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Abstract. This paper is concerned with existence and qualitative properties of positive solutions of semilinear
elliptic equations in bounded domains with Dirichlet boundary conditions. We show the existence of positive
solutions in the vicinity of the linear equation and the log-concavity of the solutions when the domain
is strictly convex. We also review the standard results on the log-concavity or the more general quasi-
concavity of solutions of elliptic equations. The existence and other convergence results especially rely on
the maximum principle, on a quantified version of the anti-maximum principle, on the Schauder fixed point
theorem, and on some a priori estimates.
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1. Introduction and main results

This paper is concerned with existence, convergence and qualitative properties of positive solu-
tions of semilinear elliptic equations of the type

∆u + f (x,u,∇u) = 0

in bounded domains Ω ⊂ RN , with Dirichlet boundary conditions on ∂Ω. More precisely, we
will focus on equations which are close in some sense to the linear case, and the qualitative
results refer to concavity properties of the solutions inherited from the domain when it is convex.
We both show some new concavity properties beyond the linear case and we will also review
some known results on the quasi-concavity and log-concavity of positive functions. To establish
the existence and convergence results, we will use the Schauder fixed point theorem as well as
the maximum and anti-maximum principles. We especially prove new quantified versions of
the anti-maximum principle, and we also review some of the main contributions on this topic.
Throughout the paper, N is any positive integer andΩ is a non-empty bounded open connected
subset of RN (a domain), with boundary of class C 1,1.
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Let λ1 > 0 be the smallest eigenvalue of the operator −∆ with Dirichlet boundary conditions
on ∂Ω. It is both given by the Rayleigh variational formula

λ1 = min
φ∈H 1

0 (Ω),∥φ∥L2(Ω)=1

∫
Ω
|∇φ|2,

where | · | denotes the Euclidean norm in RN , and it is characterized by the existence of an
eigenfunction ϕ1 ∈C∞(Ω)∩C 1(Ω) satisfying

∆ϕ1 +λ1ϕ1 = 0 inΩ,

ϕ1 > 0 inΩ,

ϕ1 = 0 on ∂Ω.

(1)

By the Krein–Rutman theorem, ϕ1 is unique up to multiplication by positive constants, and the
Hopf lemma asserts that ν ·∇ϕ1 < 0 on ∂Ω, where ν is the outward unit normal to Ω. We denote
λ1 < λ2 ≤ λ3 ≤ ·· · the sequence of eigenvalues of −∆ with Dirichlet boundary conditions on ∂Ω,
see e.g. [17].

We now consider some nonlinear perturbations of the equation (1), of the type
∆u + (λ1 +ε)u −δg (x,u,∇u) = 0 inΩ,

u > 0 inΩ,

u = 0 on ∂Ω,

(2)

where ε and δ are two real parameters, and ε is either negative, or positive and small. The real-
valued function g : (x, s, p) 7→ g (x, s, p) defined inΩ× [0,+∞)×RN is assumed to satisfy

g is Hölder-continuous inΩ× [0, A]× [−A, A]N for every A > 0,

∀ (x, p) ∈Ω×RN , g (x, · , p) > 0 in (0,+∞), g (x, · , p) is non-decreasing in [0,+∞),

g (x, s, p)

s
−−−−−→

s→0+
+∞ and

g (x, s, p)

s
−−−−−→
s→+∞ 0 uniformly in (x, p) ∈Ω×RN .

(3)

From the elliptic regularity theory and bootstrap arguments, any solution u of (2), understood
first in the weak H 1

0 (Ω) sense, is actually in H 2(Ω) and then in W 2,q (Ω) for every 1 ≤ q < ∞,
whence in C 1,β(Ω) for every β ∈ (0,1). It is also in C 2,α

loc (Ω), for α ∈ (0,1) such that x 7→
g
(
x,u(x),∇u(x)

)
is of class C 0,α(Ω). In particular, the solutions are then understood as classi-

cal solutions throughout the paper. Typical examples of functions g : Ω→ [0,+∞)×RN → R sat-
isfying (3) are given by

• g : (x, s, p) 7→ g (x, s, p) bounded, locally Hölder-continuous in Ω× [0,+∞) ×RN , non-
decreasing in s, and infΩ×[0,+∞)×RN g > 0;

• g (x, s, p) = a(x, s, p)sr + b(x, s, p) with 0 < r < 1, a and b bounded, locally
Hölder-continuous in Ω × [0,+∞) × RN , non-decreasing in s, b non-negative, and
infΩ×[0,+∞)×RN a > 0;

• g (x, s, p) = a(x, s, p) ln
(
1 + b(x, s, p)sr

)
with 0 < r < 1, a and b bounded, locally

Hölder-continuous in Ω× [0,+∞)×RN , non-decreasing in s, and infΩ×[0,+∞)×RN a > 0,
infΩ×[0,+∞)×RN b > 0;

• g (x, s, p) = ln
(
1 + a(x, s, p)sr

) + b(x, s, p) with r > 0, a and b bounded, locally
Hölder-continuous in Ω × [0,+∞) × RN , non-decreasing in s, a non-negative, and
infΩ×[0,+∞)×RN b > 0 (this case actually contains the first one, by choosing a ≡ 0);

or any linear combination with positive coefficients of any number of functions of the above
types.

Observe that, if u solves (2), then

ε

∫
Ω

u(x)ϕ1(x)dx = δ
∫
Ω

g
(
x,u(x),∇u(x)

)
ϕ1(x)dx. (4)
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Since both integrals in the above formula are positive, one necessarily has

sign(ε) = sign(δ),

where, for a real number x, sign(x) := x/|x| if x ̸= 0 and sign(0) := 0. When ε= δ= 0, equation (2)
amounts to (1), and the solutions are the positive multiples of any given principal eigenfunc-
tion ϕ1 of (1). For (1) again, it is well-known since the seminal paper of Brascamp and Lieb [15]
that, if Ω is convex, then ϕ1 is log-concave, that is, logϕ1 is concave (see further comments on
the literature after Theorem 1).

Our main result shows that (2) admits solutions when sign(δ) = sign(ε) and when ε is either
negative, or positive and small (with δ and ε of the same order in the latter case), that all solutions
are close to a principal eigenfunction ϕ1 of (1) when ε and δ are small in absolute values and of
the same order, and that these solutions are log-concave when Ω is smooth and strictly convex
(in the sense that all principal curvatures on ∂Ω are positive).

Theorem 1. Let g satisfy (3), and let ϕ1 be a given principal eigenfunction of (1). The following
properties hold:

(i) for every ε< 0 and δ< 0, problem (2) has at least one solution; furthermore, for each A ≥ 1,
there is ε0 > 0 such that, for every ε ∈ (0,ε0) and A−1ε ≤ δ ≤ Aε, problem (2) has at least
one solution;

(ii) if the function (x, s, p) 7→ g (x, s, p) = g (x, s) does not depend on p and

∀ x ∈Ω, s 7−→ g (x, s)

s
is decreasing in (0,+∞), (5)

and if there is c > 0 such that δ∼ c ε as ε
̸=→ 0, then there is a constant B = B(Ω, g ,c,ϕ1) > 0

such that uε,δ→ Bϕ1 in C 1(Ω) as ε
̸=→ 0, for all solutions uε,δ of (2);

(iii) if ∂Ω is of class C 2,α for someα ∈ (0,1) and if Ω is strictly convex, then, for each A ≥ 1, there
is ε′0 > 0 such that all solutions of (2) are log-concave when |ε| ≤ ε′0, A−1|ε| ≤ |δ| ≤ A|ε| and
sign(δ) = sign(ε).

Comments on concavity properties

Several comments are in order. Let us start with the concavity properties. Throughout these
comments, we assume that Ω is convex. It is natural to wonder whether the solutions u of (2)
inherit a sort of convexity. Remembering that they are positive inΩ and vanish on ∂Ω, one could
wonder whether they would be concave. But it is well-known [49] that, for instance, the solutions
ϕ1 of (1) are not concave in general. However, for the solutions ϕ1 of (1) or for any solution u
of (2) in a convex domain Ω, the upper level

{
x ∈ Ω : u(x) > 0

} = Ω is convex. What about the
other upper level sets {

x ∈Ω : u(x) >λ}
,

for λ> 0? When they are all convex, the function u is said to be quasi-concave. For instance, ifΩ
is a Euclidean ball, if f : [0,+∞) →R is locally Lipschitz-continuous and if u is a solution of

∆u + f (u) = 0 inΩ,

u > 0 inΩ,

u = 0 on ∂Ω,

(6)

then u is radially decreasing with respect to the center of the ball [35], and its upper level sets are
then balls, therefore u is immediately quasi-concave! But as such this does not imply much more,
that is, it is not clear that h(u) would be concave for some increasing function h : (0,+∞) → R.
Actually, even in some convex domains having some symmetries, the quasi-concavity of u is not
true in general for (6) [42], or for more general quasilinear equations [3].
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Coming back to the eigenvalue problem (1) in a convex domain Ω, the function logϕ1 is
concave [15], hence ϕ1 is quasi-concave. The proof in [15] is based on Prékopa–Leindler and
Brunn–Minkowski inequalities, leading to the preservation of the log-concavity by the heat flow.
Another proof of the quasi-concavity of ϕ1 in dimension N = 2 based on PDE arguments was
given by Acker, Payne and Philippin [1], while another proof of the log-concavity of ϕ1 was given
by Caffarelli and Spruck [20] and Korevaar [53], based on the maximum principle applied to the
concavity function

(x, y,µ) 7−→µv(x)+ (1−µ)v(y)− v
(
µx + (1−µ)y

)
,

defined in Ω×Ω× [0,1], with v := logϕ1. Furthermore, based on the constant-rank method,
Caffarelli and Friedman [19] showed that logϕ1 is strictly concave if Ω is strictly convex, in
dimension N = 2. The strict log-concavity in the sense of the uniform strict negativity of the
Hessian matrices of logϕ1 was shown by Lee and Vázquez [59] in any dimension N ≥ 2. The
concavity of logϕ1 implies immediately the concavity of the function −ϕ−q

1 for every q > 0. On
the other hand, one can wonder whetherϕ1 would be stronger than log-concave, that is, whether
there would exist some increasing function h : (0,+∞) → R such that h(ϕ1) would be concave
and the concavity of h(ϕ1) would imply the concavity of logϕ1. To our knowledge, the answer
is actually not known. For the Cauchy problem of the heat equation vt = ∆v with Dirichlet
boundary condition on ∂Ω, still assuming that the domain Ω is convex, the log-concavity is
preserved, that is, if the initial condition v0 := v(0, · ) is bounded, positive and log-concave in Ω,
then so is v(t , · ) for every t > 0 [15]. Since there is c > 0 such that

eλ1t v(t , · ) −−−−−→
t→+∞ cϕ1 uniformly inΩ

and since the log-concavity is preserved by multiplication by positive scalars, the log-concavity
of ϕ1 follows. It turns out that, assuming without loss of generality that 0 < v0 ≤ 1 in Ω, if
−(− log v0)q is concave for some q ∈ [1/2,1], then −(− log v(t , · ))q remains concave for every t > 0,
and q = 1/2 is optimal, as shown by Ishige, Salani and Takatsu [46] (and the log-concavity, i.e. with
q = 1, is in some sense the weakest concavity preserved by the heat flow in any dimension [45],
while the quasi-concavity is preserved by the heat flow only in dimension N = 1 [44,45]). Since
the concavity of −(− logu)q is not preserved by multiplication of u by positive constants when
q ̸= 1, the above result does not imply at once that −(− log

(
ϕ1/∥ϕ1∥∞

))q would be concave for
q < 1, though this property is conjectured for q ∈ (1/2,1), and immediately true for q > 1.

For the semilinear equation (6), the solutions u are log-concave provided that f is of class
C 1

(
[0,+∞)

)
and the functions

s 7−→ f (s)

s
and s 7−→ f ′(s)− f (s)

s

are non-increasing in (0,+∞) [53,61]. Notice that, for (2) with ε small but not signed and
g (x, s, p) = g (s), the above conditions would imply that g (s) = as for some a ∈ R, that is,
problem (2) would be linear and the positive solutions of (2) would necessarily be multiples ofϕ1.
Lions’ method [61] is based on the preservation of the log-concavity by the heat flow [15],1 on the
Trotter formula, and on the convergence of the positive solutions of the corresponding Cauchy
problems to the solution of (6), which is unique and exists under the additional assumptions
lims→0+ f (s)/s > λ1 and f (s) ≤ 0 for large s, by [9]. The log-concavity is also known for (6) with
f (s) = s log s2 [34], for the principal eigenfunctions of elliptic operators with drift terms [24,26],
for p-Laplace equations [14,25,67], for equations with p-normalized Laplace operators [57], or

1The log-concavity is preserved for more general parabolic equations vt =∆v + f (v), based on maximum principles
for the concavity function of the logarithm [39,53], but it is not for linear parabolic equations with non-constant second-
order coefficients [52].
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for the Laplace operator with Robin boundary conditions and large Robin parameter [27]. For
the positive solutions u of equations of the type

div
(

A(x)∇u
)+a(x)u −εh(u) = 0

with a non-decreasing function h ∈ C 1
(
(0,+∞)

)
, Almousa, Bucur, Cornale and Squassina [2]

showed that logu is O(ε)-close in L∞(Ω) to a concave function as ε→ 0+, when A and a have
gradients of order O(ε). The method relies on estimates of the concavity functions associated to
logu, for possible positive solutions u. Under different assumptions on the coefficients of the
equation, Theorem 1 shows the existence of positive solutions for (2), and exact log-concavity
properties when |ε| and |δ| are small. The method used here is also different from [2] since, in
order to show the log-concavity of the solutions in part (iii) of Theorem 1, we show, through a
priori estimates and uniform lower and upper bounds in the limit (ε,δ) → (0,0), that the solutions
actually converge in C 2(Ω) to positive multiples of ϕ1, and we invoke the strict log-concavity of
ϕ1 [59] to conclude. We add that the strict log-concavity implies in particular that the upper level
sets of the solutions are strictly convex and that the solutions have exactly one critical point, their
maximum (we refer to [40] for a survey on the number of critical points of semilinear elliptic
equations).

Let us finally mention other results on the quasi-concavity of solutions u of equations of the
type (6) in bounded convex domains Ω. When f is a positive constant, the celebrated result of
Makar-Limanov [62] states that, in dimension N = 2,

p
u is concave, hence u is log-concave and

quasi-concave. More generally speaking, in any dimension N ≥ 2, when f (s) =µ sp with p ∈ [0,1)
and µ> 0, then any solution u of (6) is such that u(1−p)/2 is concave [50,51], and even strictly con-
cave ifΩ is strictly convex [59]. In addition to the previous references, further results on the con-
cavity of h(u), for some function h : (0,+∞) →R, have been obtained under various assumptions
on f , see e.g. [2,20,38,47,48,53] with arguments based on the maximum principle for a certain
concavity function (in addition to [14,67] for p-Laplace equations), or [19,34,54,60,70,73] with
arguments based on properties of the rank of the Hessian matrices of the solutions or of func-
tions of them. Other quasi-concavity results for the solutions of some equations (6) have been
obtained in [31,36,49].

Comments on the existence results, and the link with maximum and anti-maximum
principles

In these comments,Ω is only assumed to be a bounded domain with C 1,1 boundary, but it is not
assumed to be convex. First of all, we refer to the celebrated paper of Ambrosetti, Brezis and
Cerami [5] for some existence results of solutions of equations of the type (6). For equation (2),
the existence and convergence properties strongly depend on the signs of the parameters ε and δ
(we recall that they are necessarily of the same sign). Consider first the easier case when ε and δ
are negative. In that case, on the one hand, from (3), the function σϕ1 is a sub-solution of (2)
for all σ > 0 small enough. On the other hand, for a certain well-chosen a > 0, the solution
ψ of ∆ψ+ (λ1 + ε/2)ψ = δa in Ω with Dirichlet boundary conditions, will be a super-solution
of (2) such that ψ ≥ σϕ1 for all σ > 0 small enough (see Section 3 for more details). Now, if
the function g (x, s, p) in (3) were independent of p, then these sub- and super-solutions would
immediately lead to the existence of a solution u of (2) between them, from a standard iteration
process based on the maximum principle [4,30,64,68]. In the general case of equation (2) with an
(x, s, p)-dependent function g (x, s, p) satisfying (3), the above-described strategy for the existence
of a solution will be adapted, especially with the help of the Schauder fixed point theorem (the
proof presented here provides an alternate proof for (2) of a more general result of De Coster and
Henrard [29, Theorem 3.1] based on the topological degree). In order to get part (ii) of Theorem 1
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and the convergence of the solutions to positive multiples of ϕ1 as (ε,δ) → (0−,0−) with ε and δ

of the same order, some a priori integral and pointwise bounds are derived.
The situation is radically different when ε and δ are positive. Now, due to (3), σϕ1 is a super-

solution of (2) for every σ > 0 small enough, while the constant function M is a sub-solution for
every M > 0 large enough. So the standard method of sub- and super-solution is not applicable
at once. We use the Schauder fixed point argument (actually as in the case where ε and δ are
negative), but instead of making use of the maximum principle when ε < 0, the construction
of a convex set that is stable by a compact map now relies on a quantified version of the anti-
maximum principle, when ε > 0 is small enough. The standard anti-maximum principle of
Clément and Peletier [22] (see also [69]) asserts that, if w ∈ Lp (Ω) with p ∈ (N ,+∞) and w > 0
inΩ, then there is εw > 0 such that, for any ε ∈ (0,εw ), the solution Tε(w) of{

∆Tε(w)+ (λ1 +ε)Tε(w) = w inΩ,

Tε(w) = 0 on ∂Ω,
(7)

satisfies Tε(w) > 0 in Ω. The function Tε(w) is the W 2,p (Ω)∩W 1,p
0 (Ω) solution of this problem,

it exists and is unique if 0 < ε < λ2 −λ1 (and also if ε < 0 or more generally if λ1 + ε is different
from the eigenvalues (λn)n≥1 [17]). The anti-maximum principle also holds for the Laplacian
with an indefinite weight having non-trivial positive part in factor of λ1 and with w such that∫
Ωwϕ1 > 0 (in particular, w may not be positive everywhere in Ω) as shown by Arcoya and

Gámez [6] (see also Fleckinger, Hernández and De Thélin [33]). The anti-maximum principle
is still valid for more general operators [22,63,72], including p-Laplacian operators [13,32], for
Steklov problems [7,8], and, as shown by Birindelli [11], it also holds in less regular domains Ω
with Tε(w) andϕ1 satisfying the boundary condition in the weaker sense of Berestycki, Nirenberg
and Varadhan [10]. Furthermore, the inequality p > N is actually sharp [71], and the size εw > 0 of
the interval of validity of the anti-maximum principle is not uniform with respect to w [13,22] (it is
nevertheless uniform in dimension N = 1 under Neumann boundary conditions [22], or under a
more general assumption for higher-order operators [23], periodic operators [21], or p-Laplacian
operators in dimension N = 1 with Neumann boundary conditions [65]).

To make our argument work in the limit as ε→ 0+, we prove a quantified version of the anti-
maximum principle when the right-hand sides of (7) have integrals against ϕ1 of order ε. To do
so, for a given ϕ1 solving (1), for any two real numbers θ ≤ τ, we define the set

Eθ,τ :=
{

w ∈ L1(Ω) : θ ≤
∫
Ω

wϕ1 ≤ τ
}

.

Proposition 2. Let p ∈ (N ,+∞), M ∈ (0,+∞), and let ϕ1 be the solution of (1) such that
∥ϕ1∥L2(Ω) = 1. Then, for every 0 < a ≤ b <+∞,

a ≤ liminf
(ε,η)→(0+,0+)

[
inf

w∈Eεa,εb ,∥w∥L1(Ω)≤η,∥w∥Lp (Ω)≤M

(
inf
Ω

Tε(w)

ϕ1

)]
and

limsup
(ε,η)→(0+,0+)

[
sup

w∈Eεa,εb ,∥w∥L1(Ω)≤η,∥w∥Lp (Ω)≤M

(
sup
Ω

Tε(w)

ϕ1

)]
≤ b.

In particular, for a single fixed function f ∈ Lp (Ω) with p > N and a := ∫
Ω f ϕ1 > 0, then

ε f ∈ Eεa,εa and, for every ε> 0 such that ε∥ f ∥Lp (Ω) ≤ 1,

ε inf
Ω

Tε( f )

ϕ1
= inf

Ω

Tε(ε f )

ϕ1
≥ inf

w∈Eεa,εa ,∥w∥L1(Ω)≤ε∥ f ∥L1(Ω),∥w∥Lp (Ω)≤1

(
inf
Ω

Tε(w)

ϕ1

)
, (8)

whence Proposition 2 implies that

inf
Ω

Tε( f )

ϕ1
−→+∞ as ε→ 0+.
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This last property could also be viewed as consequences of some results of [22], or of [55] when
f > 0 with a method based on the implicit function theorem, or of a result of Hess [43], which
holds for more general operators with indefinite weight and functions f positive and continuous
in Ω. As a matter of fact, the right-hand side of (8) converges to a as ε→ 0+ from Proposition 2,
and a similar upper bound finally entails that

ε
Tε( f )

ϕ1
−→

∫
Ω

f ϕ1 uniformly inΩ as ε→ 0+.

Proposition 2 is shown through a spectral decomposition and some a priori estimates. For the
proof of part (i) of Theorem 1 with ε > 0 and δ > 0 small enough and such that A−1ε ≤ δ ≤ Aε,
the Schauder fixed point theorem can be applied in the set C of C 1(Ω) functions v such that
σϕ1 ≤ v ≤ β, for some well-chosen σ > 0 and β > 0 depending on A. To make sure that v 7→
Tε

(
δg ( · , v,∇v)

)
maps C compactly into itself, one uses the assumptions on g and Proposition 2.

Thus, the existence of solutions of (2) follows. Then, elliptic estimates and integral bounds lead to
the convergence of the solutions uε,δ to positive multiples of ϕ1 as (ε,δ) → (0+,0+) when ε and δ
are of the same order.

For (2) with δg (x,u) instead of δg (x,u,∇u), the existence of solutions u such that
∫
Ωuϕ1 ∈

(a,b) with a < b ∈ R was shown by Rezende, Sánchez-Aguilar and Silva [66, Theorems 1.1–
1.2], provided that the integrals

∫
Ω g ( · , aϕ1)ϕ1 and

∫
Ω g ( · ,bϕ1)ϕ1 have opposite strict sign and

that 0 < |ε| ≪ δ. These conditions, which generalize the Landesman–Lazer condition for the
solvability of equations ∆u +λ1u = h(x,u) with Dirichlet boundary condition [58], are actually
not satisfied here since the sought solutions are positive and g > 0 inΩ×(0,+∞)×RN (g could be
continuously extended by g (x, s, p) = g (x,0, p) ≥ 0 for all (x, s, p) ∈Ω×(−∞,0)×RN ). Nevertheless,
[66, Theorem 1.5] (with δg (x,u) instead of δg (x,u,∇u)) shows that the conclusions (i)–(ii) of
Theorem 1 do not hold without the condition A−1|ε| ≤ |δ| ≤ A|ε|, namely they do not hold
when 0 < |ε| ≪ |δ| ≪ 1. As a matter of fact, independently of [66, Theorem 1.5], since g is here
continuous inΩ× [0,+∞)×RN and positive inΩ× (0,+∞)×RN , and since formula (4) holds, the
convergence of solutions u of (2) to Bϕ1 in C 1(Ω) as

(|ε|, |δ|) → (0+,0+) with B > 0 necessarily
entails that both ratios |ε|/|δ| and |δ|/|ε| must be bounded.

Some open problems

The proof of Theorem 1 relies on Proposition 2 and on some compactness arguments, among
other things. These arguments provide the existence of positive real numbers ε0 and ε′0 for the
existence in part (i) and for the log-concavity in part (iii). A general question then arises.

Open problem 3. Can one derive some lower bounds on ε0 in part (i) of Theorem 1 and on ε′0 in
part (iii), in terms of g ,Ω, and A?

Actually, some lower bounds of the interval of validity of the anti-maximum principle are
known for other boundary conditions, such as Neumann [22,23] or periodic boundary condi-
tions [21], while some more explicit w-dependent lower estimates on the size of this interval
for (7) are given in [33], and some upper estimates are provided in [12], even for p-Laplacian
operators.

In the case δ< 0, the assumption (5) guarantees the uniqueness of the solutions u to (2), from
the papers of Berestycki [9] and Brezis and Oswald [16]. The proof strongly uses the fact that the
function s 7→ −δg (x, s)/s is decreasing in (0,+∞) for each x ∈Ω. When δ> 0, the same condition
cannot hold, since it is incompatible with (3), which says that g (x, s)/s →+∞ as s → 0+ uniformly
in x ∈Ω. However, part (ii) of Theorem 1 states that, under condition (5), the solutions of (2), even
if they were not unique when ε and δ are positive, converge to a unique multiple B of a given
eigenfunction ϕ1 as ε→ 0± and δ∼ cε with c > 0. A natural question then arises.
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Open problem 4. Under the conditions (3) and (5), is it true that the solutions of (2) are unique
when ε and δ are positive?

In the proof of part (i) of Theorem 1 in the case sign(ε) = sign(δ) = 1, thanks to (3), some
positive super-solutions u of (2) and positive sub-solutions u of (2) are constructed with the
unusual inequality u ≤ u in Ω. The existence of a solution u of (2) between u and u is shown
by using a priori estimates, Proposition 2, and the Schauder fixed point theorem. Whereas, for
the case of an equation ∆u + f (x,u) = 0 in Ω, the existence of a solution u between u and u in
the case u ≤ u is standard [4], the case u ≤ u does not work as such. Actually, the existence of u
such that u ≤ u ≤ u is not true in general [4, p. 653]. However, for the equation u′′+ f (x,u) = 0
in a bounded interval with Dirichlet boundary conditions, some sufficient conditions on f (x, s),
with f concave in s and truly heterogeneous in x, lead to the existence of a solution u such that
u ≤ u ≤ u in a bounded interval [56]. For the equation (6) without x dependence, we mention
the following open question (this problem, originating from [68], is still open to our knowledge,
despite some results assuming partial or complete unusual ordering between the sub- and super-
solutions and leading to the existence of a solution satisfying partial ordering between the sub-
and super-solutions [28,29,37,41]).

Open problem 5. Given a Lipschitz-continuous function f : [0,+∞) →R, and some C 2(Ω)∩C (Ω)
functions u and u such that ∆u + f (u) ≤ 0 ≤ ∆u + f (u) in Ω, u = u = 0 on ∂Ω, and u ≤ u in Ω, is
there a solution u to (6) such that u ≤ u ≤ u inΩ, under some general conditions on f ?

As in the previous paragraph, in part (i) of Theorem 1 in the case when ε and δ are negative,
without dependence on ∇u in g , there are positive sub- and super-solutions u ≤ u, whence there
exists a solution u in between. The existence of a solution between the sub- and super-solutions
could also be derived from the maximum principle applied to the associated parabolic equation
starting with a sub- or super-solution as initial condition, and the so-constructed solution to the
parabolic equation converges monotonically as t →+∞ to a semi-stable solution u of (2). This
semi-stable solution is then the minimal or maximal solution between u and u [5,68]. For an
equation of the type (6), and assuming that f is of class C 1, the semi-stability of u means that

∫
Ω
|∇φ|2 −

∫
Ω

f ′(u)φ2 ≥ 0

for every C∞(Ω) functionφwith compact support included inΩ. Cabré and Chanillo [18] showed
that, if Ω is C∞ and strictly convex in dimension N = 2, and if f is C∞ and non-negative, then
a semi-stable solution u of (6) has a unique critical point (its maximum point), which is non-
degenerate. Therefore, u is concave in the neighborhood of its maximum point. On the other
hand, for some f and some specific stadium-like domains in dimension N = 2, there are some
solutions u of (6) which are not even quasi-concave [42]. It is expected that these non-quasi-
concave solutions are not semi-stable. But this is still an open question, which can be formulated
as follows.

Open problem 6. Assume that Ω is convex, in any dimension N ≥ 2, and f : [0,+∞) → R is
Lipschitz-continuous. Is it true that, if u is a semi-stable solution of (6), then u is quasi-concave?

Notice that the result is immediately true in dimension N = 1, or more generally if Ω is a
Euclidean ball in any dimension N ≥ 1, even without the semi-stability condition, since u is
necessarily radially symmetric and decreasing with respect to the center of the ball.
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2. Quantified anti-maximum principle: proof of Proposition 2

Proof of Proposition 2. Let p ∈ (N ,+∞), M ∈ (0,+∞), 0 < a ≤ b < +∞, and ϕ1 solve (1) with
∥ϕ1∥L2(Ω) = 1. Let (εn ,ηn)n∈N be any sequence converging to (0+,0+). Without loss of generality,
one can assume that

0 < εn < λ2 −λ1

2
(9)

for all n ∈N. Let (wn)n∈N be a sequence in Lp (Ω) such that

∥wn∥Lp (Ω) ≤ M , ∥wn∥L1(Ω) ≤ ηn and εn a ≤
∫
Ω

wnϕ1 ≤ εnb. (10)

For each n ∈N, let vn :=Tεn (wn), that is,{
∆vn + (λ1 +εn)vn = wn inΩ,

vn = 0 on ∂Ω.
(11)

We recall that vn ∈ W 2,p (Ω) ∩W 1,p
0 (Ω), whence vn ∈ C 1(Ω). The goal is to compare vn with

multiples of ϕ1 for all n large enough.
First of all, by multiplying (11) by ϕ1 and integrating by parts together with (1), one gets that

εn

∫
Ω

vnϕ1 =
∫
Ω

wnϕ1 =: τn ,

whence

a ≤ θn :=
∫
Ω

vnϕ1 ≤ b (12)

for all n ∈N. Secondly, thanks to (1) again, problem (11) can be rewritten as{
∆(vn −θnϕ1)+ (λ1 +εn)(vn −θnϕ1) = wn −εnθnϕ1 inΩ,

vn −θnϕ1 = 0 on ∂Ω.

By multiplying the above equation by vn −θnϕ1 ∈W 2,p (Ω)∩W 1,p
0 (Ω)∩C 1(Ω) and integrating by

parts, one gets that∫
Ω

∣∣∇(vn −θnϕ1)
∣∣2 − (λ1 +εn)

∫
Ω

(vn −θnϕ1)2 =−
∫
Ω

(wn −εnθnϕ1) (vn −θnϕ1). (13)

But each function vn −θnϕ1 ∈ H 1
0 (Ω) is orthogonal to ϕ1 for the scalar product in L2(Ω), since

∥ϕ1∥L2(Ω) = 1. From the decomposition of L2(Ω) with respect to the basis of eigenfunctions of the
Laplace operator with Dirichlet boundary conditions [17], it follows that∫

Ω

∣∣∇(vn −θnϕ1)
∣∣2 ≥λ2

∫
Ω

(vn −θnϕ1)2 (14)

for all n ∈N, whence∫
Ω

∣∣∇(vn −θnϕ1)
∣∣2 − (λ1 +εn)

∫
Ω

(vn −θnϕ1)2 ≥
(
1− λ1 +εn

λ2

)∫
Ω

∣∣∇(vn −θnϕ1)
∣∣2

≥ λ2 −λ1

2λ2

∫
Ω

∣∣∇(vn −θnϕ1)
∣∣2

(15)

since εn < (λ2 −λ1)/2. On the other hand, since p > N , there holds

1 < p ′ := p

p −1
< 2N

N −2
(if N ≥ 3) and p ′ <+∞ (if N ≤ 2).

Therefore, from the Sobolev embeddings and Poincaré inequality, there is a constant C > 0 such
that C∥v∥2

Lp′ (Ω)
≤ ∥∇v∥2

L2(Ω)
for all v ∈ H 1

0 (Ω). Together with (13) and (15), one gets that

C
λ2 −λ1

2λ2
∥vn −θnϕ1∥2

Lp′ (Ω)
≤ ∥wn −εnθnϕ1∥Lp (Ω)∥vn −θnϕ1∥Lp′ (Ω),
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that is,

C
λ2 −λ1

2λ2
∥vn −θnϕ1∥Lp′ (Ω) ≤ ∥wn −εnθnϕ1∥Lp (Ω),

for all n ∈ N. But the sequence (wn)n∈N is bounded in Lp (Ω), and the sequences (εn)n∈N
and (θn)n∈N are bounded in R, whence the sequence (wn −εnθnϕ1)n∈N is bounded in Lp (Ω). As a
consequence, the sequence (vn −θnϕ1)n∈N is bounded in Lp ′

(Ω), and so is the sequence (vn)n∈N.
By rewriting (11) as {

∆vn = wn − (λ1 +εn)vn inΩ,

vn = 0 on ∂Ω,

the sequence of right-hand sides
(
wn−(λ1+εn)vn

)
n∈N is bounded in Lmin(p,p ′)(Ω). By a bootstrap

procedure, it follows finally that the sequence (vn)n∈N is bounded in W 2,p (Ω).
Therefore, remembering that p ∈ (N ,+∞), there exists a function v belonging to W 2,p (Ω)∩

W 1,p
0 (Ω) (⊂C 1(Ω)) such that, up to a subsequence,

vn −→ v in C 1(Ω) as n →+∞.

Remember that ∥wn∥L1(Ω) ≤ ηn → 0 as n → +∞. By multiplying (11) by any test function ϕ

in C 1(Ω) with compact support included in Ω, and passing to the limit as n → +∞, it follows
that v is an H 1

0 (Ω) weak solution of ∆v + λ1v = 0 in Ω, and then a classical solution, with
Dirichlet boundary conditions. Therefore, from the uniqueness of the eigenfunctions of (1) up
to multiplicative constants, there is c ∈R such that

v = cϕ1.

Together with (12) and ∥ϕ1∥L2(Ω) = 1, this entails that 0 < a ≤ c ≤ b. Lastly, since vn = ϕ1 = 0
and ν ·∇ϕ1 < 0 on ∂Ω, together with ϕ1 > 0 in Ω and vn → cϕ1 in C 1(Ω) as n →+∞, one finally
concludes that

vn

ϕ1
−→ c uniformly inΩ as n →+∞.

Since c ∈ [a,b] and the sequences (εn ,ηn)n∈N converging to (0+,0+) and (wn)n∈N satisfying (10)
were arbitrary, the proof of Proposition 2 is thereby complete. □

With similar arguments, the following quantified version of the maximum principle for (7)
when ε→ 0− can be shown.

Proposition 7. Let p ∈ (N ,+∞), M ∈ (0,+∞), and let ϕ1 be the solution of (1) such that
∥ϕ1∥L2(Ω) = 1. Then, for every 0 < a ≤ b <+∞,

a ≤ liminf
(ε,η)→(0−,0+)

[
inf

w∈Eεb,εa ,∥w∥L1(Ω)≤η,∥w∥Lp (Ω)≤M

(
inf
Ω

Tε(w)

ϕ1

)]
and

limsup
(ε,η)→(0−,0+)

[
sup

w∈Eεb,εa ,∥w∥L1(Ω)≤η,∥w∥Lp (Ω)≤M

(
sup
Ω

Tε(w)

ϕ1

)]
≤ b.

Proof. We point out that the condition w ∈ Eεb,εa means that

εb ≤
∫
Ω

wϕ1 ≤ εa < 0

when ε < 0. The condition (9) used in the proof of Proposition 2 can now be replaced by
−λ1 < εn < 0. With the same other notations as in the proof of Proposition 2, the condition (12)
still holds, while the number 2 in the denominator of the last fraction in (15) is not needed
anymore. The rest of the proof is identical to that of Proposition 2. □
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Proposition 7 will actually not be used in the proof of Theorem 1, unlike Proposition 2. But,
because of its similarity to Proposition 2, we stated Proposition 7 as a result of independent in-
terest, on a quantified maximum principle in the vicinity of the principal eigenvalue problem (1),
for right-hand sides which satisfy some integral estimates but may not be positive.

3. Proof of Theorem 1, part (i): existence of solutions

Proof of Theorem 1, part (i). As announced in Section 1, the proofs of the existence of solutions
to (2) are radically different according to the sign of ε and δ. We also point out that, when
ε= δ= 0, then problem (2) reduces to (1), for which the existence of positive solutions is known
(the principal eigenfunctions).

Case 1: ε< 0 and δ< 0. From (3), there is a positive constant C > 0 such that

∀ (x, s, p) ∈Ω× [0,+∞)×RN , 0 ≤ g (x, s, p) ≤C + |ε|s
2|δ| . (16)

Let ψ be the solution of ∆ψ+
(
λ1 + ε

2

)
ψ= δC < 0 inΩ,

ψ= 0 on ∂Ω.
(17)

Since ε < 0, the function ψ exists and belongs to all W 2,p (Ω)∩W 1,p
0 (Ω) for 1 ≤ p < +∞, and it is

unique and positive in Ω, from the maximum principle [10]. It also follows from Hopf’s lemma
that ν ·∇ψ< 0 on ∂Ω.

From (3) again, there is s0 > 0 such that

∀ (x, s, p) ∈Ω× [0, s0]×RN , g (x, s, p) ≥ |ε|s
|δ| . (18)

One can then fix σ> 0 small enough such that

σ∥ϕ1∥L∞(Ω) ≤ s0 and σϕ1 ≤ψ inΩ. (19)

Consider now the non-empty convex set

E := {
v ∈C 1(Ω) : σϕ1 ≤ v ≤ψ inΩ

}
,

which is closed in C 1(Ω) endowed with the standard C 1(Ω) norm. For every v ∈ E , the function
x 7→ δg

(
x, v(x),∇v(x)

)
is continuous inΩ. Let then T (v) be the unique solution of{
∆T (v)+ (λ1 +ε)T (v) = δg

(
x, v(x),∇v(x)

)
inΩ,

T (v) = 0 on ∂Ω,
(20)

that is,

T (v) =Tε

(
δg ( · , v,∇v)

)
,

with the notation (7). The function T (v) belongs to W 2,p (Ω)∩W 1,p
0 (Ω) for all 1 ≤ p < +∞, and

thus in C 1(Ω). Remember that both ε and δ are negative. From (16)–(17), there holds

∆T (v)+ (λ1 +ε)T (v) = δg
(
x, v(x),∇v(x)

)≥ δC + εv(x)

2
≥ δC + εψ(x)

2
,

a.e. in Ω, while ∆ψ+ (λ1 + ε)ψ = δC + εψ/2 in Ω, whence T (v) ≤ ψ in Ω from the maximum
principle [10]. Similarly, from (3), (18) and (19), there holds

∆T (v)+ (λ1 +ε)T (v) = δg
(
x, v(x),∇v(x)

)≤ δg
(
x,σϕ1(x),∇v(x)

)≤ εσϕ1(x)

a.e. inΩ, while ∆(σϕ1)+ (λ1 +ε)(σϕ1) = εσϕ1 inΩ, whence T (v) ≥σϕ1 inΩ from the maximum
principle [10].
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To sum up, T maps the non-empty closed convex set E into itself. Furthermore, since∣∣δg ( · , v,∇v)
∣∣≤ |δ|C + |ε|ψ

2
inΩ

for all v ∈ E , and since ψ is positive and bounded, it follows that T (E) is bounded in W 2,p (Ω) for
every 1 ≤ p <+∞, and in particular T (E) is a compact subset of C 1(Ω). Finally, the Schauder fixed
point theorem yields the existence of a fixed point of T in E , that is, there is u ∈ E (whence, u > 0
inΩ) belonging to W 2,p (Ω)∩W 1,p

0 (Ω) for all 1 ≤ p <+∞, solution to (2) (and then u is a classical
C 2(Ω)∩C (Ω) solution, from the general considerations of Section 1).

Case 2: ε> 0 and δ> 0. In that case, we are also given a real number A ≥ 1, we assume that
A−1ε ≤ δ ≤ Aε, and we shall prove the existence of solutions to (2) when ε > 0 is small enough.
First of all, without loss of generality, we consider the principal eigenfunctionϕ1 of (1) normalized
with ∥ϕ1∥L2(Ω) = 1.

From (3), there are some positive constants C ′ > 0 and s′0 > 0 such that

∀ (x, s, p) ∈Ω× [0,+∞)×RN , 0 ≤ g (x, s, p) ≤C ′+ s

4A∥ϕ1∥L1(Ω)∥ϕ1∥L∞(Ω)
(21)

and
∀ (x, s, p) ∈Ω× [0, s′0]×RN , g (x, s, p) ≥ 2As. (22)

Fix β> 0 large enough so that

A C ′∥ϕ1∥L1(Ω) +
β

4∥ϕ1∥L∞(Ω)
≤ β

2∥ϕ1∥L∞(Ω)
, (23)

and then ς> 0 small enough so that

ς∥ϕ1∥L∞(Ω) ≤ min
(
s′0, β4

)
. (24)

Pick any p ∈ (N ,+∞), and set

M :=
(
C ′+ β

4A∥ϕ1∥L1(Ω)∥ϕ1∥L∞(Ω)

)
×|Ω|1/p > 0, (25)

where |Ω| denotes the N -dimensional Lebesgue measure ofΩ. With the parameters p, M , and

0 < a := 2ς≤ b := β

2∥ϕ1∥L∞(Ω)
<+∞,

Proposition 2 yields the existence of ε0 > 0 and η0 > 0 such that, for every ε ∈ (0,ε0) and for every
w ∈ Lp (Ω)∩Eεa,εb such that ∥w∥Lp (Ω) ≤ M and ∥w∥L1(Ω) ≤ η0, then

ςϕ1 ≤Tε(w) ≤ β

∥ϕ1∥L∞(Ω)
ϕ1 ≤β inΩ. (26)

Without loss of generality, one can assume that

0 < ε0 ≤ min
(
λ2 −λ1, 1

A

)
and Aε0

(
C ′+ β

4A∥ϕ1∥L1(Ω)∥ϕ1∥L∞(Ω)

)
×|Ω| ≤ η0. (27)

Fix in the sequel any ε ∈ (0,ε0) and δ such that

A−1ε≤ δ≤ Aε

(thus, 0 < δ≤ Aε0 ≤ 1). Consider the non-empty convex set

E ′ := {
v ∈C 1(Ω) : ςϕ1 ≤ v ≤β inΩ

}
,

which is closed in C 1(Ω) endowed with the standard C 1(Ω) norm, and consider any v ∈ E ′. The
function

x 7−→ w(x) := δg
(
x, v(x),∇v(x)

)
is continuous in Ω, and we still call T (v) := Tε(w) the unique solution of (20). The function
T (v) belongs to W 2,q (Ω)∩W 1,q

0 (Ω) for all 1 ≤ q < +∞, and thus in C 1(Ω). Let us check that the
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function w fulfills the conditions of the previous paragraph. First of all, w ∈ Lp (Ω) and, by (3)
and (21),

0 ≤ w ≤ δ
(
C ′+ β

4A∥ϕ1∥L1(Ω)∥ϕ1∥L∞(Ω)

)
≤C ′+ β

4A∥ϕ1∥L1(Ω)∥ϕ1∥L∞(Ω)
inΩ, (28)

whence ∥w∥Lp (Ω) ≤ M by (25). Furthermore, from (23) and the previous line,∫
Ω

wϕ1 ≤ δ
(
C ′∥ϕ1∥L1(Ω) +

β

4A∥ϕ1∥L∞(Ω)

)
≤ ε

(
AC ′∥ϕ1∥L1(Ω) +

β

4∥ϕ1∥L∞(Ω)

)
≤ βε

2∥ϕ1∥L∞(Ω)
,

while ∫
Ω

wϕ1 ≥ δ
∫
Ω

g
(
x,ςϕ1(x),∇v(x)

)
ϕ1(x)dx ≥ 2Aδς

∫
Ω
ϕ2

1 = 2Aδς≥ 2ες

by (3), (22) and (24). Therefore, w ∈ Eεa,εb . Lastly, (27) and (28), together with δ≤ Aε0, imply that

∥w∥L1(Ω) ≤ δ
(
C ′+ β

4A∥ϕ1∥L1(Ω)∥ϕ1∥L∞(Ω)

)
×|Ω| ≤ η0.

One then infers from (26) that

ςϕ1 ≤ T (v) =Tε(w) ≤β inΩ.

To sum up, T maps the non-empty closed convex set E ′ into itself. Furthermore, since, by (28),

0 ≤ w = δg ( · , v,∇v) ≤C ′+ β

4A∥ϕ1∥L1(Ω)∥ϕ1∥L∞(Ω)
inΩ

for all v ∈ E ′, the image T (E ′) is bounded in W 2,q (Ω) for all 1 ≤ q < +∞, and in particular T (E ′)
is a compact subset of C 1(Ω). Finally, the Schauder fixed point theorem yields the existence of a
fixed point of T in E ′, that is, there is u ∈ E ′ (whence, u > 0 inΩ) belonging to W 2,q (Ω)∩W 1,q

0 (Ω)
for all 1 ≤ q <+∞, solution to (2) (and then u is a classical C 2(Ω)∩C (Ω) solution, from the general
considerations of Section 1). The proof of part (i) of Theorem 1 is thereby complete. □

Remark 8. In the case ε> 0 and δ> 0, even if it meant increasing the constant β> 0, one could
have assumed by (3) without loss of generality that (λ1 +ε)β ≥ λ1β ≥ δg ( · ,β,0) in Ω, that is, the
constant β would be a sub-solution of (2). Furthermore, even it is meant decreasing ς > 0, one
could have assumed by (3) without loss of generality that

∆(ςϕ1)+ (λ1 +ε)ςϕ1 = εςϕ1 ≤ δg ( · ,ςϕ1,ς∇ϕ1)

inΩ, that is, the function ςϕ1 would be a super-solution of (2). The previous proof then shows the
existence of a solution u to (2) between the super-solution ςϕ1 and the sub-solution β, ordered
in the unsual way.

4. Proof of Theorem 1, parts (ii)–(iii): convergence and log-concavity

Proof of part (ii) of Theorem 1. We start with considering any sequence (εn ,δn)n∈N converging
to (0+,0+) or (0−,0−) and for which there is A ≥ 1 such that

∀ n ∈N, A−1|εn | ≤ |δn | ≤ A |εn |. (29)

We then let (un)n∈N be a sequence of solutions to (2), with parameters (εn ,δn) instead of (ε,δ).
Such solutions exist for all n large enough, from part (i) of Theorem 1. From the considerations of
Section 1, these solutions un belong to W 2,q (Ω)∩W 1,q

0 (Ω) for all 1 ≤ q <+∞, and then to C 1,γ(Ω)
for all 0 < γ< 1. They are also of class C 2(Ω).

Let us first show that the sequence (un)n∈N is bounded in W 2,q (Ω), for every 1 ≤ q < +∞.
From (3), there exists a constant C > 0 such that

∀ (x, s, p) ∈Ω× [0,+∞)×RN , 0 ≤ g (x, s, p) ≤C + s

2A
. (30)
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By integrating (2) against ϕ1, we get that

εn

∫
Ω

un(x)ϕ1(x)dx = δn

∫
Ω

g
(
x,un(x),∇un(x)

)
ϕ1(x)dx, (31)

whence

|εn |
∫
Ω

un(x)ϕ1(x)dx ≤ |δn |
∫
Ω

(
C + un(x)

2A

)
ϕ1(x)dx

≤ A C |εn |∥ϕ1∥L1(Ω) +
|εn |

2

∫
Ω

un(x)ϕ1(x)dx.

As a consequence, the sequence

(θn)n∈N :=
(

1

∥ϕ1∥2
L2(Ω)

∫
Ω

unϕ1

)
n∈N

is bounded. By rewriting (2) as{
∆(un −θnϕ1)+ (λ1 +εn)(un −θnϕ1) = δn g (x,un ,∇un)−εnθnϕ1 inΩ,

un −θnϕ1 = 0 on ∂Ω,

by multiplying the above equation by un−θnϕ1 (belonging to W 2,q (Ω)∩W 1,q
0 (Ω)∩C 1(Ω) for each

1 ≤ q <+∞), and by integrating by parts, one gets that∫
Ω

∣∣∇(un −θnϕ1)
∣∣2 − (λ1 +εn)

∫
Ω

(un −θnϕ1)2 =−δn

∫
Ω

g (x,un ,∇un) (un −θnϕ1)

+εnθn

∫
Ω

(un −θnϕ1)ϕ1

≤ |δn |
∫
Ω

(
C + un

2A

)
|un −θnϕ1|

+ |εn | |θn |∥un −θnϕ1∥L2(Ω) ∥ϕ1∥L2(Ω).

On the other hand, the inequality (14) still holds, with vn replaced by un . Hence, by assuming
without loss of generality that εn < (λ2−λ1)/2, one gets from the Cauchy–Schwarz inequality that

λ2 −λ1

2
∥un −θnϕ1∥2

L2(Ω)

≤
(
|δn |C |Ω|1/2 + |δn | |θn |∥ϕ1∥L2(Ω)

2A
+|εn | |θn |∥ϕ1∥L2(Ω)

)
∥un −θnϕ1∥L2(Ω)

+ |δn |
2A

∥un −θnϕ1∥2
L2(Ω).

Since
(|εn |, |δn |

) → (0+,0+) as n → +∞ and the sequence (θn)n∈N is bounded, it follows that
the sequence (un −θnϕ1)n∈N is bounded in L2(Ω) and even converges to 0 in L2(Ω). From the
boundedness of (θn)n∈N again, there is then a real number B such that, up to extraction of a
subsequence,

un −→ Bϕ1 in L2(Ω) as n →+∞.

Since each function un is positive in Ω, and ϕ1 is positive too, there holds B ≥ 0. However, we
want to have the convergence in a stronger sense, and also to show that B is positive.

By rewriting (2) (with εn and δn) as{
∆un = δn g (x,un ,∇un)− (λ1 +εn)un inΩ,

un = 0 on ∂Ω,
(32)

and by using (30) together with the boundedness of the sequences (εn)n∈N, (δn)n∈N and(∥un∥L2(Ω)

)
n∈N, the sequence of right-hand sides of the above equation is bounded in L2(Ω),
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whence (un)n∈N is bounded in W 2,2(Ω). By a bootstrap procedure, it follows finally that the se-
quence (un)n∈N belongs to W 2,q (Ω)∩W 1,q

0 (Ω) and is bounded in W 2,q (Ω) for every 1 ≤ q <+∞.
Therefore,

un −→ Bϕ1 in C 1(Ω) as n →+∞ (33)

(and even un → Bϕ1 in C 1,γ(Ω) as n → +∞ for every 0 < γ < 1). Let us now show that B > 0.
Assume by way of contradiction that B = 0, and let s′0 > 0 be as in (22). Then 0 < un ≤ s′0 in Ω for
all n large enough, and (22) and (31) entail that

εn

δn

∫
Ω

un(x)ϕ1(x)dx =
∫
Ω

g
(
x,un(x),∇un(x)

)
ϕ1(x)dx ≥ 2A

∫
Ω

un(x)ϕ1(x)dx,

contradicting (29). Therefore,

B > 0.

Assuming now that δn ∼ c εn as n → +∞ for some c > 0, one derives from (31) and the
continuity of g inΩ× [0,+∞)×RN that

B ∥ϕ1∥2
L2(Ω) = c

∫
Ω

g
(
x,Bϕ1(x),B∇ϕ1(x)

)
ϕ1(x)dx.

Therefore, if one further assumes that g (x, s, p) = g (x, s) is independent of p and satisfies (5), one
has

∥ϕ1∥2
L2(Ω) = c

∫
Ω

g
(
x,Bϕ1(x)

)
B

ϕ1(x)dx,

and the quantity in the right-hand side is decreasing with respect to B > 0 if considered as a
parameter. As a consequence, B > 0 in (33) is uniquely determined byΩ, g , c andϕ1, and does not
depend on any sequence (εn ,δn)n∈N converging to (0+,0+) or (0−,0−) with δn ∼ c εn as n →+∞.
This actually shows part (ii) of Theorem 1. □

Proof of part (iii) of Theorem 1. Here, ∂Ω is of class C 2,α for some α ∈ (0,1), and Ω is strictly
convex. We fix A ≥ 1, and assume by way of contradiction that the conclusion does not hold.
Then there is a sequence (εn ,δn)n∈N converging to (0+,0+) or (0−,0−) and satisfying (29), together
with a sequence of solutions (un)n∈N of (2) with (ε,δ) replaced by (εn ,δn), such that un is not
log-concave in Ω, for every n ∈ N. Therefore, there are a sequence of points (xn)n∈N in Ω and a
sequence of unit vectors (ξn)n∈N in RN such that

ξn Hn(xn)ξn > 0 for all n ∈N, (34)

where Hn(xn) := (D2 logun)(xn) denotes the Hessian matrix of logun at xn , and ξHξ :=∑
1≤i , j≤N Hi , jξiξ j for any N ×N symmetric matrix H and any ξ ∈RN .

From the previous paragraphs, there is B > 0 such that, up to extraction of a subsequence,

un −→ Bϕ1 as n →+∞ (35)

in C 1,γ(Ω) for every 0 < γ < 1. From the local Hölder-continuity of g in (3), there is then α′ > 0
such that the sequence

(
g ( · ,un ,∇un)

)
n∈N is bounded in C 0,α′

(Ω). Using (32) together with the
boundedness of (εn ,δn)n∈N and the C 2,α smoothness of ∂Ω, one infers that the sequence (un)n∈N
is bounded in C 0,min(α,α′)(Ω). Thus, the convergence (35) actually holds in C 2(Ω).

Up to extraction of another subsequence, there are x ∈Ω and a unit vector ξ in RN such that
xn → x and ξn → ξ as n →+∞. Two cases may occur, according to the location of x. If x ∈Ω, then

ξn Hn(xn)ξn −→ ϕ1(x)∂ξξϕ1(x)− (
∂ξϕ1(x)

)2(
ϕ1(x)

)2 = ξ (D2 logϕ1)(x)ξ as n →+∞.

But ξ (D2 logϕ1)(x)ξ < 0 from [59, Lemma 2.5], and we then get a contradiction with (34).
Therefore, x ∈ ∂Ω. Two cases may then occur, according to the direction of ξ. If ξ · ν(x) ̸= 0,



1570 François Hamel and Nikolai Nadirashvili

where ν(x) denotes the outward unit normal to Ω at x, then ∂ξϕ1(x) ̸= 0 from the Hopf lemma
(more precisely, ∂ξϕ1(x) > 0 if ξ ·ν(x) < 0, and ∂ξϕ1(x) =−∂−ξϕ1(x) < 0 if ξ ·ν(x) > 0), whence

ξn Hn(xn)ξn = un(xn)∂ξnξn un(xn)− (
∂ξn un(xn)

)2(
un(xn)

)2 ∼ −(
∂ξn un(xn)

)2(
un(xn)

)2 −→−∞ as n →+∞

since 0 < un(xn) → ϕ1(x) = 0, ∂ξnξn un(xn) → ∂ξξϕ1(x) and ∂ξn un(xn) → ∂ξϕ1(x) ̸= 0 as n →+∞.
This again contradicts (34). Therefore, ξ ·ν(x) = 0. In that case, from the strict convexity ofΩ, one
knows that ∂ξξϕ1(x) < 0, see the proof of [59, Lemma 2.5]. Therefore,

limsup
n→+∞

ξn Hn(xn)ξn = limsup
n→+∞

un(xn)∂ξnξn un(xn)− (
∂ξn un(xn)

)2(
un(xn)

)2

≤ limsup
n→+∞

∂ξnξn un(xn)

un(xn)
=−∞

since ∂ξnξn un(xn) → ∂ξξϕ1(x) < 0 and 0 < un(xn) → ϕ1(x) = 0 as n → +∞. This again contra-
dicts (34).

As a conclusion, all possible cases regarding the limits x and ξ are ruled out. That shows that
the assumption (34) was impossible. The proof of part (iii) of Theorem 1 is thereby complete. □

Remark 9. The above arguments actually show that the solutions un are not only log-concave,
but also uniformly strictly log-concave for all n large enough, in the sense that there is ρ > 0,
independent of the sequences (εn ,δn)n∈N and (un)n∈N, such that D2 logun ≤−ρIN for all n large
enough in the sense of symmetric matrices, where IN denotes the N ×N identity matrix.
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