , x1∂x3 −x3∂x1 +x4∂x2 −x2∂x4 ). (247)

Hence we have successively∫
S3

2
p

2ω−
i ·ω−

k (x)
〈

ig0 ,FA(0)(I∂r , J∂r )
〉

dvolS3

=−4
p

2
∫

S3
x2

2 x2
4 dvolS3

〈
ig0 ,F 12

A (0)+F 43
A (0)

〉
−4

p
2
∫

S3
x2

1 x2
3 dvolS3

〈
ig0 ,F 12

A (0)+F 43
A (0)

〉
=−8

p
2
∫

S3
x2

2 x2
4 dvolS3

〈
ig0 ,F 12

A (0)+F 43
A (0)

〉
=−2

p
2

3
π2〈ig0 ,F 12

A (0)+F 43
A (0)

〉
,

(248)

we have∫
S3

2
p

2ω−
j ·ω−

k (x)
〈

jg0 ,FA(0)(I∂r , J∂r )
〉

dvolS3

=−4
p

2
∫

S3
x2

1 x2
2 dvolS3

〈
jg0 ,F 13

A (0)+F 24
A (0)

〉
−4

p
2
∫

S3
x2

3 x2
4 dvolS3

〈
jg0 ,F 13

A (0)+F 24
A (0)

〉
=−8

p
2
∫

S3
dvolS3

〈
jg0 ,F 13

A (0)+F 24
A (0)

〉
=−2

p
2

3
π2〈jg0 ,F 13

A (0)+F 24
A (0)

〉
(249)
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and∫
S3

2
p

2ω−
k ·ω−

k (x)
〈

kg0 ,FA(0)(I∂r , J∂r )
〉

dvolS3

= 2
p

2
∫

S3
(x2

1 +x2
4 −x2

2 −x2
3)(x2

1 +x2
4)dvolS3

〈
kg0 ,F 23

A (0)
〉

+2
p

2
∫

S3
(x2

1 +x2
4 −x2

2 −x2
3)(x2

2 +x2
3)dvolS3

〈
kg0 ,F 14

A (0)
〉

= 2
p

2
∫

S3
(x2

1 +x2
4 −x2

2 −x2
3)(x2

1 +x2
4)dvolS3

〈
kg0 ,−F 14

A (0)+F 23
A (0)

〉
=−2

p
2

3
π2〈kg0 ,F 14

A (0)+F 32
A (0)

〉
.

(250)

We finally get∫
S3

〈
g0 dx ∧dx g−1

0 ,FA(0)(I∂r , J∂r )ω−
k (x)

〉
dvolS3 =−

p
2

3
π2〈g0 dx ∧dx g−1

0 ,P−FA(0)
〉

. □
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