
Comptes Rendus

Mathématique

Lia Bronsard, Spencer Locke, Hayley Monson and Dominik Stantejsky

Structure of Saturn ring defects for two small spherical colloidal particles

Volume 363 (2025), p. 1517-1532

Online since: 12 December 2025

https://doi.org/10.5802/crmath.801

This article is licensed under the
Creative Commons Attribution 4.0 International License.
http://creativecommons.org/licenses/by/4.0/

C EN T R E
MER S ENN E

The Comptes Rendus. Mathématique are a member of the
Mersenne Center for open scientific publishing

www.centre-mersenne.org — e-ISSN : 1778-3569

https://doi.org/10.5802/crmath.801
http://creativecommons.org/licenses/by/4.0/
https://www.centre-mersenne.org
https://www.centre-mersenne.org


Comptes Rendus. Mathématique
2025, Vol. 363, p. 1517-1532

https://doi.org/10.5802/crmath.801

Research article
Partial differential equations

Structure of Saturn ring defects for two small
spherical colloidal particles

Lia Bronsard ,a, Spencer Locke ,b, Hayley Monson a and Dominik
Stantejsky ,c

a Department of Mathematics and Statistics, McMaster University, Hamilton, ON L8S
4L8 Canada

b Department of Mathematics, University of Michigan, Ann Arbor, MI 48109, USA

c Université de Lorraine, Institut Élie Cartan de Lorraine, UMR 7502 CNRS, 54506
Vandœuvre-lès-Nancy Cedex, France

E-mails: bronsard@mcmaster.ca, lockespe@umich.edu, monsonh@mcmaster.ca,
dominik.stantejsky@univ-lorraine.fr

Abstract. We study the small particle limit of the Landau–de Gennes model around two spherical colloids
with strong homeotropic anchoring. We obtain an explicit representation of the minimizing Q-tensor. We
then investigate the structure of defect lines and its dependence on the particle distance and orientation.
In particular, for certain orientations and for small distances, we observe a line singularity disconnected
from the singular line surrounding both particles, similar to the entangled hyperbolic defect configuration
observed in experiments, while for larger distances, the two lines merge and eventually the inner singular
line disappears.
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1. Introduction

We are interested in mathematically obtaining the structures of line defects around colloidal
particles in a nematic liquid crystal. In the case of a single particle, this question has been studied
for a variety of boundary conditions and limiting regimes by several authors, see e.g. [1–4]. In the
presence of more than one particle, one expects the particles to mutually influence each other,
so we focus here on the model case of two spherical particles and their interaction. In the case
of small particles and strong homeotropic anchoring (see the boundary conditions in (2)), we are
able to obtain an explicit representation of the energy minimizing configuration, and this in turn
allows us to study the singular structures analytically. In the case of a single spherical particle,
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this analysis was carried out in [2]. The energy that we are considering on the exterior of two balls
B1 and B2 is given by

E(Q) =
∫
R3\(B1∪B2)

1

2
|∇Q|2 dx, (1)

which is obtained as the one constant approximation of the Landau–de Gennes energy functional
in the limit of the particles being small compared to the nematic exchange length, see [2,10].
Here, the map Q is a Q-tensor that takes values into the space of 3×3 symmetric matrices with
zero traces. We note that in the case of unequal elastic constants, it is much harder to obtain
analytical results even for a single spherical particle, see [7].

The problem we study in this article frequently appears in the physical literature [13,14,16]
where experiments and numerical simulations are carried out. They observe several different
configurations for the singular structures that appear due to the colloidal presence in the liquid
crystal. Here we present the mathematically rigorous results that we obtain in a limiting regime
corresponding to particles being small compared to the nematic exchange length. The system of
PDE that corresponds to critical points of this energy with homeotropic anchoring is as follows:

−∆Q = 0 R3\B1(C1)∪B2(C2),

Q i
∣∣∣
∂Bi

= νi ⊗νi − id

3
∂Bi (Ci ), i = 1,2,

Q i → Q∞
∥∥(x, y, z)

∥∥→∞,

(2)

where Q∞ = n∞ ⊗ n∞ − 1
3 id taking n∞ = sin(γ)ex + cos(γ)ez with γ ∈ [0,π/2] determines the

alignment at infinity, and where for i = 1,2, we denote by Bi the balls of centers Ci on the x-
axis and of radius ri , with νi their respective normals. We moreover define D to be the distance
between the two balls, so that r1 + r2 +D gives the distance between the spheres’ centers.

The solutions to this PDE that are obtained in Section 3 can be visualized using ParaView [5]
as shown in Figures 1, 2 and 3, where the director fields and line defects are plotted. The director
field is obtained from the Q-tensor by calculating the eigenvector to the largest eigenvalue,
indicating the locally preferred axis of alignment of the liquid crystal molecules. When the two
leading eigenvalues are equal, one loses the unique preferred direction and this is what yields a
defect in this model. In our setting, we find singularities that are supported on lines of various
geometries as depicted below, depending on the particle distance D , the radii r1 and r2, and the
relative orientation of the particles with respect to Q∞.

Figure 1. Plot of the leading eigenvector of Q (white lines) and the regions where the two
leading eigenvalues are close (singularities, red lines). Both balls have a radius 1 and the
alignment at infinity is n∞ = nz (i.e. γ = 0). On the left, the distance D between the balls
is D = 0.1 and there is one singular line surrounding both particles with one disconnected
line in between them, described in [15] as the entangled hyperbolic defect. On the right,
D = 2 and each particle is encircled by its own ring defect.
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Figure 2. Plot of the leading eigenvector of Q (white lines) and the regions where the two
leading eigenvalues are close (singularities, red lines). The alignment at infinity has been
chosen to be n∞ = nz (i.e. γ= 0). In both cases, the distance D between the balls is D = 0.5
and the line surrounding both particles meets the line in the center at two points. On the
left, both particles have radius 1, while on the right, one particle has radius 0.5.

Figure 3. Plot of the leading eigenvector of Q (white lines) and the regions where the two
leading eigenvalues are close (singularities, red lines). Both balls have radius 1 and distance
D = 0.5. On the left, the particles are positioned along the axis of alignment at infinity, i.e.
γ = π/2, while on the right, the two axes of alignment form an angle of 5

8π. In both cases,
each particle is encircled by its own ring defect, see also Figure 1.

The main result of our analysis is for two particles of equal radius r1 = r2 = 1 aligned along the
x-axis with γ= 0 and is summarized in the numerical plot shown in Figure 4.

As we can see, Figure 4 shows numerically that for a given choice of colloidal distance D , there
will be either zero, one, or two crossings of the leading eigenvalues of Q along y > 0, each of which
corresponds to the globally observed singular structures shown in A, B, and C respectively. The
structure A is obtained for sufficiently large distances D > Dc , with Dc indicated in Figure 4 and
estimated in Theorem 7, given that in this regime there are no leading eigenvalue crossings. This
indicates the global defects become a pair of disjoint rings around the colloids for such values
of D . The structure B is attained for distances slightly smaller than Dc , where there is a regime
with a single crossing of the leading eigenvalues, thus demonstrating the presence of an inner ring
intersecting the outer ring in the global picture of the defects. Finally, for small enough distances,
the structure C is achieved, given the presence of the regime where there are exactly two crossings
of the leading eigenvalues, indicating that the inner ring has become disjoint from the outer ring
in the global picture. Hence, this numerically demonstrates that the observed singular structure
of the minimizer depends on the distance of the particles.
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Figure 4. Plot showing the largest eigenvalues of Q when restricted to the positive y-axis,
as the distance D varies. The three pictures labeled A, B and C on the right visualize the
three distinct configurations that can appear, depending on the distance D .

To prove the existence of these three regimes mathematically, we identify five points of this
diagram that are stated and proved rigorously as points (1)–(5) in Theorem 7, and which are
labeled visually in Figure 4. To be specific, point (1) confirms the conditions for the alignment at
infinity, while point (2) shows that for large distances, the Saturn rings around the two particles
are separate, with no inner ring. Moreover, point (3) implies that for small enough distances,
there is an inner ring defect, and in fact that there is a critical distance denoted by Dc such
that, for any larger distances, no inner ring defects form. Point (4) shows that there is an open
set of distances D below Dc for which the inner ring intersects the outer ring. Finally, point (5)
demonstrates the existence of an additional critical distance, where for small enough distances,
the inner ring will be disjoint from the outer ring.

The other elements of Figure 4 are obtained numerically by approximating the series expan-
sions for the eigenvalues in this regime (see equations (31), (32), and (33)) and analyzing the
regimes where the largest ones cross. In Section 2 we introduce bispherical coordinates, which
will allow us to represent the solutions of the system of Laplace equations on our domain. The
solving process is carried out in Section 3, leading to an explicit series representation of each
component. The series are then further analyzed in Section 4 using Sturm’s method for root find-
ing in order to locate the defects as the crossing of principal eigenvalues.

2. Bispherical coordinates and general solution to (2)

We introduce bispherical coordinates which are appropriate for the domain on which we study
the energy. The bispherical coordinates are obtained via the rotation of a two-dimensional
bipolar coordinate system about a focal line, creating a three dimensional orthogonal curvilinear
coordinate system, see [12, p. 110].

The system corresponds to the coordinates (η,χ,θ), made relative to the universal size param-
eter 0 < a < ∞ which is determined uniquely as a function of both radii and distance D . The
coordinates define a unique point in R3, and are such that −∞< η <∞ identifies a sphere cen-
tered along the x-axis, while χ,θ fix a point on the sphere, with χ ∈ [0,π] giving a point in the
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xz-plane, and θ ∈ [0,2π) giving the angle of rotation of the point about the x-axis. The coordinate
transformation is defined by:

x = a sinh(η)

cosh(η)−cos(χ)
, y = a sin(χ)sin(θ)

cosh(η)−cos(χ)
, z = a sin(χ)cos(θ)

cosh(η)−cos(χ)
,

where the size parameter a is such that there are two foci occurring at x = ±a, acting as poles
of the coordinate system, in the sense that η→±∞ corresponds to the spheres tending towards
x = ±a. In the context of this problem, we shall define the two spherical colloids to be balls B1

and B2 which have the radii r1 and r2, and that are centered at C1 > 0 and C2 < 0 respectively on
the x-axis.

It is shown in [8] that the size parameter a, and values η1,η2, are uniquely determined
nonlinear functions of r1,r2, and D , such that η = η1 and η = η2 restricts to the surface of B1

and B2 respectively. Note that the region outside the two spheres is η ∈ (η2,η1). In particular, as
we shall utilize in Section 4, when fixing r1,r2 to be constant with the value R > 0, the values of a,
η1,η2 depend only on D . In fact, in this case, we can obtain ηi = ηi (D) as a nonlinear function of
D , which is given explicitly by [8] as:{

η1 = ln
(

2R+D+
p

4RD+D2

2R

)
,

η2 =−η1.
(3)

Since the Laplacian is partially separable in the bispherical coordinates, the harmonic function
f : R3 →R solving ∆ f = 0 has the general solution given by

f (η,χ,θ) = (
cosh(η)−cos(χ)

) 1
2

∞∑
n=0

n∑
m=0

(
Am,n sinh

((
n + 1

2

)
η
)+Bm,n cosh

((
n + 1

2

)
η
))

·P m
n

(
cos(χ)

)(
Dm sin(mθ)+Em cos(mθ)

)
, (4)

where P m
n are the associated Legendre polynomials; see [12, p. 111]. The coefficients

Am,n ,Bm,n ,Dm ,En will be determined by the boundary conditions for our problem (see Sec-
tion 3).

It is convenient to define the parameters tη1 := e−η1 and tη2 := eη2 . In both cases, it can be
verified that

1−2tηi cos(χ)+ t 2
ηi

= 2tηi

(
cosh(ηi )−cos(χ)

)
, (5)

for i = 1,2. Note that since ηi = ηi (D) by (3) when we have fixed both radii, we may also write
tηi = tηi (D) to be a function of D when both radii are fixed. Moreover, taking the radii to be fixed,

(3) shows that η1 →∞ and η2 →−∞ as D →∞, as well dη1
dD > 0 and dη2

dD < 0 so that
dtηi
dD < 0. We

will also define the function Zn : R2 →R by

Zn(ξ,ζ) = sinh
((

n + 1
2

)
ξ
)−cosh

((
n + 1

2

)
ξ
)

tanh
((

n + 1
2

)
ζ
)
. (6)

In order to calculate the explicit coefficients in (4), and thus obtain solutions to (2), we will need
the relations (8)–(11), (13) which follow by expanding the factors

(
cosh(η)− cos(χ)

)−1/2, and its
derivatives, in the required bases of associated Legendre polynomials. The associated Legendre
polynomials possess the well-known (see [17, p. 773]) generating function

∞∑
n=0

qnP m
n+m

(
cos(χ)

)= (−1)m(2m)! sinm(χ)

2mm!
(
1−2q cos(χ)+q2

)m+1/2
, (7)

for |q | < 1 that will be used to express the boundary conditions in terms of associated Legendre
polynomials.
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Observe that taking m = 0, m = 1, and m = 2 in (7), with q = tηi and recalling (5) we have

1(
cosh(ηi )−cos(χ)

)1/2
=

∞∑
n=0

p
2t n+1/2
ηi

Pn
(
cos(χ)

)
, (8)

sin(χ)(
cosh(ηi )−cos(χ)

)3/2
=

∞∑
n=1

23/2t n+1/2
ηi

P 1
n

(
cos(χ)

)
, (9)

sin2(χ)(
cosh(ηi )−cos(χ)

)5/2
=

∞∑
n=2

25/2t n+1/2
ηi

3
P 2

n

(
cos(χ)

)
, (10)

respectively. Moreover, taking m = 1 in (7), differentiating with respect to q , multiplying by 2q/3
and then adding this to the m = 1 solution in (7), before evaluating everything at q = tηi and
employing (5) reveals that, upon re-indexing of the sums

sin(χ)(
cosh(ηi )−cos(χ)

)5/2
=

∞∑
n=1

25/2(2n +1)t n+3/2
ηi

3(1− t 2
ηi

)
P 1

n

(
cos(χ)

)
. (11)

To derive the final generating function we will need, we first apply the same steps used to
derive (11) except take m = 0 and multiply by 2q instead of 2q/3 to obtain the intermediary
formula

1(
cosh(ηi )−cos(χ)

)3/2
=

∞∑
n=0

23/2(2n +1)t n+3/2
ηi

1− t 2
ηi

Pn
(
cos(χ)

)
. (12)

Differentiating both sides of (12), inserting the formula d
dχPn

(
cos(χ)

)= n(n+1)
(2n+1)sin(χ)

(
Pn+1

(
cos(χ)

)−
Pn−1

(
cos(χ)

))
(see [17, p. 750]) and re-indexing the summation shows that

sin2(χ)(
cosh(ηi )−cos(χ)

)5/2
= 25/2

3(1− t 2
ηi

)

∞∑
n=1

(
t n+5/2
ηi

(n +2)(n +1)− t n+1/2
ηi

n(n −1)
)
Pn

(
cos(χ)

)
. (13)

3. Derivation of explicit solutions

In this section, we derive the explicit solutions for the minimizing Q-tensor by matching the
coefficients Am,n ,Bm,n ,Dm ,Em in (4) with the boundary conditions and the behavior at infinity.

Before calculating the solution to the PDE (2), we first need two lemmas providing us with
building blocks to construct the global solution using linearity of the system.

Lemma 1. The solution to the following boundary value problems for i , j = 1,2 and i ̸= j
−∆gi = 0 R3\B1(C1)∪B2(C2),

gi = 1 ∂Bi (Ci ),

gi = 0 ∂B j (C j ),

gi → 0
∥∥(x, y, z)

∥∥→∞

(14)

is given explicitly by

gi (η,θ,χ) =p
2
(
cosh(η)−cos(χ)

) 1
2

∞∑
n=0

t n+1/2
ηi

Zn(η,η j )

Zn(ηi ,η j )
Pn

(
cos(χ)

)
. (15)

Proof. The general solution for gi is given by (4). Since the boundary conditions have no θ

dependence, we can choose Em = 1 for m = 0, while we must have Dm = Em = 0 for all other m.
Hence, the general solution becomes

gi (η,χ,θ) =
∞∑

n=0

(
An sinh

((
n + 1

2

)
η
)+Bn cosh

((
n + 1

2

)
η
))

Pn
(
cos(χ)

)
.
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The boundary condition gi
∣∣
∂Bi

= gi (ηi ,χ,θ) = 1 thus reads as

∞∑
n=0

(
An sinh

((
n + 1

2

)
ηi

)+Bn cosh
((

n + 1
2

)
ηi

))
Pn

(
cos(χ)

)= 1(
cosh(ηi )−cos(χ)

)1/2
.

Combining this with (8) implies that, for all n ≥ 0

An sinh
((

n + 1
2

)
ηi

)+Bn cosh
((

n + 1
2

)
ηi

)=p
2t n+1/2
ηi

. (16)

Moreover, the boundary condition that gi
∣∣
∂B j

= gi (η j ) = 0 gives that

An sinh
((

n + 1
2

)
η j

)+Bn cosh
((

n + 1
2

)
η j

)= 0. (17)

Solving the system of equations (16) and (17) yields

An =
p

2t n+1/2
ηi

Zn(ηi ,η j )
and Bn =−An tanh

((
n + 1

2

)
η j

)
leading to (15). □

Next, we will solve a system related to (2) for Q. As Q is a symmetric 3×3 matrix, we will solve
component-wise for Q i

αβ
where i , j = 1,2, i ̸= j and α,β= 1,2,3 in the following lemma.

Lemma 2. The solution to the following boundary value problem for i , j = 1,2 and i ̸= j

−∆Q i = 0 R3\B1(C1)∪B2(C2),

Q i = νi ⊗νi − id

3
∂Bi (Ci ),

Q i = 0 ∂B j (C j ),

Q i → 0
∥∥(x, y, z)

∥∥→∞,

(18)

are obtained component-wise. The off-diagonal components Q i
12, Q i

13, Q i
23 of the solution are given

explicitly by

Q i
αβ =

(
cosh(η)−cos(χ)

)1/2
∞∑

n=mαβ

Aαβ

n,i

Zn(η,η j )

Zn(ηi ,η j )
P

mαβ

n
(
cos(χ)

)
fαβ(θ), (19)

where fαβ(θ) = sin(θ) and mαβ = 1 for Q i
12, fαβ(θ) = cos(θ) and mαβ = 1 for Q i

13, fαβ(θ) = sin(2θ)
and mαβ = 2 for Q i

23, and where

A12
n,i = A13

n,i =
a2 sinh(ηi )25/2(2n +1)t n+3/2

ηi

3r 2
i (1− t 2

ηi
)

−
aCi 23/2t n+1/2

ηi

r 2
i

and A23
n,i =

23/2a2t n+1/2
ηi

3r 2
i

.

Likewise, the diagonal components of the solution are given in the form

Q i
αα = (

cosh(η)−cos(χ)
)1/2( ∞∑

n=0
Aαα

n,i

Zn(η,η j )

Zn(ηi ,η j )
Pn

(
cos(χ)

)+ (−1)α+1
∞∑

n=2
Bαα

n,i

Zn(η,η j )

Zn(ηi ,η j )
P 2

n

(
cos(χ)

)
cos(2θ)

)
, (20)

for α= 2,3, where

A33
n,i = A22

n,i =
23/2a2

3r 2
i (1− t 2

ηi
)

(
t n+5/2
ηi

(n +2)(n +1)− t n+1/2
ηi

n(n −1)
)− p

2

3
t n+1/2
ηi

,

B 11
n,i = B 22

n,i = A23
n,i .

The remaining components are found using the symmetry and tracelessness of the matrix, i.e.
Q i

21 =Q i
12, Q i

31 =Q i
13, Q i

32 =Q i
23, and Q i

11 =−Q i
33 −Q i

22.



1524 Lia Bronsard et al.

Proof. We generalize the method of generating functions used in the proof of Lemma 1 to be able
to handle the boundary condition

Q i
∣∣∣
∂Bi

= νi ⊗νi − id

3
=

ν2
xi
− 1

3 νxi νyi νxi νzi

νxi νyi ν2
yi
− 1

3 νyi νzi

νxi νzi νyi νzi ν2
zi
− 1

3

 ,

where

ν= (νxi ,νyi ,νzi ) =
(

1

ri

(
a sinh(ηi )

cosh(ηi )−cos(χ)
−Ci

)
,

a sin(χ)sin(θ)

ri
(
cosh(ηi )−cos(χ)

) ,
a sin(χ)cos(θ)

ri
(
cosh(ηi )−cos(χ)

) )
is the unit normal to the spheres in the bispherical coordinates.

Solution for Q i
12. Using the general solution (4), and that the only dependence on θ in the

boundary conditions for Q i
12 is sin(θ), we see that Dm = 1 for m = 1, while Dm = Em = 0 for

all other m. Thus,

Q i
12(η,χ,θ) = (

cosh(η)−cos(χ)
)1/2

∞∑
n=1

(
An cosh

((
n + 1

2

)
η
)+Bn sinh

((
n + 1

2

)
η
))

P 1
n

(
cos(χ)

)
sin(θ).

Using (9) and (11) with the condition that Q i
12

∣∣
∂Bi

= νxi νyi implies that

An cosh
((

n + 1
2

)
ηi

)+Bn sinh
((

n + 1
2

)
ηi

)= 25/2a2 sinh(ηi )(2n +1)t n+3/2
ηi

3r 2
i (1− t 2

ηi
)

−
aCi 23/2t n+1/2

ηi

r 2
i

. (21)

Since Q i
12

∣∣
∂B j

= 0 yields (17), combining this with (21), we obtain the coefficients

An =
25/2a2 sinh(ηi )(2n +1)t n+3/2

ηi

3r 2
i (1− t 2

ηi
)Zn(ηi ,η j )

−
aCi 23/2t n+1/2

ηi

r 2
i Zn(ηi ,η j )

and Bn =−An tanh
((

n + 1
2

)
η j

)
,

thus yielding (19) in the case α= 1,β= 2.

Solution for Q i
13. Since Q i

13 solves the same equation as Q i
12, with the only difference in the

boundary condition Q i
13

∣∣
∂Bi

= νxi νzi being that the factor of sin(θ) in Q i
12

∣∣
∂Bi

= νxi νyi becomes

a factor of cos(θ), the same procedure shows that the solution to Q i
13 is the same as Q i

12, except
with this change of factors.

Solution for Q i
23. Using the general solution (4), and that the only dependence on θ in the

boundary conditions for Q i
23 is sin(θ)cos(θ) = 1

2 sin(2θ), we must necessarily have that Dm = 1
for m = 2, while Dm = Em = 0 for all other m. Thus,

Q i
23(η,χ,θ) = (

cosh(η)−cos(χ)
)1/2

∞∑
n=2

(
An sinh

((
n + 1

2

)
η
)+Bn cosh

((
n + 1

2

)
η
))

P 2
n

(
cos(χ)

)
sin(2θ).

Applying (10) to the condition that Q i
23

∣∣
∂Bi

= νyi νzi , and using sin(θ)cos(θ) = 1
2 sin(2θ), reveals

that

An sinh
((

n + 1
2

)
ηi

)+Bn cosh
((

n + 1
2

)
ηi

)= 23/2a2t n+1/2
ηi

3r 2
i

. (22)

The equation Q i
23

∣∣
∂B j

= 0 yields the same condition as (17), and thus combining this with (22) we

obtain the coefficients

An =
23/2a2t n+1/2

ηi

3r 2
i Zn(ηi ,η j )

and Bn =−An tanh
((

n + 1
2

)
η j

)
, (23)

yielding (19) in the case α= 2, β= 3.
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Solution for Q i
33. Using the general solution (4), and noting that since the boundary conditions

Q i
33

∣∣∣
∂Bi

= ν2
zi
− 1

3
=

(
a2 sin2(χ)

2r 2
i

(
cosh(ηi )−cos(χ)

)2 − 1

3

)
+ a2 sin2(χ)cos(2θ)

2r 2
i

(
cosh(ηi )−cos(χ)

)2 (24)

involve a term with a cos(2θ) factor and a term independent of θ, we see that Em = 1 for m = 0,2,
while Dm = Em = 0 for all other m. Thus,

Q i
33(η,χ,θ) = (

cosh(η)−cos(χ)
)1/2

( ∞∑
n=0

(
A0

n cosh
((

n + 1
2

)
η
)+B 0

n sinh
((

n + 1
2

)
η
))

Pn
(
cos(χ)

)
+

∞∑
n=2

(
A2

n cosh
((

n + 1
2

)
η
)+B 2

n sinh
((

n + 1
2

)
η
))

P 2
n

(
cos(χ)

)
cos(2θ)

)
.

Now, using (8) and (13) for the first term in (24), and (10) for the second term in (24) shows

A0
n cosh

((
n + 1

2

)
ηi

)+B 0
n sinh

((
n + 1

2

)
ηi

)
= 23/2a2

3r 2
i (1− t 2

ηi
)

(
t n+5/2
ηi

(n +2)(n +1)− t n+1/2
ηi

n(n −1)
)− p

2

3
t n+1/2
ηi

,

and

A2
n cosh

((
n + 1

2

)
ηi

)+B 2
n sinh

((
n + 1

2

)
ηi

)= a223/2t n+1/2
ηi

3r 2
i

for n ≥ 2. The boundary condition Q i
33

∣∣
∂Bi

= 0 implies that (17) holds for the coefficients A0
n ,B 0

n

as well as A2
n ,B 2

n . Solving the respective systems yields the coefficients satisfying (20) with α= 3.

Solution for Q i
22. Finally, since

Q i
22

∣∣∣
∂Bi

= ν2
yi
− 1

3
=

(
a2 sin2(χ)

2r 2
i

(
cosh(ηi )−cos(χ)

)2 − 1

3

)
− a2 sin2(χ)cos(2θ)

2r 2
i

(
cosh(ηi )−cos(χ)

)2 ,

it follows that Q i
22 solves the same equation as Q i

33, with the same boundary condition as Q i
33

∣∣
∂Bi

except with the factor of cos(2θ) changed to −cos(2θ). Thus, the same procedure shows that the
solution to Q i

22 is the same as Q i
33, except with this change of factors. □

Remark 3. It follows by construction of the bispherical coordinate system, and is verifiable
using the exact formulas for a,η1,η2 in [8], that a2/r 2

i = sinh2(ηi ). Hence, one can write all the
coefficients in terms of the parameters ηi , and obtain for example

A23
n,i =

(t 2
ηi
+ t−2

ηi
+2)t n+1/2

ηi

3
p

2
, A33

n,i =
1− t 2

ηi

3
p

2t 2
ηi

(
t n+5/2
ηi

(n +2)(n +1)− t n+1/2
ηi

n(n −1)
)− p

2

3
t n+1/2
ηi

.

The other coefficients can also be obtained in terms of the same parameters.

Combining Lemmas 1 and 2 proves the following theorem.

Theorem 4. The solution Q of the Dirichlet boundary value problem
−∆Q = 0 R3\B1(C1)∪B2(C2),

Q i
∣∣∣
∂Bi

= νi ⊗νi − id

3
∂Bi (Ci ), i = 1,2,

Q → Q∞
∥∥(x, y, z)

∥∥→∞,

(25)

is given by Q =Q1 +Q2 + (1− g1 − g2)Q∞, where gi solves (14), Q i solves (18) and Q∞ is given by

Q∞ = n∞⊗n∞− 1

3
id,

for n∞ = sin(γ)ex +cos(γ)ez and γ ∈ [0,π/2].
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Notation. For a convergent series of functions S(x) = ∑∞
n=m sn(x), for N ≥ m we shall use the

notation SN (x) to denote the first N terms in the sum, and Rem(S, N ) to denote the remainder
such that

S(x) = SN (x)+Rem
(
S(x), N

)
. (26)

Remark 5 (Asymptotic bounds). One can obtain general bounds on the remainders of each
of the components in equations (19) and (20). Indeed, since η ∈ (η2,η1), then

∣∣Zn(η,η j )/
Zn(ηi ,η j )

∣∣ ≤ 1. Moreover one can bound the Legendre polynomials with
∣∣Pn(cos x)

∣∣ ≤ K (χ)2,

for K (χ) = (
1+ (π4/16)sin2(χ)

)−1/16, see [9], and
∣∣P 1

n(cos x)
∣∣ ≤ 2π−1/2(n + 1)nK (χ),

∣∣P 2
n(cos x)

∣∣ ≤
2π−1/2(n+1)n(n−1)K (χ), which were shown in [11]. Therefore, it follows by applying the triangle
inequality, along with these estimates, that we may bound the remainders of the off-diagonal
components (19) as∣∣Rem(Q i

αβ, N )
∣∣≤ 2π−1/2(cosh(η)−cos(χ)

)1/2∣∣ fαβ(θ)
∣∣K (χ)RN

αβ(tηi ),

while we may bound the remainders of the diagonal components (20) for α= 2,3 with∣∣Rem(Q i
αα, N )

∣∣≤ (
cosh(η)−cos(χ)

)1/2K (χ)
(
K (χ)RN

αα(tηi )+2π−1/2∣∣cos(2θ)
∣∣RN

23(tηi )
)
, (27)

for some infinite series RN
αβ

, and where fαβ(θ) is as defined in Lemma 2. These infinite series
can be evaluated explicitly as they can all be reduced to combinations of derivatives of the
standard geometric series using that |tηi | < 1. In particular, these bounds are finite for all colloidal
distances D > 0. Finally, recalling Q i

11 = −Q i
22 −Q i

33, one can use (27) to obtain a bound on Q i
11.

In the proof of Theorem 7 in Section 4, we derive explicit forms for RN
αβ

, which we use to obtain
precise error estimates.

Remark 6 (Equal radii). The explicit solutions of the minimizing Q-tensor simplify dramatically
in the case where the colloids have equal radii. Given the symmetry of the system, this corre-
sponds to the case where η1 =−η2, so that by (6), Zn(ηi ,η j ) = 2sinh

((
n + 1

2

)
ηi

)
. Hence, it follows

by Theorem 4 that in the case of equal radii for α,β ∈ {1,2,3} with α ̸=β,

Qαβ =
(
cosh(η)−cos(χ)

)1/2
∞∑

n=mαβ

Aαβ
n

cosh
((

n + 1
2

)
η
)

cosh
((

n + 1
2

)
η1

)P
mαβ

n
(
cos(χ)

)
fαβ(θ), (28)

where fαβ(θ) = sin(θ) and mαβ = 1 for Q12, fαβ(θ) = cos(θ) and mαβ = 1 for Q13, fαβ(θ) = sin(2θ)

and mαβ = 2 for Q23. Here, we note that in the case of equal radii, Aαβ
n := Aαβ

n,1 = Aαβ
n,2 from

Lemma 2. Likewise, when α=β ̸= 1 the diagonal components become

Qαα = (
cosh(η)−cos(χ)

)1/2

( ∞∑
n=0

Aαα
n

cosh
((

n + 1
2

)
η
)

cosh
((

n + 1
2

)
η1

)Pn
(
cos(χ)

)
+(−1)α+1

∞∑
n=2

Bαα
n

cosh
((

n + 1
2

)
η
)

cosh
((

n + 1
2

)
η1

)P 2
n

(
cos(χ)

)
cos(2θ)

)
− 1

3
(1− g1 − g2), (29)

where Bαα
n := Bαα

n,1 = Bαα
n,2 are as defined in Lemma 2, and Q11 =−Q33 −Q22.

4. Singular structures for equal radii

In this section, we prove Theorem 7 in order to understand the singular structure of the solution
for two equal radii and n∞ = ez , i.e. γ = 0. This theorem shows existence of points (1)–(5) from
Figure 4, thereby justifying the configurations A, B and C. As Figure 4 demonstrates, it is enough
to restrict Q to the y-axis to distinguish when the three observed configurations A, B and C occur.
Hence, we shall restrict our analysis to this case.

In bispherical coordinates, the y-axis corresponds to η = 0, θ = π/2. For simplicity, we
place the colloids symmetrically about the origin along the x-axis, so that C1 = −C2 > 0. With
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the equal radii, we note that, for any fixed colloidal distance D , we have tη1 = tη2 given that
tη1 = e−η1 = eη2 = tη2 , and so we may simply drop the subscript to simplify the notation. Note
that since we are working with the two radii r1,r2 fixed, the function t introduced in Section 2 is a
function solely of D . In fact, one may determine the explicit non-linear relation between t and D
in the case of r1 = r2 = 1 using the formula (3), which reads

t (D) = 2

(D +2)+
p

D2 +4D
. (30)

We also write t instead of t (D) to improve readability whenever possible.
As outlined in Remark 6, the solution components are given as follows

Q11(χ, t ) = (
1−cos(χ)

)1/2
∞∑

n=0

(−2Ãn +p
2t n+1/2)

cosh
((

n + 1
2

)
η1

) Pn
(
cos(χ)

)− 1

3
, (31)

Q22(χ, t ) = (
1−cos(χ)

)1/2( ∞∑
n=0

Ãn

cosh
((

n + 1
2

)
η1

)Pn
(
cos(χ)

)+ ∞∑
n=2

B 33
n

cosh
((

n + 1
2

)
η1

)P 2
n

(
cos(χ)

))− 1

3
, (32)

Q33(χ, t ) = (
1−cos(χ)

)1/2( ∞∑
n=0

(Ãn −p
2t n+1/2)

cosh
((

n + 1
2

)
η1

) Pn
(
cos(χ)

)− ∞∑
n=2

B 33
n

cosh
((

n + 1
2

)
η1

)P 2
n

(
cos(χ)

))+ 2

3
, (33)

where Ãn = A33
n +

p
2

3 t n+1/2, while the other components vanish.
Since in this case the solution Q is diagonal, the eigenvectors are given by the canonical basis

and the eigenvalues are just the diagonal entries. As the singularities occur precisely at the
locations where the two leading eigenvalues are equal, it is enough to distinguish the regions
in which each of the basis vectors are the dominating eigenvector.

Theorem 7. For r1 = r2 = 1, η = 0 and θ = π/2, Q is diagonal and there exists Dc > D2 > D1 >
Dm > 0 such that:

(1) for y →∞, the dominating eigenvector is ez ;
(2) for D →∞, the dominating eigenvector on the y-axis is ez ;
(3) for Dm < D < Dc , ex is dominating at x = (0,0,0), while for D > Dc ez is dominating at

x = (0,0,0);
(4) for D = D2, ey is never the dominating eigenvector on the y-axis;
(5) for D = D1, there exists a point y1 > 0 such that ey is the dominating eigenvector at

x = (0, y1,0).

Furthermore, Dc ∈ (2.01,2.03), and one can take D2 = 1.85, D1 = 0.35 and Dm = 4p
3
−2.

Proof. We will prove each point individually.

Proof of (1). Taking y →∞ means χ→ 0 in the bispherical coordinates. Thus, with χ→ 0 in (31),
(32), and (33), using the fact that Pn(1) = 1, P 2

n(1) = 0, we see that Q11,Q22 →−1/3, Q33 → 2/3 as
χ→ 0, which completes the proof of (1).

Proof of (2). Since in the bispherical system D →∞ corresponds to η1 →∞ and t → 0, it follows
using (31), (32), and (33) as well as Remark 3 that Ãn → 0 for n ≥ 0 and B 33

n → 0 when n ≥ 2, and
thus we see that Q11(χ, t ) →− 1

3 , Q22(χ, t ) →− 1
3 and Q33(χ, t ) → 2

3 as D →∞, which completes the
proof of (2).

Proof of (3). Taking y = 0 corresponds to χ = π in bispherical coordinates, and hence
Pn

(
cos(χ)

) = (−1)n and P 2
n

(
cos(χ)

) = 0. It follows by (32) and (33) that Q33 > Q22, so that Q33
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is dominant if and only if Q33 >Q11. Thus, we will study the roots of Q33−Q11, as a function of D ,
which can be computed as

S(t ) := (Q33 −Q11)(t ) = 1+
∞∑

n=0
(−1)nh(n, t ), (34)

where the function h(n, t ) is defined as

h(n, t ) := 2t n+1/2(1− t 2)
(
t n+5/2(n +2)(n +1)− t n+1/2n(n −1)

)−8t 2n+3

t 2(1+ t 2n+1)
, (35)

and where we used Remark 3 and the fact that 1/cosh(Nηi ) = 2t N /(t 2N + 1). Recall that t is a
function of D .

We will prove (3) in several steps.

Step 1. Showing S(D) < 0 for D ∈ [Dm ,1.96].
Recalling the decomposition (26), we proceed by bounding S3 and Rem(S,3). First, for S3, an

explicit computation with (34) and (35) reveals that

dS3

dt
= L1(t )

(1− t + t 2 + t 5 − t 6 + t 7)2 ,

where L1(t ) is a degree 15 polynomial in t . An application of Sturm’s Theorem (see [6, p. 52])
shows that L1(t ) has exactly two roots t ∈ (0,1), with the smallest root being t < 0.6330, with
L1(t ) > 0 for t < 0.6330. Using (30), this means that D > 0.22, since we are taking D > Dm and we
recall Dm := 4p

3
−2 > 0.22. Thus, S3(D) is increasing for all D > Dm .

Next, we will bound Rem(S,3). First observe that the equation h(n, t ) = 0 implies

(n +2)(n +1)t 4 −2(n2 +n −1)t 2 +n(n −1) = 0,

whose smallest root t ∈ (0,1) is τ∗ =
√

n−1
n+1 for n ≥ 2. One can directly verify that for t = 1p

n+1
<

τ∗, it holds h(n, t ) < 0. Therefore, it follows that for any t ∈ (0,τ∗) and n ≥ 2 with n even,
h(n, t )(−1)n < 0 while h(n, t )(−1)n > 0 for n odd. Using the bispherical formula (30) it can be
shown that D > Dm implies t (D) ∈ (0,τ∗).

Therefore, it holds

Rem(S,3) ≤−
∞∑

j=0
h
(
3+2 j , t (D)

)
≤−

∞∑
j=0

2(1− t 2)
(
t 4 j+7(2 j +5)(2 j +4)− t 4 j+5(3+2 j )(2 j +2)

)−8t 4 j+7

= L2(t )

(1− t 2)2(1+ t 2)3 =: U (t ),

(36)

where L2(t ) is a degree 15 polynomial in t . Differentiating this upper bound yields

U ′(t ) = L̃2(t )

(1− t 2)2(1+ t 2)4

where L̃2(t ) is a degree 16 polynomial. Applying Sturm’s Theorem to this polynomial shows that
it has no roots in the interval (0,1), and thus since one can compute that L̃2(0.5) < 0, it follows
that U ′(t ) > 0 for all t ∈ (0,1). Thus, recalling that t = t (D) via (30) and dt/dD < 0, the chain rule
shows that d

dD

[
U

(
t (D)

)]< 0, and thus U
(
t (D)

)
is monotonically decreasing in D .

We can now use the fact that S3 is increasing and U is decreasing in distance D to show
that S

(
t (D)

) < 0 for D ∈ [Dm ,1.96]. Because monotonicity on the whole interval [Dm ,1.96] only
indicates that S

(
t (D)

)< S3
(
t (1.96)

)+U
(
t (Dm)

)
, which is computed to be a positive quantity, then

we will instead divide the interval into two sub-intervals and estimate S
(
t (D)

)
on both of them,

finding that the monotonicity provides a negative upper bound.
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First assuming that D ∈ [Dm ,1.46], the monotonicity results show

S
(
t (D)

)< S3
(
t (1.46)

)+U
(
t (Dm)

)+1 < 0.

Repeating this process, but assuming now D ∈ [1.46,1.96], shows that S
(
t (D)

)< 0 as well.

Step 2. Strict monotonicity of S for D ≥ 1.96.
We begin by noting that by chain rule

d

dD
S
(
t (D)

)= dt

dD
·
(

dS3

dt
+ d

dt
Rem

(
S
(
t (D)

)
,3

))
,

and we will bound each of the terms. First, since it can be shown that dS3/dt is not monotonic
in the desired region, we will use Sturm’s method directly to bound it. In particular, we will show
dS3/dt < −3 and thus we will look at the roots of the difference dS3/dt +3 to show it is strictly
negative. By explicitly differentiating and rearranging, one can show that

dS3

dt
+3 = Q(t )

(1+ t )2(1− t + t 2)2(1− t + t 2 − t 3 + t 4)2 ,

where Q(t ) is a degree 15 polynomial in t . An application of Sturm’s Theorem shows that Q(t ) < 0
for all t ∈ (0,0.3), which implies that Q

(
t (D)

)< 0 for all D ≥ 1.96 by (30). Hence, dS3
dt

(
t (D)

)<−3 for
all D ≥ 1.96. Moreover, by differentiating Rem(S,3) across the sum, and hence differentiating (35),
one may obtain the bound

d

dt
Rem(S,3) <

∞∑
n=3

2t 2n−2(12+2n3 +24n)

= 4(−38t 10 +133t 8 −158t 6 +69t 4)

(1− t 2)4 =: U1(t ).

With the same procedure that was applied to (36), one can use Sturm’s Theorem to demonstrate
that U1

(
t (D)

)
is monotonically decreasing in D , so U1

(
t (D)

) ≤ U1
(
t (1.96)

) < 2 by exact compu-
tations. It follows that dS3

dt + d
dt Rem(S,3) < 2− 3 < 0, and hence since dt

dD < 0 then S is strictly
monotonically increasing in D . Thus, there can exist at most one root.

Step 3. Bounding Dc .
Using these facts, one can approach the value of Dc by estimating S

(
t (D)

)
in nested intervals

that are decreasing in length. Taking D ∈ (1.96,2.01), we have

S
(
t (D)

)< S3
(
t (2.01)

)+U
(
t (2.01)

)< 0

by direct computation. Hence, combining this with Step 1 shows that S
(
t (D)

) < 0 for Dm < D <
2.01.

Moreover, taking S
(
t (D)

) = S4
(
t (D)

)+ Rem
(
S
(
t (D)

)
,4

)
, one can show that S

(
t (D)

) > 0 for
D > 2.03. With the same method to obtain the upper bound for Rem(S,3) in (36), one can show
that

Rem(S,4) ≥
∞∑

j=1
h(2+2 j , t ) ≥ L3(t )

(1− t 2)2(1+ t 2)3 =: L(t )

where L3(t ) is a degree 17 polynomial that can be computed. Therefore, for D > 2.03 monotonic-
ity gives

S
(
t (D)

)> S4
(
t (2.03)

)+L
(
t (2.03)

)> 0,

where we used an explicit calculation of the functions to determine the final bound. Hence, there
must exist a unique root Dc ∈ (2.01,2.03), finishing the proof of (3).
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Proof of (4). Fixing D = D2 = 1.85, we will show that Q22(χ)−Q33(χ) < 0 for all χ ∈ [0,π]. Let us
observe that

Q22(χ, t )−Q33(χ, t ) =
∞∑

n=2

2E(χ)B 11
n

cosh
((

n + 1
2

)
η1

)P 2
n(χ)+

∞∑
n=0

p
2E(χ)t n+1/2

cosh
((

n + 1
2

)
η1

)Pn(χ)−1

=: f1(χ)+ f2(χ)−1,

(37)

where E(χ) := (1− cosχ)1/2. To complete the proof, we will obtain specific bounds on f1(χ) and
f2(χ) to show that (37) is negative.

We begin by bounding f1(χ). Using the bound P 2
n

(
cos(χ)

) ≤ 2π−1/2(n + 2)(n + 1)n(n − 1)
from [11], one observes that

Rem
(

f1(χ),2
)≤ sinh2(η1)29/2E(χ)

3
p
π

∞∑
n=4

t 2n+1(n +2)(n +1)n(n −1)

= sinh2(η1)29/2E(χ)

3
p
π

L4(t )

(1− t 2)5

(38)

where L4(t ) is a degree 17 polynomial in t . Using the fact that E(χ) ≤p
2 in (38), and evaluating

the resulting expression exactly at D = D2, we have Rem
(

f1(χ),2
)< 0.08 and hence

f1(χ) ≤ 2E(χ)B 11
2 P 2

2

(
cos(χ)

)+2E(χ)B 11
3 P 2

3

(
cos(χ)

)+0.08.

Expanding the associated Legendre polynomials in this expression allows us to write this bound
in the form f1(χ) ≤ E(χ)h(χ) + 0.08, where h(χ) is a degree 3 polynomial in cos(χ) satisfying
h(χ) < 0.06 for all χ ∈ [0,π], which can be verified by solving h′(χ) = 0, a quadratic in cos(χ),
to obtain the maximum point. This leads to the bound f1(χ) < 0.16. Next, we will bound f2(χ).
Performing a similar procedure as in (38) for f2(χ), we note that

Rem
(

f2(χ),2
)≤ 4t 5

1− t 2 < 0.008,

where we evaluated at D = D2. Hence we now write f2(χ) ≤ E(χ)k(χ)+0.008 where k(χ) is a linear
function in cos(χ), and the function E(χ)k(χ) is maximized at χ= π with E(χ)k(χ) < 0.8. Hence,
it follows that f1(χ)+ f2(χ) < 1, which completes the proof of (4).

Proof of (5). Observe that Figure 4 shows that at D = D1, there is a whole interval of y-values,
and thus corresponding χ-values, where ey is dominating. However, for simplicity, and to
show existence, we will choose χ = π/3. We must show that (Q22 −Q33)(π/3, t ) > 0 and (Q22 −
Q11)(π/3, t ) > 0. Using (37), we observe that Q22(π/3, t ) −Q33(π/3, t ) = f1(π/3) + f2(π/3) − 1.
Using an identical bounding technique as in (38), except with the optimized bound

∣∣P 2
n(1/2)

∣∣ ≤√
8
π

( 4
3

)5/4(n +2)(n +1) from [11], one can see that

∣∣Rem( f1(π/3),5)
∣∣≤√

8

π

(
4

3

)5/4 8sinh2(η1)

3

L4(t )

(1− t 2)3 < 0.0166, (39)

where L4(t ) is a degree 21 polynomial in t , and the last bound is obtained by evaluating the
function at D = D1, recalling that for simplicity we noted η1 = η1(D) and t = t (D). Hence,
f1(π/3) ≥ ( f1)N=5(π/3) − 0.0166 > 0.20 using an exact evaluation on the finite sum to obtain
the bound. Note that with this same method used for bounding the series in (39), but in-
stead employing Bernstein’s inequality

∣∣Pn(1/2)
∣∣ ≤ (2/π)1/2(4/3)1/4 from [11], one can show that∣∣Rem( f2(π/3),5)

∣∣ < 0.005 and thus f2(π/3) ≥ ( f2)N=5(π/3)−0.005 > 0.829. Therefore, we see that
f1(π/3)+ f2(π/3) > 1.029 so that Q22(π/3, t ) >Q33(π/3, t ).
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Similar bounding techniques will show that Q22(π/3, t ) > Q11(π/3, t ). In particular, we can
express

Q22(π/3, t )−Q11(π/3, t ) =
∞∑

n=0

3Ãnp
2cosh

((
n + 1

2

)
η1

)Pn
(
cos(π/3)

)
+

∞∑
n=2

B 11
np

2cosh
((

n + 1
2

)
η1

)P 2
n

(
cos(π/3)

)
−

∞∑
n=0

t n+1/2

cosh
((

n + 1
2

)
η1

)Pn
(
cos(π/3)

)
=: f3(π/3)+ 1

2
f1(π/3)− f2(π/3),

(40)

where f1, f2 were defined in (37) and f3 refers to the series on the first line. We will demonstrate
how one can bound the terms in this sum to show the quantity is positive.

Since we found
∣∣Rem

(
f2(π/3),5

)∣∣< 0.005, then we see that

− f2(π/3) ≥−( f2)N=5(π/3)− ∣∣Rem
(

f2(π/3),5
)∣∣>−0.835−0.005 =−0.84.

Likewise, we also have that f1(π/3)/2 > 0.1, and hence all that remains is to bound f3(π/3).
Again employing Bernstein’s inequality, we obtain an analogous bound to (39) showing∣∣Rem( f3(π/3),8)

∣∣< 0.005 so that

f3(π/3) ≥ ( f3)N=8(π/3)−0.005 > 0.746−0.005 = 0.741,

where the bounds are computed with the exact evaluation of the functions. Thus, inserting these
bounds into (40) then Q22(π/3, t )−Q11(π/3, t ) > 0.741+0.1−0.84 = 0.001 > 0, which shows that
Q22(π/3, t ) >Q11(π/3, t ). This completes the proof of (5). □
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Muševič, “Entangled nematic colloidal dimers and wires”, Phys. Rev. Lett. 99 (2007), article
no. 247801 (4 pages).

[16] M. Ravnik and S. Žumer, “Landau–de Gennes modelling of nematic liquid crystal colloids”,
Liq. Cryst. 36 (2009), pp. 1201–1214.

[17] H. J. Weber and G. B. Arfken, Essential mathematical methods for physicists, Academic Press
Inc., 2004.


	1. Introduction
	2. Bispherical coordinates and general solution to (2)
	3. Derivation of explicit solutions
	4. Singular structures for equal radii
	Declaration of interests
	References

