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1. Introduction

Let Q  R? be a smooth bounded domain. Let

g:00—S'={zeC:|z|=1}
be a smooth map that has a nonnegative integer-valued degree deg(g,0Q) = d. Let us define

Hy (@) = {ue H'(Q;C) : u=gonoQ}.
For € > 0, we consider the Ginzburg-Landau energy functional
1 1
Ge(u) = EfQ|Vu|2dx+@fg(l—mﬁ)zdx. 1)

The Euler-Lagrange equations for G, are the Ginzburg-Landau equations

{—Au = Eizu(l —lul?) inQ,

2
u=g on 0Q). @
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In [1,2], Bethuel, Brezis and Hélein studied the convergence of minimizers. In particular, if
deg(g,0Q) =0, they proved the following.

Theorem 1 ([1]). Let u, be a minimizer of G, over Hé(Q) where Q is a star-shaped domain. If
d=0, then u, — uy in Cllf) Q) for any nonnegative integer k as € — 0 such that uy is a unique
solution of
up= argmin Jg(u) whereJg(u)= lf [Vul?dx. 3)
ue HA(;SY) 2Ja

The function uy satisfies

—Au=ulVul®> onQ,

u=g on6Q, 4)

lul=1 on Q.

See also [2] for the nonzero-degree case, [6] for a potential having a zero of infinite order,
and [3] for the quantization effect on the whole plane. According to [2, Remark A.1], the
conclusion of Theorem 1 can still hold even when u, is not a minimizer. Indeed, we have the
following.

Theorem 2 ([2, p. 144]). Assumedeg(g,0Q) =0 and let u, be a solution of (2). If
ug — ug in H'(Q), (5)
then the conclusion of Theorem 1 is valid.

Theorem 2 tells us that the strong convergence (5) is a key ingredient in the proof of Theorem 1.
Let (u¢) be a sequence of solutions to (2). In this work, we establish that

1
5fQWungx

1
5 | Ivuoitax,
2Ja
beyond which the sequence (u,) cannot be lifted to a smooth function, see the proof of Theo-

rem 3.

We provide another sufficient condition for Theorem 1 by identifying an equivalent formu-
lation of (5). We also introduce a two-component generalization of (1) and (2), from which we
derive analogous results.

Two facts used in the proof of Theorem 1 will also play a central role in this paper.

First, if u, is a solution of (2), then

admits the critical lower bound

lugl<1 onQ. 6)
We can prove the inequality (6) by applying the maximum principle to the following identity:
2
~A1 - u?) = —£—2|u5|2(1 —lue?) +2|Vue > onQ. @)

See [1, Proposition 2].
Second, if the domain Q is star-shaped, then for any solution u, of (2), the potential

= Q(1 - Iuglz)zdx

is bounded. See [2, Theorem II1.2] and [10]. Moreover, it is proved in [8] (see also [9]) that the
potential is also bounded provided that

Ge(ue) < klné (8)

for some constant k > 0.
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In what follows, we suppose that (8) is valid or Q is star-shaped. We have then

1
— | (1-1uel?)*dx < yo. ©)

£ Ja
Here, y¢ depends only on Q2 and g. The first result of this paper is the following theorem.
Theorem 3. Suppose that
deg(g,0Q) =0. (10)
Let u; be a solution of (2).
(i) If there exists a constant Cy such that, for € small enough, we have

1 1
—f IVue>dx < C s—f IVuol® dx, (11
2Ja 2Ja
then
1 2
Ci=—=| |Vupl*dx (12)
2Ja

and
Us— Uy in HY(Q).
Thus, Theorem 1 holds true by Theorem 2.
(ii) Ifthere exists a constant Cy such that, for € small enough, we have

1 1
—f IVuglzdx2C2>—f [Vugl|? dx, (13)
2 Ja 2Ja

then
lue| does not converge uniformly to1 on Q. (14)

By using Theorem 3, we prove the next theorem where we find a condition that is equivalent
to (5).

Theorem 4. Let us assume (10) and let u. be a solution for (2). Then,

.1 212
LLr%E—Z/Q(l—mg )"dx=0 (15)
ifand only if
ue — up in H'(Q). (16)
As a two-component generalization of (1), let us consider
1 1
Fe(u,v) = —f (IVu|2+|Vv|2)dx+—f V(ul v/*)dx 17)
2 Ja 4e? Jq
for (ug, v) € Hél (Q) x H(gl,2 (Q). Here, g1,82: 0Q — S' are smooth maps such that

d; = deg(g;,0Q) (18)

is a nonnegative integer for each i = 1,2. We assume that Q is star-shaped. The potential
function V is given two cases:

symmetric case:  Vi(lul?,|v?) = (2 - ul® - |v[?)?,
non-symmetric case: Vn(lulz, | v|2) =(2- lul> —| U|2)2 +(1- |u|2)2.

In each case, F, has a minimizer (u, ve) over Hg (Q) x Hy,
local gauge field theories [7,11].
The Euler-Lagrange equations are given as follows: for V = Vj

(Q). The potential appears in the semi-

1
-Au= g—zu(z —lul?-1v*) ingQ,
1

v(2 (19)

~Av= —lu-1v?) inQ,

£2
u=g;, v=g on 0Q,



48 Rejeb Hadiji and Jongmin Han

and for V=1V,
1 2 2y, 1 2y
—Auzg—zu(Z—luI —|v| )+E—2u(1—|u| ) inQ,

1
~Av=—v(2—ul? - vP) inQ, (20)
£

u=g, v=g on 0Q).

Now, we want to extend Theorem 3 for solutions of (19) and (20). Since (6) and (9) play important
roles in the proof Theorem 3, a natural question arises: can we have inequalities for solutions
of (19) and (20) analogous to (6) and (9)? The answer is not easy. In fact, although the systems (19)
and (20) appear to be simple extensions of (2), the nature of their solutions is quite different, as
we shall see.

First, one may expect that if (1, v¢) is a solution of (20), then

lusl<1 and |vgl<1 onQ. (21)

We recall that (6) was obtained using the maximum principle applied to the equation (7).
However, since (19) and (20) are systems of equations, it is not possible to derive such an estimate
by simply applying the maximum principle. Instead, weaker versions of (21) were established
in [4,5].

Lemma 5 ([4, Lemma 2.2], [5, Lemma 2.1]).
(@) If (ue, ve) is a solution pair of (19), then we have
luel> +|vel> <2 onQ. (22)

(i) If (ue, ve) is a solution pair of (20), then we have
3 _
luel? < > and |v;*<2 onQ. (23)

Moreover, either |ug| <1 or|ve| <1 onQ.

The first statement (i) gives no information on the individual upper bounds of |u,| and |v,|
although theirs sums are bounded by 2. The second statement provides no information on
the bounds of |u.|? + |ve|? and the upper bounds of |u.| and |v,| are rather rough compared
to (21). Since the pointwise estimate |u.| < 1 for solutions of (2) are crucial in various analysis
of solutions, it is very interesting to prove (21) or to make analysis of solutions of (19) and (20)
without appealing the property of (21).

Second difference among solutions of (2), (19) and (20) is the Pohozaev identity. Analogous
to (9), we can prove that if Q is star-shaped, then

(ug, Ve): solution of (19) —f — |ug| —|Ug|2)2 dx <7y, (24)
1
(Ug, Ve): solution of (20) = _Zf 2 —|ugl? —Ivglz)zdx+ —Zf(l—luglz)zdxsyg, (25)
E° Jq & JQ

for some constants y; and y». Since we do not know the signs of 1 — lug? and 1 — |ve|?, (24) does
not imply

—f IuE dx<oo —f IvE dx<oo (26)

Indeed, these quantities can diverge for some solutions of (19) although they satisfy (24). See
Theorem 6 below. On the other hand, solutions of (20) always satisfy not only (25) but also (26).
See the proof of Theorem 8(ii) below.
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To state the main results on the solutions of (19) and (20), we assume that d; = dy = 0 in (18)
and Q is star-shaped. We set

W (81,82) = Hg (Q;S") x Hy, (©; 57,
Z(g1,82) = {(u, V)€ Hél (©;0) x Hgl,2 (Q;0) : |uf’+|v|>=2a.e.on Q},
and
I _1 2 2) 40—
(8182 (W V) = 5 Q(|w| +|Vul°) dx = Jg, (u) + Jg, (v).
Let us consider the following minimization problems:

a(g1, g2) = inf{I(g ¢ (1, v) : (u,v) €Y (g1,82)}, 27
B(g1,82) = Iinf{l(g, o) (1, V) : (1, V) € X (g1,82)}. (28)

The problem (27) has a unique solution (1, v9) on %/ (g1, g2) that satisfies

—Aug = up|Vupl> onQ, —Avg = 1olVipl? onQ,
Uy = 81 on 0Q}, Vo= 82 on 0Q,
lupl =1 on Q, vl =1 on Q.

If (us, v4) is a solution of (28), then (u., v,) satisfies
1
—Au, = Eu*(IVu*|2+ IVv.l?) onQ,  u.=g ondQ,

~-Av, = %v*(IVu*lz +|Vu.l?) onQ, v, =g ondQ,
2:|u*|2+|v*|2a.e. on Q.
Since %' (g1, 82) € X (g1, 82), it is obvious that
a(g1,82) = B(g1, 82)- (29)
The next theorem tells us that (29) has a close relation with some properties of solutions of (19).
Theorem 6 ([4, Theorem 1.3(iii)]). Suppose that
deg(g1,0Q) = deg(g2,0Q) =0. (30)

Let (ug, ve) be a minimizer of (17) with V = Vs. If a(g1, 82) > B(g1, 82), then
L1 n2 g o1 f 2\2 4 _
};111(1)82 Q(1 le]”) dx—anggz Q(1 |vel*)” dx = oco.
Now, we extend Theorem 3 for solutions of (20) as follows.
Theorem 7. Let Q be star-shaped. Suppose that dy = dy = 0 such that (30) holds. Let (ug, ve) be a
solution for (20) and (up, vo) be a unique minimizer of (g, ¢,) on% (g1, g2).

(i) Ifthereis a constant Cs such that we have for € small enough

1 1
—f (IVu5|2+|Vl/g|2)deC3s—/ (IVuol? + IV uol?) dx, €3]
2Ja 2 Ja

then

Cs :f (IVuol? + |Vupl*) dx (32)
Q

and
(Ue, Ue) — (o, v0) in H'(Q) x H'(Q).
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(i) Ifthereis a constant C4 such that for € small enough we have

1 1
—[ (IVug|2+|va|2)dx2C4>—f (IVuol? + IV uol?) dx, (33)
2Ja 2Ja

then ]

. 2 2
l%;ﬁz[(z—|u£|z—|v£|2) + (1= [ue)?] dx >0, (34)

Next, we deal with solutions of (19). In view of Theorem 6, we obtain the following theorem.
Theorem 8. Let Q) be star-shaped. Suppose that dy = dy = 0 such that (30) holds. Let (ug, ve) be a
solution for (19) and (u., v«) be a minimizer of I (g, ¢,) on X (g1, &2).

(i) Ifthere is a constant Cs such that we have for € small enough

1 1
—f (IVuE|2+|Vv£|2)dst5s—f (IVu. > + Vo, %) dx, (35)
2Ja 2Ja

then
Cs :f (Vi + Vv, [*) dx (36)
Q
and there exists (U, V) € X (g1, &2) such that
(Ue, ve) — (&, D) in H'(Q) x H'(Q).

Ifa(g1,82) = B(g1,82), then (U, V) = (up, Vo).
(ii) Assume that

a(g1,82) = P(&1,82), @37
.1 2
llirg)g—z Q(l—Iuglz) dx<vys, (38)
. 1 212
l{r})g—z Q(l—lvgl )" dx <ya. (39)
If there is a constant Cg such that for € small enough we have
1 1
5L(|VUE|Z+IVUEI2)dx2C6>E[g(quolZ+|Vv0|2)dx+\/_yly3+ Yiva, (40)
then

either |u;| or |ve| does not converges uniformly to 1 on Q.

We will prove Theorems 3 and 4 in Section 2. The proofs of Theorems 7 and 8 are given in
Sections 3 and 4, respectively.

2. Proofs of Theorems 3 and 4

Throughout this section, we assume (10) and prove Theorems 3 and 4. Then, we can write
g=e'? where @g: 0Q —R.
Moreover, the function iy is lifted by a harmonic function ¢ such that
Ap=0 inQ and @=¢¢p onodQ,
uy=e'? and f IVuol? dx =f IVepl? dx.
Q Q

Proof of Theorem 3(i). Suppose that (11). Since || ¢l < 1, up to a subsequence, we have u, — i
in H;,(Q) for some il € Hé(Q). By (9), |7i| = 1 a.e. on Q and consequently i € H;,(Q; SY). Since uy is
a minimizer of Jg, we are led to

1 1 1 1
—f Vol dx < —f IVillzdxsliminf—f Vue?dx<Cy < —f |V up)? dx. 41)
2 Ja 2 Ja e—0 2 Ja 2 Ja
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Thus, (12) is true. Since u, — 1y weakly in H 1(Q), we deduce that
f \Vue — Vuo|2 dx= f IVuglzdx+f IVuOI2 dx - Zf Vug-Vugdx — 0.
Q Q Q Q
Hence, u; — ug in Hé(Q). Thus, Theorem 1 holds true by Theorem 2.
In the above proof, we prove the following corollary.
Corollary 9. Ifu, is any solution for (2), then
liminf | |Vu|>dx = f IVuol® dx.
e—0 Q Q

Proof. If we assume the contrary, up to a subsequence, we may assume that
1 1
—f IVuel*dx =< C < —f |Vuol* dx
2 Ja 2 Ja
for some C;. Then, we get a contradiction by arguing as in (41).
To prove Theorem 3(ii), we need two lemmas.

Lemma 10. Let u. be a solution for (2). If |ue| — 1 uniformly on Q, then
f IVu > dx < zf IVuol? dux.
Q Q
Proof. Since |u.| — 1 uniformly on Q, we may assume that

1
lue| = 3 on Q for € > 0 small enough.

Then, u./|u.| can be lifted by a smooth function , such that

Ue il
=e%c onQ.

[ue |
Hence, we can write
Ue = pgei(f with pg = |ugl.
Then, {; = g9 on 9Q and
IVie|” = 1V pel? + pZ IVl
and the equation (2) is transformed into a system of p and {:

div(p?V{e) =0 inQ,

1 .
“Bpe+ PelVEel = pel1-p7)  inQ.
Multiplying (46) by p — 1, we obtain

1
fIVpglzdx+fp§|V(gI2dx—f pEIV(glzdx=—2f pe(pe—1(1-p2)dx <0.
Q Q Q & Ja

Hence, it comes from (44), (45) and (48) that

f |Vug|2 dx < [ pg|V(g|2 dx < 2[ p?IVCEIde.
Q Q Q
On the other hand, multiplying (46) by (. — ¢, we have

1 1

2 2

fp§|vce|2dx=fpivce-wdxs(f p§|vce|2dx) U p§|V¢|2dx) )
Q Q Q Q

51

(42)

(43)

(44)

(45)

(46)

(47

(48)

In this integration, we used the fact uy = u, = gon0Q, i.e., ¢ = { = ¢y on 0Q2. Hence, we conclude

that
fIVuglzdxszf p§|V<p|2dxszf|V<p|2dx.
Q Q Q

In fact, we can obtain a better, sharp estimate.

O
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Lemma 11. Let u; be a solution for (2). If |ug| — 1 uniformly on Q, then

limsup IVuEI dx<f|Vu0| dx. (49)

e—0
Proof. Let us assume the contrary. Then, there exists a constant C, > 0 and a subsequence, still
denoted by u, such that

1 1 1
—f |V<p|2dx=—f IVuolzdx<C25—f Vel dx. (50)
2 Ja 2 Ja 2 Ja

Since |ue| — 1 uniformly on Q, we may keep the notations in the proof of Lemma 10. Given
6€(0,1), if e is small enough, then

1+vV1-46

1 2 .
E<pg<pg+6 ie., T<pg<1. (51)

Let
Ye = ( e~
Then, by (45) and (50),

1 1 1
Cy < —f IVie|? dx = —f |Vp6|2dx+—f P2| V(g + )| dx. (52)
2 Ja 2Ja 2 Ja
We rewrite (46) and (47) as
div(p2V(p+ 1)) =0 in Q, (53)
1
~Dpetpe|Vip+yel[ = 5pel-p))  inQ. (54)

Multiplying (54) by p, — 1 and integrating it over Q, and using the boundary condition p, =1 on
0Q), we obtain

1 1 1
_f|VpE|2dx+—f p§|V((p+1//g)|2dx——f pg|V((p+w8)|2dx
2 Ja 2 Ja 2Ja

f pe(pe —1)(1-p2)dx

T 22 (55)
<0.
Then, from (51), (52) and (55), it follows that
1
Co= —f pe|Vip+we)|’ dx
2Ja
1
< Ef (02 +8)| V(g +yo)| dx
2 (56)

1 1
< szg(lvwlerZV(P'U/ﬁ IVyel?) dx + E«Suvcgn%

1 1 1
s—f |V(p|2+—f P2(2Vep e + Ve ) dx + =81V ll5.
2Ja 2 Ja 2

Multiplying (53) by vy, integrating it over 2, and using the boundary condition ¥, = 0 on 6Q, we
obtain

Lp§|vw£|2dx+Lp§V¢-vw5 dx=0. (57)
Furthermore, by (43) and (51),
V3 <4 [ pAIVEPdx <8 [ (Vuol d. (58)
Q Q

Hence, by (56), (57) and (58), we are led to

1
0<Co- Efgmmz < —Lpﬁlvwslzdx+46IIVuo||§ <46 Vuol)3.

Letting 6 — 0, we arrive at a contradiction. O
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Lemma 12. Let u, be a solution for (2) that satisfies (15). Then, |u¢| — 1 uniformly on Q.
Proof. See [1, Step A.1, B.2]. O
Lemma 13. Let u, be a solution for (2). If u — ug in HY(Q), then |uy| — 1 uniformly on Q.
Proof. By multiplying (7) by 1 — |u,|?, we obtain
2
2[ IV (1 - |ugl?) dx = —Zf g (1 - |u£|2)2dx+f V(1 - luel?)|? dx. (59)
Q e Ja Q
Givend € (0,1), let
Q0 ={xeQ:1-|ul?>6}

By (9),
1021

1 22 (1 5)2
Yoz Qg(1—|ug|) =

Hence, for all § € (0, i), 1Q%| — 0 as € — 0. Since u — ug in H'(Q), it follows that for each fixed
5¢(0,1),

fﬂéquglzdxs2[(2§|Vug—Vuolzdx+2L5|Vu0|2dx—»O

as € — 0. Since u — ug in H'(Q), we have IIVuEII2 < C for some C. Now, we see thatas € — 0,
fIVuEIZ(l—IuEIZ)dxséf IVuEIde+f IVuel*dx < C8 + o(1).
Q o\Q? Qd
So, we deduce from (59) that forall 5 € (0, 1),
hmsup |u£| (1 Iuglz)zdx+limsupf |V(l—|u5|2)|2dst6.
e—0 Q

e—0

Letting 6 — 0, we obtain that

1
O:Iim—fluglz (1-luel?)® dx
E—»

(60)
_?i%ng |u‘€ dx—hm—] 1—ugl )
and
limf |V(1-1uel?) [ dx = 0. (61)
e—~0Jq
By using (9), (61) and the Gagliardo-Nirenberg inequality
luly < Cllul3 IVullz  for ue Hy(Q),
we are led to
1
1 C 2
?fg (1- |u5|2)3dx < 8—2(/0 (1- Iuglz)zdx)(fQW(l - |u5|2)|2dx
1
2
< C)/o(f |v(1- |u5|2)|2dx) —0.
Q
In the sequel, we conclude from (60) that
lim Zf IuE dx—hm—f 1—|ugl ) dx=0, (62)
e—0¢
which implies by Lemma 12 that |u¢| — 1 uniformly on Q. This finishes the proof. 0

Proof of Theorem 3(ii). Let us assume the contrary. Then, |u.| — 1 uniformly on Q. Hence, (49)
holds by Lemma 11 which contradicts (13). O
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Proof of Theorem 4. Suppose that (15) holds. Then, |u.| — 1 uniformly on Q by Lemma 12.
Moreover, by Corollary 9 and Lemma 11, we have

lim IVuglzdxszuolzdx.
E—00 Q Q

Since u; — ug weakly in H' (Q), we deduce from (42) that u, — ug in H;,(Q).

Conversely, suppose that (16) is true. Since |u| — 1 uniformly on Q by Lemma 13, we may
assume that |u¢|? = 1/2 and use notations in Lemmas 10 and 11. Multiplying (54) by p. — 1, we
obtain

1
f|Vpg|2dx+—2fpe(l—pg)(l—pﬁ)dmf(pg—p§)|vup+wg)|2dx
Q & Q Q

= ||1—pglloonIV(w+wg)|2dx—»o.

Here, we used the fact that u, — g in H'(Q) such that | V(¢ +v,)|, is bounded as ¢ — 0. As a
consequence,

1 2
0:%13(1)5—2 Qpe(l—p,g)(l—/og)dx

.1 Pe 2,2
=lim— | ——@01- d
EI—I»I(I)EZ Ql+p5( pe)dx

1 1 2,2
=0

and the proofis complete. O

3. Proof of Theorem 7
Throughout this section, we assume (30) and prove Theorem 7. We also assume that Q is star-
shaped. We can write

g1=e and g =e¥" where @, yo: 00— R.

The functions 1 and vy are lifted by harmonic functions ¢ and v respectively such that

Ap=0 inQ and @=@o onoQ,
i 2 2 (63)
uy=e'? and [Vup|*dx = | Vel dx,
Q Q
and .
Ay=0 inQ and w=vyy onodQ,
; ) ) (64)
vo=e'V and [Vyol°dx = | |Vy|~dx.
Q Q

Proof of Theorem 7(i). Suppose that (31) is valid. Since [ u¢lloo + I Velloo < 3 by Lemma 5(ii), up
to a subsequence, we have (i, v¢) — (I, D) in H(Q) x H'(Q) for some (i, D) € H%n Q) x Hg,z Q).
By (25), |7l = 1 and |7| = 1 a.e. on Q and consequently i € Hél (Q;SYH) and v e Hg, (Q; S1). Since
(1o, Vo) is a unique minimizer of I, ¢,) on ¥ (g1, g2), we are led to

lf (IVu0|2+|Vv0|2)dxslf (IVal? +vo*) dx
2Ja 2 Ja

L1 2 2
< - \Y} +|V
hgnlglfz Q(I Ue|“+ Vgl )dx
<Cs

1
s—f (IVuol* + |V upl*) dx.
2 Ja
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Thus, (32) is true. Moreover, u, — U in Hél (Q) and v, — v in Hg,z (Q) as in the proof of
Theorem 3(i). O

Proof of Theorem 7(ii). Let us assume the contrary so that
1
lim—zf [(2— |u5|2 _ |yg|2)2 + (1 — |u£|2)2] dx=0. (65)
e—~0¢€° Jo
If (65) is valid, then it follows from [5, Lemma 2.5] that |u.| — 1 and |v,;| — 1 uniformly on Q. So,
we may assume that |u¢|?> = 1/2 and |v,|?> = 1/2 on Q. We can write
Us = pgei(E and Ve = Uge"‘tf, (66)

where p, = |u.| and o, = |v¢|. Set

Ne=Ce—¢@ and Xe=Se—. (67)
Then, (20) is written as
div(p2V(p +1.)) =0, (68)
_ 2 _ i 2 2 i A2
Ape + PV +Vne|” = 2 pPe@R—peg—0g)+ 2 pe(1=pg), (69)
div(o2V(y +x.)) =0, (70)
1
—AC+ 0|V + xel* = 8—205(2—p§—0§). (71)

By multiplying (69) by p. — 1 and (71) by o, — 1, we obtain from (33)

1
C4s—f (IVuel* + Ve *) dx
2Ja

1
- Efﬂ(wpa% Vo2 + p2IV+ Vnel? + 02V + Ve )

1
= 5fﬂ(,odv(,wvndz +0:|Vy +Vye|?)dx + Dy + Dy + D3,

where
D=~ -1)@2-p2-0?
1= pelpe — 12— pz —0%),

1
Dy = g—zfae(oe—l)(z—pi—ai), (72)

1 2
D3 = E—zfpg(pa— (1 -pg).

Then, D; — 0 for each j =1,2,3 as ¢ — 0. Indeed, by Holder’s inequality and the condition (65),
we can show that D; — 0 and D3 — 0 as € — 0. Moreover, as € — 0, we have

_ 1 2_ 22
MU—;L(Z—%—%) dx

1 2 1
:?L(l_pg)zd“E—zfg(l—/oﬁ)(l—aﬁ)dmE—zfg(l—aﬁ)zdx

_ 2 2 2 1 2,2
=o(1)+ E—ng(l—pg)(l—ag)dx+ gfﬂ(l—crg) dx.
Hence, by Hélder’s inequality, we obtain

1 1
2 2

1
E—zfg(l—ag)zdeO(I)+2

1 1
g—zfﬂu—pﬁ)zdx g—zfﬂu—aﬁ)zdx

Thus, |1 - Ug ll — 0 and then Holder’s inequality implies that D, — 0.
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We have shown that as € — 0,

1 1
C4so(1)+—f pEIV(p+V175|2dx+—f 0|V + Vy dx
2 Ja 2Ja
=0()+A;+ Ay.

(73)

Let6 € (0, i) be given and we may assume (51). So, we have

1 1)

Als—f p§|V<p+vng|2dx+—f IV + Vn,|* dx
2Ja 2Ja
1 1 o
= —f p§|v(p|2dx+—f p?(ZV(p-Vng+IVnE|2)dx+—f [V + Vn,|*dx.

2 Ja 2 Ja 2Ja

By multiplying (68) by v, we obtain
Lpianglzdx+pr§V(p-Vngdx:0. (74)

So,

1 1 )
A < —f pﬁlV(pIzdx——f pianglzdx+—f |V(p+V175|2dx. (75)
2 Ja 2 Ja 2 Jao

On the other hand, (74) implies that
prilvw Vnel® dx =f9p§(V<p+Vne) -Vepdx
1 1
2 2
<([ ptrvor vneax) ([ prverar)
Q Q
Since p2 = 1/2, this inequality implies that

1
—fIV(p+V1]5|2dxsf p§|V<p+vng|2dxsf pZIVel* dx.
2Ja Q Q
Hence, we can rewrite (75) as
1
A < —f pﬁlV(plzdx+5f p?lV(plzdx.
2Ja Q
By a similar argument, we also obtain
1
Ay < —f U§|V1//|2dx+5f aﬁlelzdx.
2Ja Q
In the sequel, we deduce from (73) that
1
Cy 50(1)+5L(p§|V(p|2+0§|Vw|2)dx+6fQ(pﬁIV(p|2+U§|Vu/|2)dx.

Letting € — 0, we are led to

1 5
C4s—f (|V<p|2+IV1//|2)dx+—f (IVeIl? + Vy?) dx.
2Ja 2 Ja

Finally, by taking the limit 6 — 0, we get a contradiction from the assumption (33). g

4. Proof of Theorem 8

This section is devoted to the proof of Theorem 8. Throughout this section, we assume that (30)
holds and Q is star-shaped.
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Proof of Theorem 8(i). Suppose that (31) is valid. Since ||u¢lloo + [ Velloo < 2 by Lemma 5(i), up
to a subsequence, we have (u, v¢) — (@I, ) in H'(Q) x H'(Q) for some (i, 7) € Hgll Q) x Héz Q).
By (24), |ii|* + |7|*> = 2 a.e. on Q and thus (i, ) € Z (g1, g2). Since (1., v4) is a minimizer of Iig,,g)
on X (g1,82), we are led to

1 1
-f (IVu*|2+|Vv*|2)dxs—f (IVa)? + V%) dx
2Ja 2Ja

e 2 2
Shlglllélfz Q(IVuEI +|Vre|7)dx
<Cs
1
< -f (IVuel? + Vv, %) dx.
2Ja
Thus, (36) is obtained. As in the proof of Theorem 3(i), it also holds that u, — # in Hél (Q) and

Ve — Uin Héz (Q). Furthermore, if a (g1, g2) = B(g1, &), then it is easy to see that (i, v.) = (&, V) =
(up, Vo). This completes the proof. U

Remark 14. We do not know the uniqueness of solution to the problem (28). If this problem has
a unique solution, then we obtain (u., v.) = (&, ¥) in the proof of Theorem 8(i).

Proof of Theorem 8(ii). Let us assume the contrary so that |u;| — 1 and |v,| — 1 uniformly on Q.
Then, |u.|=1and |v.| = 1. Since a(g1, g2) = B(g1, &) by (37), it follows that (u., v.) = (1, Vo). So,
we can use the notations (63) and (64). Moreover, we may assume that |u, |2=1/2and |v.|>=1/2
on (, and take the notations (66) and (67). We can rewrite (19) as

div(p2V(p +1.)) =0, (76)
~Ape+ el Vo + Vne|* = Eing(z—pﬁ -0, (77)
div(o2V(y + xe)) =0, (78)
—AUE+0'5|V1//+XE|2= g%ag(z—pi—oi). (79)

By proceeding as in the proof of Theorem 7(ii), we obtain
1 2 2
Ce < 5 Q(pg|V(p+V1]g| + 0|V + Vyel°)dx + Dy + Do,
where D; and D are defined by (72). By (24), (38), (39) and Holder’s inequality, we obtain

1 Pe o 2 2
D == | = (p2-1)2-p2-02) <7173
1= 3 Qpgﬂ(pg I2—-pz—0)=V11Y3
1 O¢ 2 2 2
Dz—e—zfQUEJrl(Ue_l)(z_Pe_Ug)fVY1Y4-

So,
1 1
Ce < EprEIV(p+V1]E|2 dx+ 5LU€|VW+ nglzdx+ VYLY3 +VY1Ya-
Furthermore, by arguing as in the proof of Theorem 7(ii), we are led to
1
Co = EfQ(IquI2 + V) dx+ Y173 + VYY)

which contradicts the assumption (40). O
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