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Abstract. The asymptotic stability of the black and dark solitons of the one-dimensional Gross-Pitaevskii
equation was proved by Béthuel, Gravejat and Smets (Ann. Sci. Ec. Norm. Supér, 2015), and Gravejat and
Smets (Proc. Lond. Math. Soc., 2015), using a rigidity property in the vicinity of solitons. We provide an
alternate proof of the Liouville theorems in those two articles, using a factorization identity for the linearized
operator which trivializes the spectral analysis.

Résumé. La stabilité asymptotique des solitons de I’équation de Gross—Pitaevskii en dimension un a été
démontrée par Béthuel, Gravejat et Smets (Ann. Sci. Ec. Norm. Supér., 2015), et Gravejat et Smets (Proc. Lond.
Math. Soc., 2015), a 'aide d'une propriété de rigidité dans le voisinage d'un soliton. On donne une nouvelle
démonstration des théoremes de Liouville contenus dans ces articles, utilisant une identité de factorisation
pour l'opérateur linéarisé qui rend triviale ’analyse spectrale du probleme.

Keywords. Solitons, Gross—Pitaevskii equation, asymptotic stability.

Mots-clés. Solitons, équation de Gross-Pitaevskii, stabilité asymptotique.

2020 Mathematics Subject Classification. 35171, 35B40, 37K40.

Funding. M.K. was partially funded by Chilean research grants FONDECYT 1250156 and ANID project
FB210005. Part of this work was done while Y.M. was visiting CMM, Universidad de Chile.

Note. Article submitted by invitation.
Note. Article soumis sur invitation.

Manuscript received 29 May 2025, revised 26 September 2025, accepted 29 September 2025.

ISSN (electronic): 1778-3569 https://comptes-rendus.academie-sciences.fr/mathematique/


https://doi.org/10.5802/crmath.799
mailto:kowalczy@dim.uchile.cl
mailto:yvan.martel@uvsq.fr
https://comptes-rendus.academie-sciences.fr/mathematique/

1340 Michat Kowalczyk and Yvan Martel

1. Introduction

We consider the one-dimensional Gross—Pitaevskii equation
0+ 2y +y(l-lyl?) =0, (t,x)eR? (GP)

for a function w: (¢,x) € R2 — ¥ (t,x) € C, with the condition lim|x|_,oo|1//(t, x)| = 1. For a solution
of (GP), the Hamiltonian is formally conserved

E(y) = % f (amzﬁ f (1-1w?).
Using the notation n = 1 — |y|?, it is natural to define the energy space as follows
&={ye6®;C): v € [*(R) and n € L*(R)}.
We denote
1A= 1fll g2, I fllp = IIP%fII, Ifllze = (IF'1% + Ilflli)%y p(x) = sech(x).
Following [3], we equip the energy space & with the distance
Ay, v2) = (ly1 - val + Im - nall?)?

so that (&, d) is a complete metric space. Recall from [2,3,8] that the Cauchy problem is globally
well-posed in &: for any y( € &, there exists a unique global solution ¥ € € (R, &) of (GP) with

w(0) = wo.
It is well-known that for any velocity ¢ € (-=v/2,V/2), there exists a nontrivial traveling wave
solution (¢, x) = U.(t — cx) to this problem where U,(x) is the solution of

—icU,+U! +U(1-1Uc*)=0 onR
explicitly given by the formula

2—c? V2-—c? c
U, =R;+il,, R.(x) = 5 tanh( x), I.=—.

In case ¢ # 0, the traveling wave solution is called dark soliton and in case ¢ = 0, it is called black
soliton. The orbital stability of both kinds of solitons was proved in a satisfactory functional
setting; we refer to [1, Theorem 1] and [3, Theorem 1].

We are interested in the question of asymptotic stability of the family of traveling waves in
the framework developed by Béthuel, Gravejat, Smets [1], and Gravejat, Smets [3]. From those
articles, their approach relies on the following Liouville theorem for smooth solutions of (GP)
that are close to a traveling wave and uniformly localized in space.

Theorem 1 ([1,3]). Letc € (-v2,v/?2). Let M > 0 and Y > 0. There exists ag > 0 such that if a
solutiony € € (R; &) of (GP) satisfiesy € € R xR), d(w(0),U,) < ap and

inf{|n(t,x+a)|+ > |6’;1//(t,x+a)|}sMe_Y‘x'
ack k=123

then there exist c| € (—v/'2,v/2) and a) € R such thaty(t,x) = U, (x—c1t+a;) onR x R.

In this note, we provide an alternate proof of Theorem 1, inspired by recent articles on the
asymptotic stability of solitons for the nonlinear Klein-Gordon equation [5] and the nonlinear
Schrédinger equation [6]. As in those articles, we introduce a factorization identity of the
linearized operator around a traveling wave which leads to a transformed problem with trivial
spectral properties. We refer to Lemma 3 for the identity and to Remark 4 for heuristics. The
identity obtained in Lemma 3 is certainly related to the integrability of the model. However,
as shown in [6,7] for nonlinear Schrédinger models, it is possible to extend the arguments
to less specific situations. Therefore, we hope that the factorization will be useful elsewhere.
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Finally, we expect that our approach will enable a direct proof of the asymptotic stability for any

ce (=v2,v?2), asin [4-6].

2. Stability and modulation

For c € (—=v/2,V/2), we set = V2 —c?>0and we define
2
Qc=1-|U:*=V2R. = %sechz(%), Q! - B*Q.+3Q%=0.

Lemma 2. Under the assumptions of Theorem 1, for ay > 0 sufficiently small, there exist functions
a€ € RR), ce €°(R,(-v2,v2)), 0 € €°R,R) such that

w(t,x) =" (Uc(t) (x—a()+e(t,x- a(t)))
where € € €°° (R x R) satisfies the orthogonality conditions
f RULE) = f RULE) = f RIRQ:E) =0
and the equation
i0:€ + Oig —icoe+qg=Q
with
q=(1-1Uc+el?)Ue +e) = (1~ Uc*) U,
Q=i(a— ) (U, +0xe) —icd.U. +0(U, +¢).
Moreover; setting { (t, x) = Q.(x) —n(t,x + a(1)), there existsy € (0, #/2) such that, forall t € R,
le@] 7+ ¢ + et - cof < a0,
la) - e +|ec] + |6 sfp7|g(t)|2,
lco]+ Y |oke)| = p.
k=123

We shall not reproduce here the proof of Lemma 2. See [1,3]. The bound on the time derivative
of the parameters a, ¢ and 6 is deduced from the proofs in [1,3]. Note that only |¢| is quadratic
in €.

We denote € = €1 +i€2, g = g1 +ig2 and Q = Q; +iQy. The orthogonality conditions become

chfl =ch€2=chQc€2=O.

We observe from its definition { = Q. — (1 — U + £|2) that
{=Qc— (1-1Uf* —2R(Uce) — |el*) = 2Rce1 + c V2 + e
It holds g; = Qce1 — R.{ — (e and g2 = Qc&2 — \/%C— (ey. Thus

c
0:€61 = —aisg +c0ve1 — Qce2 + E(+ (ex+Qo,

0:€2 = 6?651 +c0x€2+Qce1 —R(—(e1 — Q.

Define
Ly =-0%+p*-3Q,, Lo=-0%+c*-Q,,

Sc=6x+\/§Rc=Qc'6x'Qc_l» Sz-(:_ax""\/ch:_le'ax‘Qc-
Using 2R? = 82 - 2Q,, we obtain
0te1=L_ey+cSce1+ Ny +Qp
01e2=—Lye1—cSfea— N1 — Oy
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where
N = —Rclel2 —2RC£§ - \/Ecelez —£1|e|2,
Ny = élsl2 +2R €162 + \/Eceg +52|£|2,
and

¢ .
Qi =—(a—c)0yex+ E +0(R; +¢€2),

(¢
Qy =(a—c)(R.+0y€1)— ¢O.R +9(—+£ )
2 c x€1 cfte \/z 2

3. The transformed problem
3.1. Factorization

We state the key lemma of this note.
Lemma3. Foranyce (—V2,v2), itholds L, = S’S; and S.(L- — c*)S} = (8% — p*)d>.

Remark 4. To illustrate heuristically the interest of the above identities, observe that for ¢ =0 (to
simplify the exposition), setting w; = Spe; and €, = Sg wy, one obtains formally

0:e1=L_g — 8,wy = (0% -2)0%w,
6,52:—L+51 athZ—wl.

Being without any potential, the system for (w;, w») is simpler; see Lemma 11.

Proof. First, the identity Ly = S} S, is standard and related to the fact that L, Q. = 0. Second, we
recall that L_ — ¢? = —9% — v/2R/. and so, using R/ = —v2R'R,,

(L- = c*)S} = (-0%— V2R.)(=0x + V2R,)
=03~ V2R.0% - 2V2R.0 — V2R! + V2R.0, — 2R, R, = Ad,
where A= 02— v2R.0, — V2R.. Thus,
Se(L-—c*)S) = S.Ad;.
We calculate, using 2R? = 2 —2v/2R/, and R = —v2R.R,,
ScA=(0x+V2R) (0%~ V2R:05 — V2R))
=0%-2V2R.0, — V2R! —2R%0, — 2R.R.. = (0% - f*)0,

which finishes the proof of the second identity. d

In view of the definition of €, in Remark 4, we will need to invert the operator S} .

Lemma5. Forany f € WY (R) such that [ fQ. =0, the function g € W>*(R) defined by

1 o 1 x
8= 0. f IR=~45m f_oonC

satisfies S g = f. Moreover,
lgx)|+|g' )] s lslu1|pl|f(y)|, |g' )] +|g" )| < |s‘u%)llf’(y)I +Qc ()| f(x)]
yizlx yIzlx
and, forany0 <x <2p, .
lo*gl+1p*g'l s llp2 fI.

Remark 6. If S¥g =0, then Q,g = C, where C is a constant. Thus, for a given f € W' (R), the
function g defined in Lemma 5 is the only bounded solution of S g = f.
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Proof. Using S} =-Q;!-0x-Q., we check that S¥ g = f. Moreover, the estimate | g(x)| +|g'(x)| <
SUP| (> || | f( y)| follows easily from the definition of g and

=% ["ro.-f
Qs T
Integrating by parts, we also get for x > 0,
Q’ [e] o) Q’ o)
g'x)= ——gf f’(y)f Qcdy+kc(x)f(x) where ke(x)=-—7[ Q-1
Qc x y Qc X

Replacing Q. by its explicit expression, we obtain k(x) = —e #*. Proceeding similarly for x < 0,
we obtain the pointwise estimate on g’. To obtain the pointwise estimate on g”, it suffices to
differentiate the expression for g’ and to use similar estimates.

Now, we observe that for 0 < x <28 and for all x >0,

pZK 00 2
pZKg2+p2K(gl)2 < _(f ch) +p21<f2
X

Qi
< p_ZK 0 -k )2 K £2 2K £2
5 [0S | I I el o
Qc X
< pK(fPKfZ) +P2Kf2-
This, together with the analogue estimate for x < 0, implies | p* gll+]lp* g'll < Ing fll byintegrating
in x. -

3.2. First change of variables

We set v1 = Sc€1. Then, we use Lemma 5 and the orthogonality [ £,Q, = 0 to define a smooth and
bounded function w; such that S} w, = €,. We determine the equations for v; and ws. First,

0,01 =ScL_Sfwy+cScv1 +Py+0y,  Py=S.No+V2¢€10:R;,  ©3=S:Qp.
From S} w, =& and Ly = S S, we find
0,8 Wy = S0, ws + V2¢w20:R,
=—L,e1-cS* e, - N1 -y
=-Sy(v1+cSywy) — Ny —Qy,
hence, rearranging
SK@iwo+ v +cS wy) =—W—N,—Q;, W =V2¢w0.Re.
Since the left-hand side of the above identity is orthogonal to Q., we have
-W-N;-Q; =-W*-Nf-0Q5,
where f1 = f- ”5# J fQc¢. Moreover, by Lemma 5 we can define P; and ©; such that
S =-Wt-Ni,  S¥e;=-0f.
We obtain

0:v1=ScL_S;ws+cScvy + Py +0y,

ath =—- —chwz+P1 +0O;.
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3.3. Second change of variables

We define

1
w) =vy+cScwy+ — el
V2
Since S} w; = €3, we have Scw», = €3 + 20w, and thus, using { = 2R.€; + cV2¢es + €],

1 4
Wy =v]+cex+2c0 Wy + —lef? =041 +2C0 Wy + —.

V2 V2
By Lemma 2, the last expression shows that the function w; has exponential decay at infinity,

unlike the function v; (see Lemma 10 below).
First, we compute using the definition of w; and then Lemma 5

1
Orwy = 0s 11 + ESews + V2¢éwodcRe + ¢S wo + Eamz
=8:L_S¥wy—c*S.Sfwy+ Fy
= (0% - B*)0% w2+ Fy
where

1
F,=Py+0,+ ¢S wo + \/Ecc'wzacRc +c¢S.P1+¢S5.01 + —20t|€|2-

7

Second, using v; = w; —cS;wy — \/% le|? and S, — Sy =20y, we obtain

1
d,wr=—w; +2¢0xwy+F, where F,=P;+0;+—|el’

V2

Summarizing, the transformed problem is defined by

Otwl = (ai —,Bz)ai wo +F2
0wy =—wy+2c0 Wy + Fy.

4. Technical lemmas

Lemma?7. Foranyx >0andanyfe€é,

Ifo"llzee < I fll7e

[oosfrllo ([

Proof. For x,yeR, f(x)=f(y)+ f; f' and thus by the Cauchy-Schwarz inequality

and forany A> 0,

£20) < F20) + (1%l + 1) f (F)2.

Multiplying by p(y) and integrating in y, then multiplying by p?* (x) and taking the supremum
in x, we obtain the first inequality.
For the second inequality, we fix A= 1. For0 < y <1 < x < A, we write

A=Ay +2 f (@) f(z)dz
Y
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so that multiplying by p*(x) and integrating in x € [1, A],
A A x
fl 2" < Ay +f1 (fo |f’(z)||f(z)|dz)p’<(x) dx
A A
s A +f0 |f’(z)||f(z)|(f P (x) dx) dz

A
s P +f0 [f'11flp".
Thus, by the Cauchy-Schwarz inequality,

flAfsz sfzw(fOA(f,)z)%(foAfzpk)?

Integrating in y € [0, 1] yields the estimate for flA f?p¥. The estimate for fol f?pX is clear.

Now, we define

1
2
N = (f wf+f(axw2)2+f(6§wz)2) .
Lemma8. Foranyx >0,

f(axgg)z +f£§p’< + ||£§pK||Loo +f w%p" < N2
Moreover,

|0 w2 ()| + |03 w2 (x)| 5 |slu|p‘|6x«€z(y)| +Qc(x)|e2(x)| s 7.
yl=lx

Lemma9. Foranyx >0,
f(axfl)ZPK +f€§p" +1edp" I 5 A2
Moreover,
|w1(x0)| 5 [0x€1(0)|+ sup |0xe2(y)|+ Qc(X)|e2(x)| + ¢ ()] 5 pT.
lyI=lx|
Lemma 10. It holds .
la—clP+1el+101* s A%, pT0LFill s A
Moreover, F = Fo 1 +0xF2 2 where

Y Y
lpTEoill +lp T Fopll s A2

1345

Proof of Lemma 8. The orthogonality [ €,Q. = 0 was already used to construct w, in Section 3.2.
Now, we use the second orthogonality relation on &,, which is [&;R.Q, = 0. Indeed, using

Q¢+ Sk =—-0x-Q, itimplies that

1
OZISZRCchf(S:WZ)Rchz _chax(WZQc) = E[Q?LUZ

From this orthogonality relation, it is standard to prove the inequality [ wg X < [0 wn)?.

From €, = S} w,, we obtain |e2| < |0, wa| + |w;| and so
fs%p’( < f((@x wy)? + w3)p* < f(@x w,)?.
Moreover, differentiating, we have e, = —6;‘; W + V2R 0, ws + Q. w2, and so

f (0x€2)* < f (03wn)? + f (O w2)? + f w3 p~.

It is standard to obtain the L°° bound from the above.
The second estimate of the lemma follows from Lemmas 2 and 5.



1346 Michat Kowalczyk and Yvan Martel

Proof of Lemma 9. By the definition of w; and v; = S¢€1, we have

Sc€1=0Q:0x(1/Qc) = — E% +h where h=w;—cS;wy— eg.

V2 V2
By integration on [0, x], we have

€1=ch+chxi+Qc th

0 Qc 0 Qc

for some integration constant b. Using the orthogonality relation [ &1 Q. = 0, we obtain

ofeie- [ g et

and so by the Fubini theorem and the Cauchy-Schwarz inequality

|b|sfeﬁoc+(fh2c)§);.

Using Lemma 7, since [(0,€1)? < ag and fol 8% < fE%Q% < ap (Lemma 2), we obtain

3
2 22 2n32
b Saof£1Q6+fh QF.
Then we estimate
2

2
X h
oo [ [l [T+ [l [ 5]
fsp P Qx+ ch( O *Q: o
For the second term on the right-hand side, we use Lemma 7 to obtain
K \2
x‘c"%pl
[re([ 5] -Tool[ oo
K x 7(2
o[
<([ o] +( [ [ o7
~a0f£1p.

[l [ g = o

Combining the previous estimates, assuming x < /2, we have obtained

/z':%p’(Sa(]fefp’<+/thg

and thus for ap small enough, we have proved [ &2 T thg Using the expression of h,

f&%p’(sfwl f(axwz) +fw2p2 +f£2p2

Using Lemma 7, we have | &2 p’(/8 llizeo < ll€2ll # < 1 and so by the proof of Lemma 8, we obtain

ff%p’(sfwf+f(0xwz)2.

Using 0,€1 = —w; +2c0xwo + V2R €1+ cep + \/%Ielz we obtain

f 0x€1)*p" < f w? + f (@ w2)?.

m\x

Jy<ie

Besides,

=
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To prove the second estimate, we recall thatw; = 0x€1 +2c0w» + \/% so that

|w1 (x)] < |0xe1(0)] + |0 w2 (0)| + Qe (x)|£2(x0)| + | (x).
We finish the proof using Lemmas 2 and 8. d
Proof of Lemma 10. From Lemmas 2, 8 and 9, one has

(a= ol +1el+107 < [lefpr =42
Estimate of 0, F;. By the definition of F,
0xFy = 0, Py +V2(0x1)e1 + V2(0x2)€2 +0,0).

By the definition of P; and Lemma 5,

Ip50:P1Il < P Wi+ 10T NI S o F Wi+ llpE Nyl

From Lemma 8, one has IIp% wo |l £ A, and so by the definition of W, |0.R.| <1 and |¢| S N2 it
Y
holds |[p8 W] < A3, Moreover, |N;| < || and thus from Lemmas 8 and 9, it holds

lpf Nill < lpTeelllpTBel e < A2,
Therefore, || p%ﬁxPl | < A?is proved. Similarly, we see that
o7 @rene ]|+ o7 @xenes| < A2
Now, we deal with 3,0;. We decompose Qi = Qf | +Qf, = —S7011 - Sy 0 2 where

. ¢ . .
Ql,l Z—((,Z—C)ax82+$+9€2, QLZZQ{',ZZQRC.

The term ©,,2 could be problematic since Q; » = OR, is linear in .#. However, since S¥1= V2R,,
we have 0, = —LZG. Thus, 6502 = 0 and this term actually has no contribution to 0, F;. The
terms in Q; ; are quadratic and as before, by Lemma 5, we have

Y Y Y
lp0:01,11l < pTQ7, I S lpFQuall s A2

Estimate of F». In the definition of F», we replace P, by its expression and we insert the expres-
sions of 0;£1 and 0;¢5:
Fy=ScNo+V2é€10.Re + Oz + ¢Scwo + V2c¢wi0cRe + ¢S Py + ¢S:01

é(-(fz +Q))

+2\/§£2(6i€1 +c0yEn + Qce1 —R.(—(e1 — Q).

+2v2e1(-05€, + cOxe1 — Qeer +

Then, replacing ©, and 0, » by their definitions, we split F» = F» 1 + 0xF>» where

Fo1 = ScNp + V2¢€10:Re + ¢Scws + V2¢ccwz0:Re + ¢Sc Py
—(G@—C¢)V2R 0561 — ¢Sc0cR: +6Sc€0 + SOy 1
+E12¢C +2V2cer +2V2Q)) — 2V 25 (R + (€1 + Q1)
and
Frp=—(a—c)0x€; +2\/§(526x£1 —£105E2 + CE1E2).

Observe that for the terms 0, and ¢S:0,, we have used S:R}, = 0 and a cancellation of two terms

in 0, exactly as for F;. From the expressions of F»; and F»» above, in which all the terms are
. o Y Y

quadratic, we obtain similarly as before |[p4 Fo1 | + [|p% Foll £ N2, O
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5. Virial identity for the transformed problem
Set
¥ = fx(ax wy) (wy — coxwy).
Note that by Lemmas 8 and 9, the functional .# is well defined and uniformly bounded.

Lemma11. It holds. = 12 + % where
2 =f(w1—2caxw2)2+ﬁ2f(axw2)2+3f(a§w2)2,
92=fx(axwz)F2+fx(axFl)(w1—2caxwz)—c'fx(axwz)2.
Proof. We compute from the system for (w;, w»)
5= f X040, wy) (wy — €Oy 1w2) + f X0y w2) 0wy — 030 w2) ¢ f X0y 1w2)?
=fx(ax(—w1+2caxw2+F1))(w1—caxwz)+fx(axw2)((a§—ﬁz)aiwz+F2)

- cf X0 w2)0x(—wy +2c0wo + Fr) — c"f x(0y wz)2
=2+
where Z is defined as in the statement of the lemma and

9= —fo(ax(wl —2¢0,w7))(w —206xw2)+2fx(6xW2)(6i—ﬁz)aiwz

= [ ~200,00% 4 7 [ @ctea? 43 [ @2 wa?
using integrations by parts. U
Lemma 12. It holds e
16

9>"— N2

Proof. Let b= V1+7c2/2. We rewrite
B 2 B 2 2. \2 2c 2
Qzﬁ w1+? (Oxwo)*+3 | Oyw2)" + Ewl—baxwz

which is sufficient to prove the result. g

6. Proof of the Liouville theorem

Lemma 13. It holds
|R| s N3

Remark 14. Formally, # contains quadratic terms and should satisfy an estimate of the form
|| < A&*. However, some loss is necessary to recover space decay by Lemmas 8 and 9.

Proof. We set Z = %, + %, + A3, where
Z1 =fx(6xw2)Fz,
<%2:\/‘96((’%1:1)(”/1_zcaxwz);

Ry = —c'fx((?xw2)2.
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Estimate of 22;. We use the decomposition F, = F»} + 0, F» 2 from Lemma 10 to write
R = f X(0xw2)F,1 ~ f (Oxw2)Fo2 ~ f xX(03w)Fap.
Thus, by the Cauchy-Schwarz inequality
%211 < 19T Fa 1 llxp™ T0xwall + 19" Eapll (0™ ¥ 05wzl + lp™ 1 02 w2 ).
By the Cauchy-Schwarz inequality and then Lemma 8

1 1
szp_%(axwg)2 Sﬂ(fx‘lp_y(axwz)z)z Sﬂ(fxzpy)z SN

and similarly ||p‘%6xwz|| + ||xp_£6§u/2|| < N3, Thus, the estimate for %; follows from
Lemma 10.

Estimate of %,. We have
¥ _Y _Y
|932|S||P45xF1||(||p txunl+lp 4xaxw2“)-

As before, using Lemmas 8 and 9, ||p‘%xw1 Il + ||p‘% X0 w2l < JV%. Thus, Lemma 10 implies the
result for Z,.

Estimate of %3. By Lemma 8, f |x1(0x w2)? < N . The estimate of %5 follows from Lemma 10. [

From Lemmas 11, 12 and 13, for a( sufficiently small, which implies that 4" is small, it holds
% z 2. Thus, by integration in ¢ € (oo, +00), and the bound on .#, we have [*&° 42 < +oo.
Thus, there exists a sequence t,, — +oo, such that lim,,_. ;A (¢;) = 0. From Lemmas 8 and 9, we
obtain lim,,— ;co||€(#n) || ,, = 0. Using also the pointwise decay estimate of 77 in Lemma 2, we have
limy,— +o0|7(£2) = Qc(s, || = 0. This implies that

im_d(y (5, Uy, (x - att)) = 0.

By the stability statement Lemma 2, we obtain that y is exactly a soliton.
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