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We will start with notation: N := {1,2, . . . }, Z+ := {0,1,2, . . . }, T := {
z ∈ C : |z| = 1

}
, D := {

z ∈ C :
|z| < 1

}
. M(d ,C) stands for the space of the d ×d complex matrices. For A ∈ M(d ,C), the symbol

∥A∥2 denotes the Frobenius norm: ∥A∥2 := p
tr(A∗A) and ∥A∥ denotes the operator norm. For

p ∈ [1,∞], the symbol p ′ is the dual exponent: p ′ = p/(p − 1). For a set S ⊂ T, the symbol |S|
indicates its Lebesgue measure.

1. OPUC, SU(1, 1), and matrix products

Let M (T) denote the set of probability measures on the unit circleTwhose support is not a finite
subset of T. For σ ∈ M (T), define Fσ(z) := ∫

T
ξ+z
ξ−z dσ, ξ = e iθ, θ ∈ [0,2π). The function Fσ is

analytic in D, ℜF > 0 in D, and F (0) = 1. The same properties hold for the function 1/Fσ and
therefore [7] there is a probability measure σd ∈M (T) such that

F−1
σ (z) = Fσd (z) =

∫
T

ξ+ z

ξ− z
dσd .

We will call such a measure σd dual to σ. For each σ ∈ M (T), one can define the monic
orthogonal polynomials

{
Φn(z,σ)

}
, n ∈ Z+, on the unit circle (OPUC) as algebraic polynomials

that satisfy the following conditions:

Φn(z,σ) = zn +·· · , 〈Φn , z j 〉σ = 0, ∀ j ∈ {0, . . . ,n −1}, 〈 f , g 〉σ :=
∫
T

f g dσ.
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Denote Φn :=Φn(z,σ), Ψn :=Φn(z,σd ). For every polynomial Q of degree at most n, let Q∗(z) =
znQ(z−1). Notice that the map Q 7→Q∗ depends on n. It is known [16] that[

Φn+1 −Ψn+1

Φ∗
n+1 Ψ∗

n+1

]
=

[
z −γn

−zγn 1

][
Φn −Ψn

Φ∗
n Ψ∗

n

]
,

[
Φ0 −Ψ0

Φ∗
0 Ψ∗

0

]
=

[
1 −1
1 1

]
, (1)

where {γg } are the so-called Schur (Verblunsky) parameters and they satisfy γg ∈ D, ∀ g ∈ Z+.
There is a bijection [16] between the set of measures M (T) and the set of Schur parameters D∞.
If {γg } are Schur parameters for σ, then the Schur parameters for σd are {−γg }. Denote ρn :=(
1−|γn |2

) 1
2 and Rn := ∏

j≤n ρ j , R∞ := limn→∞Rn . Since Rn is decreasing, R∞ always exists
and it is zero iff {γg } ∉ ℓ2(Z+).

The Szegő class of measures is defined as the set Sz(T) := {
σ ∈ M (T) :

∫
T log w dm > −∞}

where m is normalized Lebesgue measure on T, i.e., dm := dθ/(2π), and dσ = w dm +dσs with
σs being the singular measure. The Szegő theorem in the theory of OPUC states that σ ∈ Sz(T) iff
{γg } ∈ ℓ2(Z+) and that can be quantified by the following identity [16]:

exp

(∫
T

log w dm

)
= ∏

n≥0
ρ2

n =R2
∞, (2)

which holds for any σ and {γg }. Clearly, σ ∈ Sz(T) iff σd ∈ Sz(T). For measures σ ∈ Sz(T), the

Szegő function is defined as Dσ(z) := exp
( 1

2

∫
T
ξ+z
ξ−z log w dm

)
. This is the outer function in H 2(D)

that satisfies Dσ(0) > 0 and
∣∣Dσ(ξ)

∣∣2 = w(ξ) for a.e. ξ ∈T.
Sometimes it is more convenient to work with polynomials orthonormal on the unit cir-

cle with respect to measure σ. These polynomials are given by the formula φn(z,σ) =
Φn(z,σ)/

∥∥Φn(ξ,σ)
∥∥

L2
σ

. Since (see [16, formula (1.5.13)])
∥∥Φn(ξ,σ)

∥∥
L2
σ
=Rn−1, we get

sup
z,n

∣∣∣∣φn(z,σ)

Φn(z,σ)
−1

∣∣∣∣ <∼
∥∥{γg }

∥∥2
ℓ2(Z+),

when
∥∥{γg }

∥∥
ℓ2(Z+) ≤ 1

2 . Hence, the problems of studying the size of Φn or φn are identical in the
Szegő class when

∥∥{γg }
∥∥
ℓ2(Z+) is small. For Szegő measures, it is known that

lim
n→∞Φ

∗
n(z,σ) = Dσ(0)/Dσ(z), lim

n→∞φ
∗
n(z,σ) = 1/Dσ(z), (3)

locally uniformly in D (see [16, Theorem 2.4.1, p. 144]).
Given any sequence {γn} such that γn ∈D, n ∈Z+, define

Ωn := ρ−1
n

[
1 γn z−n

γn zn 1

]
(4)

andΠn :=Ωn · · ·Ω0. It is a simple fact thatΠn ∈ SU(1,1) for z ∈T and therefore

Πn =
[

an bn

bn an

]
, |an |2 = 1+|bn |2, z ∈T. (5)

The polynomials an and bn have degrees at most n, an has no roots in D and an(0) > 0 (see [11,
Lemma 4.5] or [20]). If γn are Schur parameters for σ, then (see [11, formulas (4.12) and (4.13)])[

Φn+1 −Ψn+1

Φ∗
n+1 Ψ∗

n+1

]
=Rn

[
za∗

n −b∗
n

−zbn an

]
·
[

1 −1
1 1

]
(6)

and, therefore,

an = (Φ∗
n+1 +Ψ∗

n+1)/(2Rn), −zbn = (Φ∗
n+1 −Ψ∗

n+1)/(2Rn). (7)

Denote

o1(ξ) := sup
n≥0

∣∣an(ξ)−1
∣∣, o2(ξ) := sup

n≥0

∣∣bn(ξ)
∣∣, O(ξ) := sup

n≥0

∥∥Πn(ξ)− I
∥∥

2, ξ ∈T, (8)

and we clearly have
∥Πn − I∥2

2 = 2
(|an −1|2 +|bn |2

)≤ 2(o2
1 +o2

2). (9)
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2. Two versions of quantified NCC and motivations for them

The famous Carleson–Hunt theorem [9] says that

∥M0 f ∥Lp [0,1) ≤p ∥ f ∥Lp [0,1), M0 f := sup
N∈N

∣∣∣∣ ∑
|n|<N

f̂ne2πi nx
∣∣∣∣, (10)

for p ∈ (1,∞), where f̂n = ∫ 1
0 f e−2πi nx dx is the Fourier coefficient of a function f . Function M0

is an associated maximal function. The bound (10) was used to settle Lusin’s conjecture, i.e.,
it showed that for every f ∈ Lp (0,1), p ∈ (1,∞], we have limN→∞

∑
|n|<N f̂ne2πi nx = f (x) for a.e.

x ∈ [0,1). The analog of Lusin’s conjecture in the OPUC theorem is called Nonlinear Carleson Con-
jecture (NCC) and it says: is it true that asymptotics (3) holds for a.e. z ∈T assuming thatσ ∈ Sz(T)?
This problem has a long history and it can also be formulated for Dirac equations, Schrödinger
operators and Krein systems (nonlinear Fourier transform) [3,14,15,18,20]. The general theory of
the nonlinear Fourier transform is an active field with multiple applications [1,6,12,19,20]. One
purpose of the current note is to put forward two quantifications of such a conjecture, motivate
them and compare. For σ ∈ M (T), define the maximal function M(ξ,σ) := supn

∣∣Φ∗
n(ξ,σ)− 1

∣∣,
ξ ∈T. From (7), we get

o1(2)(ξ) ≤ (
M(ξ,σ)+M(ξ,σd )

)
/(2R∞)+R−1

∞ −1, ξ ∈T. (11)

Conjecture (qNCC-I). There is ϵ> 0 such that
∥∥{γg }

∥∥
ℓ2(Z+) ≤ ϵ implies∫

T
M 2(ξ,σ)dσ <∼

∥∥{γg }
∥∥2
ℓ2(Z+). (12)

Conjecture (qNCC-II). There is ϵ> 0 such that
∥∥{γg }

∥∥
ℓ2(Z+) ≤ ϵ implies∫

T
log

(
1+O2(ξ, {γg }

))
dm <∼

∥∥{γg }
∥∥2
ℓ2(Z+). (13)

We will see later that the assumption on ℓ2-norm of {γg } being small is not restrictive when
studying the problem of pointwise asymptotics. Our first result compares these two conjectures.

Theorem 1. We have qNCC-I ⇒ qNCC-II.

Proof. Assume qNCC-I holds. Due to (9), we have log(1+O2) <∼ log(1+o2
1 +o2

2) and it is sufficient
to show that ∫

T
log(1+o2

1 +o2
2)dm <∼

∥∥{γg }
∥∥2
ℓ2(Z+). (14)

Now, (11) implies log
(
1+o2

j (ξ)
)

<∼ log
(
1+M 2(ξ,σ)

)+log
(
1+M 2(ξ,σd )

)+∥∥{γg }
∥∥2
ℓ2(Z+), j ∈ {1,2}. We

can write ∫
w>1

log
(
1+M 2(ξ,σ)

)
dm ≤

∫
w>1

log
(
1+M 2(ξ,σ)w

)
dm

≤
∫

log
(
1+M 2(ξ,σ)w

)
dm

≤
∫

M 2(ξ,σ)w dm

(qNCC-I)
<∼

∥∥{γg }
∥∥2
ℓ2(Z+).

(15)
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Then,∫
w≤1

log
(
1+M 2(ξ,σ)

)
dm = −

∫
w≤1

log w dm +
∫

w≤1
log w dm +

∫
w≤1

log
(
1+M 2(ξ,σ)

)
dm

= −
∫

w≤1
log w dm +

∫
w≤1

log
(
w +M 2(ξ,σ)w

)
dm

≤ −
∫

w≤1
log w dm +

∫
w≤1

log
(
1+M 2(ξ,σ)w

)
dm

(2)+(15)
<∼

∥∥{γg }
∥∥2
ℓ2(Z+).

By qNCC-I applied to σd , we get
∫
TM 2(ξ,σd )wd dm <∼

∥∥{γg }
∥∥2
ℓ2(Z+) and we similarly have∫

log
(
1+M 2(ξ,σd )

)
dm <∼

∥∥{γg }
∥∥2
ℓ2(Z+)

for
∥∥{γg }

∥∥
ℓ2(Z+) small enough. Hence, (14) follows. □

Next, we discuss the motivations for our conjectures. The Menshov–Rademacher theo-
rem [10,13] states:

Theorem 2 (Menshov–Rademacher). Suppose
{
χn(ξ)

}
, n ≥ 1 is an orthonormal system in L2

σ(T),
then ∫

T
sup

n

∣∣∣∣ n∑
j=1

α jχ j (ξ)

∣∣∣∣2

dσ <∼
∑
j≥1

∣∣α j log(1+ j )
∣∣2

for every sequence {α j }.

The connection between qNCC-I and the previous result is almost immediate (see [18, Sec-
tion 8]) if we take the recursionΦ∗

n+1 =Φ∗
n −γn zΦn andΦ∗

0 = 1 into account (see (1)). Indeed,

Φ∗
n(z,σ) = 1− z

n−1∑
j=0

γ j ∥Φ j ∥2,σφ j (z,σ)

so

M(ξ,σ) ≤
∣∣∣∣sup

n≥1

n−1∑
j=0

γ j ∥Φ j ∥2,σφ j (ξ,σ)

∣∣∣∣
and ∥M∥2,σ <∼

(∑
j≥0|γ j |2 log2(2+ j )

) 1
2 . The qNCC-I suggests that for OPUC the logarithm in the

last sum can be dropped provided that
∥∥{γg }

∥∥
ℓ2(Z+) is small.

We continue with the motivation for qNCC-II. Take d ≥ 2 and consider γ(t ) : [0,1] 7→ GL(d ,C),
a smooth curve. Let γr (t ) := ∫ t

0 γ
′γ−1 dτ : [0,1] 7→ M(d ,C) be its right trace. One can define the

distance between A,B ∈ GL(d ,C) by

d(A,B) := inf
γ(0)=A, γ(1)=B

∫ 1

0
∥γ′γ−1∥dt .

Given q ∈ [1,∞], the variational norm of a continuous curve Γ : [0,1] 7→ M(d ,C) is defined as

∥Γ∥V q :=
supn∈N sup0=t0<t1<···<tn=1

(∑n−1
j=0

∥∥Γ(t j+1)−Γ(t j )
∥∥q

)1/q
, q <∞,

diam(Γ), q =∞.

In [15, Lemma C.3], the authors proved, in particular, that

∥γ∥V q ≤ ∥γr ∥V q +Cq min
(∥γr ∥q

V q ,∥γr ∥2
V q

)
, ∥γr ∥V q ≤ ∥γ∥V q +Cq min

(∥γ∥q
V q ,∥γ∥2

V q

)
, (16)

for every q ∈ (1,2) which gives

∥γ∥V q ≤ ∥γr ∥V q +Cq∥γr ∥2
V q , ∥γr ∥V q ≤ ∥γ∥V q +Cq∥γ∥2

V q , (17)

for all q ∈ (1,2).
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In [15], the authors use (16) along with a variational version of Menshov–Paley–Zygmund
theorem to improve earlier results of Christ and Kiselev (see [3,4] and [5, formula (1.3)]). Now,
consider the sequence {Υn}, Υn ∈ GL(d ,C), n ∈ Z+, where supn∥Υn − I∥ ≤ 1

2 . One can define the
piecewise smooth curve γ(t ), t ≥ 0 as the solution to γ′ =V γ, γ(0) = I , where

V (t ) := logΥ j , t ∈ [ j , j +1), j ∈Z+.

We notice that V (t ) =Υ j − I +∆ j , t ∈ [ j , j +1), where ∥∆ j ∥ ∼ ∥Υ j − I∥2. Then,Υn · . . . ·Υ0 = γ(n+1)
and (16) can be applied to the product of matrices (the assumption made in [15, Lemma C.3] that
the curve γ is smooth can be relaxed to piecewise smooth). Recall that dist(I , A) ∼ log

(
1+∥I −A∥)

for A ∈ SU(1,1). TakingΥn =Ωn
(
ξ, {γg }

)
as in (4), applying (17) to γ, and the variational Menshov–

Paley–Zygmund theorem for Fourier series (see [15, Section B] for Fourier integral version) gives
us, in particular (compare with [15, p. 461]),∥∥log

1
2 (1+O2)

∥∥
Lp′ (T) ≤p

∥∥{γg }
∥∥
ℓp (Z+)

for p ∈ (1,2). Setting p = 2 in this estimate gives the conjectured bound (13).

3. Some applications of qNCC

We have the following result.

Theorem 3. Suppose {γg } ∈ ℓ2(Z+) and qNCC-II holds, then limn→∞Πn(ξ) exists for a.e. ξ ∈T and
limn→∞φ∗

n(ξ,σ) = D−1
σ (ξ) for a.e. ξ ∈T.

Proof. Assume qNCC-II holds. We will show that the sequence
{
Πn

(
ξ, {γg }

)}
is Cauchy for a.e.

ξ ∈T. We have ∥Πn+p −Πn∥ =
∥∥(Ωn+p · · ·Ωn+1 − I )Πn

∥∥≤O ·∥∥(Ωn+p · · ·Ωn+1 − I )
∥∥. Since O(ξ) <∞

for a.e. ξ ∈T, we only need to show that

limsup
N→∞

ON (ξ) = 0, ON := sup
n≥N , p≥1

∥∥Ωn+p · · ·Ωn+1 − I
∥∥

for a.e. ξ ∈T. Since ∫
log(1+O2

N )dm
(qNCC-II)

<∼
∥∥{γg }

∥∥2
ℓ2(≥N ),

we can apply Markov’s inequality: for every ϵ> 0 and N ∈N, we have

∣∣{ξ ∈T : ON (ξ) > ϵ}∣∣ <∼
∥∥{γg }

∥∥2
ℓ2(≥N )

log(1+ϵ2)
.

Since {ON } ↘ limsupN→∞ON as N →∞, we have
∣∣{ξ ∈T : limsupN→∞ON (ξ) ≥ ϵ

}∣∣ = 0 for every
ϵ > 0. Therefore, limsupN→∞ON (ξ) = 0 for a.e. ξ ∈ T and we have convergence of limn→∞Πn by
applying the Cauchy criterion. The formula (6) provides convergence of

{
φ∗

n(σ,ξ)
}

for a.e. ξ ∈T.
Since (see [11, Corollary 5.11])

lim
n→∞

∫ ∣∣∣∣ 1

φ∗
n
−Dσ

∣∣∣∣2

dm = 0,

we get limn→∞φ∗
n(ξ,σ) = D−1

σ (ξ) a.e. □

It is known that all zeroes of φn(z,σ) are inside D. The following theorem shows, in particular,
that for the Szegő measures, the pointwise convergence of |φn | onT is equivalent to the condition
that its zeroes stay away from T. To state this result, we need some notation first. Given a
parameter ρ ∈ (0,1) and a point ξ ∈ T, define the Stolz angle S∗

ρ(ξ) to be the convex hull of ρD
and ξ. Let { fn} denote the Schur iterates (see [11]) for the measure σ.
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Theorem 4 (Bessonov–Denisov, [2]). Let σ ∈ Sz(T) and Z (φn) = {
z ∈ D : φn(z,σ) = 0

}
. Take

any a > 0 and denote ra,n = 1− a/n. Then, for almost every ξ ∈ T, the following assertions are
equivalent:

(a) limn→∞
∣∣φ∗

n(ξ)
∣∣2 = ∣∣D−1

σ (ξ)
∣∣2;

(b) limn→∞ dist
(
Z (φn),ξ

)
n =+∞;

(c) limn→∞ fn(ra,nξ) = 0;
(d) limn→∞ supz∈S∗

ρ (ξ)

∣∣ fn(z)
∣∣= 0 for every ρ ∈ (0,1).

Our previous results imply the following corollary.

Corollary 5. Suppose that either {γg } ∈ ℓp (Z+) for some p ∈ [1,2) or
{
γg log(g + 2)

} ∈ ℓ2(Z+),
then (a)–(d) from the previous theorem hold for a.e. ξ ∈T.

4. Connections to Carleson–Hunt maximal function and SU(1, 1) version of a theorem
of Calderon and Stein

In conclusion, we put forward the weakened versions of qNCC-I and qNCC-II:∫
sup
n≥0

∣∣Φn(ξ,σ)
∣∣2 dσ≤ 1+ν1

(∥∥{γg }
∥∥
ℓ2(Z+)

)
(wqNCC-I)

and ∫
log sup

n≥0

∥∥Πn
(
ξ, {γg }

)∥∥dm ≤ ν2
(∥∥{γg }

∥∥
ℓ2(Z+)

)
, (wqNCC-II)

assuming that
∥∥{γg }

∥∥
ℓ2(Z+) < ϵ with some ϵ > 0 and ν1, ν2 are certain functions that satisfy

limt↓0ν1(2)(t ) = 0. It is not hard to see that qNCC-I implies wqNCC-I, qNCC-II implies wqNCC-II,
and wqNCC-I implies wqNCC-II. The converse statements are not known. It is also not known
if these weak versions imply the NCC. The inequality in (9) shows that O2 ≥ 2o2

2 and, therefore,∫
log(1+2o2

2)dm ≤ ∫
log(1+O2)dm. The next result shows that the weakened version of qNCC

implies the known Carleson–Hunt bound (10) for p = 2.

Theorem 6. If there is ϵ> 0 so that∫
log(1+o2

2)dm <∼
∥∥{γg }

∥∥2
ℓ2(Z+) (18)

for every sequence {γg } such that
∥∥{γg }

∥∥
ℓ2(Z+) ≤ ϵ, then∫

sup
n

∣∣∣∣ ∑
j≤n

γ j e i jθ
∣∣∣∣2

dm <∼
∥∥{γg }

∥∥2
ℓ2(Z+) (19)

for every {γg } ∈ ℓ2(Z+).

Proof. Fix any {γg } ∈ ℓ2(Z+). The map bn
(
ξ, {λγ j }

)
:
(
ξ,λ, {γ j } j≤n

) ∈T×D×Dn+1 7→C satisfies [20]
the bound ∣∣∣∣bn

(
ξ, {λγ j }

)−λ ∑
j≤n

γ jξ
j
∣∣∣∣≤C

(
{γg }

)|λ|2
as λ→ 0. Given any N ∈N and a measurable map N (ξ) : ξ ∈T 7→ {0, . . . , N }, we get∫

log
(
1+ ∣∣bN (ξ)

(
ξ, {λγ j }

)∣∣2
)

dm <∼ |λ|2∥∥{γg }
∥∥2
ℓ2(Z+)

from (18). As λ→ 0, we get

|λ|2
∫ ∣∣∣∣ ∑

j≤N (ξ)
γ jξ

j
∣∣∣∣2

dm +O
(|λ|3) <∼ |λ|2∥∥{γg }

∥∥2
ℓ2(Z+).
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Hence, ∫ ∣∣∣∣ ∑
j≤N (ξ)

γ jξ
j
∣∣∣∣2

dm <∼
∥∥{γg }

∥∥2
ℓ2(Z+).

Since N and N (ξ) are arbitrary, we obtain (19). □

The following result is classical (see [8, Section 2.1]) and has many generalizations [17]. It
predates Carleson’s proof of Lusin’s conjecture and is attributed to Calderon and to Stein.

Theorem 7. The following statements are equivalent:

(A) For every f ∈ L2(0,1), the sequence
{∑n

j=−n f̂ j e2πi j x
}

of partial Fourier sums converges for
a.e. x ∈ [0,1).

(B) We have the weak (2,2) type estimate for the maximal function M0, i.e.,∣∣∣{x ∈ [0,1) :
∣∣(M0 f )(x)

∣∣≥λ}∣∣∣ <∼
∥ f ∥2

2

λ2

for all λ> 0 and all f ∈ L2(0,1).

Below, we will adjust its proof to obtain an SU(1,1) nonlinear version. We list some properties
of the transform {γg } 7→ {

Πn
(
ξ, {γg }

)}
we need. They are immediate from the definition (5). Firstly,

for every η ∈T, we have

Πn
(
ξ, {ηγg }

)= [
an ηbn

ηbn an

]
,

∥∥Πn
(
ξ, {ηγg }

)− I
∥∥

2 =
∥∥Πn

(
ξ, {γg }

)− I
∥∥

2. (20)

Secondly, suppose ξ0 = e iα0 . Then,

rotation by α0: Πn
(
ξ, {γgξ

−g
0 }

)=Πn
(
ξ/ξ0, {γg }

)
. (21)

For each N ∈N, define the {γ[N ]
g } by

γ[N ]
g :=

{
0, g < N ,

γg−N , g ≥ N .

The last property we need is

the right shift by N coordinates: Πn+N
(
ξ, {γ[N ]

g }
)= [

an bnξ
−N

bnξ
N an

]
.

Notice that ∥∥∥∥[
an bnξ

−N

bnξ
N an

]
− I

∥∥∥∥
2
=

∥∥∥∥[
an bn

bn an

]
− I

∥∥∥∥
2

(22)

and, therefore, for each η,ξ0 ∈T, we get∥∥Πn+N
(
ξ,

{
ηγ[N ]

g ξ
−g
0

})− I
∥∥

2
(20)+(21)= ∥∥Πn

(
ξ/ξ0, {γg }

)− I
∥∥

2. (23)

Consider the following function (recall (8) and our second conjecture in (13))

G(α,β) := sup
{γg } s.t. ∥{γg }∥ℓ2(Z+)≤β

∣∣∣{ξ ∈T : log
(
1+O2(ξ, {γg }

))≥α}∣∣∣.
Clearly, G ≤ |T| = 2π, it is increasing in β and decreasing in α.

Theorem 8. Assume that for every {γg } such that
∥∥{γg }

∥∥
ℓ2(Z+) ≤ 1

2 , the sequence
{
Πn

(
ξ, {γg }

)}
converges for ξ ∈W

(
{γg }

)⊂T, where the set W
(
{γg }

)
can depend on {γg } and has positive Lebesgue

measure. Then,
G(α,β) ≤α β2 (24)

for every β≤ 1
2 . Conversely, if (24) holds for every α> 0 and β≤ 1

2 , then the sequence
{
Πn

(
ξ, {γg }

)}
converges for a.e. ξ ∈T.
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Proof. Recall that the matrices Πn in (5) satisfy ∥Πn∥ = ∥Π−1
n ∥ since Πn ∈ SU(1,1). Therefore, we

have
lim

N→∞
sup

n≥N , p∈N

∥∥Ωn+p
(
ξ, {γg }

) · · ·Ωn+1
(
ξ, {γg }

)− I
∥∥= 0 (25)

for each ξ ∈ W
(
{γg }

)
. We continue the proof by assuming that (24) fails for some α. Then,

choosing the subsequence if necessary, we can find a sequence {β j } ↓ 0, β j ≤ 2− j , such that

G(α,β j ) ≥β2
j j 2. (26)

Hence, for each j , there is {γ( j )
g } with finite support, i.e., γ( j )

g = 0 for all g ≥ N j , such that

∥γ( j )
g ∥ℓ2(Z+) ≤β j and

|E j | ≥β2
j j 2/2, (27)

where
E j :=

{
ξ ∈T : log

(
1+O2(ξ, {γ( j )

g }
))≥α/2

}
. (28)

Notice that, since γ( j )
g = 0 for g ≥ N j , we get supn≥0 log

(
1+∥∥Πn

(
ξ, {γ( j )

g }
)− I

∥∥2
2

)= supn<N j
log

(
1+∥∥Πn

(
ξ, {γ( j )

g }
)− I

∥∥2
2

)
. We claim that there is a sequence {d j } of natural numbers such that∑

j≥1
d jβ

2
j <∞,

∑
j≥1

d jβ
2
j j 2 =∞. (29)

Indeed, it suffices to chose d j such that d j ∼ β−2
j j−2 and recall that β j ≤ 2− j . We consider the

sequence of sets {E∗
p } in which each set E j is repeated d j times, i.e.,

{E∗
p } := {

E1, . . . ,E1︸ ︷︷ ︸
d1

,E2, . . . ,E2︸ ︷︷ ︸
d2

, . . .
}
,

so that
∑

p≥1|E∗
p | (27)+(29)= ∞ and, therefore (see [8, Lemma 2.1.2]), there is a sequence {ξ∗p },

ξ∗p = e iα∗
p ∈T such that the shifted sets Êp := {

e i (α∗
p+β) : e iβ ∈ E∗

p

}
satisfy

∣∣limsupp Êp
∣∣= |T| = 2π,

where limsupp Êp :=⋂
j∈N

⋃
s≥ j Ês .

Our next goal is to use {γ(m)
g }, m ∈ N, to construct {γ∗g } ∈ ℓ2(Z+) for which the assumption of

the theorem is violated. Let d0 := 0, N0 := 0, P j := N0d0 +·· ·+N j d j , j ≥ 0. Then, for each Êp with
p = d0 +·· ·+d j + s, 1 ≤ s ≤ d j+1, we let

γ∗ℓ+(s−1)N j+1+P j
:= γ( j+1)

ℓ
·ξ−ℓp , 0 ≤ ℓ≤ N j+1 −1.

For such a choice, we can use (23) and (28) to obtain

sup
0≤ℓ≤N j+1−1

∥∥∥Ωℓ+(s−1)N j+1+P j

(
ξ, {γ∗g }

) · · ·Ω(s−1)N j+1+P j

(
ξ, {γ∗g }

)− I
∥∥∥

2
≥ (eα/2 −1)

1
2

for ξ ∈ Êp and every p. Since
∥∥{γ∗g }

∥∥
ℓ2(Z+)

(29)< ∞, we have a contradiction with (25) for ξ ∈
W

(
{γ∗g }

)∩ limsupp Êp ̸= ;. The first claim of the theorem is proved. The proof of the second
one is standard and repeats the argument from the proof of Theorem 3. □
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