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Given an arbitrary field K, an evolution algebra over K is a [K-algebra & which admits a distin-
guished basis B = {ey, ..., ey,...}, called a natural basis, satisfying the condition that e;e; = 0 for
all i # j. In this note, we focus on finite-dimensional evolution algebras, meaning that B is a finite
set. For a given natural basis B = {ey, ..., e,} in &, the scalars a;; € K satisfying elg = Z;’:l ajje; are
called the structure constants of & relative to B. The matrix Mg(&) = (a; j)l'.f =1 is said to be the
structure matrix of & relative to B. Evolution algebras were introduced by J. P. Tian and P. Vo-
jtéchovsky as a mathematical framework for modelling inheritance mechanisms that do not fol-
low classical Mendelian genetics. Their commutative but non-associative multiplication reflects
self-replication patterns observed in specific non-Mendelian genetic models (see [10,11]). It is
worth noting that linear algebra has provided powerful tools for modelling and analysing genetic
systems since they were first studied by Etherington [8].

Since evolution algebras are not defined by identities, one of the main challenges in working
with them is that they are neither closed under subalgebras (see [2, Example 2.3]) nor under ideals
(see [2, Example 2.7]). However, unlike the case of subalgebras, the structure of ideals has been
extensively studied (see [3,4]). In particular, [1, Proposition 4.2] establishes that if an evolution
algebra & is regular (& = &2, or equivalently, M3 (&) is non-singular) then every nonzero ideal is
basic, that is, every ideal admits a natural basis consisting of vectors from the natural basis.

Regular evolution algebras have been thoroughly investigated and possess particularly desir-
able properties. For instance, they have a unique natural basis (see [6, Theorem 4.4]), their auto-
morphism groups are finite (see [6, Theorem 4.8]), and they are universally finite (see [5]). More-
over, their algebras of derivations have also been described [7, Theorem 4.1]. Indeed, this short
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paper aims to explore subalgebras in the regular setting. First, note that the one-dimensional
subalgebras are given by the non-trivial solutions of a non-linear polynomial system of equa-
tions.

Lemma 1. Let & be a regular evolution algebra with natural basis B = {ey,...,e,} and structure
matrix Mg (&). Then, the one-dimensional subspace span{a;e; +---+ aney} is a proper nonzero
subalgebra of & if and only if the vector (@, ..., ay) is proportional to a non-trivial solution of

2
xl X1

D =M@ | n)
x2 Xn

Proof. A subspace span{a;e; +---+anep} is a subalgebra if and only if there exists a scalar k # 0
such that

n 2 n ) no(n , n
(Z aiel—) =) ai(ape;+-+appen) =Y. (Z aijai)ej = k(z a,-ei).
i=1 i=1 j=1\i=1 i=1
For this condition to hold, it is necessary that Z;’zl a jia? =ka;foralli =1,..., n. Moreover, since
it can be assumed that k = 1 (by setting a’l. = %), we obtain (1). O

In particular, our main theorem establishes that regular evolution algebras are closed under
subalgebras, a property that provides a more precise and structured approach to understanding
subalgebras and significantly simplifies their study in higher dimensions.

Theorem 2. Let & be a regular evolution algebra over any field K. Then, every subalgebra of &
admits a natural basis.

Proof. Let & be a regular evolution algebra with natural basis {ey,...,e,}. Consider a proper
subalgebra U = span{u; : 1 < i < m}, where each u; = Z;’leijej with p;; € K, of dimension
m < n. Without loss of generality, we assume that the matrix (u; j)TjL is in reduced row echelon
form. Furthermore, by appropriately reordering the natural basis, we can assume that the leading
coefficients form the identity matrix, i.e.

uy=e1+vy, up=ex+02, ..., Up=€n+Un,

where vy, ..., U € spanf{ems1, ..., €n}.

For the sake of contradiction, assume that U does not admit a natural basis. Then, there
exist distinct indices k,! € {1,...,m} such that uzu; # 0. Moreover, as & is regular, we have
rank{e?,...,e2} = n, which implies that rank{ui,...,un} = rank{u?,...,u%} = m. Then, as

{uf, e ufn} is also a basis of the subalgebra U, there exist scalars ay, ..., @, € K such that
aluf+---+amufn+ uru; =0.

Expanding each term,
al(ef+ U%)+---+am(e,2ﬂ+ v2) + upu; = 0.
Since uiu; € span{e? ,,,..., e}, the linear independence of {e3,..., €%} forces a; = -+ = a,, = 0,

contradicting that ugu; # 0. O

Remark 3. The converse of the previous result does not hold in general. As shown in [9,
Corollary 3.4], all subalgebras of a nilpotent evolution algebra with the maximum index of
nilpotency are basic ideals. For instance, the unique proper nonzero subalgebras of the evolution
algebra & with natural basis {e), e, e3} and product given by €% = e,, e5 = e3 and €5 = 0 are

span{es} and spanf{e,, es}.

Recall that, given an evolution algebra & with natural basis B = {ey, ..., e,} and an element
u=Y" pie; €&, we define its support as supp () := {i : ; # 0}.
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Corollary 4. Let & be a regular evolution algebra over any field K with natural basis B =
{e1,...,en}. Then, every subalgebra U of & admits a basis {u,,..., u,} where the supports of its
elements are disjoint.

Proof. The result follows from Theorem 2 and from the fact that if we have two elements u
and v in a regular evolution algebra, then uv = 0 if and only if their supports are disjoint (see [6,
Remark 4.3]). U

This result significantly simplifies the study of subalgebras in the regular case. For example,
given aregular evolution algebra & with natural basis B = {ey, ..., e,;}, any subalgebra of codimen-
sion 1 can be written as

spani{e;,v:i#p,q}, 2

where v € spanf{ey, e} for some distinct indices p, g € {1,..., n}. Without loss of generality, in this
work we will assume that p < q. Using this description, we finally establish precise conditions for
the existence of subalgebras of codimension 1 in regular evolution algebras.

Proposition 5. Let& be a regular evolution algebra over any field K of dimension greater than two
with natural basis B = {e;,..., ey} and structure matrix Mg (&) = (“ij)?,j:l'

Suppose that & has a subalgebra of codimension 1. In this case, there necessarily exist distinct
indices p,q €{1,...,n} such that

rank M, 4 <1,
where My, ; denotes the submatrix of Mg (&) formed by the p-th and q-th columns after removing
the p-th and q-th rows.
Conversely, ifrank My, 4 < 1, the existence of subalgebras of codimension 1 can be characterised
as follows.
(@) If rank M, 4 = 1, then at least one row of My, 4 is non-zero; let (a, B) be such a row. In this
case, & has a subalgebra of codimension 1 if and only if

a*Bapy+Bagy = aap, +ap’agq, 3)

and the corresponding subalgebra is given by (2) with v = ae), + fe,.
(b) If rank My 4 = 0, then the subalgebras of codimension 1 are (2) where v = e, + Aey for any
A e K* satisfying the equation

agpA® — aggh* + appA — apg =0, 4)

and additionally, span{e; : i # q} when a,q =0 and span{e; : i # p} when agp =0.
Proof. Let 7, 4 be the linear projection of & onto span{ey,, e;} along span{e; : i # p, q}. Observe
that (2) with v = ae), + fe,; defines a subalgebra of & if and only if the following conditions hold:
Tpq(e) = aipep + aigeq € spanfae, + ey}, foralli # p, g, and 5)
mpq((aey + Beg)?) = (@Papy + fFagp)ep + (@ apg + B2 agq)eq € spanfaey, + feg}. (6)
From (5), it follows that rank M, ; < 1 is a necessary condition. Conversely, now assume that

rank M), ; < 1 and study the following two cases separately.

(@) Ifrank M)y 4 = 1, then (a, f) must correspond with a non-zero row of M, 4 for (2) to be a
subalgebra of &. Now, we consider the following scenarios for (6) to be satisfied:
(i) ifa=0and f # 0, then (6) holds if and only if a;p, = 0;
(i) if f=0and a # 0, then (6) holds if and only if a4 = 0;
(iii) if @, B # 0, then (6) holds if and only if there exists a scalar k € K* such that
a? app + B? aqp = ka and aza,,q + ﬁzaqq = kf, or equivalently, if (3) holds.
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Notice thatif @ =0 and  # 0 (resp. § = 0 and a # 0), then (3) holds if and only if a;, = 0
(resp. apq = 0). Thus, we conclude that, in this case, (2) is a subalgebra if and only if (3).

(b) Ifrank M), ; =0, thenitis evident thatspan{e; : i # g} and span{e; : i # p} are subalgebras
ifand only if a,4 = 0 and a4, = 0, respectively. Moreover, (2) with v = ae, + fe, for some
a, B # 0, or equivalently, with v = e, + Ae, for A # 0, is a subalgebra if and only if there
exists a scalar k € K* such that a,,+1%ag, = k and ap,+A%agzq = kA, which is equivalent
to A being a nonzero solution of (4).

Thus, the result follows. O

Remark 6. Although every nonzero proper subalgebra of a regular evolution algebra of dimen-
sion 2 trivially admits a natural basis, as they are of dimension 1, the computations in Proposi-
tion 5 also play a key role in fully characterising all subalgebras in this case. Specifically, given
a regular evolution algebra & over any field K with natural basis {e;, ez} and structure matrix
MB (&)= (“ij)lz',j:y the subalgebras are given by span{e; + Ae,} for any 1 € K* satisfying the equa-
tion

d21/13 - aggﬂz +anAd—ap =0;

and additionally, span{e;} when a;» = 0 and span{e,} when a»; = 0.

Corollary 7. Let & be a regular evolution algebra over any field K of dimension greater than two,
with natural basis B = {ey,...,e,} and structure matrix Mg (&) = (a,-j)lf' o1 If the subspace (2) is a
subalgebra for some v € span{ey, eq}, then the structure constants satis,

2 3 _ 3 2
a;,Qiqapp + Aj,Aqp = d;),Apq + AipA;,Aqq (7)

foralli # p,q. Particularly, if & is three-dimensional and K is algebraically closed or K =R, then
the converse also holds.

Proof. The necessity follows straightforwardly from Proposition 5.

For sufficiency in dimension 3, note first that for any distinct indices p, g € {1, 2,3} we always
have rank M, 4 < 1. If rankMp, 4 = 1, the claim follows immediately from the hypothesis (7)
together with condition (3). On the other hand, if rank M, 4 = 0, since K is algebraically closed
or K =R, then equation (4) with a4, a4, # 0 always admits a solution in K. Therefore, the result
follows. g

We conclude this note with two examples which show how the hypothesis for equivalence
cannot be relaxed. Example 8 illustrates the importance of the choice of the field, while Example 9
highlights the necessity of the evolution algebra to have dimension 3.

Example 8. Let & be the regular evolution algebra over Q with natural basis {ej, ez, e3} and
structure matrix given by

1 0 O
Mp&)=(1 -1 1].
2 1 0

First, note that M, 3 = (0,0) and that the structure constants verify the relation

2 3 —n— -3 2
aj,a13a22 + ay3as32 = 0= aj,a23 + ayjpay3ass.

3 3

However, we have that ay3, ass # 0, and the polynomial as,x” — A33X% + A X —ap3 = x5 —x—1
is irreducible over Q. Consequently, according to Proposition 5, there are no subalgebras of
dimension 2 of the form span{e;, v} with v € span{e», e3}. Moreover, since

2 3 3 2 2 3 3 2
ay1 423011 + A3 431 # ay,a13 + az1a;3a33 and Az azzan + as, az # as, a2 + az1as, azz,

& does not have subalgebras of dimension 2.



Manuel Ladra and Andrés Pérez-Rodriguez 1465

Example 9. Let & be aregular evolution algebra over any field K with natural basis {e;, e, e3, €4}
and the two last columns of the structure matrix My (&) given by

a3z aia 1 2
a3 dza| 1 -1
asz dza - -3 2
as3 Qa4 1 0

Notice that algsam ass + a?4a43 = a‘:.’s ass + a;s al?4a44 for i = 1,2. However,

1 2
rank M3 4 = rank(1 _1) =2,

what yields, by Proposition 5, that there are no subalgebras of dimension 3 of the form
span{e;, e», v} with v € span{es, e4}.
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