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1. Introduction

We study a class of nonlocal gradients whose canonical example associated to a function u €
Cgo(Rd) in any dimension d = 1 is the Riesz fractional gradient of order 0 < s < 1:
x-y
Viu(x) = - u(y) ————dy,
u(x) fw(u(x) u(y)) Iy dy
which reduces to the Riesz transform for s = 0. When s = 1 one should not expect to obtain the
classical gradient since as observed by Bourgain, Brezis and Mironescu [7] one has

|ut) —u)|
dxdy=
ﬁ%d‘[ﬂ%d |x— y|d+1 xay

unless u is a constant. This is due to a defect in the definition of V° that does not take into
consideration its behavior as s — 1. In fact, the correct operator that allows one to recover V
should be instead (1 — s) V¥, as one verifies that

[0
(l—s)VSu—>7qu when s — 1, 1)

both uniformly and in LY(RY), where 0 4 denotes the area of the unit sphere 0B; in R4,

The fractional gradient V*® introduced in [21] within singular integral theory has attracted
significant attention in both applied and theoretical mathematics. For example, in nonlocal
continuum mechanics [25] and image processing [17], see also [35] for further references, but also
in theoretical developments including Bourgain-Brezis—Mironescu-type results [26], variational
nonlocal elliptic operators [33,34], and distributional fractional calculus [13,14,35].

Generalizations of V* have also emerged in elasticity and peridynamics [2-4], where the sin-
gular kernel is modified to define broader classes of nonlocal gradients. In this paper, we ad-
vance this direction by focusing on doubly homogeneous gradients — a flexible class of nonlocal
operators — and establishing results for their associated function spaces and inversion theory.

The nonlocal gradients we consider are defined as follows.

Definition 1. Let g € C®(R?\ {0}) satisfy the integrability condition
f |x||Vg(x)|dx+f |Vg(x)]dx < co. )
B R4\ B,

The -fractional gradient of a function u € C°(R%) is defined pointwise as
gu(x):_fRd(u(x)—u(y))Vg(x—y)dy. (3)

The choice g(x) = le‘(d‘”s) with 0 < s < 1 recovers, up to a multiplicative constant, the
Riesz fractional gradient V*u. For this case, there exists a vector field Vi(x) = Ax/ |x19-5*1 for
some constant A depending on s and d, such that one has the following inversion formula [29,
Proposition 15.8]:

u=V,xV'u inR<. @)
This serves as a fractional counterpart to the Fundamental Theorem of Calculus.

The identity (4) demonstrates that smooth, compactly supported functions u can be fully
recovered from their Riesz fractional gradients. Such representation formulas are powerful
tools for proving embedding theorems via convolution estimates. For instance, Sobolev- and
Hardy-type inequalities for ||VSullz» with p > 1 were established by Shieh and Spector in [33].
The endpoint case p = 1 presents additional subtleties: as shown by Schikorra, Spector and
Van Schaftingen [32], the inequality

il g < IV Ul ooy 5)
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holds for d = 2, with a proof that relies on duality and the curl-free property of the fractional
gradient.

In Section 3 we provide a streamlined proof of (5) that follows the strategy of [32], based on
an idea from [37], while eliminating the need for L”-bounds on the Riesz transform. A careful
inspection of that proof gives a constant in (5) that is compatible with the limit behavior of
(1-1s5)V® as s — 1 given by (1). More precisely, the following result holds.

Theorem 2. Let d = 2. There exists a constant C > 0 such that, for every u € C°(R%) and every
1/2<s<1,

ul o =CA-9IV Ul ga. 6)
" “LE RY) " ”Ll(R )

As a consequence, one recovers the classical Sobolev inequality as s — 1 in the spirit of anal-

ogous results of Bourgain, Brezis and Mironescu [8,9] concerning the behavior of the constant

with respect to the fractional parameter. Note that

|u) —u)|
IV 2l 1 gy = fRded oy XA

where the right-hand side is the Gagliardo seminorm associated to the fractional Sobolev space
W1 (R%). Hence, the estimate (6) gives a stronger version of the fractional Sobolev inequality that
is stable in the limit as s — 1 and had been obtained using various methods [1,8,16,23,24,30].

In light of the representation formula (4), it is therefore natural to investigate what conditions
on the nonlocal operator ¢ permit a representation formula, and what analytical insights such
a formula might provide. We focus on kernels g exhibiting double homogeneity, with distinct
scaling behaviors near the origin and at infinity. We do not focus on the cases of dimensions
d =1 and 2 to avoid technical details specific to these dimensions. Three representative examples
illustrate our framework:

(a) localized fractional gradient: for0<r <Rand0<s<1,

- {1/|x|d—1+s if|x| < r,
gx)=

7
0 if |x| = R, @

which restricts the fractional derivative to a bounded region;
(b) integrable tail: for a« > d and a,b > 0,

al|lx|41*s if|x| <,
gx)= (8)

b/|x|* if x| = R,

ensuring integrability at infinity while preserving fractional behavior locally;
(c) two-scale fractional kernel: for0 < s, ¢t <1,

allx|41*s if|x|<r,
glx) = 9)

b/|x|91* if x| = R,
interpolating between different fractional regimes.

We shall also suppose that

{g € C®°(R%\ {0}) is radial and 10)

p € (0,00) — pd‘lg(px) is non-increasing and convex for any x # 0.
These assumptions ensure that the Fourier transform of g is well-defined and positive, which is

a natural request within our approach, see (14) and also Sections 5 and 6 below.
For such kernels, we establish a general representation formula as follows.
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Theorem 3. Letd =3 and suppose that g given by (7), (8), or (9) satisfies (10). Then, there exists a
smooth vector field V : R4\ {0} — R% such that, for every u e CSO([I'\Pd),

u=Vx+9u inRY (11)

Under the assumption (7) such a representation formula has been obtained by Bellido, Cueto
and Mora-Corral [3], see also [4].

The proof of (14) also provides precise estimates on the behavior of V and its derivatives. For
the kernels (7) and (8), we obtain for every multi-index v:

C/lx|4=stVl if x| <1,

(12)
C/lx|4" 1V if |x| = 1.

[0 V()| = {
This shows that both compactly supported kernels and those with integrable tails induce identi-
cal decay for V at infinity. It may be of some interest to notice that at infinity the same behaviour
of the classical local representation formula is recovered. In contrast, for the doubly homoge-
neous kernel (9) the estimates reflect its distinct scaling regimes:

0"V < C/lx|9=s* M if x| < 1, a3)
xX)| <
C/1x|4= I if x| = 1.
The core idea to prove Theorem 3 is to find w € C*®(R?) satisfying:
1
w*g2)=—= forall z #0. (14)
|z]4=

Most of this paper is devoted to the solution of this convolution equation. This approach requires
a careful analysis of the Fourier transform of the homogeneous function 1/ |x|%~% which does not
belong to the usual L' or L? settings (Sections 4 and 5), the computation of the Fourier transform
of g (Section 7), and the inversion of the transformed solution (Section 8).
Defining
1

o4(d-2)

and applying Proposition 12 then yields:

Vo

1
VxGu=Vx*g+Vu= ( Z) *Vu=u.
oalzl?

In the proof of Theorem 3, we strongly rely on the explicit formulas of g near 0 and infinity. It
would be interesting to have a weaker assumption that relies mostly on the behavior of g in these
regions. A common roof that could collect the assumptions (7) and (8) would be the following.

Open problem 4. Assume that g € C”(Rd \{0}) is a radial function such that
d-1+s

lin(l)lxl 8(x) € (0,00) (15)
X—
and

g =C/Ix|*  for|x|=R, (16)

where0 < s <1 and a > d. Does there exist a smooth vector field V : R4\ {0} — R% such that the
representation formula (11) holds for every u € C°(R%) ?

An immediate consequence of (11) is that if « € C2°(R?) is such that 9u = 0in R?, then 1 = 0. In
the spirit of H. Brezis’ work [10] that characterizes measurable functions that are constant almost
everywhere based on the condition

ff |u(x) Z(Jl/)ld xdy < oo,
R Jrd  |x—y|4*
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see also [11, Section 6.2] for alternative elementary proofs, one could extend the fractional de-
rivative 4 u and investigate an analogous question to functions that are not necessarily smooth.
Indeed, if u: R? — R is a measurable function that satisfies

f f |u(x) — u(y)||Vg(x - y)|dxdy < oo, 17)
R JRd
then, by Tonelli’s theorem, the formula (3) for Y u(x) is well-defined for almost every x € R,

Open problem 5. Assume that g € C°°([Rd \ {0}) is radial and satisfies (15) and (16). If u is a
measurable function in R? that verifies (17) and 9 u = 0 almost everywhere in R%, is u a constant
inR%?

Note that for a given function g the representation formula may fail, but still the fractional
gradient could characterize the constant functions. A further challenging question would be the
following.

Open problem 6. Identify functions g € C>®°(R% \ {0}) for which the condition Yu = 0 charac-
terizes all constant measurable functions u that satisfy (17). For example, is this the case if the
Fourier transform of g is well-defined and almost everywhere nonzero?

The next results concern fractional Sobolev inequalities in our doubly homogeneous setting.
Clearly, one does not expect to have an estimate for u in a single Lebesgue space, but rather
in a suitable space that accommodates the difference between homogeneity rates. The sum of
Lebesgue spaces represents a valid alternative to this issue, as we show in the next couple of
results.

Theorem 7. Taked =3 and1<p <d/s with0 < s <1. Assume that g is given by (7) or (8) and
satisfies (10). Then, for every u € C°(RY),

lul pa  pa < ClGullppga.-
Ld-sp ypd-p

Unless otherwise stated, C > 0 is an absolute constant that may depend on the parameters d,
s, t, p and on the function g but that does not depend on the function u. Let us recall that u
belongs to (L™ + L7)(R?%) whenever there exist u; € L™(R%) and uy € L7(R?) so that u = u; + uy, in
which case || u||;m 44 is the infimum of the sum

” uy "Lm(Rd) + ” uz ”Lﬂ(qud)

over all such decompositions of u.
In the same spirit as Theorem 7 we have the following result.

Theorem 8. Taked =3 and1 < p <min{d/s,d/t} with0<s,t<1. Assume that g is given by (9)
and satisfies (10). Then, for every u € C2°(R?),

lull pa  pa <ClGullpga).
Ld-sp y1d-tp

The first step in the proof of Theorem 8 is to write the vector field V as V = V; + V5 so that
V7 behaves as 1/1x197% and V, as 1/]x|97t. Therefore, the composition formula provided by
Theorem 3 becomes

u=V1+*9Gu+Vy,+4u.

The second step is to treat the two contributions on the right-hand side above. While for p > 1 it
is enough to rely on classical estimates for the Riesz potential, the borderline case p = 1 requires
an adaptation of the more delicate proof of the already mentioned [32, Theorem A], see Section 3
below.

Actually, for p > 1 we may improve Theorems 7 and 8 by both refining the embedding on the
Lorentz scale and having a better description of the influence of the different homogeneities of g.
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Theorem 9. Taked =3 and 1< p <d/s with0 < s <1. Assume that g is given by (7) or (8) and
satisfies (10). Then, for every u € ch(Rd), there exists k = 0 depending on u such that

I660] po, T e, = CITU

Here,
u=Gr(u) + Ti(u)
where the truncations Gy and T} are explicitly defined for every 7 € R as
Ti(1) = max{-k,min{7,k}} and Gi(1)=1— Ti(7).
In the same spirit, concerning the two-scale fractional kernel, the following holds.

Theorem 10. Taked =3 and1< p <min{d/s,d/t} with0<s,t < 1. Assume that g is given by (9)
and satisfies (10). Then, for every u € C;’O([Rd), there exists k = 0 depending on u such that

| Gre(w) HL%,p(Rd) + || T HL%J,W) < ClGull 1y ga)-

We observe in the previous statement that the estimate of Gi(u) in the Lorentz spaces

L%’p (R%) tells us that the local integrability of u is related to the singularity at zero of the ker-
nel g. Similarly, the estimate of T (1) expresses the integrability at infinity of u that depends on
the tail of g.

The level at which we slice the function u in our proofis taken as k = |G u/| rp®d)- Let us point
out that the level of truncation k cannot be chosen independently of u. Indeed, if this was the
case, taking the limit as k goes to 0 or infinity, one would obtain an estimate where the influence
of one of the two homogeneities of g is lost.

For the Riesz fractional gradient, namely when g(x) = cl|x|d-1+s, Spector [36] showed that
Theorem 10 is valid for p = 1 and s = ¢. This leads to the following question.

Open problem 11. Given g € C®(R%\{0}) of the form (9) that satisfies (10), is it true that for every
u e CX(R?) there exists a truncation level k = k(1) such that

Gl o 1T e, = Ol ?

2. Relation between u and Vu
We begin by showing that the fractional gradient can be seen as a convolution of the classical
gradient.

Proposition 12. Ifg € C®(R\ {0}) satisfies (2), then g € L}

loc([R”l) and, for every u € Cg’o([Rd), we
have

Gu=g*Vu inRY,

This identity, implicit for example in [15,26], was highlighted by Brezis and Mironescu [12]
as a key ingredient behind nonlocal approximations of the gradient in the spirit of (1). The
composition in the right-hand side is well-defined since Vu is a bounded function with compact
support and g is locally summable. That the latter holds follows from the next result.

Lemmal3. Ifge C°°(|Rd \{0}) satisfies (2), then

_a_
f Ig|+f |gla-T < oo.
By R9\B;

In particular, g € (L' + L%)(Rd).
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Proof of Lemma 13. Take a smooth function ¢: R — Rwith ¢ = 1in R?\ B, and ¢ = 0 in By 5.
d
Since gy € W1 (R?), by the Sobolev inequality we have gy € La-1 (R?) and then

a-1
A\ a
Uw\gl'g'd”) <lgyll_a =Ci|Vew)| i <oo.
Next, by the Fundamental Theorem of Calculus, for every 0 < r < 1 and every y € B; we have
14 1
gw —f —g(ty)dt| <|g(y)] +f |Vg(ty)|dr.
rodr r
We then multiply both sides by 7¢~! and integrate with respect to 7. Applying Tonelli’s theorem,
1 3 1 1 t _ 1 1 1
f lgtry)|r®tdr < =|g)| +f ([ [Vg(ty)|re 1dr)dt: —|lgw|+ —f [Vg(ty)|edde.
0 d o \Jo d d Jo
Integrating with respect to y and applying the integration formula in polar coordinates, we obtain

1 1 1
f |g|=f (f |g(ry)|rd’1dr)do(y)s—f |g|da+—f |Vg(x)|lx|dx,
By a8, \Jo d Jos, d Jp,

which gives the conclusion. g

lgry)| =

Proof of Proposition 12. Since u is a bounded smooth function and g satisfies (2), we have

Gu(x) = lim (u(x) - u())V,gx—ydy.

r—0
Roco Br(x)\Br(x)

Since g is locally summable and Vu has compact support, we also have

g#*Vu(x) = - lim Vy (ux) —u(y)gx—y)dy.
A0 JBRG)\B ()

Forevery0<r <Rand j€e({l,...,d}, by the Divergence Theorem we have

f Vy (ux) —u(y)gx—y)dy- (ux) - u()vygx-ydy
Br(X)\B;(x) Br(x)\By(x)
:f Vy[(u(x) —u(y))glx- y)] dy
Br(x)\B;(x) (18)

=f (w(x) —uy)gx-y)v(y)do(y) —f (ux) - u()gx-yvy)day).
0BRr(x) 0B (x)

We estimate

f (ux) - u()gx—yv(y)do(y) 52””||L°°f lg(x—y)|do(y)
0BR(x) 0BR(x)

:2||u||Loof lgldo
0Bgr

and

f () - u(y)gx—yv(y)dy 5||Vu||L°°f lx - yl|gx~y)|do(y)
0B (x) 0By (x)

- ||Vu||Loorf gl do.
0B,

We now show that there exist sequences of positive numbers (r;) jeny and (R;) jen such that

rj—»Oande—»oowith
lim rjf lgldo = 1imf lgldo =0.
j—oo " JoB,, Jj—ooJoBg;

To this end, we apply the integration formula in polar coordinates to get

1 dr
f t(f Iglda)—:f lgl < oo,
0 0B; t B1



1384 Stefano Buccheri and Augusto C. Ponce

which gives the existence of the sequence r; — 0 since fol dt/t = co. For the other sequence, by
Holder’s inequality we also have

da
* aTdr o dr
[T siao) ™ Sz [To{ [ igirao)Foca [, g1 <oo
1 \JaB, 14 1 0B, t RI\B,

Since [7°dt/t = oo, there exists a sequence R; — co with the required property. Taking R = R;
and r = r; in (18) and letting j — oo, we get

-Vuxgx)+%u(x)=0,
from which the conclusion follows. O

Corollary 14. Let g € C®(R?\{0}) be a function that satisfies (2). If there exists V € (L' + L%)([RY)
such that, for every z € R4\ {0},
z

1
Vxgz)=——,
8= salal
where g 4 is the area surface of the sphere 0By, then, for every u € C° (Rd),
u=Vx«9u inR%.

Proof. Since V € (L' + LY)®?) and g € (L' + L7T)(®R?), we have |V * |g| € (L! + L®)(RY). By
Proposition 12 and Fubini’s theorem,

VxGu=Vx*Vuxg)=Vux*(Vx*g).
By the assumption on V * g and the classical representation formula involving the gradient, we
then have for every x € RY,
o
|14

We denote the jth component of 4 u with respect to the canonical basis ey, ..., eq by 9;u, so
that

V*Cgu(x)zif Vu(x—y) dy = u(x). O
g Jrd

d
Gu=) Yjue;.
j=1
It follows from the relation with the classical gradient that the fractional gradient is also curl free
in the following sense.

Corollary 15. Letge C*® ([Rd \ {0}) be a function that satisfies (2). Ifu € Cgo(Rd), then
0/(%ju)=0;(4u) foreveryj,lell,...,d}.

Proof. By Proposition 12, we have %;u = d;u * g. Then, interchanging the order of integration
and differentiation,

61(%]~u) = al(aju * g) = (616ju) * g.
By smoothness of ©, we may exchange the order of the derivatives and obtain the identity in the
statement. U

3. Nonlocal Sobolev inequalities in Lebesgue spaces
We present the strategy of the proof of the fractional Sobolev inequality from [32] in a way that

makes it easier to track the dependence of the constants involved. Our aim is to justify the
multiplicative factor 1 —-sin (6). The heart of the matter can be summarized in the next inequality.
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Proposition 16. Letd =2 and0 < s < d. Ifv e C®°(R%\ {0}) is such that, for every z € R% \ {0},

|v(2)| +1zl|Vv(z)| < T (19)
then there exists a constant C' > 0, depending on C and d/ s, such that
v = FIIL% <C'|Flp
foreach map F € LY (R%RY) such that, foreveryl,je{l,...,d},
0,Fj=0;F; in the sense of distributions in RY. (20)

The conclusion fails without the curl-free condition (20). This key-type of assumption —
which unlocks new elliptic estimates — was first brought to light and beautifully explored by
Bourgain and Brezis [5,6] in their foundational work on div-curl estimates.

We begin with the following standard estimate.

Lemmal7. Letd>1,0<s<d andpe CX(B). Then, for every v e C*®(R%\{0}) that satisfies (19)
and for every x € R%, we have
"

|U*Vpr(x)|+

= (r+1x1)

U *

dp,
dr ()

d-s+1’
where
_ 1 (z
pr(Z) = r_dp(;)
Proof of Lemma 17. Since p is smooth and p; is supported in B;, we have
dpr < C1 B,
dr |7 pdt177"

where yp, denotes the characteristic function of the ball B,. For |x| < 2r, it then follows by the
pointwise assumption of v that

Vol +

Cg C3
rd+1 j;;r(x)|l/(Z)idZS W 21)

Since p; is supported by B;, by the Divergence Theorem we have

\v*Vpr(x)| SL |Vv(x—y)|pr(y)dy.

=

dpr
Yt )

|v*Vp,(x)|+

We next observe that d )
% ) =~ div(ypr(»).

Another application of the Divergence Theorem also gives

do,
vx dr x)

SL [Vvix-y)|er()dy.

Since p, < Cyl 74, by the pointwise assumption of Vv we get for |x| = 2r,

Cs

d
v Vp, ()] +|v+ 2 () 5 22)
dr |x|d—s+1

C

< —;f [Vu(z)|dz <
r By (x)

The conclusion then follows from (21) and (22). O

Proof of Proposition 16. We first assume that F = (Fy, ..., F;) is smooth, every VF; is summable
in R? and the linear condition (20) holds pointwise in R?. We prove in this case that

/RdV*Fl'(P

=G lFllp II(,DIIL% forevery g e C?O(Rd).
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The estimate for the other components of F follows along the same lines. Note that

fRdv*Fy(P:fRdFl-v*(p,

where 7(z) := v(—z). Given a mollifier p supported in B; and € > 0, for ¢ € CS"([R”’) and xz € R,
following an idea of Van Schaftingen [37, proof of Theorem 1.5] we estimate

UW_I Fi(x', xa) - U p(x', xg) dx’

= fRH Fi(x',xq) - U (9 = pe * ) (X, xg) dx'| + fwil Fi(x',xg) - U % pe * (x, xg) dx'|.
We show that
URLH Fi(x,xq) T (@ — pe * @) (x, xg) dx'| < Coe@ [F1C xa) || 1 a1y A P (xa) (23)
and
U[Redfl Fi(x,x3) 7% pe x p(x', xg)dx'| < %HFdHLI Ry M P(xa), (24)

where @: R — [0,00) is given by

d a
D(xy) = ([ lo(x', xa)|* dx/)
Rd*l
and 4 ®: R — [0,00] is the maximal function associated to @,
1 +r
AMO(1) ::sup—/ O]
r>0 21 Ji—r
We begin with (23). For every y € RY,

d
drr *@(y)dr.

€
Pe*@(¥)—@(y) = fo

Thus, by Fubini’s theorem,

dr. (25)

d
U * % * (x)

€
|§*(p€*(p—(p)(x)| 5[0

By Lemma 17, the pointwise assumptions on v and Vv yield, for every z € R%,

Cy

v* )dfs+1 !

dpr .
pr (2) +|U*Vpr(z)|s

d (r+lzl

which by application of Holder’s inequality implies, for every r > 0 and x = (x/, x;) € R xR,
Cs

MD(xq). (26)

~ dpr ~
U*F*(p(x) +|U*Vp,*(p(x)|s

S

ri
A combination of (25) and (26) gives

dr
d-s
d

€ S
|7 % (e * 9 — ) ()] Scsf MD(xg) = Coed MD(xq),
0 r
which implies (23).
We now show (24). Since d = 2 and we are assuming that d,F, € L'(R%), for almost every
x' € R4! we have 0,F(x',) e LY(R) and then by the Fundamental Theorem of Calculus, for every

X4 € Rwe have

F (X, xq) = —f 04F (X', t)dt.
Xd
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Since 04 F; = 0; F;, we get by Fubini’s theorem and integration by parts,

o0
fRd lFl(x’,xaz)-ﬁ* pe* @(x', xg)dx’ = —fRd l(f 01F (x 1) U+ Pe*w(x’,Xd)dt) dx’'
. nys

o0
:f (f Fd(x’,t)-ﬁ*alpe*(p(x’,xd)dx')dt.
X4 d-1
By (26), we have

C
S UD(xq),

d=s
d

|7 %01 pe * p(x', x2)| <
€
which implies (24).
Combining (23) and (24), we get for every € > 0,

~ s Cs
fRd*l Fi(x,xg) 7', xg)dx'| < (C2€d IF1 o xa) | 1 a1y + =5 I Fall 1 gy |4 P (xa).
€ d

Then, optimizing the right-hand side with respect to €, we get for every x; € R,
=G| R, xa) ||

||Fd|| MD(Xq).

‘f Fi(x, X4q) - U*(,D(x Xd)dx LI(RA-1 L1 (R4)

Integrating with respect to x; and applying Holder’s mequahty, we then get

[l e

Since s < d, we have the strong type estimate for .4/ ®,

D < D
A0l g < Cal®l g o =Nl g,

the conclusion follows from the Riesz Representation Theorem by taking the supremum with
respecttoall p € C§°([R{d) such that II(pIILQ(Rd) <1

0] P31 ||

1 Fa || AP a

LY(RY) L4 s (R

LY(R4)

In the case where F merely belongs to L' (R%;R%), one may apply the inequality thus obtained
with p, * F for any r > 0. Note that in this case that (20) holds pointwise by p, * F in R? and, for
every l € {1,...,d}, since F € L' (R%;R?), the gradient

V(pr*F))=(Vp;)*F
is summable in R?. We then have, for everyr>0and ue CSO(IR”Z),
lvxtor«F)| . <Clllpr* Flp < C'IFIL.
As r — 0, the conclusion then follows from Fatou’s lemma. OJ

The constant C’ > 0 in the statement of Proposition 16 is under control as long as s/d stays
away from 0 and 1. In particular, it can be taken independently of s when 1/2 < s < 1.

Proof of Theorem 2. In dimension d = 2, the representation formula (4) holds for every u €
C‘?O(Rd). We rely on the explicit formula of the constant A = A(s,d) such that Vs = Ax/|x|4-s+1
that can be obtained using the Fourier transform of homogeneous functions. In fact, one finds
that (d+1+s) (d+1 s)

1 N
oan 2 T(§)N(FZ)r(*5)
We next apply Proposition 16 with F = V¥u and v given by the components of V;/ A. Estimate (19)
is then verified with a constant C > 0 that is independent of 1/2 < s < 1 and we find

A=K(s,d)(1—5s) where K(s,d):=

1
Sl o < §||v5,j*vsu||L£ =dC'|Vullp.
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Hence, by the form of A,
lull | a < dC'K(s,d) Q- 9)IViul 1,

which gives the conclusion since K(s, d) is bounded by a constant independentof1/2<s<1. [

4. Characterization of radial homogeneous distributions

1

loc (Q; C) whenever

We say that a distribution T is represented in an open set Q by a function f € L

(T, ) =fRd fo forevery @ e C°(Q). @7

We then use the notation [T] := f in Q. The aim of this section is to identify radial homogeneous
distributions that are represented in RV by a locally integrable function.

Definition 18. Let T be a distribution in R4\ {0}. We say that T is radial whenever, for each
orthogonal transformation R € O(d),

(T,poR) = (T, ) foreverype CX(R\{0}).

Given A € R, we say that T is homogeneous of order A whenever, for each t > 0,
(T, ;)= (T, ) foreverype Cgo([R?d \{0}),

where @ is the function defined by

1 X
@¢(x) = t_d(p(7) (28)
Note, for example, that the distribution associated to |x|* in R%\ {0} is radial and homogeneous
of order A € R. These definitions have immediate counterparts for distributions in R% and IxI’1
defines a distribution in R? for A > —d.
We present a proof of the following proposition based on an unpublished note by
E. Y. Jaffe [22].

Proposition 19. Letd = 2. If T is a radial homogeneous distribution of order 0 in R\ {0}, then T
is constant. More precisely, there exists a constant C € R such that

(T,p)=C ¢ foreverype C?o(Rd \{0}).
R\ (0}
We begin with a counterpart of Euler’s homogeneous condition for distributions of order zero.

Lemma 20. IfT is a distribution of order 0 in R\ {0}, then
d

Y x;0;T=0 inR*\{0}.

j=1
Proof of Lemma 20. Let ¢ € C° ([Rid \ {0}) and ¢, be given by (28). Since T is homogeneous of
order 0, for every ¢ > 0 we have

(Typr) =(T, ). (29)

Observe that

d
—@x)| =-dex) - Ve(x)-x=-div(epx)x).
dr =1

Thus, differentiating both sides of (29) with respect to ¢ at 1, one gets
d
< ijjT,(p> = —(Ty, div(p(x)x)) =0. O
j=1

We now prove that a radial distribution has zero derivative with respect to vector fields that are
tangential to spheres centered at 0.
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Lemma 21. IfT is a radial distribution in R% \ {0}, then for every smooth functions c\,..., cq such
thatZ?zl ci(x)xj=0in R4\ {0}, we have
d
Y ¢j0;T=0 inR\{0}.
j=1

Proof of Lemma 21. Let (p¢)e>o be a family of radigl mollifiers in C§°(|Rd) such that p. is sup-
ported in the ball B.. Given r > 0, for every x € R%\ B, and 0 < ¢ < r the function y — p(x — ) is
supported in R% \ {0} and then the convolution

pe * T(x):=(Ty, pe(x—y))
is well-defined and smooth in R? \ B,. Given R € O(d), by radiality of T and p we have
pe * T(Rx) = <Tyvpe(Rx_y)> = <Ty,Pe(Rx_R_)/)> = <Tyype(x_ y)) =pe* T(x).

Thus, pe * T is a radial function in R4\ B,.

By the assumption on the functions cy, ..., ¢, the vector v := (¢1(x),...,c4(x)) belongs to the
tangent plane of the sphere 0B|4 at x. Thus, there exists a smooth curve y: (-1,1) — 0By such
that y(0) = x and y’(0) = v. In particular, (pe * T) oy is constant and applying the chain rule we get

d d
> €j(00j(pe * () = —(pe * T)oy(1)|  =0.
j=1 di =0

As € — 0, the family of functions Z?Zl cj0j(pe * T) converges weakly in the sense of distributions
inR?\ B, to Z?ﬂ ¢;0; T. Hence,

d

Y ¢j0;T=0 inR?\B,.
j=1
Since this property holds for any r > 0, the conclusion follows. 0

Proof of Proposition 19. Let k € {1,...,d}. There exist smooth functions p: R4\ {0} — R and
w: R%\ {0} — R? such that, for every x # 0,
d
er=p) ) xjej+w(x) and w(x)-x=0.
j=1
Indeed, it suffices to take p(x) := x- er!|x|%. Writing w = Z?Zl cje; for smooth functions c, ..., ¢4
inR%\ {0}, then by Lemmas 20 and 21 we have
d
Z xj0;T=0 and
j=1
Thus, for every ke {1,...,d},

d
¢j0;T=0 inR?\{0}.
j=1

d d
aszprjajT+ chaszo in RY\ {0}.
j=1 j=1

Since d = 2, the set R% \ {0} is connected and we conclude that T is constant. Il

Observe that when f is a homogeneous function of order y > —d, then f € Llloc([Rd) and one
may simply take as T the distribution associated to f by integration, more precisely, for every
@€ CPRY),

<T,<p>=f fo.
Rd

Note in this case that [T] = f in R4,
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Corollary 22. Letd =2 and A > —d. If T is a radial homogeneous distribution of order A in R%,
then T is represented by the function C le’1 inR4 for some constant C € R, that is,

[T]=ClxI* inR%.

Proof. Since the function |x|~* is smooth in R4\ {0}, |x|~* T is well-defined as a distribution in
R%\ {0}. This distribution is radial and homogeneous of order 0, whence by Proposition 19 it is
represented by a constant in R4\ {0}. We deduce that T is represented by C |x* in R4\ {0}. Since
A > —d, we have C|x|* € Llloc([Rid ) and then this function represents a distribution S in R4, 1t thus
follows that the distribution 7 - S is supported by {0}, whence it is a finite combination of a Dirac
mass and its derivatives. Since these are all homogeneous distributions of order less than or equal
to —d and T - S is homogeneous of order A greater than —d, we deduce that T—S=0inR¢. [

5. Fourier transform of radial homogeneous distributions

The Fourier transform of f € L' (R%) is the bounded continuous function f: R? — C defined by

fo= f e 24 f(x) dx

R4
and the inverse Fourier transform f: R - Cis
Foo= [ e pede.
R4
More generally, for a tempered distribution T in R%, we denote by % T the distributional Fourier
transform defined for every Schwartz function 1 in R by
(FT,m =(T,n)

and, by analogy, one defines the inverse Fourier transform % ~! T using ¢. Observe that ¢ and ¢
are Schwartz functions in R?, whence & T and % ! T are well-defined.

Example 23. If a tempered distribution T is represented by a function in R% and [T] € L}(RY),
then it follows from Fubini’s theorem that & T is represented by the Fourier transform of [T1],

[FT]=[T] inR%.

For [T] € L2([R?), not necessarily summable, [ T1] is the L2 Fourier-Plancherel transform of T.
More generally, assume that [T] is merely a locally integrable function in R? with at most
polynomial growth at infinity. In this case, one can compute [ T] by approximation of [T] as
follows,

<gim:ggﬁﬁﬂmm, (30)

where 7 is any Schwartz function. Indeed, since T is a tempered distribution and [T] has at most
polynomial growth at infinity, we may approximate 7 by smooth functions with compact support
and deduce the companion identity to (27) for tempered distributions,

<ﬂm=f[ﬂn
R4
As aresult, replacing in this identity n by 7}, by the Dominated Convergence Theorem we get
(FT,m=(T,7)) = f [T]7 = lim [ [(TlxB, 7,
R4 r—oo Jpd

which immediately implies (30) by a standard property of the Fourier transform of a function in
L'RY).
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Observe that if T is a tempered radial distribution in R that is homogeneous of degree a — d,
then Z T is a tempered radial distribution in R? that is homogeneous of degree —a. We may thus
rely on a large class of homogeneous functions in R? to construct distributions whose Fourier
transforms can be easily identified by Corollary 22.

Example 24. Given 0 < a < d, consider the homogeneous function f, of order @ — d defined for
x #0by

fa (x) =
which belongs to Llloc([R{d) and defines a tempered distribution Ty in R%. Note that T, is radial

and homogeneous of order a@ — d. Hence, & T, is radial and homogeneous of order —a in R%.
Therefore, by Corollary 22, we deduce that

) (31)
|x|d—a

(F Ta) (@) = % in RY. (32)

One then shows that ¢, = ﬂ%‘“l“(%)/l“[d;—“), see [31, p. 490].

If « = 0in (31), then f, does not belong to Llloc(le). However, let us recall a remarkable
property of homogeneous functions in R? \ {0} proved by Hérmander.

Theorem 25 ([20, Theorems 3.2.3 and 3.2.4]). For every homogeneous function f € C°°(|Rd \{0}),
there exists a tempered distribution T inR? that is represented by f in R% \ {0}, in other words,

[T1=f inR%\{0}.

The proof of Theorem 25 is based on the explicit construction of the tempered distribution
and one can follow the argument to construct suitable T, with a < 0, see the examples below.
Concerning the Fourier transform of a tempered distribution, we also recall the following result.

Theorem 26 ([20, Theorem 7.1.18]). If a distribution T in RY is represented in R4\ {0} by a
smooth homogeneous function f: R\ {0} — C, then T is a tempered distribution and F T is also
represented in R\ {0} by a smooth homogeneous function h: R4\ {0} — C.

Note that Theorem 26 does not provide a clear relation between the functions that represent
T and & T. Here we rely on the characterization of the previous section to compute the Fourier
transform of T, for @ < 0 that is not an even integer.

Example 27. When « < 0 is not an integer, let T,, be the tempered distribution defined for every
Schwartz function n by

1 k
(Ta,m) =fRd P (n(x) — Pgn(x)) dx, (33)

where Pé“n is the Taylor polynomial of 7 of order k € N at 0. We take k such that k+1+a >0 to
ensure summability in a neighborhood of the origin and k + a@ < 0 for summability near infinity.
For (33) we refer to the already mentioned proof of [20, Theorem 3.2.4] or [31, equation (25.22)].
Note that T, is represented in R \ {0} by f, given by (31). This distribution T, is radial and
homogeneous of order a — d. Its Fourier transform & T, is a radial homogeneous distribution
of order —a. To see why it is homogeneous, one first observes that

. (X _ (X
nt(x):n(;) and Pgnt(x):Pgn(?).
By Corollary 22, & T, is therefore represented in R by the LlloC function (32).

Example 28. Assume that @ < 0 is an integer and take k := —a. When k = —a is odd, we may
take (33) as the definition of T, by considering the integral as a principal value, more precisely,

(Tq,m) = lim (n(x) - PEn(x) dx.

r=coJp, |x|d-a



1392 Stefano Buccheri and Augusto C. Ponce

Summability near infinity is then ensured by the fact that the term of order k in the Taylor
polynomial is an odd function and therefore its principal value integral is equal to zero. Since
F T, is radial and homogeneous of order —a, it is also represented in R by the Lllo . function (32).

When k = —a is even, it is not possible to define a homogeneous tempered distribution in R?
that can be represented by 1/|x|%~% in R% \ {0} and one has to waive the homogeneity property.
An alternative in this case is to take T, defined for every Schwartz function 1 by

-1 0o _ _ k 1
(Tar 1) = — U logp 7™V (p)dp+70 @ ) 1,
k! 1Jo ji=1J

where
(o) = f n(py) do(y).
631
The distribution T, is not homogeneous but is represented in R4 \ {0} by f, given by (31). In fact,
if p € C°(R4\ {0}) then, integrating by parts, one gets

1 (o] _ (x)
_ (k+1) _ ¢
(To, @) = _k!fo logp @ (p)dp fqud dF dx.

The Fourier transform of such a distribution can be explicitly evaluated for every Schwartz
function 1 as

(FTam) = | (~Arloglél + (@) 64
where fnd
ko 27wtz d
Ar=(-1)2———  and A;r:=—/ ((a+Kk)c (35)
¢ T () (k/2)! £ dal L

We refer to [31, Lemma 25.2 and Remark 25.2] for a proof of (34).

6. Positivity of the Fourier transform

The following result concerning the positivity of the Fourier transform is based on a standard
argument, see e.g. [3, Section 5.1]. We present a proof for the convenience of the reader.

Proposition 29. Let T be a tempered distribution represented in R® by a radial function [T) €
C°°(|Rd \{0}) that is locally integrable in RY and is such that, for any x # 0, the function

p € (0,00) — p*“ [T (px)

is non-increasing, convex, and converges to zero as p — oo. If & T is represented by a function [ T
inR% which is smooth inR% \ {0} and [T1] is not identically zero, then (¥ T] >0 in R4\ {0}.

We rely on the following elementary property.

Lemma 30. Let A be a locally integrable function in [0,00). If A is nonnegative, non-increasing
and converges to zero at infinity, then, for everyr >0,

fr sin(2z7)A(r)dTr =0 (36)
and the the integral converges in the e;tended interval [0,00] as r — oo.
Proof of Lemma 30. Since A is nonnegative, for r € (k, k + 1/2] with k € N we have
frsin rt)A(r)dr = fksin @nrt)A(r)dT,
whereas forre (k+1/2,k+ 1(; with k € N we have '

r k+1
f sin(2aT)A(T)dT = f sin(2rnT)A(r)drT.
0 0
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By additivity of the integral, it thus suffices to show that, for every j e N,
j+1
f sin 2rt)A(r)dr = 0.
J
Since A is nonnegative and non-increasing,
j+1 j+1
f sin2rT)A(r)dT = A(j + 1/2)[ sin(2z7)d7 =0.
J J
Thus, the sequence of integrals in (36) with r = j € N is nondecreasing, whence its limit
J
lim sin(2nt)A(T)dT
j—ooJo

exists in [0,00]. To conclude the existence of the limit of the integrals in (36) as r — oo, it suffices
to observe that for every r € [j, j + 1] we have

= (r—=HNAG) = AG)

;
f sin 2rT)A(r)dr
j

and that by assumption the right-hand side converges to zero as j — co. 0
Proof of Proposition 29. By (30), we have
(FTm = lim fR Wk 387

where f:=[T] and f; := f xp,. Since f; is radial, and in particular even, applying the integration
formula in polar coordinates we get

R r
fr(f):fB cos(2nx-§)f(x)dx=f68 (fo cos2rpy-E)A(p)p?dpda(y)|,
r 1

where 9 € C*°(0,00) is such that 9(|x|) = f(x) for every x # 0.
We show that the innermost integral is positive for every y € B; and ¢ € R?. It is enough to
consider the case where a := y- ¢ # 0. Denote 0(p) = —p?~19(p), so that

r r
f cos (erpy-:f)f)(p)pd_1 dp = —f cos2rpa)O(p)dp.
0 0

Integrating by parts, for every 0 < € < r we get

-
f cos(Zﬂpy-E)w.‘)(p)pd_ldp =-
e 27| al

1 r
sin (2np|a|)®(p)|;:€ + m[ sin (27plal)@’ () dp.
€

Note that by assumption the function @' is nonnegative, whence by the Fundamental Theorem
of Calculus it is locally integrable in [0,00). On the other hand, since f is locally integrable, we
have fol O(p)pdp/p < oco. Thus, there exists a sequence (€,) ,en Of positive numbers in (0,1) that
converges to zero and satisfies O(e,)e,, — 0. Taking € = €, and letting n — co, we then get

;
270y-6)9)p? 1dp = —
fo cos 2mpy-£)9()p" " dp = -

By assumption, © converges to zero at infinity. Hence, the first term in the right-hand side
converges to zero as r — oo, uniformly with respect to a. Moreover, by Lemma 30, the second
term is nonnegative and converges as r — oco. Hence, by the Dominated Convergence Theorem
and Fatou’s lemma, for every nonnegative Schwartz function n we get

- 1 o0
limf fin= (f f sin(anly-EI)@’(p)dpdy)n(g‘)df.
Rd rd \JaB, ¢l Jo

r—00 2nl|y

1 r
in (2 ¢) in(2 0'(p)dp.
sin(27r|al) (r)+27r|a|f0 sin(27plal)®'(p)dp

Since (37) holds and . T is represented by a smooth function in R? \ {0}, we deduce that

l o0
FT zf f in(2 -£1)0'(p)dpdy = 0.
[FTIE) o, 22y 21 s sin(27ply-£€1)@'(p)dpdy
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Since the function @’ is non-trivial, an inspection of the proof of Lemma 30 shows that the
innermost integral above with respect to p is positive and the conclusion follows. g

7. Fourier transform of radial doubly homogeneous functions

In this section, we consider tempered distributions that are represented by functions that are
homogeneous in a neighborhood of the origin and at infinity, but the homogeneity rates need
not be the same.

Proposition 31. Take0< a <d and ff < d with B¢ —2N. Let g € C*°(R?\ {0}) be a radial function
such that

allx|9-« if lxl<r,
go={"" 5
b/|x| if |x| = R,
where 0 < r < R and a,b > 0. Then, there exists a tempered distribution Sg in RY that is

represented in R® by g and its Fourier transform & Sg Is represented in RY by a radial function

[F Sg] € C®°(R\ {0}) that satisfies
B
[FSg) (&) = bCﬁ/IEIa+n(E) forigl<r,
ace /181 +4(6)  forll =z R,

wheren and { are Schwartz functions.
We rely on the following result.

Lemma 32. If a tempered distribution T in R is represented in R% \ {0} by a homogeneous
function f € C® ([Rd \{0}), then, for every ¢,y € Cgo(Rd) that equal 1 in a neighborhood of 0, both
distributions

FpD)-1-WFT and F(A-9)T)-wFT (38)

are represented in R® by Schwartz functions.

Proof of Lemma 32. Denote the distributions in (38) by L; and L, respectively. Observe that
Ly + Ly = 0. Since ¢T is a distribution with compact support, & (¢ T) can be represented by a
smooth function in [Rd; see [18, Theorem 2.3.21]. Moreover, by homogeneity of f, it follows from
Theorem 26 that & T satisfies

(FT,p) = f ho for every ¢ € C°(R\ {0}),
R

for some smooth function h: R4\ {0} — C. Since 1 —¢ = 0 in a neighborhood of 0, we deduce
that (1 — @) Z T is represented in R? by the smooth function (1 — y)h. Hence, by linearity, L, is
represented in R by a smooth function [L]. As L, = —L;, the same holds for the distribution L,
and for the sequel we write in R? \ {0},

L) = [Z(Q-@)T)| -w[FTI.

Since the function [ T is smooth in R% \ {0} and has compact support in R%, to show that
[L,] is a Schwartz function, it suffices to show that

p=[F(0-@7)]=[F(0-9h)]

and its derivatives have a fast decay at infinity. More precisely, for every multi-index v and every
j € N sufficiently large, we have

|0V p©)] = C11¢17%  for every ¢ > 1, 39)



Stefano Buccheri and Augusto C. Ponce 1395

where C; > 0 is some constant depending on v and j. Since (1 — ¢)T is represented in R% by the
smooth function (1 — ¢) i, for any j € N we have

(271€1)* 8" p(&) = 1F Pj ),

where Pj, (x) := A/ ((-27ix)" (1 - ¢)h) and A denotes the Laplacian. Thanks to the Leibniz rule,
the fact that ¢ has compact support and the homogeneity of &, we deduce that

[e.0]
fleMngf hda[ p® Mdp,
R4 0B, 1

where a € R is the degree of homogeneity of 4. When 2j > d — a + |v| we obtain P;, € L' (RY)
and its Fourier transform is a bounded continuous function. Then, given a multi-index v, taking
any j as above we deduce that p satisfies (39). It follows that [L,] is a Schwartz function, which
completes the proof. U

Proof of Proposition 31. We may assume for simplicity thata=b =1, r =1 and R = 2. Given a
radial function ¢; € C§°(Rd) equal to 1 in the ball B; (0) and 0 in the complement of the ball B, (0),
we decompose g as follows

g§=811t8+83 (40)
where

gi=¢18=¢1fa and g :=01-¢2)g=01-¢2)fp

and f;(x) = 1/|x|4~! with f = a, . Note that g3 = g— g; — g is smooth, vanishes in a neighborhood
of 0 and has compact support. We may thus associate to g3 a distribution Sg, defined by
integration with respect to g3. Then, by definition Sg, is represented by g3 in R4 and its Fourier
transform & Sg, is represented in R? by

[FSg,] = B3

Since 0 < a < d, by Example 24 the tempered distribution T, is represented by f, in R%. We
then have that the tempered distribution Sg, := ¢, T, is represented by g1 = ¢1f in R, We
then deduce from Lemma 32 applied with ¢ = ¥ = ¢, that there exists a Schwartz function 7,
representing a distribution S;, such that

FSg =1~ ) F Ta+ Sy,

Since F T, is represented in R? by c,/|¢|%, we deduce that Z S ¢ is represented in R4 by
c

[FSg] =(1—(,01)|£%+m. (41)
Finally, since f < d and B # —2¢ for any ¢ € N, by Examples 24, 27 and 28 the tempered
distribution Tp is represented by fg in R%\ {0}. Since 1 — ¢, vanishes in a neighborhood of 0, we
then have that the tempered distribution Sg, := (1 —¢1) Tp is represented by g» = (1 —¢1) fg in R
Moreover, from Lemma 32 there exists a Schwartz function 7, representing a distribution S;;,
such that

FSg, =1 FTg+Sy,.
Observe that & Tj is represented in R by cgllé |#. We deduce that & Sg, is represented in RY by
1 Sg) = 1
=175 +12.
= ae

We conclude that the tempered distribution Sg := Sg, + Sg, + Sg, is represented by g in R4 and its
Fourier transform is represented in R? by a function of the form in the statement. U

Let us now consider the case  equal to a negative even integer.
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Proposition 33. Take 0 < a < d and 8 = —2¢ for some ¢ € N. Let g € C®(R%\ {0}) be a radial
function such that

allx|=% if |x|<T,
g = B
b/1x|1 P if |x| =R,

where 0 < r < R and a,b > 0. Then, there exists a tempered distribution Sg in RY that is
represented in R® by g and its Fourier transform & Sg Is represented in RY by a radial function
[F Sg] € C®°(R?\ {0}) that satisfies

(= Azeloglél + Aag)IEPE +1(&)  forlEl <,

ace/181% +¢(3) Joriglz R,

wheren and { are Schwartz functions.

[FSg1(6) = {

Proof. Following the same notation of the proof of Proposition 31, let us decompose g as in (40).
The treatment of g; and g3 is the same as before. To deal with g in the case f = —2¢, for some
¢ € N, notice that by Example 28, Ty is again represented by f in R%\{0}. Therefore, the tempered
distribution S, := (1-¢1) Tg isrepresented by g» = (1-¢1) fg in R4 and, again by Lemma 32, there
exists a Schwartz function 7, representing a distribution S, such that

FSg, =1 F T+ Sp,.

Since in this case & T is represented in R4 by (—Ag logl¢| + Ag)lcfl”, we deduce that FSg, is
represented in R by

[F Sg,] = @1 (—Arloglé| + L) €12 + 1. O

8. Existence of the representation formula

We prove in this section the representation formula in Theorem 3 and then apply it to establish
the nonlocal Sobolev inequality associated to the sum of Lebesgue spaces (Theorems 7 and 8).
We rely on the next proposition with y = 2, which is possible as we assume that d = 3.

Proposition 34. Take0 < a <y <d and < min{y,1} with f # 0. If g € C*®(R\ {0}) is a positive
radial function that satisfies (10) and such that

allx|9-« iflxl<r,
g=4""" 4
b/|x| if |x| = R,
where0 <r < R and a> 0,b = 0, then there exists a radial function w € C* ([Rd \ {0}) such that, for

everyx € RY\ {0}, we have |w| * g(x) < oo and

1
w*g(X):mT—}" (42)

Moreover, if b > 0, for every multi-index v,

C/|x|4-r=a+M i 1x <1,
"wx)| = . (43)
| | C/x|4=0=F+V x> 11,
where B+ = max{p, 0}, while, ifb =0,
Clx|4=0=a+M i 15 <1,
[0Yw(x)| < led z.flxl (44)
C/|x|4-r+ if x| = 1.

Before proving Proposition 34, we need some technical lemmas.
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Lemma35. Let0O<d<dand¢pe C?(Rd) be a radial function. IfS: R%\ {0} — R is the function
defined by

$&)
S@)=—,
¢1°
then, for every multi-indexv and every x € R,
-~ C’
0"S(x)| = .
| | (1 n |x|)d—5+|v|

Proof of Lemma 35. We write ¢ for every¢ € R4 as (&) = h(IEDy (&), where h € C°(R) is even and
Ve CSO(R”I) is a nonnegative radial function equal to one in B, and supported in By, for some
r > 0 large enough. By symmetry of h, the 2nd order Taylor polynomial of % at zero has the form
Ao+ A1 2. We then write S as

S() =P) + R(),

where ) )
Ao+ Ay €] h(I€D) = (Ao + A1 1]
P() = °|E—|;5wf) and R():= (| §|°5 4,
By Example 24 and Lemma 32 applied to both homogeneous terms of P, we conclude that
~ C
|0 Px)| < —, (45)
(1 4 |x|)d O+|v|

for every x € R™ and every multi-index v. Since h is smooth and even, for any multi-indexes u
and v the remainder R satisfies

E"OMR(E) = O(IE O MM as ¢ — 0.

As R has compact support, we deduce that for every multi-index p such that |yl <d -0 +4+|v|,
we have

[0 Ridé <oo.
R4
This in turn implies that R is smooth and

|0¥R(x)| < ( (46)

2
1+]x))™

for every x € R? and every nonnegative integer m < d — & + 4 + |v|. We may take in particular
m=d -0 +|v|, and the conclusion then follows from the combination of (45) and (46). O

Lemma36. Letr0<6<d,0>0,abe C®MRY) be rwo positive radial functions and ¢ € CSO([Rd)
be a radial function. If H: R\ {0} — R is the function

()
H( ) = )
¢ €19 (a(€) + b(&)I€19)
then, for every multi-index v,
|0¥ H(x)| < ¢

(1 4 |x|)d*5+|v| '

Proof of Lemma 36. Let k be the smallest integer such that k > 1/0 and consider the following
finite sum

1 & pOYVT! LG
a(f)lél‘sj:l(_(_f)) 16199 (©). @7

a()
The generic term of (47) is in the form

;&) = (&)1 u1o-0,

Hi (&) =
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with ¢ a smooth radially symmetric function with compact support. Then we can apply
Lemma 35 to deduce that, for every multi-index v,

G
(1 4 |x|)d+(jf1)9f5+lvl

|0vS;(x)| <

The leading term is the one corresponding to j = 1. Looking at the definition (47) and using the
linearity of the Fourier transform we conclude that

~ C2
0"Hi(x)| s ———————. (48)
| k i (1+|x|)d—5+|v\
Claim. The remainder By .= H — H}. satisfies
b\ . ko-s (<)
B()=(——) T —— rk=1,2,. (49)
KO="20) T s
Proof of the claim. We proceed by induction. For k = 1 we have that
@(S) 1 ()
B1(¢) = -
1= 0 2@+ b0 a@Er
_ (P(f)( 1 1
€19 La@) +b(©)IE1°  al)
b(f) (6= (S)
Ca® a(&) +b(©)E°0”
Take now k =1 and assume that (49) holds. Then,
1 b('f)) k06
B =H-Hg— —|-
k+1(8) k (E)( © 1S p(S)
(- @) o P _;(_ @)k k-5
‘( a®) " a@r o a@| ) Y
_ b(f)) k0-6 ( 1 _L)
( a($) ¢l ) a@)+b©)E°  al)
:(_@) +1|E|(k+1)975 ¢() ’
a@) a@) + b\’
and the claim is proved. d

The fact that By, is integrable with compact support implies that I§k € C*®°(R%). To estimate the
decay of B(x) as x — oo, we may rely on the integrability of derivatives of By. For any multi-
indices p and v, it follows that

£Y0M Bi(&) = 010 M) for j¢| < 1.
Using again that By has compact support, we deduce that, if |u| < k6 +d —§ + |v|, then Y0 By €
L'(R%). This in turn implies that
|6VBk(x)|

| |m
for any non—nggative integer m < k6 — 6 +|v| + d. Since k6 = 1, we can take m = d — [0] + |v| and,
recalling that By, is smooth, we conclude that

~ Cy . d
|6VBk(x)| <Ef—F—F (50)
Thanks to (48), (50) and the fact that H = Hj. + By, it follows that
- C
0" H(x)| < > inRY. O

(1 4 |x|)d7§+|\/|
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Proof of Proposition 34. Assume for simplicity that a = b =1, r =1 and R = 2, and let us start
dealing with the case where § ¢ —2N. By Proposition 31, there exists a tempered distribution Sg
that is represented by g in R such that its Fourier transform % S g in R4 by

cpllélP+1(&) forlél<1,
cal €19+ (26 forlé|=2,

where (; and (> are Schwartz functions. Moreover, Proposition 29 assures us that [& Sg]({) > 0
for all & € RY.
Let us define H as

[FSg](6) = {

c
H() = ————. 1)
IEIY[F Sgl (&)
Now we claim that H is a function that represents a tempered distribution Sz in R? and that
w:=[F 'Sy

satisfies (43).
As before, let us decompose H as

Hy=H¢;, Hy=H1-¢)) and Hs:= H- H, - H,.

We handle each of these functions separately. Since Hjz is smooth with compact support, its
Fourier transform is a Schwartz function. To deal with H,, we set

1 1 ¢2(8)

i 792 0) = e e 1 2@

Thanks to the fast decay of {»(¢) at infinity and the fact that D({) is zero in a neighborhood of
the origin, we deduce that {"0*D(¢) € LY(RY) for any multi-indexes p and v. Therefore, Disa
Schwartz function and we can apply Lemma 32 to deduce that

D(&) = Ha2(5) -

C

-1 _
[F7 H](x) = ledT_Y

¢+n,

where 7, is a Schwartz function. Let us focus now on the term H;. If 0 < 8 < d, then H) can be
written as

91(S)

€1 =P(cp+1©)1EIF)’

while, if § < 0 and different from an even integer, we have that
¢1(8)

€Y ((cplél P+ 1)

In both cases we can apply Lemma 36 to deduce that for every multi-index v,
G

(1 1) TP ‘

Thanks to the linearity of the Fourier transform, the proof of the claim follows by summing up

the information obtained for H;, H, and Hs. To prove that the function w satisfies (42), notice
that by construction it follows that

Hy (&) =

Hy(¢) =

0¥ Hy ()] < (52)

H@OIF Syl = L
& e

Thanks to the properties of Hy, H,, H3, we have that
T,=F 'VM+F '"L+F 'Y,
where Y; is defined as
(Yi,n> = Ad H,-[gsg]n.
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Recalling that Hj is a Schwartz function we have that
(57—1Y3JI>=(Ys,ﬁ>=fRd[93g]HsTv]=(975g,Hsﬁ>=(Sg,I%*n>=Lng@*ﬂ=LdE*gn. (53)
To handle the first piece, notice that
(F ) = (V1,7 = fR (S Hifj = lim fR (S * pe,

where the limit is justified by the fact that convolution in the integral converges in L9(R?) for all

q< #, that [ Sg] € Ll’fm([RZ”) for any p < ﬁiﬂ that g’ < ﬁiﬂ and that H, has compact support.

Moreover, we have

fRd[%g](Hlﬁ) * pe = (Sg, [(H11) *pe]“>=fw gt *npe.
Therefore,
7, =fw171 * g1]. (54)

Finally, we have that
(T Ypm) = fR [ FSgl ot}
= <Sg)(H2ﬁ)A>
_ M A
_‘[[Rd g(HZT]) (55)
=f 8lF Hal xn
R4

=fRd[9_le] * gn,

where we have used that H»7 belongs to the Schwartz class, that (Hom)" = [% H,] * n and
[(F Hy)(—§) = [F~1(Hy)] (€). Putting together (53), (54) and (55), we conclude that the previously
defined w satisfies (42).

Let us address now the choice b = 0 in the definition of g. Using the same notation as in
the proof of Proposition 31, we see that g = g1, where g; has been defined in (40). Therefore,
recalling (41), it follows that

c
[F Sl = [FSg 1= —qmlf% +(1
for a suitable radial Schwartz function {;. Now we proceed as before, defining H as in (51) and
decomposing it in Hy, H,, and Hs. Recalling that [ Sg] > 0, it follows that

=202
[EME () 18Iy
where ¢ = ¢1/{; is smooth, radial, and with compact support. Therefore (52) holds true and the
rest of the proof follows as for b > 0 and f < 0 different from a negative even number.
Finally let us go back to the case f = —2¢ for some ¢ = 1,2,... Recalling (35), the expression for

[Z Sgl(§) becomes

(- Axloglél +A)IgI* +7(E) for gl <1,
ca /€1 +1(E) for |£] = 2.
The strategy of the proof is the same as in the previous case, we keep the same notation, and only

highlight the differences. In particular we have that H; ({) modifies as follows

P1(8) 1
IE]Y (—Agloglél + Ak) €1k +n(&)

EXAIGE {

Hi($) =
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We further decompose H; as follows

Hy (&) = S(&) +B(%),
where

S© = n(wwwl(a

(—Akloglél + Ag) €Y
n@& @ + (- Axloglél + Ar)1E1¥]

and

B =-

Using Lemma 35, we deduce that

p1(8).

< C
0780 s ——2—— inR"
(L+1x)*
To deal with B , notice that, for any multi-indices p, v, it follows that
€V 0+ B(&)] < Calloglél] 1€ML for ¢ < 1/2.
Together with the fact that B has compact support, this implies that, for every nonnegative integer
m<k-y+|vl+d,
|6VB()C) | | |m

Choosing m = d—|y] +|v| and using the linearity of the Fourier transform, we conclude that again
that, for any multi-index v,

Ce . d
(1+]x)) 477

The remaining of the proof follows along the same lines. g

0¥ Hy ()] <

Proof of Theorem 3. Consider at first the case (7) and let us apply Proposition 34 with y = 2,
a=1-s,a=1andb=0. We deduce that there exists € C*°(R%\ {0}) such that w * g(x) =
1/|x|%72. Estimate (44) implies that the vector valued function V = —me belongs to
L + L9, Moreover, a straightforward computation shows that
X

oqlx

Therefore, Corollary 14 implies the desired result. To deal with the remaining cases (8) and (9),
we have just to apply Proposition 34 with the appropriate values of the considered parameters,
the rest of the proof being the same. O

Vxg(x)=

Proof of Theorem 7. Theorem 3 assures us that
u=Vsx%4u.

Moreover, under the considered assumptions, Proposition 34 implies that V = ¢Vw satisfies
estimate (12). Therefore, decomposing V as

V=V(,01+V(1—(,01) =Vi+V,

we obtain that

|Vi(2)| +12l|VVi(2)| < and |Va(2)|+zl|VVa(2)| <

1 G
|214- |z|d-1"
When p = 1, Proposition 16 implies that

||V1*<£u||Ld% =Gsl|%ul and “V2*<£u||L% =CGl%ullp.

Thanks to the linearity of the convolution, we obtain the desired result.
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To deal with the case 1 < p < d/s, it is enough to notice that the estimates

[Vi*Gu| pu <Csl9ulr and ||Vax%Gu| pa <CslGulrr,
Ld-sp Ld-p
follow by classical results on convolution operators, see for instance [27, Theorem, p. 139]. |

The proof of Theorem 8 follows the same structure as the proof of Theorem 7, now apply-
ing (13) rather than (12) and shall be omitted.

9. Nonlocal Sobolev inequalities in Lorentz spaces

Before proving Theorems 9 and 10, let us first recall for the convenience of the reader the defini-
tion of the Lorentz spaces that are involved. We need to introduce the decreasing rearrangement
of a measurable function and some related notation, see [18,27,28,38] for details.

Definition 37. The decreasing rearrangement of a measurable function v: R% — R is defined for
every0 <y <ooas
v' () =inf{r=0: A(r) <y},
where A(t) := [{|v] > t}|.
Takin
ing Ly
vy = —f v (1) dr,
yJo

the measurable function v belongs to the Lorentz space Lp'q([Rd) whenever

® 1 yqdT)¥
1Vl 1p.qgay = f (tPv**(1))?—| <oo forl<p<ooandl<gqg<oo,
0 T
and .
V1l Lpoogay :=supT? v** (1) <oco forl<p<ooand q=oo.
>0
We begin with the following estimate.

Proposition 38. Letl < p <oo, let0<s<1withsp<d,andlet0<t <1 withtp <d. Take
Fe U’([Rd, [R?d) and a measurable function v: R4 — RY such that, for almost every z € [Rd,

d-s 1
|U(Z)|S{C/|z| if lzl <1, 56)

Cllzl% "t if |z| > 1.
_pd_ _pd_
Then, the convolution h:= v * F belongs to (L7Z-»'" + L&-%"P)(R%) and
Vas ., dr [® dwp , dr _
d _ d _—
fo T h* (1) - +f1 T h™* (1) - SCIIFIILP(W).
Proof. Writing v =vyp, +vy B¢ = V1 + U2, We can use assumption (56) to deduce that
|v1(2)| < c/|z|4"S and |v2(2)| < cl|z|%t,
Therefore, the embedding of the Riesz potential between Lorentz spaces, see e.g. [27, Theorem,
d

_pd_ _pd_
p. 139], ensures that h := v; * F 4+ v, * F is well-defined and belongs to La=p'P 4 [7-'P Letus
now set, with an abuse of notation, v* = (|v|)* and v** = (|v|)**. A direct computation shows that
ctIsld jpr <1,

* % < = N
v** (1) < v(1) {Cr_l+t/d ift>1, ”

for a suitable constant ¢ > 0. Thanks to the estimate for convolution operators provided in [27,
Lemma 1.6], we deduce that

h**(r)sf v F (y) dy. (58)
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Therefore,

0o 4o d o0 ©© P
f e h**(r)p% Sf r‘%’(f V**(y)F**(y)dY) dr
1 1 T

oo tp oo P p
scpf 1_7(f y‘”ﬁF**(y)dy) dr
1 T

<CIF*17) g

where the second inequality follows from the estimates on v** and the last one by Hardy’s
inequality where we use that t < d/p; see [19, equation (9.9.10), p. 246]. On the other hand,
integration by parts leads us to

1 o) p
B::f 7_7(/ v**(y)F**(y)dy) dr
0 T
e8] p 1 1_sp [e'9) p-1
:CZU; v**(y)F**(y)dy) +C3fo T 77(/ v F (y) dy V(T FT (1) dr

00 , p-1 poo 1 sp B
SCZU v (P dy) f F**(yPdy+ c4f =7 U**(T)”F**(T)pdr+5,
1 1 0

where we have used Holder and Young inequalities in the third line. Thanks to the assumptions
on v, we conclude that

L a-sp dr
* % p *% ) P
foT a h™ (1) - <B=CGs|F IIL,,(R).

Combining both estimates for #** and using the fact that the norms || F**||zp ) and || F|| LP(Rd) T€
comparable, we obtain the desired result. O

We now deduce the following estimates involving the truncations Gy and T.

Proposition 39. Let p, s and t be as in the statement of Proposition 38. For every F € LP (R, R%)
and every measurable function v: R% — R% that satisfies (56), the convolution h = v * F satisfies

- T+ <C|F s
||Gk(h)||Ld{7is,p(Rd)+” k(h)“L%,p(RdfC" Izr @e)

with k= | Fll p gay.

Proof. Let us first notice that, using (58),

1
oo (o 0] , o
h**(T)Sf v ET () dy = (f v(y)? dy)p IFllLe = 1@ FlLr, (59)
T T
where v is given in (57). By construction, the real function I : (0,00) — (0,00) defined above is
invertible. Therefore,
A(k) = |{Inl > k}| = |{h* > K} =T (kI Fll ). (60)
Set
k=|Flp, hi=Gg(h) and hy=T¢(h).
Since hy < h* ¥, 4@ it follows that
1o dr\» max{A(),1} g de\s
Il pa scl(f TTph**(T)p—T)erCz(f @
da-ps'’P 0 T 1 T

1
< GsllFllr + R (1) (A(k) -1)?
< CyllFllzr,
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where we have used Proposition 38 to estimate the first integral, and formula (59) with 7 =1
and (60) with k = IIFIILp(Rd) to estimate the second one. To deal with h,, notice that h; = TE(h*).

Therefore,
1 1
| d = 0 4 d 1
B2l pa S(f T%kp—r)“(f T%h**(T)P_T)p
L{l—pt'p 0 T 1 T
1
— 0 4 d o
<Csk+ (f T%h**(‘r)”—l—)p
1 T
=GsllFligr,
where the last inequality follows by the choice of k and Proposition 38. O

Proof of Theorem 9. Under the considered assumptions, Proposition 34 implies that V := cVw
satisfies estimate (12) and that u =V «%u forall u € CS"(IRd). Therefore, we apply Proposition 39
toh=u=Vx*%u,with0<s<1and ¢=1, to get the desired result. U

The proof of Theorem 10 follows along the lines of the proof of Theorem 9, by applying (13)
rather than (12).
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