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1. Introduction

In this paper, we first briefly discuss the contribution of Haim Brezis and his co-authors on the
characterizations of the Sobolev norms and the total variation using non-local functionals, and
related problems. Some ideas of the analysis are also given. We then present several new results
by developing these ideas.

We begin with the BBM formula due to Bourgain, Brezis, and Mironescu [5] (see also [10,22]).
To thisend, for N=1,p=1,and u € LP (RN), it is convenient to denote

vul|” dx ifp>1,
o) - {u 1 ey itp W
IVull 4 m ifp=1.

Recall that, for f € L'(RY),

IVAlgmyy = sup”/ fdive
RN

In what follows, a sequence of functions (p,) ;=1 € L1(0, +00) is called a sequence of non-negative
mollifiers if the following properties hold:

Pnzo;

(o 0) +o0o
lim / pn(Mr¥Ntdr=0 Vvt>0, and / pn(rNtdr=1.
n—oo T 0
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Here is the BBM formula.

Theorem 1 (BBM formula, Bourgain & Brezis & Mironescu). Let N =1, 1 < p < +oo, and let
(0n)n=1 be a sequence of non-negative mollifiers. Then, for u € LP(RY),

u(x) - u(y)|”
ff| P |Z| n(lx—yl)dxdy < Cn,p®(w), )
RN xRN ¥
and
lim ff [uo —un|” u()|” pn(lx—=yl)dxdy = Ky,,®(w) 3)
Vl—'OORN RN lx=yIP Y Y= '
where Ky, is defined by
KN,p=/ le-ol”do, 4)
SgN-1

for any e e SN~1, the unit sphere of RV

Here and in what follows, Cy,, denotes a positive constant depending only on N and p, and
might change from one place to another.

As a convention, the RHS of (2) or (3) is infinite if u ¢ WYP ®RYN) for p>landu¢ BV(RY) for
p=1

Theorem 1 was established by Bourgain, Brezis, and Mironescu [5] (see also [10]) in the case
p > 1. In the case p = 1, they also showed there that the liminf and the limsup of the LHS of (2)
as n — +oo is of the order of the RHS of (2) instead of (3). The proof of (3) in the case p =1 and
u € BV[RY) is due to Davila [22].

We next briefly discuss some ideas of the proof. We first deal with (2) under the additional
assumption that ®(u) < +oo. We first consider the case where u € C°(RY). Using the fact, for
X,y € RY,

1
u(y)—u(x)z/ Vu(x+t(y-x)-(y-xdt,
0

and Jensen'’s inequality, one can prove that

ff |u(x) uy)|” pn(lx—yl)dxdy = ff /01|Vu(x+t(y_x))|pdtpn(|y—xl)dxdy. (5)

lx—ylP
RN xRN

By a change of variables (x, z) = (x, x—y) and by applying Fubini’s theorem, we obtain (2) from (5).
We next deal with (2) for which ®(u) < +o0o. The proofin this case follows from the previous case
by considering a sequence (uy) CC°°(RN ) such that ®(uy) — ®(u) and up — u for almost every
x€RN, as k — +oo. By Fatou’s lemma, one has, for n>1,

. |ue ) - w(n)|” |u) —u!”
léllli&f ff TR pn(lx—yl)dxdy = ff PRy pn(lx-yl)dxdy. (6

RN xRN RN xRN
Assertion (2) now follows from (6) by applying (5) to u; and then letting k — +oo.
We now address (3) for u such that ®(u) < +co. Using the properties of the mollifier se-
quence (py), in particular, the mass of p, concentrates around 0, and a Taylor expansion, one
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can prove (3) if u € C2°(R") in addition. Combining this with (2), one can derive (3) for u satisfy-
ing ®(u) < +oo after using the fact that, for ug, u e LP(RM),

ur(x) - ur(»|” u(x) - uy)|”
ff ltet) ~1x (P pn(lx—yl)dxdy - ff' /) pn(lx—yl)dxdy

|x—ylP |x—ylP
RN xRN Y RN xRN y
(U — () — (u—w)|”
<Cp ff | PR | pn(1x—yl)dxdy.
RN xRN y

It remains to prove that if the liminf,_.,,, of the LHS of (2) is finite then ®(u) < +oco. One
way to prove this fact is to use the convexity of t” and the convolution suggested by Stein and
presented in [10] as follows. Let (¢) =1 be a smooth non-negative sequence of approximations
to the identity such that supp ¢ < By k. Set

ur=@r*u fork=1.
Using Jensen’s inequality, we derive that, for n = 1,

p p
ff |uk(r; ;lkp(y” a(lx—yl)dxdy < ff |u(r))c ;tl(z}” a(lx—yl)dxdy fork=1.

RN xRN N xRN
Since u; € C®°(®RY), one can show that, for R>2and0<r <1,

lim f |ure () = uge ()"

n—+oo
X€EBR;ly—x|<r

TEE pn(lx—yl)dxdy =Ky, . IVuglP dx. @)
R

Here and in what follows, B denotes the open ball in RY centered at 0 and of radius R for R > 0.
This implies

, |ux0 - ue]” »
nl—lleoo ff PR (Ix—yl)dxdyzKN,p/RNIVukl dx.

RN xRN
We thus obtain

. |ut) —um)|” »
+oo>lrlzrill&f ff TR (Ix—yl)dxdyzKN,p/RNIVukl dx fork=1. 8)

Since k= 1is arbitrary, we obtain ®(u) < +oo. The details of these arguments can be found in [5]
and [10].
We next give a useful consequence of Theorem 1.

Proposition2. LetN=1,1<p<+oco,andr>0,andletuc LP(RN). Then

lux) —up|” e )
& ff oyl x e XAy =Ky e, ©)

RN xRN
[x—yl<r

Consequently, ifu € LP (RV) satisfies
p
j] ‘u(x) u(y)| dxdy < +o0,

N+p
X —
RN xRN | Y|

then u is constant.
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The reader can find many other interesting examples in [5,10,17] on the way to determine
whether or not a given function is constant. One of the motivations for determining whether or
not a function is a constant is from the study of the Ginzburg-Landau equations, see, e.g., [4].
Further properties related to the BBM formula can be found in [14,46] (see also [27]) and the
references therein.

Remark 3. The limit of the term in the LHS of (9) for ¢ — 1_ was studied by Maz'ya and
Shaposhnikova [30].

We next discuss a related result of Theorem 1 due to Nguyen [31], and Bourgain and
Nguyen [9].

Theorem 4 (Bourgain & Nguyen). Let N =1 and 1 < p < +oo. The following two facts hold.
(i) Forp>1andue WP RYN), we have

ff P y|N+p dxdy =Cn,,®(u) foréd >0, (10
|u(x) u(y)|>5
and )

|u(x) u(y)|>5
where Ky, p, is defined by (4).
(i) Ifue LP@RN) and p =1, then

opP
?(u) < CN,p I%I'Ll(l)nf ff m dx dy (12)

RN xRN

|u)-u@y)|>6
In particular, u € WP (RN) if p > 1 and u € BV@RY) if p = 1 if the RHS of (12) is finite.

Remark 5. The quantity given in the LHS of (10) has its roots in estimates for the topological
degree of continuous maps from a sphere into itself, which is due to Bourgain, Brezis, and
Nguyen [8] (see also [6,7,33,37]).

Assertion (10) is based on the theory of maximal functions. As in the analysis of (2), it suffices
to consider the case u € C°[RY). Using spherical coordinates, we have

ff P y|N+p dxdy= /RN/gN 1/ T ——dhdodx. (13)

|u(x) u(y)|>6 |u(x+ho)-u(x)|>6

By a change of variables, we obtain

——dhdodx = ——dhdodx, 14
/RN /§N—1/0 2 gax= /RN /§N 1/ h"”’l gax (14)

|u(x+ho)-u(x)|>6 6h |u(x+6ho)—u(x)|h>1

Combining (13) and (14) yields

ff P leﬂg dxdy = /RN/gN 1/ p+1 ——dhdodx. (15)

|u(§ Z[?y)b& o |uCeroho)-uColh>1

Since

1
/ Vu(x+tdho)-odt| < M(NVu,o)(x)h,

%|u(x+6ha) —u)|=h
0
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where

t
MMNVu,o0)(x) ::sup][ |Vu(x+so)-a|ds,
>0 .J0

ff . lew dxdy</RN/§N 1/ Tt ——dhdodx

MWV h>1
|u(x) u(y)|>6 (Vi h> (16)

= / / |[M(Vu,0)|” dxdo.
gN-1

Applying the theory of maximal functions, see, e.g., [47], we have

/|M(Vu,a)|pdx=/ |IM(Vu,0)|” dx<c/ IVu-al”dxscp/ IVulP. 17
RN RE /Ry Ry /Ry RV

Here, for o € V-1,

it follows (15) that

Ry = {to; teR} and R: = {xe eRN L x.0= 0}.

Assertion (10) for u € Cgo([RN ) now follows from (16) and (17).

The proof of (11) for u € CRY) follows from (15) and a Taylor expansion. The arguments
used to prove (11) in the general case follow from this case and (10) as in the analysis of the BBM
formula.

Remark 6. Part (i) of Theorem 4 was also obtained independently by Ponce and Van Schaftingen
with a different proof as mentioned in [31].

We next briefly discuss the proof of (12) under the stronger assumption in which the liminf is
replaced by the limsup, i.e.,

d(u) < CNphmsup ff

|u(x) u(y)|>6

P y|N+p dxdy. (18)

The ideas of the proof of (12) under the assumption stated in Theorem 4 will be later given in
Section 7.

To be able to apply the arguments used in the proof of the BBM formula, one arranges to gain
some convexity so that the arguments involving the convolution can be used. This can be done
by an appropriate integration with respect to § as suggested by the author in [31]. Indeed, we first
assume that u € L°(RY) and let a be a positive constant which is greater than 2| u|| ;0 ®y)+1. We
have, by using Fubini’s theorem,

p+e

Lie e |u)-uy
/ €0 ff |x— yIN”’ ff p+e  |x—yN+p dxdy. {19)

RN xRN
|ux)-u@y)|>6

Let (pi)k=1 be a smooth non-negative sequence of approximations to the identity such that
supp @ < By k. Set

ur=@r*u fork=1.
Since, by Jensen’s inequality,
pte p+e
ur(x)—u ulx)—u
ff e |ur(x) - ur(y)| drdy < ff e |ulx)-uy dxdy,
p+e  |x—ylNtp pt+e |x—ylNtp

RN xRN RN xRN
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it follows from (19) that

a 5P _ pte
/567“5 ff ——5 dxdy > ff e |m u]]cv(i/)l dxdy. (20)
0 |x — y|¥*P p+e |x—ylV+P
RN xRN RN xRN

|u)-u@y)|>6

Using the fact that u; € C*°(RY), we obtain, as in the proof of (8),
e |ur)—ue ()|
dxdy=Cn,p [ [VuglPdx,
p+e |x— y|N+p RN
RN xRN

which yields, by (20),

limsu ff ————dxdy=Cp, / |VuglP dx.
5—»o+p [x - J’|N+p Y P Jav

|u(x) u(y)|>6

Since k = 1 is arbitrary, the conclusion follows.
The proof in the general case, without the assumption u € L®(RM), follows from this case after

noting that
I e [ e o
xdy = ———dxdy,
lx— yIN““ Y x— yep
RN xRN
|u(x) u(y)|>5 |ua(x)-ua(y)|>6
where

ua = min{max{u, — A}, A}.
Indeed, since u4 € L®(RY), we have
5P
li ———dxdy=Cpy ,D . 22
maw ]tz cue @
[ua(x)—ua(y)]|>6
Combining (21) and (22) yields

ff |N+p dxdy = Cn,p®(ua),

|u(x) u(y)|>6
which implies (18) after letting A — +o0.

The setting considered in Theorem 4 has been extended in several directions. See, e.g.,
[15,18,19,34] where a more general functional was considered, see, e.g., [38,43] where a magnetic
field was involved (related properties for the BBM formula were also considered, see, e.g.,
[38,40,43]).

One of these extensions, recently proposed by Brezis, Seeger, Van Schaftingen, and Yung [18],
will be now discussed. Set, for a measurable function u defined in RY,

Qpu(x,y) = ) — uly) for x, y e RY,
|x— y|1+b

and, for a measurable set E of RY x RY,
vy(E) = f lx—y"N 7 dxdy,
E

and

Epp(u) = {(x,y); |Qpu(x, y)| >/1}.
GivenyeRand p =1, set

Dy () = vy(EA,y/p(u)) for A > 0.
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Given a measurable subset Q of RY and a measurable function u defined in Q, we also denote

Eypolu)= { > /1}.

and
@y 0u) = Apvy(EA,y/p,Q(u)).
One has the following result.
Theorem 7 (Brezis & Seeger & Van Schaftingen & Yung). Let N=1,1<p < +oo,y€R\{0}. The
following facts hold.
(i) Forp>1landue WLP(RN), we have

Dy (u) =Cpn,p®(w) forA>0, (23)
and .
;Llim Dy (u) = | | Np®Ww) if y<o, (24)
and
lim ®,(u) = —KN,p<I>(u) if y>0, (25)
A—+o0 |Y|

where Ky, p, is defined by (4).
(i) Ifue LPRN) and p =1, then

®(u) < Csup®y (u). (26)
A>0

In particular, u e WP RN) if p > 1 and u € BV(RY) if p = 1 if the RHS of (26) is finite.

Remark 8. Fory = —p, one has

5P
Ds5(u) = ff —|x—y|N+’7 dxdy,

RN xRN
|u(x)—uy)|>6
the quantity considered in Theorem 4. For y = N, the quantity ®, was previously considered by
Brezis, Van Schaftingen, and Yung [19]. A generalization in this case to one-parameter families of
operators was considered by Dominguez and Milman [23].

Remark 9. It is worth noting that (24) and (25) fail for p = 1 and for u € BV(RY) or even for
u € WHL®RN). This has been noted by Brezis, Seeger, Van Schaftingen, and Yung [18]. This
phenomenon in the case y = —1 was previously observed by Ponce, see also the work of Brezis
and Nguyen [15].

We next briefly discuss the proof of part (i) of Theorem 7. The proof is closely related to the
proof of Theorem 4 mentioned previously and is different from the one given in [18]. We only
discuss the case N = 1. The general case can be established as in the proof of Theorem 4. We
begin with the proof of assertion (23). As in the proof of (4), it suffices to consider only the case

u € CZ°(R). We have
ff lx—yI"""dxdy =2 // 1Y dhdx. 27

| RXR‘ |u(x+h)— u(h
u(x)—u( /1 l+

1+1 np
lx=yl P

Since

x+h
5/ |t/ (5)|ds < M(u)(x)h,

x+h
/ u'(s)ds
X

\u(x+h)—u(x)| =
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where M(1/)(x) = sup,so £ |1/ (5)| ds, it follows that

(o ¢]
/ / 1 dhdx < / / h~ Y dhdx. (28)
RJO

[u(x+h)— u(x M) (x)
At
} hpP

By consideringy >0andy <0 separately, one can show that

AP // h‘””dhdxsCy/|M(u’)(x)|pdx. (29)
RJO R

M) (x)
7 >
WP

Since, by the theory of maximal functions,

/\M(u’)(x)|pdxscp/lu'lpdx,
R R

assertion (23) follows for u € CZ°(R).
_x
To prove (24) and (25), one notes that, by a change of variables, withé » =1,

// R Y dhdx = // R Y dhdx,

[ute+h)—u)]| u(x o1 |u(x+6h lutz+om-ut] - % o,

1+7
h

which yields, by (27), with 6% = A,

D) (1) = / / h~ 1Y dhdx. (30)

Ju( x+6h) |ulx+8h) —ux)| W p >1

The proof of (24) and (25) for u € C°(R) follows from (30) and a Taylor expansion. The arguments
in the general case follow from this case and (23) as in the analysis of the BBM formula.

The proof of part (ii) of Theorem 7 given in [18] is based on the BBM formula and the Lorentz
duality, which in turn involves rearrangement properties. Later, we state and prove a stronger
version of part (ii) (see Section 2). Our proof is in the spirit of the one of Theorem 4 and thus
different from [18].

Brezis, Seeger, Van Schaftingen, and Yung [18] also proved that, for p = 1, the following result.

Proposition 10 (Brezis & Seeger & Van Schaftingen & Yung). Let N =1, p =1, andy € R\ {0}.
Then (24) holds for u € Cg([RN) ify € [-1,0) and for u e wLlRM if y > 0. We also have, for
Y ¢€[-1,0]

@) (w) = CnalVul g, YA>0, (€29

Remark 11. Brezis & Seeger & Van Schaftingen & Yung [18] also showed that (31) fails for
ve[-1,0).

Remark 12. Assertion (23) for y = N was obtained by Brezis, Van Schaftingen, and Yung [20].
They also discussed there variants of Gagliardo & Nirenberg interpolation inequalities for func-
tions in W1 (®RM).

The proof of (31) is based on the Vitali covering lemma in the case y > 0 and involves a clever
way to estimate double integrals in the case y < —1 (and N = 1), see [18].

Viewing Theorem 7 and Proposition 10, the following questions are proposed, in the spirit of
Theorem 4.
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Open question 13. Let N =1, p =1, andy € R\ {0}, and let u € LP(RY). Is it true that, for some
positive constant C p,

limsup®,(u) = Cn,p®(1) fory <0
A—04
and

limsup®y (u) = Cn,,®(u) fory>0?

A—+00
A stronger version which has been proposed by Brezis & Seeger & Van Schaftingen & Yung [18]
is the following question.

Open question 14. Let N=1,p =1, andy € R\ {0}, and let u € LP (RN). Is it true that, for some
positive constant Cy p,
li]Lm(i)nf(ID,l(u) =2 Cn,p®w) fory<o0
—U4

and
l/%minfd),l(u) = Cn,p®(u) fory>0?

—+00
If the answer to Question 14 or Question 13 is positive, one then improves (23) and (31).
Various results related to these questions will be stated in the next sections, Sections 2-7. In
Section 8, we discuss about the Gamma-convergence of ®,, and in Section 9 we discuss various
inequalities related to @;.

2. Characterizations of the Sobolev norms and the total variations

In this section, we present various positive and negative results related to Questions 13 and 14.
These results particularly improve part (ii) of Theorem 7. Here are the main results in this
direction. We begin with the case y < 0.

Theorem 15. Let N=1,1< p<+oo, andy < —p, and let u € LP(R"). We have
KN,p .
——®(u) < limsup®, (u). 32)
Iyl A—0,
In particular, ue WP (RN) if p > 1 and u € BV(RY) if p = 1 if the RHS of (32) is finite.

The proof of Theorem 15 is in the spirit of the one of (18) and is given in Section 3.
Theorem 16. LetN=1,1<p<+4oo,and—-p<y<-1,andletuc LP(RYN). We have
Cn,p®(u) < liAm(i)nfCI),l(u) (33)
—U4

Jfor some positive constant Cy, . In particular, u € WLPRN) ifp>1 and ue BVRY) if p =1 if the
RHS of (33) is finite.

As mentioned previously, the case y = —p is due to Bourgain and Nguyen [9]. The proof of
Theorem 15 is in the same spirit and is presented in Section 7.

The case —1 < y < 0 is quite special. We have the following result whose proof is given in
Section 6.

Proposition 17. Let N =1, 1< p < +oo, and -1 <y < 0. There exists a non-zero function
u € BV(RYN) with compact support such that

lim @) (u) =0.

—04

Proposition 17 gives a negative answer to Questions 13 and 14 in the case —1 < y < 0.
Nevertheless, we can prove the following result which improves part (ii) of Theorem 7 in the case
-1<y<0.
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Theorem 18. LetN=1,1<p<+o0,and—-1<vy<0,andletue LP(R"). Then

" o(w) <limsup®, (u) +limsup ®, (u). (34)
Y+2P A0, A—+00

In particular, ue WHPRN) if p > 1 and u € BV(RY) if p = 1 if the RHS of (34) is finite.

The proof of Theorem 18 is in the spirit of the one of Theorem 4 mentioned in the introduction
and given in Section 5.
We next deal with the case y > 0.

Theorem 19. LetN=1,1<p<+oo,andy>0,andletuc LIIOC(R"). Then

—P ) < limsup @) (u). (35)
Y+p A—+00
In particular, u e WHP[RY) if p > 1 and u € BVRY) if p = 1 ifu € LP(RN) and the RHS of (35) is
finite.

The proof of Theorem 19 is in the spirit of the one of Theorem 4 mentioned in the introduction
and given in Section 4.

Theorem 19 is known in the case p > 1 and partially known in the case p = 1. In the case
Y = N and p = 1, Theorem 19 was established by Poliakovsky [44] with Cy,, instead of & —p in
the LHS of (35). A stronger result of Theorem 19 with Cy,,y, blowing up as y — 0., 1nstead of
KN ==L in the LHS of (35) but with liminf instead of limsup on the RHS was obtained by Gobbino
and Picenni [25]. Their results do not imply ours in the case p = 1 since (25) does not hold for
p = 1. Theorem 19 for p = 1 is sharp in the sense that the equality holds in (35) when u is the
characteristic function of a bounded convex domain with smooth boundary, see [18, Lemma 3.6]
(see also [42]).

3. Proof of Theorem 15

The proof is based on the ideas of the convexity and the BBM formula as mentioned in the proof
of (18). We first assume that u € L*°(RY) and let m = 1 be such that

Fix a > 0 sufficiently small. Then
a
limsup®) (1) = lim sup/ = —®, (u)dA. 37)
A—>0+ £—04 0 A‘ ¢

We have, for € > 0,

a
N+
/0/11 -®)(w)dA= /0115 f[ lx—yI " dxdy

Ju@-uwy)| u(y
[x— y\l ﬁ
ff Ix—yI_N”’dxdy/ eAPTIEL ) A
1< u(x)-uy)|
RNXRN |x— y|l+?
p+e
ux)—u
> ff -y N = ) (y)! — dxdy.
p+e pte+ LEE
\u(x)—u(y)|<a |x—J/| r

7
1+1
lx=yl P
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We thus obtain

a ¢ 1 |u) -up|”* €
/ SO dA > ff | pyl - dxdy. (38)
0 p+e |x -yl lx—yl +=

[u)-u)|

i
1+
lx=yI P

<a
Set
Y
B=1+—.
p
Since y < —p, it follows that § < 0. Denote
r=Cmlia)VP.

Since B <0, it follows that if | x — y| < r then % < Zr—gl = a. We derive from (38) that

/a L (w)dA = ff 1 |u(x)—u(J’)|p+£ 3 dxdy 39)
0 Al-¢€ Y - p+e |x_y|p+g |x_y|N+Lp€ s

|[x=yl<r

Let (¢f) be a smooth non-negative sequence of approximations to the identity such that
supp @ < By k. Set

ur=@r*u fork=1.
Since p + € > 1, we have, by Jensen’s inequality,

p+e

1 |ulx)—u(y) €
ff p+e| |x—y|lzl+‘IE N+£dxdy
lx=yl<r L=yl »
1w -weW|”™ e
ff prc PR N+dedy. (40)
|x—yl<r |x—y| P
Combining (39) and (40) yields, for k=1,
a 1 |ug(x)—u pre
/L_d)y(u)d)tz ff |10~ )| £ dxdy. 41)
o A7E p+e |x — y|Pte _ N+
|x—yl<r |x y|

By letting € — 0., and noting that y < 0 and using (37), we obtain, as in the proof of (8),

1
limsup @, (1) = —KN,,,/ |VuglP dx (42)
A—0 lyl RN
since, for y <0,
;
€
lim 7y ds= ﬁ
e—=04 Jo Sl+7 |y|

By taking k — +oo, we reach the conclusion when u € L®(RY). The proof in the general case
follows from the case where u € L (R") as in the proof of Theorem 4 after noting that

Dy (1) = Py(ua),

where
ua = min{max{u, — A}, A}.

The details are omitted.
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4. Proof of Theorem 19

The proof is again based on the ideas of the convexity and the BBM formula as mentioned in the
proof of (18) related to Theorem 4. We first assume that

lullfoo < m.
Let a > 0 be sufficiently large. Then
(o0}
limsup @, (u) zlimsup/ = Pa(w) dA. (43)
A—+00 e—0, Ja A
We have
* -N
/ /11+g®1(”)d/1 / ;L1+s ff Ix—yI"N*Y dxdy
a a
Ju@-uw)| u(y)| S
[x— y\ 5
(o0}
ff |x—y|_N+ydxdy/ eAP17¢1 _ luto-u(y] u(yld)L
[RNX[RN a |x— y|l+ﬁ

It follows that, forevery R>2and 0<r <1,

(0.0} £ B (o0} L
/ /11+8(D,1(u)dﬂ,> ff lx—yl N+dedy/ eAP! Eﬂl<|u(x]—u(y]\ dA
a

a 1+ L
X€EBR; |x—-yl<r =y P

p—¢
u(x)—u
= ff -yl V[ = | (y)|_ - = _are|dxdy
p—¢ p-e+ 1222 p—¢
X€BR; |x—yl<r [x—yl p (44)
1 u(x)—u|’
= f | (|J)C— l(z/_)l £ — dxdy
N X€BR; |1x-yl<r Y [x—yl
p—¢
_ta lx—y" N dxdy.
p—¢€
X€EBR; |x—yl<r
We have
1 u(x)—u|’
N~
P by ieyi<r Y lx -y
p
ulx)—u
= s T ff R
P= X€Bg; |x—yl<r y [x— yl

Let (px)k=1 be a smooth non-negative sequence of approximations to the identity such that
supp @ < By k. Set
ur=@r*u fork=1.

We have, by Jensen’s inequality;,

|u(x) - uy)|” €
ff |x—ylP=e N-S-e drdy

X€EBg; |x-yl<r |x J’|

11 ff |ur(0) - ue(»)|” € dxdy. e

>

> .
p—¢l2m|* |x—yIP

X€BR-1; |x—yl<r |x— J’|

p—¢ |2m|E
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Since, thanks to fact that y > 0,

p—¢
lim £2 ff lx— y~N*7 dxdy =0,
e—04 p—¢&

X€EBR; |x—yl<r

we derive from (44), (45), and (46) that

oo _ P
limsup/ Afgq)a(u)dﬂ>hm1nf 1 /f | (%) — ure ()] €
a

- -0 €2m|¢ x—ylP N-T ¢
& 0+ * p | | JCEBR,N |x—y|<1 | y| |x y|

Using (43), we obtain

. KN,p

limsup @, (1) = —— |Vug|P dx

A—+00 Bp_1
since, for -1 <y <0,

1
£
lim ds= P

e s= .
e=0+ Jo Sl—?—é‘ Y+p

Since R > 2 is arbitrary, we reach

Ky,
llmsup<1>,1(u)>—p |Vug|” dx.
A—+o0 P JrN

Letting k — +oo, we reach the conclusion when u € L (RN).

1441

(47

dxdy.

(48)

(49)

The proof in the general case follows from the case where u € L®(R") as in the proof of

Theorem 4 after noting that
Dy (u) =@y (ua),
where
ua = min{max{u, — A}, A}.

The details are omitted.

5. Proof of Theorem 18

The proof is again based on the ideas of the convexity and the BBM formula as mentioned in the

proof of (18) related to Theorem 4. Without loss of generality, one might assume that

limsup®, u < +oo.
A—0.

This implies, for all 1 < A < +o0,
QO u<Cy forA"'sAs<A.

We first assume that
lulljo =m and m=1.

Then, by (51), it holds
limsup @, (u) = limsup/1 e —— @, (u)dA.

A—+o0 &e—04
We have
(o0}
/ A dA = / A [ ey axdy
! ! [u(0)— u(y)l >
-yl 7

/f lx—yl~ Nﬂ’dxdy/ eAP1= T, luw-ul u(y|d)L.

1+L
RN xRN lx=yl" " P

(50)

(61

(52)
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This implies, forevery R>2and 0<r <1,

o0 lu(x) - u)|™* €
/1 AHE ff & dxdy

— y|p—¢€ N—
lx =yl Ix

X€Bg; |x—yl<r -yl r
Iu(x)fu(J;)I >1
eyt P ¢ lx—yI"N*7 dxdy.
-
p X€EBR; |x-yl<r
|u(x)—u(y)\>1
IxfyIH%
On the other hand,
1 u(x)—u|’
L el e,
p X€Bg; |x—yl<r y [x—yl
Ju(x)— u(y)l -1
ey P u(x) —uy)|"* €
o = £|2m|25 ff | |x |3/+l N_& dde/
- —-= =2
P XEBR; |x— y|<r Y |x—yl p
|u(x)— uy)\
|x— yI ﬁ
Combining (53), and (54) yields
© . 1 ux)—u@y)|P* £
/ )Ll+gq)1(u)d/1> 13|2m|25 ff | (|))C— |(Ii2l N-L-2¢ dxdy
! P= X€Bg; |x—yl<r Y [x=yl" »
[u()-u(y)| >1
P . lx—yI"V*7 dxdy
p-¢ '
X€EBR; |x-yl<r
[u@-uml
Ix—yll P
Similarly, by (51), it holds
L g
limsup@a(u)zlimsup/ TSCDA(u)d/l.
A—>0+ e—04 0 //l’
We have
1
N+y
/0 e Sq),l(u)dit /0 e g ff lx—yl~ dxdy
Ju)-u)| u(yl V)
- yIHﬁ
f lx—yl~ Nﬂ’dxdy/ eAP~1* g]l _lu-uiy| dA.
RN xRN eyl P

This implies, forevery R>2and0<r <1,

! lu) —um)|’™ e
/0 e ff - dxdy

— p+e N+=L
%=1 lx—y" "

X€BR; |x— y|<r
Ju(x)— u(y)|

eyt 7 + pi&‘ ff |x—y|‘N+7’dxdy.

XE€BR; |x— y\<r
Jux)- u(y)\

Ixyl p

(53)

(54)

(55)

(56)

(67
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Combining (55) and (57) yields, since J > —% —2eandr<1,

° +e [1 e
/ A1+E<I>;L(u)d/1+l’: 8/ S @AW dA
1 0
lu(x) - uy)|"** €
- p- £|2m|25 ff lx— yP*e -2 e dxdy. (38)
X€EBRg; |x-yl<r |x y|

Let (@ir)x=1 be a smooth non-negative sequence of approximations to the identity such that
supp @ < By k.- Set

ur=@r*u fork=1.

We have, by Jensen’s inequality,

1 lu) - uy)|"** €
p- £|2m|2‘3 |x— y|pte -T2 dxdy
XEBR; |lx—yl<r |~ J’|
1 1 ue(x) — ur ()| *e
= —€|2m|%e ff | k(IJ)c— Ikp(gl(‘?)| zf/fﬂfzedxdy' (59)
P x€Bp_1; lx-yl<r y lx—yl™ »
Since
u(x) — up(y)|P7€ Ky,
liminf f | " lkl”yf' ]‘i 7 dxdyz +N2” / IVuelPdx,  (60)
e—04 - _& _9e
X€BR_1; |x—yl<r Y lx =yl r Y P /By
it follows from (58) and (59) that
timinf{ [~ oydas [ @, (w)dA Ky VuglPd 61
imin (/1 e A ) +/ e P ) Y+2p/BR_1I ugl” dx. (61)
Since R > 2 is arbitrary, we reach
. . KNp
limsup @, (u) +limsup @ (u) = / IVul? dx. (62)
A—0, A—-+o0 +2p Jry

Letting k — +o0, we reach the conclusion when u € LO®RN),
The proof in the general case follows from the case where u € L®(RY) as in the proof of
Theorem 4 after noting that

Dy (1) =Dy (ua),
where
us = min{max{u, — A}, A}.

The details are omitted.

6. Proof of Proposition 17

This section consisting of two subsections is devoted to the proof of Proposition 17. In the first
subsection, we state and prove a lemma which is used in the proof of Proposition 17. The proof
of Proposition 17 is given in the second subsection.
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6.1. A useful lemma

Here is the result of this section.

Lemma20. Letl< p< +oo, BER, and let g be a measurable function on R . There exist positive
constants ci, ¢ independent of g such that, fory € R\ {0},

/ // Y dx; dy; dx;
RN-1

Ig(x Xj)— (x )
-8yl sal
Ixryilﬁ

Scz// lx—y™Ydxdy VA>0, forl<i<N, (63)
RN JRN

lgw-g0l 4
lx-y1P

and, fory<land =0,

N
/N/N Ix—yI_N”’dxdysczZ N // -yl Y dx;dy;dx;, YA>0. (64)
RN JR izl Jry-

lg0— gy)\>c 1 Ig(x ) =g yp)

lv-ylP Ixj— y,\ﬁ

Here and in what follows, for 1 < i < N and for a mesurable function f defined in RV, we
denote
fxGx) =fx) forx=(xi,...,xn) € RN

where

! N-1
xl‘:(xlr---rxi—lrxi+lr---;xN)ER .

Proof. We begin with the proof of (63). For notational ease, we only consider the case i = N and
denote x}, = x’ in this case. We have

/ // lxn — ynl ™Y dxy dyn dx’
rRV-1JRJR

lg(x! . xp)—-g(x,yn)l
/ // ][ lxy —ynI 1Y dZ dxndyndx’.  (65)
RN-1 Byn-1 (¥ lyn—xn1/2)

ey -yn1P
lgte’ xn)-g (!, YN)\> A
lxn-ynIP

> A

Here, for z' € RV=! and r > 0, we denote Bgn-1(Z/,7) the open ball in R¥~! centered at z’ € RN™!
: _ 1
and of radius r > 0, and fBRNA(Z’J‘) = B IBRN .y
xN+J/N
gz 25|+

|g(= - g(x’,yn)|, we obtain

/ // ][ lxy — yn1™ 1Y dz' dxn dyy dx’
RN-1 Byn-1 (x\lyn—xn1/2)

gt xn)-g ! yn)| g(x )|

Since |g(x, xn) — g(x', yn)| < |g(x', xn) - )

>c A
lxy-ynIP
< / // ][ IxN—yNI_”de’dedyNdx'
RN 1N+}/N BRN—I (x’,lnyxNI/Z)
g(x YN~ g 2,
P J’N\’S >61M2
Y dz dxydynd 66
+ . )IxN YNI™ Z'dxydyndx’. (66)
R ~N-1 (X, lyn—xnl/2
By
|g()C XN)— g M

pow— >61/1/2
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We have, by a change of variables, for ¢, sufficiently large,

/ // ][ lxy — ynl 1Y dZ2' dxn dyy dx’
[RN‘ Ben-1 (¥, lyn—xn1/2)

lee e~ XN+yN
W>C A2 N4y
N=YN <C [x—yl dxdy, (67)
RN xRN
lgw)-gW| 1
lx-ylB
and
/ // ][ lxn — ynl 1Y dZ' dxn dyy dx’
| [RN lN*J’N Bpn-1 (¥ lyn—xn1/2)
gt yN)- g 4
W>Cl/‘l/2 _N+']/
N-YN <C [x—yl dxdy. (68)
RN xRN
lsC—gnl 4
lx—y1P

Combining (65), (66), (67), and (68) yields (63).

We next give the proof of (64). For notational ease, we only consider the case N=2. The
general case follows similarly. Since |g(x1,x2) — g(y1,12)| < |g(x1,x2) — g(x1, y2)| + | g(x1, y2)—
g(x2,¥2) |, and f = 0, we derive that, for ¢, sufficiently large,

Ig(xl'xz)*géypyz)l Scid
[x=yl _ _
< lx -y dxdy + lx—yI7?"Ydxdy. (69)
R2 x R2 [R2 x [R2
1g0x1,x0)—g(x1.¥2)] 18Cx1,y2)-g(r1.y2)
>A >A
lx2=yal lx1 -1l

Since y < 1, it follows that

ff[ﬂez R2 e 2+dedy<C/ ffuqz |x2_y2|_l+ydxldx2dy2, (70)

lgtx,x)—gr1)l 4 18(x1,x2)-gx1,¥2)| m)l
lx2=y2l Ix2=y2l
and
ff Ix—yl_zﬂ'dxdysC/ ff lx1 — y1 17 dxy dyp dys. (71)
R2 xR2 R R2 xR2
18G1,2) -8yl | 4 lgtx1.y2)-80102)l |y
-3 1P 1x1=y11
Combining (69), (70), and (71) yields (64).
The proof is complete. g

Remark 21. The method used to prove Lemma 20 appeared in the theory of fractional Sobolev
spaces (see, e.g., [1, Chapter 7]). In this context, it is due to Besov.

6.2. Proof of Proposition 17

Set
B=1+v/p.
Then > 0 since —1 <y < 0. Consider

u=1g whereQ= (O,I)NCIRN.
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By Lemma 20, there exist two positive constants ¢y, ¢ such that, for all 1 > 0,

/RN/RN S N+YdXdY<CZZ RNl// - yil T dxi dy; dx;

|u(x) u y)\> i ux JXj)— u(x il

x-yP Ix; - yl\ﬁ 72)

=N / // lxy = ynI Y dxy dyny dy/,
[RNI

JuG xp)—ul yn)| 1
leny-yn1P

where we denote x, by x’ for notational ease. Since

|ux', xn) — u(x’, yn)| >/1}
lxn — yn1P
- {(x',xN,yN) €0,1)N ! x (((0,1) x (R\ (0,1))) U ((R\ (0, 1)) x (0, 1))]; lxn - ynlP < 1//1},

it follows that, for A1/8 < 1/4,

1
/ // lxn — N dxydyndx’ < C)L”/ dexN < CAP. (73)
rRN-1JRJR 0

{(x’,xN, yn) RV xR x R;

Julx! xp)—ulx’,yp)l V)
lxy—yn 1P

The conclusion now follows from (72) and (73).
7. Proof of Theorem 16
7.1. A fundamental lemma

We follow the approach of Bourgain and Nguyen [9]. The following lemma is the key ingredient.

Lemma?22. Letl<p<+oo,—p<vy<-1,andlet f beameasurable function on a bounded open
nonempty interval I. Then

liminf®, ;(f)=c (esssupf—essinff)p, (74)
A—04 I 1

1
|7|p-1

where ¢ = cp is a positive constant depending only on p.

Proof. Set
B=1+vlp.
Then
0=pB<1. (75)
In what follows, we assume that
li/lnl(i)?fd),l,l(u) < 400 (76)

since there is nothing to prove otherwise.
The proof is now divided into two steps.

Step 1: Proof of (74) for f € L°°(I). By rescaling, we may assume I = (0,1). Denote s, =
esssup; f and s— = essinf; f. Rescaling f, one may also assume

sy—s_=1 77

(unless f is constant on I and there is nothing to prove in this case).
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Take 0 < 6 < 1 small enough to ensure that there are (density) points #,, t— € [406,1 —400] c
[0, 1] with

3 1 9
[ty =7, 0+ 7] N f>Zs++A—ls, >

3 1 9 YV 0<71<400. (78)
=T, +7]n|f<Zs_+=s.||> =71,
[ In|f 477 47|75

Take K € Z,, such that § < 27X <5§/4 and denote

]—{'eZ~3s +ls <'2‘K<3s +1s}
TV T 47

Then 1
|]|22K‘1—2:g. (79)
For each j, define the following sets
aj={xe01; j-n2 < fe<j2*}, Bi=U4; and ¢;= 45,
J'<i J'>i
sothat Bj x Cj < [|f(x) - f»)| =27 K] < [|fx) - F(»)| > 8].
Since the sets A; are disjoint, it follows from (79) that
1
card(G) 2252 -3 = > (80)

where G is defined by
G={jeJ;|Ajl<275*2}
For each j € G, set 1;,; = | Aj| and consider the function v () defined as follows:

wl(t)z([t—4)tl'j,t+411,j]n3j, V t € [405,1 - 405].

Then, from (78), w1 (1) < 4Ay,j and ¥ (&-) > 41, ;. Hence, since v is a continuous function on
the interval [406, 1 —406] containing the two points £, and ¢, there exists 11, € [406,1-406] such
that

w1(n,j) =441 ;. (81)

ff Ix—yl_zdxdy<+oo

IxI
[fo-fl>6
by (76) and the fact that § = 0 and y < —1. It follows that |[f;,j —4A4,j, f1,; + 471, ;] N Aj| > 0.
Indeed, suppose |[11,j — 441 j, 11, +4A1,;] N Aj| =0. Then

1 1
ff Iy dxdy < ff PEYE dxdy < +oo.
IxI

x€[tl,j—4/11,j,t1yj+4llyj]ﬁBj X
- >6
ye[tl,j_4ll,j,t1,j+411,j]\Bj |f(x) f(y)l

We have

Hence |[t1,j =40, 0, +4A0 ] nBj| :OOr|[t1,j —4M,j, 0, +4A0 ] \Bj| = 0. This is a contradic-
tion since y1 (11,) = |[t1,j — 441, 01,j +4A1,j] N Bj| = 411, (see (81).
If [ 11, —4A1,j, t1,j +4A1,;] N Aj| < A1,j/4, then take A, j > 0 such that A,j/ A5 j € Z, and

Az, 1
—2 < |[t1,j_4/11,j’t1,j+4ll,j] ﬂAj‘ = Ap,j.
Since |[#1,j —4M1,j, i1, +4A1,;] N Aj| < A1,;/4, we infer that Ay j < Ay /2.
Set Ep j = [t1,j —4A1,j +4A2,j, 11, +4A1,j — 42 ;] and consider the function y,(f) defined as
follows
Yal(t) = |[t—412,j,[+4/12,j] ﬂBj‘, Y L‘EEZ,]'.
We claim that there exists # ; € E», j such that w,(f2,j) = 41, ;.
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To see this, we argue by contradiction. Suppose that ¥»(#) # 412, for all £ € E ;. Since >
is a continuous function on Ej, j» we assume as well that y»(7) < 4A;,j, for all ¢ € Ey, j- Since
A1,jlAz,j € Z, it follows that y1(#1 ;) < 4A,,;, hence we have a contradiction to (81). Thus the

claim is proved.
ff ! dxdy = ff ! dxdyz1
oy Y= -y A

It is clear that
[tz‘]' —4/12‘]',1,‘2‘]' +4/12,j ]2 [tgyj —4ﬂ,gyj,t2yj+4/12yj]2
[f)-fy)|>6 x€Bj; yeC;

If |[12,j — 4A2,j, 12, j + 4A2,j] N Aj| < A2,;/4, then take A3 j (A3 j < A5,;/2) and 13,j, etc. On the other
hand, since

f f dx dy < +o0,
|fx0- f(y)|>6
we have
limsup f f ——dxdy=0. (82)
diam(Q)—0
Q: an interval of T
|f(x) f(y)|>6

Thus, from (82) and the construction of #, j and Ay, » there exist ¢; € [405,1-406] and A1; >0
(tj = tx,j and A; = Ay, j for some k) such that

‘[tj—4/1j,l‘j+4lj] ﬂBj’ =4/1j
and
Aj
ZS“l‘j—4/lj,tj+4ﬂj]ﬂAj‘Sﬂj. (83)
Set A =infjeg A (A > 0 since G is finite). Suppose G = U?:l I,,,, where I, is defined as follows
In={jeG 2" A=1;<2"A}, vm=1.
Then it follows from (80) that
n
1
card(I,,) = =.
X cardttn = 5
For each m (1 = m < n), since Ajn Ay = @ for j # k, it follows from (83) that there exists J;;, < Iy,
such that

(84)

card(J,,) = card(I,,) (85)
and
It —tj1>2M30, Vi, jeTm. (86)
Then, from (86) and the definition of I,
[ti—4Ai, ti + 40 N [tj—4A),tj+4Aj] =@, Vi,j€Tm. 87)
Set Uy := @ and

Lin={j € s |[1j =47, 1) +42;]\ Ut = 61,
Up = (Ujer, [t =425, 1+ 42;]) U Uy, form=1,2,...,n.
an =card(J,,) and by, =card(Ly,),

From (87) and the definitions of J,;, and L,,,

1 m—1 (= i
Z2 (am—bm)< Y 2'b;
i=1
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which shows that

m-=1
am<bp+8 ) 207Mp;.
i=1
Consequently,

n

n n m-=1 n n n X
Y amsY bp+8Y. Y 207bi= % b, +8) b Y, 207,
m=1 i=1 m=1

m=1 m=1 i=1  m=i+l
Since Y22, 27/ =1, it follows from (84) and (85) that
n
by =
m=1

n
am =
m=1

O | =
S

Take A such that
5= 188 =612.

We then have, since y < -1,

n
ff APlx—y ™ dxdy= Y Y [[ APlx -y dxdy

m=1 jeL,,
IxI ANt . 2
w7l , ([£j—4Aj,tj+4A]\Up-1)
Ix—y\ﬁ xij, yECj

z i b APSTY 2 AP8Y 2 1.
=1
which yields (74) by (75).

Step 2: Proof of (74) in the general case. For A >0, denote
fa= (V) A4,

then
|fa@) = fa)| = | F0) - F)| for (x,y) € I

1449

Applying the result of Step 1 to the sequence f4 and letting A go to infinity, we deduce that (74)

holds for any measurable function f on I.
The proof is complete.

7.2. Proof of Theorem 16

Step 1: Proof of Theorem 16 when N =1. Set
u(x+ h) — u(x)
—
For each m =2, take K € R, such that K& = m, then
K (k+1)h

m
/ |Th(u)(x)|pdxs Z |Th(u)(x)|pdx.
-m k=—KJ kh
p
esssup u— essinf u| dx,

a+h a+h 1
/ |Th(u)(x)|pdxs/ T
a a h x€(a,a+2h) x€(a,a+2h)

it follows from Lemma 22 that, for some constant ¢ = ¢, >0,

Th(w(x) = VxeR 0<h<l.

Thus, since

m
/ |Th(u)(x)|pdxscliﬁni(l)ﬁq),l(u).

m
Since m = 2 is arbitrary, (88) shows that

/irh(u)(x)|pdxscliminffl),l(u).
R A—0

O

(88)

(89)
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Since (89) holds for all 0 < & < 1, it follows that V € LP(R) for p > 1 (see, e.g., [11, Chapter 8]) and
Vue 4 (see, e.g., [24]). Moreover, (33) holds.

Step 2: Proof of Theorem 16 when N = 2. The result in this case is a consequence of Lemma 22,
Lemma 20, and [35, Proposition 3]. As in the proof of the case N = 1, one can show that essV(, j)
is bounded by Climinf,_.o®, (u) for 1 < j < N where essV(u, j) is the essential variation of u in
the j-th direction whose definition is given in [35, Definition 5]. The details are omitted.

8. Gamma-convergence

In this section, we discuss the I'-convergence of the families of nonlocal functionals mentioned
in the introduction. Concerning the BBM formula, the following result was established by
Ponce [45].

Theorem 23 (Ponce). Let N=1,1 < p < +oo, and let (0,)n=1 be a sequence of non-negative

mollifiers. Denote
|u) —u!”
T (u) = ff TR pn(lx—yl)dxdy.

RN xRN
Then, J,, T'-converges to Ky, p® in LPRN) as n — +oo.
To establish Theorem 23, one needs to show that, given u € L (RV):
(i) there exists (u,) — uin LP (RN) such that

limsup J,, (1) < Ky, p®(w);

n—+oo

(ii) for all (u;) — uin LP(R"™), we have
liminf J,(u,) = Ky,,®(u).
n—+oo

Assertion (i) follows from Theorem 1 by taking u;, = u for n = 1. The proof of assertion (ii),
following the arguments in the work of Brezis and Nguyen [14], where related results were also
considered, can be carried out as follows. Let (¢;)r>1 be a smooth non-negative sequence of
approximations to the identity such that supp ¢ < B;,k. Since

lalP —|blP < Cyla—Dbl?,

it follows that, for u, v € LP (RN),

|Jn(w) = 1o ()| < Cn,pJn(u—v). (90)
We derive that
Un((;bk*u)—]n((pk*un” = CN,p]n((pk*u_(pk*un)
Theorem 1 91
= Cnp|Vorx u=Viex unl| g, S
s Cnpillun—ulppgny-
This implies
Tn(Pr * 1) < Jn(pp * uy) + CN,p,k" Up— u”LP(RN) < Jn(up) + CN,p,k” Up— u”Lp([RN) (92)

By letting n — +o00, we obtain
Ky p®@(py + u) < l};@i&f]”(u")' 93)

By letting k — +00, we obtain assertion (ii).



Hoai-Minh Nguyen 1451

We next discuss the setting given in Theorem 4 and 7. Set

B {inflimian0+ ®i(hy) ify<o,

K = 94
NPY T\ infliming) ., @ (hy)  ify >0, ©Y

where the infimum is taken over all families of measurable functions (%)) ycg defined on the open
unit cube Q = (0, 1)V such that by — h(x) = % in Lebesgue measure on Qas A — 0fory <0
and as A — +oo for y > 0. It is clear that k y p y = 0.

The following result was obtained in [32,35].

N,

Theorem 24 (Nguyen). LetN=1,p=1,andy=—p. Then, 0<xpnpy < % and ®, I'-converges
10K N,y,p® in LP(RN) as A — 0.

Remark 25. As a consequence of Theorem 24, the I'-limit is strictly smaller than the pointwise
limit viewing Theorem 4. This fact is quite surprising. The proof of the fact x,;,—, > 0 is based
on the work of Bourgain and Nguyen [9], see also the proof of Theorem 16 in Section 7. The
proof of the fact x,p,—p < —Nr s based on the construction of an example. The proof of the
I'-convergence is based on essentially the monotonicity property of ®, in the case y = —p. The
analysis is delicate but quite robust and can be extended to more general functionals, which are
different from @, by Brezis and Nguyen [15]. In the one dimensional case, we can obtain even a
more general result [16].

Remark 26. The explicit value of x N,p,-p Was conjectured in [32] for N = 1. This value was later
confirmed by Antonucci, Gobbino, Migliorini, and Picenni [3] where the case N = 2 was also
established.

Remark 27. T'-convergence results for functionals reminiscent of ®, in the case y = —p were
studied by Ambrosio, De Philippis, and Martinazzi [2].

We conjecture that

Conjecture 28. Let N =1, p =1, andy € R\{0}. Then, ®, I'-converges to x N, in LP(RM) for
A — +o0 ify >0 and for A — 04 ify <0.

Concerning Conjecture 28, we have the following results.
Theorem29. LetN=1,p=1,and 1<y <0. Then ®, I'-converges to0 in L” (RY).

Proof. It suffices to prove that for each u € L” (RY), there exists (1) Ae(o,1) such that uy — u in
LP(RN) and ®; (uy) — 0 as A — 0. For notational ease, we only consider the case N = 2. The
general case follows similarly.
To this end, we first show this for each u € C°(R?) with compact support. Let m € N be such
that
suppuc [-m, m]z.
For k € N, denote
D= {open cubes Q; j ;= (i27%, (i + D27¥) x (j27%, (j+ D2 7F) <R i, j e Z}.
Set
ur(x) = > Vi, jk(X),
—-m2k<i,jsm2k
where
vije = uxij 0l with x5 =(Gi+1/2275(j+1/2)27F).
We have, for some positive constants c; independent of 7,
D a(ug) < > Dy (v k)

—-m2k<i, jsm2k
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Similar to the proof of Proposition 17, we have
lim ®,(v; ;) =0.
1—0, A( l,],k)
We then derive that there exists a family (#3)re(0,1) such that uy — win LP(R) and

lim ®,(uy) =0.
A—04

Since for each u € L? (RY), there exists a sequence (U,) c Cgo([RN) such that U,, — u in LP(RM),
The conclusion then follows from the case u € C°(RN) by a standard approximation. O

Remark 30. Brezis, Seeger, Van Schaftingen, and Yung [18] (see also [12]) asked whether the I'-
convergence holds in LllO . and the limit is ® up to a positive constant. Theorem 29 gives a negative
answer to this question in the case -1 <y <0.

Remark 31. It would be interesting to revisit the arguments in [15,35] to establish Conjecture 28.

9. Inequalities related to the nonlocal functionals

Since @, characterize Sobolev norms and the total variations, it is natural to ask whether or not
one can obtain properties of Sobolev spaces using the information of ®, instead of the one of ®.
We addressed this question in the case y = —p [36]. In particular, it was shown [36] that a variant
of Poincaré’s inequality holds in this case.

Theorem 32 (Nguyen). Let N =1, p =1, and u be a real measurable function defined in a ball
BcRN. We have

+ oP
//|u(x)—u(y)|pdxdysCN,p BV // ————dxdy+6”|B|. (95
BJB Bt lx—yIN*tP
|u(x)—uy)|>6

The proof of Theorem 32 is based on the arguments of Bourgain and Nguyen [9] used in
the proof of Lemma 22, and the inequalities associated with BMO-functions due to John and
Nirenberg [26].

Applying Theorem 32, one can derive that u € BMO(RY), the space of all functions of bounded
mean oscillation defined in RY if 1 € L' (R") and ®4 (1) < +oo for y = —p and p = N, and for some
A > 0. Moreover, there exists a positive constant C, depending only on N, such that, fory = -p
and p=N,

1
|glBmo 1=Sup][][Ig(X)—g(y)|dxdysC((I)i"(u)wl),
B BJB

where the supremum is taken over all balls of RY. In a joint work with Brezis [13], we also show
that if u € L'(®"Y) and @, (1) < +co withy = —p and p = N for all A > 0, then g € VMO(RY), the
space of all functions of vanishing mean oscillation.

Using Theorem 32, we can establish variants of Sobolev’s inequalities and Rellich-Kondra-
chov’s compactness criterion [36]. The proof of Rellich—-Kondrachov’s compactness criterion
using Theorem 32 is quite standard. The idea of the proof of the Sobolev inequalities using the
Poincaré inequalities is as follows. We first establish the Sobolev inequalities for the weak type
from the Poincaré inequalities using covering lemmas. We then use the truncation arguments
due to Maz'ya, see, e.g., [29], and an inequality related to sharp maximal functions due to
Fefferman and Stein, see, e.g., [47], to obtain the desired estimates from the weak-type ones.
This kind of arguments have been extended to obtain the full range of Gagliardo & Nirenberg
and Caffarelli & Kohn & Nirenberg interpolation inequalities associated with Coulomb-Sobolev
spaces [28], a result obtained in a collaboration with Mallick.
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In another direction, one can also derive variants of the Hardy inequalities and the Caffarelli
& Kohn & Nirenberg inequalities using the information of ®, instead of @ in the case y = —p.
This is given in a joint work with Squassina [41]. Interestingly, our proofs are quite elementary
and mainly based on the Poincaré and Sobolev inequalities for an annulus; the integration-by-
part arguments are not required. Our analysis is inspired from the harmonic one, nevertheless,
instead of using dyadic decomposition for the frequency, we do it for the space variables.
These arguments have also been used by us to obtain the full range of the Caffarelli & Kohn
& Nirenberg inequalities for fractional Sobolev’s spaces [39], which generalizes the Caffarelli &
Kohn & Nirenberg inequalities in [21].

In this direction, concerning ®,, we ask the following question viewing Proposition 17.

Open question 33. Let Q be a unit cube of R, and let p =1,y € R\ (—1,0] be such thatxn,p,y > 0.
Is it true that

ffo Q|u(x) —u(y)|P dxdy < Cn,p(@a(w) + AP)  forue LP(Q)?
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