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1. Introduction

1.1. Statement of the problem

Given probability measures p, v on R, we denote by I1(i,v) the set of all probability measures
(called transport plans) on R? x R? whose first and second marginals are u and v, respectively.
Disintegrating a transport plan y € II(u,v) with respect to its first marginal y, we obtain a p-
almost everywhere uniquely determined family of probability measures {y*} . .gs P (RY) such
that y =y*® u. Let G: R x 22(R%) — [0, +00] be lower semicontinuous in an appropriate sense
and G(x,-) be convex on 22(R%) for each x € R?. The weak transport problem is then defined by

H(u,v) :inf{/d Gx, Y9 du(x) yEH(u,v)}.
R

This problem was first introduced by Gozlan, Roberto, Samson and Tetali [17], and shortly
thereafter by Alibert, Bouchitté and Champion [2]. The weak transport problem has been
extensively studied in the literature: the results of existence and duality are established in [2,6,17];
the concept of C-monotonicity, which is analogous to cyclical monotonicity, was developed
in [5,6,16] in order to provide a characterization of optimizers; in [1,2,5,8] the weak transport
viewpoint is used to investigate martingale optimal transport problems; for applications of weak
transport theory, the reader may consult [7].
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In [19], Huesmann and Trevisan introduced the following minimization problem:

1
frpE (U, V) = inf{/0 /[de fla:(0)dp:(x)dt | 0.0 = tr(%v%g), 00=H, 01 = v},
where y, v are probabilities on R? with finite second moment, the Fokker-Planck equation
0,0 = tr(3V2ap) in (0,1) x R? holds in the weak sense and f is g-admissible for some g > 1
(namely, f(a) behaves like f(a) ~ |a|? for a nonnegative symmetric real d x d matrix a, which
means that there exist constants ¢,C > 0, independent of a, such that clal? < f(a) < Clal9;
see [19, Sections 2 and 3]). They proved that

1
fepe(W, V) =inf{/0 rE[f(<X>t)]dt}, (D

where the infimum is taken over all martingales connecting ¢ and v whose quadratic varia-
tion process (X) is absolutely continuous with respect to the Lebesgue measure (see [19, The-
orem 3.3]). It is worth noting the following. Let G(x, p) = frpe(dx, p) for each x € R4 and for each
probability measure p on R4 with finite second moment. Then, in view of [19, Theorem 4.3],
the functional G is lower semicontinuous in an appropriate sense and G(x,-) is convex for each
x € R4, Taking into account (1) and using a standard measurable selection argument (see, for
instance, [9, Section 7.7]), we have

feee(1,V) =inf{/d fepe G, ¥") dp(x)
R

yEH(p,v)} =H(w,v).

This provides an equivalent PDE formulation in terms of Fokker-Planck equations for the weak
transport problem H(u,v), where G(x, p) = frpe(0x, p) and f is g-admissible for some g > 1 (the
reader may also consult the proof of [7, Theorem 8.2], where an equivalent SDE formulation
for the weak transport problem is established using a measurable selection argument). We
emphasize that the g-admissibility property of the function f was crucial in the proof of (1)
in [19]. Namely, the equality (1) was proved in [19] only for strictly convex functions f behaving
like f(a) ~ |al? for some g > 1 and for each nonnegative symmetric real d x d matrix a. The
purpose of this paper is to provide an equivalent PDE formulation for H(y, v) in terms of Fokker—
Planck equations when the cost function f is not strictly convex and behaves like f(a) ~ |al
(i.e., for example, for the trace or spectral radius of a nonnegative symmetric real d x d matrix),
thereby narrowing the “gap” between the classical static formulation for H(u,v) and the dynamic
formulation involving a PDE.
In particular, we introduce the minimization problem

! da,
F(u,v) :=inf d|A,|de
S T i L

where f is a nonnegative convex positively 1-homogeneous function and the Fokker-Planck
equation 0,0 = tr(%Vz/l) in (0,1) x R4 holds in the weak extended sense of measure-valued
solutions (see Section 2.2), namely, A does not have to be absolutely continuous with respect
to p, in contrast to the Fokker-Planck equations 0,0 = tr(%Vzap) in (0,1) x R? considered by
Huesmann and Trevisan in [19], where the analysis is carried out for g-admissible costs. By
defining G(x, p) = F(0y, p), our goal is to prove the equality H(y,v) = F(u,v). Let us highlight that
the dynamic problem F(y,v) is in fact essentially static (see Proposition 9) and, unlike the case
of g-admissible costs [19], we do not have an equivalent Benamou-Brenier type formulation (1)
for F(u,v) (see Remark 12), and hence we cannot use a standard measurable selection argument
to prove the equality between F(u,v) and H(y,v). Therefore, we implement a new analytical
approach.

1
0:0= tr(évzﬂt), Co=L 01 = v},
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1.2. Main results

In Proposition 9, we obtain a formulation that states that F(u, v) is in some sense a static problem,

namely
. da 1 2.\
F(M,V) —lnf{/Rdf(m)dVH ‘ tr(EV A) =V /J}

In Theorem 13, we prove the existence of a solution to F(u, v) whenever F(y, v) is finite and derive
a dual formulation for F(u,v). This dual formulation is further refined in Theorem 34 in terms of
invariant functions under G-transform ¢ — ¢ (see (24)) in line with [2,17]. In Proposition 19,
we prove the existence of a solution to H(u,v) whenever H(u,v) is finite and deduce a dual
formulation for H(y, v) relying on the G-transform, which is then refined in Theorems 26 and 33,
where the supremum is taken over potentials whose opposite is fixed by the G-transform. Since
the dual competitors for H(y,v) are less regular than the dual competitors for F(u,v), and
the supremum is taken for the same functional for both F(u,v) and H(y,v) (see Remark 35),
we first prove the equality F(u,v) = H(u,v) when G-invariant functions can be approximated
by smooth G-invariant functions in a suitable sense (see Theorems 37 and 39). Next, under
the coercivity assumption on f, we characterize bounded continuous G-invariant functions as
viscosity solutions of the Hamilton-Jacobi-Bellman equation (see Proposition 47). This, under
the coercivity and growth assumptions on f, yields the dual formulation for H(y,v), where the
competitors are viscosity solutions of the Hamilton-Jacobi-Bellman equation (see Corollary 49).
Then we perform a smoothing procedure and obtain the equality F(u,v) = H(u,v) when the
function f behaves like f(a) ~ |al (see Theorem 50). It is worth noting that the established
equality between F(u,v) and H(u,v) allows us to recover the result of Ghoussoub, Kim and Lin
on the existence of a Brownian martingale (see Remark 38), as well as the Strassen theorem (see
Remark 40).

1.3. Structure of the paper

In Section 2, we introduce our main notation and recall some definitions. In Section 3, we an-
nounce our basic assumptions on the cost function f and introduce the minimization prob-
lem (5) involving Fokker-Planck equations in the extended sense of measure-valued solutions.
We prove Proposition 9 and Theorem 13. We deduce that the functional F is convex, subaddi-
tive and lower semicontinuous in an appropriate sense (see Proposition 16). Next, we introduce
the weak transport problem (23) (static formulation) associated with the problem (5) (PDE for-
mulation) and prove Proposition 19. We develop the theory of subadditive cost functionals that
appeared in [2, Section 6], where the role of R? is replaced by the closure of a bounded open con-
vex subset of R?. Unlike [2], this paper considers the set of probability measures on R that is
not compact, which leads to additional difficulties. We obtain new results either under the coer-
civity assumption on f (see Propositions 24 and 25) or under the growth assumption on f (see
Propositions 30 and 31). We prove Theorems 26, 33 and 34. In Section 4, the equality between
F(u,v) and H(y,v) is proved: under the approximation assumptions on G-invariant functions
(see Theorems 37 and 39); under the coercivity and growth assumptions on f (see Theorem 50).
We consider in detail four examples (A)-(D) for which we compute F(y, v) in terms of p and v.

2. Preliminaries
2.1. Conventions and notation

Conventions. In this paper, we say that a value is positive if it is strictly greater than zero, and a
value is nonnegative if it is greater than or equal to zero. Euclidean spaces are endowed with the
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Euclidean inner product a-b = a®b and the induced norm |a| = Vala. By d we denote a positive
integer.

Notation. For 7 > 0, B, (x), B,(x), and 8B, (x) denote, respectively, the open ball, the closed ball,
and the (d — 1)-sphere with center x and radius r. Let S; be the space of real d x d symmetric
matrices endowed with the Hilbert-Schmidt (or Frobenius) inner product A : B = tr(A"B) and
the induced norm [|All = VA: A. We write I, for the d x d identity matrix and S}, (resp. S};*)
for the set of symmetric nonnegative (resp. positive) definite real d x d matrices. We write
2,((0,1) x [Rd) (resp. 2,(R%)) for the set of probability measures u on (0,1) x R% (resp. RY)
such that f 0.1) xR | x|? du(t, x) (resp. fn@d |x|? du(x)) is finite. We endow 22, (R%) with the topology
generated by the 2-Wasserstein distance (see [27, Definition 6.8 and Theorem 6.9]). We write
A((0,1) x RY, S:;) (resp. 4 (R%, S*)) for the set of measures A on (0,1) x R (resp. R%) with values
in S; such that for each Borel set E c (0,1) x R? (resp. E c R%), A(E) € S;. For a measure A,
we denote by |A] its total variation. By Gy, (R%) we denote the space of all real-valued bounded
continuous functions on R%. We write %A (RY) (resp. %, (R%)) for the set of all bounded lower
(resp. upper) semicontinuous functions on R?. If U c R? is Lebesgue measurable, then L' () will
denote the space consisting of all real measurable functions on U that are integrable on U. By

L, C(U ) we denote the space of functions u such that u € LY(V) forall V € U. We use the standard
notation for Sobolev spaces. For an open set U c R?, denote by WO1 P (U) the closure of CU)
in the Sobolev space WLP(U), where CZ°(U) is the space of functions in C*°(U) with compact
support in U. By £" and #" we denote the r-dimensional Lebesgue and Hausdorff measure,
respectively. For each p € 2, (R%), [u] and var () will denote the barycenter and the variance of i,
respectively. Namely, [u] = [ps xdp(x) and var(u) = [alx1 dp(o) — | ().

2.2. Fokker—Planck equation for general measures

Let Cé’z ((0,1) x R%) be the space of functions continuously differentiable once in ¢ and twice in x
in (0,1) x R4 with uniformly bounded d;¢ and Vz(p.

Given a pair of measures (g, A) € 2,((0,1) x [RZ”)[() x M((0,1) x R, §%) such that one can disinte-
grate p = oy eLIL (0,1, =1,02L1L (0,1),we say that the Fokker-Planck equation in the weak
extended sense of measure-valued solutions

1
d0= tr(EVZA) in (0,1) x RY (GFPE)
holds if )
/ AR dt < +o00
0

and for each ¢ € Cl'z((O 1) x IRd) with (closed) support in (0,1) x R,

//atw(tx)dpt(x)dt— // V2(t,x) 1 dA,(x) dt. )

If (o, 1) € 2,((0,1) x R?) x .4((0,1) x R%,S%) is a solution to (GFPE), then there exists a narrowly
continuous curve (9¢)jo,1] < P (RY) such that g; = p; for %lae. t € (0,1). Moreover, if
yeCiRY) and0< 1 < <1, then

15 1
/ Y(x)dps, (x) - / Y (x)dpy, (x) = / / VA (x) :dA () de 3)
R4 R4 t Rdz

(the reader may consult [4, Lemma 8.1.2] and [26, Remark 2.3]). Thus, for a solution (p,A)
to (GFPE), without loss of generality, we shall assume that (o) se(o,1) is narrowly continuous.

Let Cﬁ([Rd) be the space of functions twice continuously differentiable on R whose Hessian is
uniformly bounded.
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Proposition 1. Let (p,A) solve (GFPE), p= w * —limp~ o, andv = w * —lim; »1 o;. Ify € Ctz) (R%)
is convex, the function t € (0,11 — [pqa W dp; is nondecreasing. In particular, [gawdp < [pawdv.

Proof. For every 0 < 1} < £, < 1, using (3) and the fact that ¢ is convex and A; € Jl([Rd,S*), we
have

17 1
/ w(x)dptz(x)=/ w(x)dpn(x)+/ / —Vzw(x):d/lt(x)dtz/ v (x)doy (x),
R4 R4 t R4 2 R4

which completes our proof of Proposition 1. d
For convenience, we recall the next definition (see [24]).

Definition 2. We say that two measures 1, v € 2, (R?) are in convex order, and we write i <¢ v, if
for each convex functiony: R* — R it holds

/u/(x)dp(x)s/ w(x)dv(x).
R4 R4

Remark 3. Notice that u <. v if and only if (v — 1, ¢) = 0 for each convex function ¢ € Cﬁ(IR{d).
Indeed, assume that (v — i, ¢) = 0 for each convex function ¢ € Cg (R%). Then fRd wdu= f[Rd wdv
for each affine map y: R — R. Since every convex function is nonnegative up to the addition
of some affine map, the relation u <. v will be justified as soon as we show that (v —p,¢) =0
for each convex function ¢: R4 — [0,+00). For such a function ¢, there exists a sequence
(@) ken of convex functions ¢y : R — [0,+00) such that @i (-) = inf{p(y) + k|- -y | yE Rd} is
k-Lipschitz and ¢ " ¢ as k — +oo. For each k € N, using convolution with n.(-) = £‘dn(‘ /€),
where € > 0 and 7 is a standard mollifier (as in Lemma 46), ¢ can be uniformly approximated
on R? by a sequence of nonnegative convex smooth k-Lipschitz functions. Again, using the
above mollification procedure, each convex smooth Lipschitz function on R? can be uniformly
approximated by a sequence of convex functions lying in Cﬁ(Rd). After all, taking into account
the above monotone and uniform convergences, for each convex function ¢: RY — [0, +00) we
can find a sequence (@) ken € Cg ®RY) of nonnegative convex functions such that fmed Qrdy —
Jpa@dpand [pa @dv — [pa @ dv as k — +oo. This actually justifies the above criterion.

2.3. Subharmonic functions

Definition 4. A function u: R — RU {—oo} is said to be subharmonic if it satisfies the following
conditions:
(i) u is not identically equal to —oo;
(ii) u is upper semicontinuous;
(ili) for each x e R% andr >0,

u(x) s][ u(y) dj‘c,”d_l(y),
0B, (x)

where f3, o u(y)d#4 (y) = o, o ¥ A ().

1
764-1(0B; (x))

A function v: R4 — RU{+o0} is said to be superharmonic if # = — v is subharmonic. A function
is harmonic if and only if it is both subharmonic and superharmonic. If u € C? ([Rd), then u is
subharmonic if and only if Au = 0 in R4 (see, for instance, [22, Section 3.2]). In one dimension,
a function is subharmonic if and only if it is convex; however, in dimension d = 2 the notions of
subharmonicity and convexity are not equivalent (for more details, the reader may consult, for
instance, [22]). We shall denote by F7(R?) the cone of all subharmonic functions on R%.

Next, we recall the notion of the so-called subharmonic order, which is stronger than the
convex order in dimension d = 2 and is equivalent to the convex order in one dimension. It
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is worth mentioning that the convex order between a pair of probability measures ¢ and v is a
necessary and sufficient condition for the existence of a martingale coupling between p and v,
as was proved by Strassen in [24]. The subharmonic order between p and v is a necessary
and sufficient condition for the existence of a Brownian martingale coupling between p and v
(namely, a transport plan y € II(y,v) which is a joint distribution of (By, B;), where (B;); is the
Brownian motion with initial law y, the law of B; is v and 7 is a possibly randomized stopping
time for the Brownian filtration), as was proved by Ghoussoub, Kim, and Lin in [14].

Definition 5. We say that two measures p1,v € 2,(R%) are in subharmonic order, and we write
W<V, ifforeach ue Ctz)([R%d ) N F#[R?) the following holds

/udps/ udv.
R4 R4

If 4 =4n v, using a standard mollification procedure, we observe that fuqzd udu < fRd udv for
each bounded or Lipschitz u € %]f([Rd).

2.4. Fenchel conjugate

Let X be a normed vector space and X' be the topological dual space of X.

Definition6. Let f: X — RU{+oo} anddom(f) = {x € X | f(x) < +oo} # @. The Fenchel conjugate
f*: X' = Ru{+oo} of f at x' € X' is defined by

[* (&) =sup{x'(x) - f(x) | x€ X}.

If X = S, then the following result holds. Recall that a function f: S; — [0, +o0] is said to be
positively 1-homogeneous if

f(tA) =tf(A) forall A, Be S;andt=0.
We denote by G, (R?, S,;) the space of all bounded continuous functions on R with values into S ;.

Lemma?7. Let f: S; — [0,+o0] be convex, lower semicontinuous and positively 1-homogeneous
with dom(f) c S}, and dom(f) # @. Let V' (G ®R?,84)) — [0, +00] be defined by

d
\P(U):{/l;ed f(TZI)dw' ifae%(u@d,s;), I0|(RY) < +00,

+00 otherwise.
Then ¥ is convex and positively 1-homogeneous. For each ¢ € C,(R%,S),

D d *
\P*(a:{o ifé®Y) c dom(f*), "

+oo otherwise.

Furthermore, for each o € M (RY, S:;) such that |o|(R?) < +oo, ¥ is (i weakly) lower semicontinuous
ato and¥** (o) = ¥(0).

Proof. Given the definition of ¥, to prove the convexity of ¥, it suffices to show that if ¢ € (0, 1),
01,02 € 4 (R, SH) and |o;|(R?) < +oo for each i € {1,2}, then ¥ (to1 + (1 - H)o2) < t¥(01) + (1 -
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1)¥(o2). This estimate comes by using the facts that f is positively 1-homogeneous and convex.

Indeed, we have
d(to;+ (1 -10o2)
Y(to1+(1-t¢ = —_—
( a1+ )02) /Rdf(d|t01+(1—[)02|

d(to;+ (1 —1o>») )
= d(z +(1-1)
/Rdf(d(t|01|+(1—t)|02|) (¢lor] o)

dO’l \J
<t d(tlo1]+ (1 - ool
/Rdf( d(tlo+ (1 - Do) ( 7 o2l)

+(1_t)/ ( o2 ))d(t|01|+(1—t)|02|)

)dit0'1+(1—t)0'2‘

l‘|01|+(1— o]

Zt/ o)t a1~ ”/ o)t

=t¥(o)+1-nN¥(02)
(see Remark 10). The positive 1-homogeneity of ¥ comes from its definition and the positive
1-homogeneity of f.

Next, fix an arbitrary ¢ € Gy, (R?, Sa4)- If £(x9) ¢ dom(f*), then there exists M € dom(f) such that
&(x9) : M > f(M) (see (6)). Since ¢ is continuous, there exists r > 0 such that ¢(x) : M > f(M) for
each x € B, (xo). Defining o, = nM%% L B,(xy) and using the positive 1-homogeneity of f, we
have

d
\P*(é)z/ é(x):dan(x)—/ f( In )dlanlzn/ (x): M- f(M))dx > 0.
R4 R4 d|0'n| B, (x0)

Letting n tend to +oo, we deduce that ¥*(¢) = +oco. On the other hand, if ¢ (R%) = dom( f*), then
for each o € 4 (R?, S:;) such that |o|(RY) < +00, we have

do
/Rds‘(x).do(x) /f(d| |)dIUI

(see (6)) and hence ¥* (¢) = 0. Thus, we have proved (4).

Inasmuch as ¥ is convex and for each ¢ € .4 (R ,S;) such that |o|(R?) < +oo, ¥ is (weakly)
lower semicontinuous at o (which is a consequence of [3, Theorem 2.34] and Remark 10), we
have ¥** (o) = ¥(0) (see [10, Theorem 2.1(i)]). This completes our proof of Lemma 7. O

3. APDE constrained optimization problem

For each g, v € 2, (R%), we consider the following minimization problem

! 1
F(,u,v):inf{/ / f( d/lt )dlﬂtldt‘atQ:tr(—vzl), 0o =L, le’v}, 5)
o Jra” \dIAg] 2

where the function f: S5 — [0, +oo] with dom(f) := {M € Sy | f(M) < +oo} S} satisfies the
following assumptions:

(A0) dom(f)nS}* is dense in dom(f) # @;

(Al) f isconvex and positively 1-homogeneous;

(A2) f islower semicontinuous.

It is worth noting that f is convex and positively 1-homogeneous if and only if f is subadditive
and positively 1-homogeneous. Among the interesting examples of such functions, we empha-
size the following

Examples.
(A) f(A)=tif A=tl; for some t =0 and f(A) = +oo otherwise.
(B) Forsome B€ S, f(A)=A:Bif A€ S; and f(A) = +oo otherwise.
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©) f(A)=tr(A)if A€ S} and f(A) = +oo otherwise.
(D) f(A) isthelargest eigenvalue of Aif A€ S:; and f(A) = +oo otherwise.

Notice that in the example (A) dom(f) is a proper convex subset of S}, in the example (B)
the function f is not coercive, and the example (C) is the particular case of the example (B) with
B=1,.

Using the 1-homogeneity of f, we compute its Fenchel conjugate. For each A€ Sy,

. 0 ifA:M=< f(M) VM edom(f),
f (A)=sup{A:M—f(M)|M€Sd}:{ ! f (6)

+oo otherwise.

In particular, A€ dom(f*) for each A€ —S;.

Remark 8. If F(u,v) < +oo, then u <. v (see Proposition 1 and Remark 3), which implies that
(p] = [v].

Using the 1-homogeneity of f, we eliminate the time variable in (5) via the equation

1
tr(Evz/l =v-u inR% (7

which means that A € .4 (R?, S:;), A (RY) < +00 and

1
/ —v2<p(x):d/1(x)=/ (p(x)dv(x)—/ ) dux) VeeCERY. )
Rd 2 Rd Rd

We denote by Cb((O, 1) x R4, Sd) the space of all bounded continuous functions on (0, 1) x R
with values into S;.

Proposition 9. For each ,v € 2,(R%) the following holds

F(u,v) :inf{/ f(:él) (;v%) = v—u}. 9)

Remark 10. Since f is positively 1-homogeneous, for each positive finite measure m on R such

that |1] < m, it holds a i
/Rdf(ﬁ)dm =/ f(dw)dw

Proof of Proposition 9. Let A€ .4 (R?, S;) be a solution to (7). For each ¢ € [0, 1], define

or=(0-Du+tve ZRY. (10)

Fix an arbitrary ¢ € Ctl)'z((o, 1) x [Rd) with (closed) supportin (0, 1) x R4, Then, using (10), Fubini’s
theorem and integrating by parts, we have

1 1 1
/ / 6[(p(t,x)dpt(x)dt=/ / (p(t,x)dtd/.t(x)—/ / @(t,x)dtdv(x). (1n
0 JRd R4 Jo R4 .Jo

Since tr(3V?1) =v—pand [; ¢(t,-)dt € C2(R?), using (8) and Fubini’s theorem, we deduce that

1 1 1
/ / lVi(p(z‘,x):d/l(x)dtz/ / (p(t,x)dtdv(x)—/ / @(t, x)drdu(x). (12)
0o Jrd 2 rd Jo R Jo

Combining (11) and (12), we get

//0;(p(tx)dpt(x)dt— // (p(t,x):dxl(x)dt,

and hence the pair (p; ® £ L (0,1), A& £ L (0,1)) is a solution to (GFPE). Thus,

F(u,v)sinf{/ f((jil)dlxll (;v%)zv—u}. (13)
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Now assume that F(u, V) < +oo and let (o, ® LT 0,1),1,02L'L (0, 1)) be an admissible pair
for (5). Using (3) with #; =0 and #, = 1, foreach ¢ € Cg([Rd), we obtain

L
// -V2<P(x):d/1t(x)dt=/ w(x)dv(x)—/ @ (x) du(x). (14)
0 Rd 2 [Rd R4

Define
A=mi(Lro L L (0,1) e MR, SD),
where 7% (¢, x) = x for each (¢, x) € [0,1] x R?. Then |1|(R?) < +oo and for each e Gy (Rd,Sd),

1
/f(x):dA(x):/ / E(m*(1,x)) 1 dA(x) dr. (15)
R4 0 JR4
Gathering together (14) and (15), we get

1
/ —Vz(p(x):d/l(x)z/ (p(x)dv(x)—/ px)dux) Y eeCERY.
R4 2 R4 R4

Thus, /1 is a solution to (7). Let ¥ be the convex function of Lemma 7. According to Lemma 7,

1
//f(ﬂx(t,x)):dﬂt(x)dt
Rd
1
Ssup{/ / &(t,x) :dAs(x)de
0
! da,
< d|Aldz.
/O/R (dw) A

Using this together with the fact that A is a solution to (7) and taking into account (13), we
deduce (9), which completes our proof of Proposition 9. 0

=sup Ee GRSy, ERY) < dom(f*)}

EeGp((0,1) xR, Sy), £((0,1) xRY) < dom(f*)}

As a byproduct of the proof of Proposition 9, we obtain the next result.

Corollary 11. If the infimum in (5) is achieved on (p; ® £ L (0,1), 1, ® £ L (0,1)), then the
infimum in (9) is achieved on A = n}(A; ® £ L (0,1)). Conversely, if the infimum in (9) is
achieved on A, then the infimum in (5) is achieved on (o, ® £ L (0,1), 1, ® £' L (0,1)), where
pr=10-tu+tvandr;=A

Remark 12. In general, one cannot find a martingale (X;)eo,1; (for the definition, see, for
instance, [19, Section 2]) with continuous paths whose marginals are p; = (1-#)u+tv for £ € [0, 1].
Indeed, if u =0 ey andv = %(6 x+0y), the optimal curve g, = (1-r)u+ v is absolutely continuous
in the 1-Wasserstein distance, but it is not absolutely continuous in the g-Wasserstein distance
with g > 1, which from the particle point of view means that the particles must jump from x;y
to x or y at a certain rate. This phenomenon occurs because, in contrast to [19], in our case
the cost f is not g-admissible, which correlates with the fact that for a solution (g, 1) of the
problem (5), A does not have to be absolutely continuous with respect to g (the reader may also

consult [11, Remark 3.3]).

3.1. Existence and duality

We introduce a dual formulation to (5) and prove the existence of a minimizer when F(y, v) < +oo.

Theorem 13. For each p,v € 2 (R%) the following equality holds:
1
veCiRY, —f*(ivzw) =0in Rd}. (16)

Moreover, if F(u,v) < +00, then the infimum in (5) (and in (9)) is actually a minimum.

F(u,v) = sup{ V-
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Remark 14. The function f is not strictly convex and, generally speaking, is not coercive (see, for
instance, the example (B)). Notice that in [19, Theorem 4.3] the strict convexity and g-coercivity
(for some g > 1; see [19, Section 2] for the definition) of the cost function are used to prove
the existence of a minimizer of the primal problem. In particular, the fact that the Fenchel
conjugate of the cost function is finite on {tId | = 0} (since the cost function in [19] is g-
coercive) is used to prove that a minimizer in the Fenchel-Rockafellar duality theorem (see [19,
(4.5) in Theorem 4.3]) solves the Fokker-Planck equation, where the diffusion term is weighted
accordingly with the mass. In our setting, if dom(f™*) contained {tId | = 0}, we would have
f = +oo identically on S%*. It is also worth noting that our dual formulation (16) cannot be
derived from the results of [25], established using stochastic control theory. Indeed, in view of
Remark 12, the problem (5) and the semimartingale transportation problems studied in [25] are
different. Furthermore, the existence and duality results in [25] are established under the crucial
coercivity assumption (see [25, Assumption 3.3]), which guarantees tightness of any minimizing
sequences of the (primal) problems in [25] and does not hold for the cost functions behaving like
c(a) ~ |al for a € %, in particular, for our cost f (notice also that [7, Assumption 8.1(3)] does not
hold for f). Thirdly, the coercivity of f is not required in Theorem 13.

Proof of Theorem 13. Let ¥ be the convex function of Lemma 7. We write the dual pairing as
o() foro € (Cb([Rd, Sd))/ and ¢ € Cb([Rd, S4). Then the following implication holds: if ¥** (o) <
+00, then (&) = 0 for each ¢ € Cb([Rd,S;). Assume by contradiction that ¥** (o) < +oo and
o (&) > 0 for some ¢ € Cb([Rid,Sd) such that —¢ € Cb([R%d,S;). Since W*(té) = 0 for each t = 0,
Y**(0) = to({) > 0. Letting ¢ tend to +oo, we obtain ¥** (g) = +o0o, which leads to a contradiction
and proves the above implication.

Next, following [19], we say that ¢ € C,(R%, S) is represented by ¢ € Cﬁ(Rd) if & = —3V2p. We
define ©: C,(R%, S4) — RU {+00} by

(u—v,p) if¢isrepresented by ¢,

+00 otherwise.

0() = {

If ¢; and ¢, represent ¢, then %Vz (1 —2) =0, and hence ¢, (x) = a+ y- x + ¢, (x) for some fixed
aceRand ye R¢. Without loss of generality, we can assume that f[Red (a+y-x)du(x) = fRd(a +
y-x)dv(x), because otherwise F(u,v) and the supremum in (16) are equal to +oo: F(u,v) = +oo
because u and v would not be in convex order; the supremum in (16) is equal to +oco by letting
¥(x) = ty-x, which satisfies — f*(3V?y) = 0 in RY, and letting ¢ tend to +co depending on the
sign of the difference. This implies that (¢t —v,¢p; —¢2) = 0. Thus, ® does not depend on the
choice of ¢. It is also worth noting that the set of represented mappings ¢ € C,(R?, S) is a linear
subspace on which 0 is linear. In particular, © is positively 1-homogeneous with the Fenchel
conjugate
0" (0) =sup{o (&) + (v — u, @) |  is represented}

taking values in {0, +oo} and ©* (o) = 0 if and only if

1
/[Rd Evztp:d(f:/u_&d(pdv—/madcpdu V(pECﬁ(IRd), a7

where we interpret the integral on the left-hand side of the above equality as a duality pairing.
We have proved that if ¥**(0) < +o00, then ¢ is a nonnegative bounded linear functional. We
claim that o is tight and hence induced by a measure. Let g: R — [0, 1] be a smooth nondecreas-
ing function such that g() = 0 for r € (—00,1/2], g(t) = 1 for t € [1,+00) and |g'(1)|,|g"(1)| = 4
for t € R. Define the function h: R — [0,+00) by h(?) = f_toog(s) ds. Then h is a smooth func-
tion, /() = g(t) and h"(t) = g'(£) 2 0 for ¢ € R. For L >0 and x € RY, we set ¢’ (x) = h(|x|> - [?).
Notice that ¢£(x) = —(g(Ix*> — L?)1; + 2g'(1x|* — L?)x ® x) is represented by ¢* and —¢é- = I; on



Bohdan Bulanyi 215

R\ B /77(0). Since v € 2(R?) and h(|x|? - L?) < |x|* - L? < |x* on R?\ B;(0), for each fairly
small € > 0, there exists L > 0 large enough such that

/d h(|1x1? - L?)dv(x) <e. (18)
R

For each ¢ € Cb([Rd,Sd) such that [¢] = 1 and supp(¢) < R\ Bm(O), it holds ¢ < —EL and
—¢ < —¢L. Using this, the facts that o is a nonnegative linear functional and é& = —1V2¢l, (17),
(18) and the fact that i is a nonnegative measure, we deduce the following:

lp()| s o(=¢h = /d h(l1x1* = L2)d(v(x) - p(x0) <€,
R

which proves that o is tight and hence induced by a measure.

The mapping I, is represented by ¢(x) = —|x|?, ¥* is continuous at —I; and ©(I,) < +oo. After
all, applying the formula for the conjugate of the sum ¥*(--) +©(-) at 0 € (Cp, R4, Sd))' (see, for
instance, [10, Proposition 2.3(i)] or [12, Theorem 1.12]), we obtain

inf{¥**(0) +0*(0) | 0 € (Go®R?,$2))'} = sup{-¥* (-O) -0 | £ € G®R?, S},  (19)

where the infimum is actually a minimum if the supremum, coinciding with the supremum
in (16), is finite. The latter holds if and only if F(u,v) < +co. Indeed, if the supremum in (19)
is finite, then according to [10, Proposition 2.3(ii)] (or [12, Theorem 1.12]), the infimum in (19)
is actually a minimum and if o is a minimizer, then we have proved that o € .« (Rd,S:g),
IUI(IRd) < 400, 0 solves (7) for u and v (see (17)) and ¥(o) = ¥**(0). This, together with
Proposition 9, implies that the left-hand side in (19) coincides with F(u,v), and the infimum
in (5) (and in (9)) is actually a minimum. On the other hand, if F(u,v) < +oo, then there exists
o€ J%(Rd,S:;) solving (7) for u and v. For each v € Cﬁ (R%) such that — f* (%Vzw) =0in R, we
have 1 V2y : % < f(%) |o|-a.e. on R, Hence

1_, do )
-wwy=[| =Vy:do< — |dlol,
V= /Rd v ¥ /Rdf(d|0'| o]
which implies that the supremum in (19) is less than or equal to [pq f (%)dlal < +oo. This
completes our proof of Theorem 13. O

Corollary 15. For each i, v € 2,(R%) the following estimate holds:
F(u,v) = f(/ x®x(dv(x) —du(x))). (20)
R4

Proof of Corollary 15. Let A€ dom(f*) be arbitrary and w(x) = Ax - x for each x € R%. Then we
have — f*(3V2y) = — f*(A) = 0 in R?, which, in view of Theorem 13, yields

F(u,v)z/ Ax~xdv(x)—/ Ax-xdu(x)zA:(/ x®xdv(x)—/ x®xd/.1(x)). (21
R4 R4 R4 R4

Since A € dom(f*) was arbitrarily chosen, f* =0 on dom(f*) and f = f** (this comes from (Al),
(A2) and [10, Theorem 2.1(i)]), (21) implies (20), which completes our proof of Corollary 15. [

3.2. Lower semicontinuity, convexity and subadditivity

Hereinafter, we use the notation CI)Z([R”I) for the space of all functions ¢ € C (R?) such that there
exists a constant C > 0 such that | (x)| = C(1 + |x|?) for each x € RY.
Proposition 16. The following assertions hold:

() F is convex on 9,(R%) x 2, (R?%) and lower semicontinuous with respect to the weak
topology on 25 ([R?) x 2, (RY) in duality with ®,(R?) x @, (RY);
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(ii) for each choice of 1, 2, iz € P> (R%),
F(uy, ps) = F(p, p2) + F(p2, 43)-

Proof. Itis a direct consequence of Theorem 13 that F is convex and lower semicontinuous with
respect to the specified product topology, since it is represented as the supremum of the family
consisting of linear functionals that are continuous with respect to this topology. This proves (i).

Let us prove (ii). For each y € Cg (R%) such that — f* (%Vzw) =0 in R%, using Theorem 13, we
have

(U3 = 11, W) = (2 — P, ) + (3 — po, ¥) < F(ua, p2) + F(p2, ps),
which implies (ii) and completes our proof of Proposition 16. O

3.3. Associated weak transport problem

We define the cost function G: R% x P, (R%) — [0, +00] by
G(x) p) = F(6X) p) (22)

By Proposition 16, G is lower semicontinuous in (x, p) and convex in p. For each y,v € 97’2([Rd),
we consider the following weak transport problem

inf{ / G(x,y") du(x) yEH(u,v)}
R4

and define the functional H: e@z(ﬂ%d ) x G (R%) — [0, +00] by

H(u,v) :inf{/ GO, y9)du(x) |y e Oy, v)}. (23)
Rd

Since G(x,5,) = 0 for each x € R% and y* ® p € I1(u, it) when y* = §, for p-a.e. x € R,
Huppw=Fuw=0 Yupe?RY,

which implies that the functional H is proper (i.e., dom(H) # @).

We shall prove the equality F = H. First, we show that H = F, which is a consequence of
Theorem 13. To establish the converse inequality, which is a delicate matter, we develop the dual
result of [6] and the theory for subadditive costs that appeared in [2, Section 6], where the role
of R? is replaced by the closure of a bounded open convex subset of R. The main difficulty is
that, unlike [2], we work with the set of probability measures on R4, which is not compact with
respect to the weak topology.

Proposition 17. Foreachp,v e 9?’2([Rd), H(u,v) = F(u,v).

Proof. Fix an arbitraryy =y* ® p € I1(y, v). According to the definition of G and Theorem 13, for
p-a.e. x € R? and for each y € Cﬁ(fRd) such that - f*(3V2y) = 0 in R?, we have

G(x,y") = /d vy dy*(n) -y ().
R
Integrating both sides of the above inequality over R with respect to g, we obtain
/ G(x,y")dp(x) = / / w(y) dy* () du(x) —/ w0 dux) = (v—p,y).
R4 R4 JR4 R4

This, since y € TI(y,v) and y € C2(R?) satisfying — f* (3 V?y) = 0 in R?, according to Theorem 13,
completes our proof of Proposition 17. d
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For each x € R? and for each universally measurable function ¢: R? — R satisfying the
estimate |¢(-)| = C(1+]-|?) for some constant C > 0, we define

9% )= inf{/d<pdp+G(x, p) ‘ p(—:.@g(Rd)}. (24)
R

Inasmuch as G(x,6,) =0,
9% <. (25)
We denote by q)bb'z(Rd ) the subset of functions in ®,(R%) which are bounded from below.

Remark 18. If ¢ € Oy » (R%), then ¢ is lower semianalytic (and hence universally measurable,
see [9, Proposition 7.47]), bounded from below, |¢C(-)| < C(1+-|?) for some constant C >0 and
the integral f[Rd ¢Cdp is well defined for all p € 2, (R%). In particular, for each x € R, we can
define (pGG(x).

Proposition 19. The following assertions hold:

() H is convex on P [RY) x 2 [RY) and lower semicontinuous with respect to the weak
topology on 2, ([Rd) X QZ(Rd) in duality with ¢>2([Rd) X q)z([Rd); if H(u,v) < 400, then the
weak transport problem (23) admits a solution;

(ii) foreach p,v e 2, (RY),

H(u,v):sup{/ (deu—/ @dv
R4 R4

Proof. According to Proposition 16(i), (x, p) — G(x, p) is convex in p and lower semicontinuous
in (x, p) with respect to the product topology on R? x 22, (R%), where the topology on R is gener-
ated by the Euclidean distance and the topology on 2, (R%) is generated by the 2-Wasserstein dis-
tance (see [27, Definition 6.8 and Theorem 6.9]). Then, using [6, Theorem 2.9], we deduce that H
is lower semicontinuous with respect to the weak topology on (2, (R%))” in duality with (@, (R%))?
and prove that (23) admits a solution whenever H(u,v) < +oo. Applying [6, Theorem 3.1], we ob-
tain the dual formulation (26), which implies the convexity of H. This completes our proof of
Proposition 19. O

P € Dpp 2 (RY) } (26)

To develop the theory of subadditive cost functionals, which appeared earlier in [2, Section 6],
where the role of R? is replaced by the closure of a bounded open convex subset of R%, we need to
introduce some additional assumptions on f, namely either the coercivity (see the example (A)),
or the growth assumption (see the example (B)), or both (see the examples (C), (D)). In particular,
we introduce the following assumptions:

(A3) f is coercive;

(A4) dom(f) =S} and there exists k1 > 0 such that f(A) <« tr(A) forall A€ S.

Remark 20. Since f satisfies (Al) and (A2), the assumption (A3) holds if and only if there exists
a constant ko > 0 such that f(A) = ko tr(A) for each A€ S:;. Indeed, assume that (A3) holds. If
A€ S} and A#0, then, in view of (A1), f(A) =|A] f(ﬁ). Using this, (A0) and (A2), we deduce that
there exists E € S% such that |E|l = 1 and f(E) = min{f(E) |Ee Sh, |El= 1} < +oo. Then, defining
ko = f(E)/Vd, we have f(A) = f(E)|A| = kotr(A) for each A € S*. Clearly, the last inequality
implies the coercivity of f.

Next, we prove that G is narrowly lower semicontinuous if (A3) holds. Recall that (p;)en €

2 (R%) narrowly converges to p € 2(R?) if fRd edp, — fRd @dp as n — +oo for each ¢ € Gy (RY).

Proposition 21. Let (A3) hold, x, — x € R, (pp) nen < P2(R?) and p,, narrowly converges to
pE gg(Rd). Then
G(x,p) < lylf_r,ll&fc(x"’ Pn)-
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Proof. Without loss of generality, there exists a constant C > 0 (independent of n) such that for
each neN, G(xy, p,) < C. Then, by Theorem 13, the infimum in (9), where u =6y, and v = p,, is
actually a minimum. Thus, for each n € N, there exists A, € .4 (R%, S*) such that (Al (R%) < +o0,

tr(%vz/ln) =pn—0x, and G(xp, pn) = [pa f (dM |) d|A,|. Using this and (A3), we obtain

dA,
d
[An| (R )STIO/ f(d|/1n|)dm =n0C

for some constant 7 > 0 independent of n (see Remark 20). Then, according to the Banach-
Alaoglu theorem, there exists A € ./ (R? ,87) such that IAl(RY) < +00 and A, converges weakly
to A. Since, for each ¢ € C2(R?),

1
/Rd(pdpn—(p(xn) :/[Rd Evz(p:dﬂtn,

letting n tend to +oo and using the weak convergences, we deduce that

1
/(pdp—(p(x)z/ ~-V2p:dA. (27)
R4 Rdz

By direct adaptation of the density argument in [26, Remark 2.3], (27) implies that tr(%VZ)L) =
p—0x. Thus, A is a competitor for G(x,p) = F(0x, p) (see (9)), which, in view of the lower
semicontinuity of the function o — [pa f (%) d|o| on the subset of finite measures in .4 (R, SH,
yields the estimate

dA dA,
G(x,p) / f(dw)dlxl|<hm1nf/ f(dM l)dl/l |—11m1nfG(xn,pn)
n

—+00

and completes our proof of Proposition 21. d

Let Ap,2 (R%) be the set of all lower semicontinuous functions @: R? — R such that @ is
bounded from below and for some constant C > 0, \(p(x)| < C(l + |x|2) for each x € R4,

Proposition 22. Let (A3) hold and ¢ € Hy,2(RY). Then the infimum for ¢ in (24) is actually a
minimum and @€ € Sy, o (RY).

Proof. Let x € R? and (p,)nen © 2(R%) be a minimizing sequence for ¢%(x) € R. Then there
exists a constant C > 0 (independent of n) such that for each n € N large enough, G(x, p,;) < C.
Using this, together with (A3) (see Remark 20) and Corollary 15, we deduce that

—sup/ |y| dpn(y) < +o0,

neN

which, in view of [4, Remark 5.1.5], implies that (pj),en is tight. Then, by Prokhorov’s theorem
(see [4, Theorem 5.1.3]), there exists a probability measure p on R4 such that, up to a subsequence
(not relabeled), p, converges narrowly to p. Thus,

/[R yPdp(y) <liminf /R yPdpa(n =4

andpe 9’2([Rd). By the narrow convergence (recall that ¢ € Vbbyz([Rd)) and Proposition 21,
/ @dp+G(x,p) < liminf/ @odp,+ G(x, pn),
R4 n—+oo R4

which says that p is a minimizer in the definition of (pG(x) (see (24)).

Next, we prove the lower semicontinuity of (pG. Let x;, — X, pn € 2, (R%) be a minimizer in the
definition of <pG(xn) and liminf,_ ;o (pG(xn) < +00. Proceeding as before, we can assume that
there exists p € QZ(Rd) such that, up to a subsequence (not relabeled), p,, converges narrowly
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to p. Using the narrow convergence, the fact that ¢ € Ay, » (R%) and Proposition 21, we obtain the
following

(pG(x) < / @dp+G(x,p) < liminf/ edp,+G(xy, pn) = liminf(pG(xn),
R4 n—+oo R4 n—+oo
which proves the lower semicontinuity of ¢© and completes our proof of Proposition 22. U

Under the assumption (A3), we can, on the one hand relax and, on the other hand, strengthen
the dual constraint in (26) using bounded lower semicontinuous functions.

Proposition 23. Letu,ve 2, (RY) and (A3) hold. Then

H(p,v):sup{/ (dep—/ pdv
R4 R4

Proof. Let ¢ € Oy, (R?Y) and ¢,, = min{n, ¢} for each n € N. Then ¢, € C,(R?) and ¢,, / ¢ as
n — +oo. According to Proposition 22, for each n € N and for each x € R?, there exists Pn€P RY)
such that (pg(x) = fRd @ondpn+G(x, py). Since (pg(x) < (x) < +00, arguing by the same way as in
the proof of Proposition 22, we deduce that there exists p € 22 (R%) such that, up to a subsequence
(not relabeled), p, converges narrowly to p. For each k € N, using the weak convergence and
Proposition 21, we obtain

pe yb(u;ed)}. 28)

.. A T G
/med ¢rdp+G(x, p) Slé@l&f/w ¢rdpn +G(x, pp) sl;g_rg&f/w @ondpn+G(x,pn) —lérlljg)f‘l’n (x).
Letting k tend to +oo, by the monotone convergence theorem, we have
(pG(x)s/ @dp+G(x,p)= lim / (pkdp+G(x,p)sliminf<pg(x).
R4 k—+o00 R4 n—+oo

On the other hand, ¢%(x) < ¢®(x) for each n € N and hence ¢%(x) / ¢%(x) as n — +oo. Thus,
by the monotone convergence theorem, [pa ¢Gdpy — [pa@Cdp and [ga@ndv — [pa@dv as
n — +oo. This, together with (26), implies that

H(p,v):sup{/ (deu—/ pdv
R4 R4

Since for each ¢ € A, ([Rd), there exists a sequence (¢ ) en C Cb([Rd) such thatg, /¢ asn— +oo,
repeating the above procedure, we complete our proof of Proposition 23. O

pe Cb(Rd)}.

If the G-transform ¢ — ¢ is idempotent on .%, (R%), the following dual formulation for H (i, v)
holds.

Proposition 24. Let 1, v € 2,(R%), (A3) hold and pCC = ¢C for each ¢ € %,(R?). Then
H(p,v) = sup{(v—p, ) | v € %, RY), —y = (-y)°}. (29)

Proof. Inview of Proposition 23, H(u, v) is greater than or equal to the supremum in (29). On the
other hand, using the estimate ¢ < ¢ in (28), we deduce the following

H(u,v) < sup{(u—v,0° | p € AR} < sup{(u—v,9) | p € ARY), ¢ = ¢°},

where the latter estimate comes from the assumption that @ = ¢ for each ¢ € %, (R?), since
in this case, taking into account Proposition 22, we have {(pG | Qe yb(IR{d)} c{p | peHRY, p=
<pG}. Thus, the supremum in (29) is greater than or equal to H(u,v) and the dual formulation (29)
holds, which completes our proof of Proposition 24. O

The following proposition, which is a generalization of [2, Proposition 6.4], describes some
situations in which the G-transform is idempotent on %, (R%), which in particular happens when
H is subadditive.
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Proposition 25. Let (A3) hold. Then the following assertions are equivalent:

(i) foreach choice of u,v, p € 22 (R%), H(u,v) < H(u, p) + H(p,V);
(ii) for each v,p € P2, (R%) and analytically measurable probability kernel y € R? — y¥ €
P RY,

G(x,v)sG(x,p)+/ G,y dp(y) wheneverv=/ Y dp(y); (30)
R4 R4
(iii) for each ¢ € A RY), pCFC = C.

Proof. The proof of the implication (i) = (ii) follows by choosing y = dy, v = fRd y?dp(y) and
using the definition of H(p,v) as the infimum (see (23)).

Now we prove the implication (ii) = (iii). For each ¢ € .%,(R%), in view of Proposition 22, which
applies in particular to every function lying in .%4,([R%) c Fbb,2 (®%), and inasmuch as @€ < ¢
(see (25)), we have (pG € yb([R{d). Repeating this observation for (pG € A (IRd), one can see that
%% € A (R?) and ¢%C < ¢C. Thus, it is enough to prove the estimate

¢ (x) < / d(pG(y) dp(y) +G(x, p) 31)
R

for each x € R? and p € 2 (R%). Using the lower semicontinuity of G and the fact that ¢ € %, (R%),
we deduce that the function (x, p) — f[Rad @dp + G(x, p) is lower semicontinuous on RY x 92([Rd),
where the topology on R is generated by the Euclidean distance and the topology on 2 (R?) is
generated by the 2-Wasserstein distance. Then, according to [9, Proposition 7.50], for each € > 0
there exists an analytically measurable probability kernel y € R? — y¥ € 22, (R%) such that

P°(y) +e= / 9@ dy"(2) + Gy
R

Then defining v(dz) = [pay?(d2)dp(y), integrating both sides of the above inequality with
respectto p € &, R%) and using (ii), we obtain

G(x,p)+/ th(y)dp(y)+€2G(x,p)+/ G(y,yy)dp(y)+/ / p(2)dy? (2)dp(y)
R4 R4 R4 JRd

2G(x,v)+/ @(z)dv(z)
R4

> % (x),

which yields (31) and completes our proof of the implication (ii) = (iii).
The implication (iii) = (i) is a direct consequence of Proposition 24, since for each y € %4, ([Rd)
such that —y = (-y)©,

-y ={p-wy)+{v-p,w) < H(up)+ H(p,v).
This completes our proof of Proposition 25. O

In view of the subadditivity of the function f (see (Al)) and under the assumption (A3), the
functional H is subadditive, and hence the G-transform is idempotent on yb([}qu)'

Theorem 26. Letyu,ve 2, (RY) and (A3) hold. Then
H(w,v) =sup{(v -, y) | v € %, RY), —y = (-y)}.

Proof. The proof follows from Proposition 24 as soon as ¢p©C¢ = ¢C for each ¢ € 4, (R%). This,
in view of Proposition 25, holds if for each p € 2, (R?), v € 2, (R?) and analytically measurable
probability kernel y € R? — y¥ € 22, (R%),

G(x,v)sG(x,p)+/ Gy, y")dp() wheneverv:/ YYdp). (32)
R4 R4
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Using the definition of H (see (23)) and Proposition 17, we have
/R G YNdp(y) = Hip,v) = F(p,v). (33)
Combining Proposition 16(ii) and (33), yields (32), namely
G(x,v) =G(x,p)+F(p,v) =Gx,p) +/[Rd G(y,)/y) dp(y)
(see (22)). This completes our proof of Theorem 26. O
Remark 27. Let E < R%. Then in view of (22) and (24),
~°0) =-y(x) VxeE

= / —ydp+Gx,p)=—-y(x) V(x,p)€ExPRY

- / wp/ )iz o

1
V (x,p,A) € Ex 2R x MR, S}, tr(zvz/l) =p-06,.

Assuming (A4) instead of (A3), we also obtain the dual formulation for H, where the dual
competitors are invariant under the G-transform but belong to @bb,z(ﬂ%d) (see Theorem 32). We
first prove the following key result.

Proposition 28. Let (A4) hold. Then for each p € 2> (R%),

G(Ipl, p) < k1 var(p). (34)
Furthermore, if f = tr on S;, then for each p € 2,(RY),
G(lp), p) = var(p). (35)

Proof. In view of Proposition 9 and (A4),

R R e

Thus, it suffices to prove (35). Assume that f = tr on S;. By Jensen’s inequality, for each concave
function u: RY — R,

(p—061p,uy <0. (36)
Since for each A€ Sy, —tr*(A) =0 & A—-1; <0 (see (67)), according to Theorem 13,

1
G(Ipl,p) = sup{<p =81p,y) | W e CERY), (Evzw— Id) <0on Rd}
=(p—6pl- IZ) +sup{(p -6y, u) | ue Cﬁ(l]%d), u is concave on Rd}
=var(p),
where the last equality comes from (36). This completes our proof of Proposition 28. d

Corollary 29. Let (A4) hold. Then for each lower semianalytic function ¢: R? — R bounded from
below such that ¢ = ¢, the function ¢(-) + |- is convex and locally Lipschitz on R%.

Proof of Corollary 29. Let ¢: R? — R be lower semianalytic, bounded from below and ¢ = ¢C.
According to Remark 27, for each p € 22, (R%),

qo([pl)S/ wdp+G(lpr)S/ pdp+x;
R4 R4

/Rdlylzdp(y)— lip1|*
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where the latter estimate comes from the estimate (34) of Proposition 28. Thus,

o(tp)) +rilipIf < / o0 +xalyF)dp(y). (37)
R
Since 5
ﬂz[_x 4 Vx,yE[Rd,
2 2 2
(37) yields

’

(p(x;ry) +Kl|x;y |2 _ oW ertp(y) . K1(|x|22+ y1?)
which, together with the local boundedness of ¢, implies the convexity of ¢(-) +x]- |2 on R%. For
the fact that a convex function is locally Lipschitz on the interior of its proper domain, the reader
may consult [23, Theorem 10.4]. This completes our proof of Corollary 29. U

Proposition 30. Letu,ve 2, (R%), (A4) hold and (pGG = (pG foreach g € (Dbbyz([Rd). Then
H(p,v) = sup{(v — 9} | -y € Dy (RY), —y = (—y)“}. (38)

Proof. By Proposition 19(ii), H(u,v) is greater than or equal to the supremum in (38). In view of
Remark 18 and Corollary 29, for each ¢ € Oy, » (R%), the functions ¢C and ¢%C are well defined
and ¢C e (I)bbyz(Rd) whenever ¢%C = ¢¢. Then {(pG | @ € Dpp,2 (Rd)} c{p | pe q)bb,z(Rd), Q= (pG},
since (pGG = (pG foreach p € @bb,z([ﬂi’i) by our assumption. Using this and the estimate

/(pcdp—/ wdvs/ (deu—/ eCdv
R4 R4 R4 R4

for each ¢ € Opp» ®4) in (26), we deduce that H (4, v) is less than or equal to the supremum
in (38). This completes our proof of Proposition 30. U

The next proposition is a counterpart of Proposition 25, where we replace the assumption (A3)
by (A4) and describe some situations in which the G-transform is idempotent on @y, » (RY).

Proposition 31. Let (A4) hold. Then the following assertions are equivalent:
(i) For each choice of i, v, p € 2, (R%), H(u,v) < H(u,p)+ H(p,v).
(i) For each v,p € 2,(R?) and analytically measurable probability kernel y € R% — yV €
PR,

G(x,V)SG(x,p)Jr/ G,y dp() wheneverv=/ YYdp(y). (39)
R R

(iii) For each ¢ € Oy (R%), (pGG = (pG.

Proof. The prooffollows by reproducing the arguments of the proof of Proposition 25 with minor
modifications, in particular, using Proposition 30 in the proof of the implication (iii) = (i). U

Theorem 32. Letu,ve 2, (RY) and (A4) hold. Then
H(p,v) = sup{(v—p,y} | -y € @pp R, -y = (—9)°}.

Proof. Proceeding in a similar manner to the proof of Theorem 26, we deduce that the asser-
tions (i)-(iii) of Proposition 31 hold. Then, applying Proposition 30, we complete our proof of
Theorem 32. O

If (A3) and (A4) hold simultaneously, we have the following dual formulation.
Theorem 33. Letu,ve?, ([Rd) and (A3), (A4) hold. Then
H(u,v) = sup{(v -, ) | w € GoRY), —y = (~9)°}. (40)
Proof. The proof follows from Theorem 26 and Corollary 29. d
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3.4. Duality for F in terms of invariant functions under G-transform

The following theorem refines the dual formulation for F(u,v) obtained in Theorem 13 in terms
of invariant functions under G-transform ¢ — ¢ (see (24)) in line with [2,17].

Theorem 34. Foreach ,ve 2, ([Rd), we have
F(u,v) =sup{(v-pw) | v e CCRY, - = (~y)}. 41)

Remark 35. The connection between the formulae (40) and (41) is striking, with the only dif-
ference being that the competitors for F(u,v) are additionally twice continuously differentiable
with respect to the competitors for H(y, v). Moreover, Theorem 50 indicates the equality of these
formulae.

The proof of Theorem 34 is a direct consequence of Theorem 13 and the next result.
Proposition 36. Lety € CZ(RY). Then —f*(3V*y) =0 inR? ifand only if—y = (-y)°.
Proof. According to Theorem 13, for each x € R?, p € 2,RY) and y € C2(R?) such that
- (3%) =0inRe,
Gx,p) = /[Rd ydp-y(x)
and hence
) = inf{/ﬂw —ydp+Gx, p) ' pe, ([de)} = —y(x).

Thus, -y = (—) (see (25)).

Let us now assume that y € C2 (R%) and -y = (—y)C. Fix arbitrary A = (aij)?jzl € S;* and
Xo € RY. Let ga(x,y) be the Green function of the elliptic operator L = —Z;.’ljzl a;jd;j=—div(AV)
on B, (xg), namely, for each y € B;(xo), ga(+,y) € Wol'p(Br(xo)) whenever p < d/(d - 1) and

—-A:V2ga=6y in2'(B,(xp),
which means that
—/ A:V2p(x)galx,y)dx=@(y) VY ¢@eCiB(x)
By (xo)

(see, for instance, [20]). Since A € S;Jr, A= Pdiag(/ll,...,/ld)PT for some orthogonal real
d x d matrix P and positive numbers A; > 0. Also A™' € S;’ and there exists the unique
matrix B € §}* such that A = B~%, namely B = Pdiag(1/y/A1,...,1/y/A4) PT. Fix an arbitrary
v € C2(R?) and define u(-) = v(B~'-) so that u € C2(R?). Then A: V?u(x) = Au(Bx) for each
xeRY If g is the Green function of the Laplace operator on BB,(xg) = {Bx | X € Br(xo)},
then g4(x,y) = det(B)g(Bx,By). To lighten the notation, define U = BB,(xp). Next, using the
Green representation formula, changing the variables and using that A : VZy(x) = Au(Bx) and
ga(x, xo) = det(B)g(Bx, Bxp), we have

v(xp) = u(Bxp)

:—/ Au(x)g(x,BxO)dx—/ u(x)Vg(x,Bxg)‘V@U(x)de]fd_l(x)
U U

= —det(B) Au(Bx)g(Bx,Bxp)dx
By (x0) (42)

— det(B) u(Bx)Vg(Bx,BxO) . V@U(Bx)‘B_TV(x” d%d—l(x)
0By (xo)

=—/ A:Vzv(x)gA(x,xo)dx—/ v(xX) AVgA(x, X0) - v(x) A9 (%),
By (x0) 0By (x0)
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where vy and v denote the outward pointing unit normal vector fields along 0U and 0B, (xp),
respectively.

By Hopf’s lemma (see [18,21]), —AVga(x, xp) - v(x) > 0 for each x € 6B, (xp). Then, using (42)
with v = 1, we obtain p = —AVga(-, xo) - v(-) A% L 0B, (x0) € 2> (R%).

Altogether, due to (42) and the fact that v e Cﬁ([R{d) was arbitrarily chosen, we have

1
tr(gvz/l) =p—0x (43)

where A = 2Aga(+, x0) L% L B, (x) € 4 [R?,S*) and |A|(RY) < +oo. Since —y(xp) = (—y)“ (x),

according to Remark 27,
dA
/Rdf(M)dlM = /Rdwdp—wxo).

This, together with the positive 1-homogeneity of f (see (Al)), (43) and the fact that v € Cg([Rd),
implies that

1
/ flAgalx, xp)dx = / A =V (x)galx, xo) dx. (44)
B (x0) Br(xg) 2

Assume by contradiction that A : %Vzw(xo) — f(A) > 0. Then there exist €, > 0 such that for
each x € B, (xp), A: %Vzw(x) — f(A) = &. But this contradicts (44), since fBr(xO) galx, xo)dx > 0.
Thus, A: 3V2y(x0) — f(A) < 0, which implies that §V?y(x) € dom(f*), because A € S** was
arbitrarily chosen and S;* Nndom(f) is dense in dom(f) (see (A0)). Since x( € RY was arbitrary;,
1V2y(RY) < dom(f*), which holds if and only if — f* (3 V?y) = 0 in R?. This completes our proof
of Proposition 36. U

4. Fversus H
4.1. F = H under approximation assumptions

Our first type of approximation assumption is related to the assumption (A3).

Theorem 37. Letpu,ve 9)’2([[@‘1) and (A3) hold. Assume that for each y € @/b([R%d) such that —y =
(—)€ there exists () peny  C2(R?) such that —y, = ()¢ for each n € N and (v - p,y,) —
(v—p,w) asn— +oo. Then F(u,v) = H(u,v).

Proof. By Proposition 17, F(u,v) < H(u,v). Next, using the assumption of Theorem 37, together
with Theorems 26 and 34, we have H(y,v) < F(u,v). This completes our proof of Theorem 37. [

Example (A). Foreach A€ Sy,
t if A= tI,; for some t =0,
fla) = . (45)
+oo otherwise.
Clearly, f satisfies (A0)-(A3). Then for each A€ S,
0 iftr(A) <1,

¥ (A) =sup{A: M- f(M)| M € dom(f)} = { . (46)
+oo otherwise.

Given p, v € 2, (R%), using Theorem 13 and (46), we have
F(u,v) = _ 2 mdy o o2 d
U,v) =sups(v—u,y) u/ECb([R ), tr 2V Yyx)[=1VxeR

1 2
=sup{<v—u,w> ' veCERY), A[Ew(x)- %

1
- <v—p,E|-|2>+sup{<v—p,(p) |pe C2RY), Ap(x) <0 ¥ xR}

<0 VxEIRd}
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d d (47

1 1
_ s var(v) - < var(u) if p<g, v,
+00 otherwise

_ {f(fRd x@xd(v(x) - pu(x))) ifp<emv, 48)

+00 otherwise,

where to obtain (47) we have used the fact that if u <y, v (see Definition 5), then [u] = [v] and
hence (v —p, 11+1*) = 3 var(v) — 3 var(u). To obtain (48) we have used the following. Notice that a
competitor A for (9) such that [pq f(%) d|A| < +ocowith f defined by (45) has the form A = u I; m,
where m is a nonnegative measure on R?, 1 > 0 m-a.e. on R and u € L' (R?,dm). Furthermore,
such a measure A solves tr(%Vz/l) =v—uif and only if A(% um) = v—p in the weak sense (see (8)).
Thus, foreach i, j € {1,...,d} such that i # j, we have

/(x,?—xz.)dv(x)—/ (x,?—xz.)du(x)z/ lA[xl?—xz.]u(x)dm(x)=0 (49)
[Rd J Rd J Rd 2 J
and
1
/ x,-xjdv(x)—/ xixjdp(x):/ ~Alx;xjlu(x)dm(x) = 0. (50)
R4 R4 R4 2

If 1 <¢n v, by (47), F(11,v) < +oo. Then, (49) and (50) imply that [pq x ® xd(v(x) — p(x)) € Shisa
diagonal matrix equal to [pq élxl2 d(v(x) - p(x))I; and hence

[ L )=t 1
f(/Rdxobxd(v(x)—u(x))) = /med el d(v(x) — ) = - var(v) = —var(u).

Thus, for each a € R?, for each e R% and for each A€ S such that tr(A) = 0, the function

w(x):a+x~f+(A+%d):x®x

is a dual optimizer for F(u,v), which is understood in the setting of (16), when F(u,v) < +oo and
f is defined by (45).

Notice that the equality F(u,v) = H(u,v) when f is defined by (45) can be proved based on the
results from [14], as well as using Theorem 37. Below we present both approaches allowing the
reader to verify the assumptions of Theorem 37 in the context of the example (A).

e By (47), if F(u,v) < +oo, then p and v are in subharmonic order. It follows by [14, Theorem 1.5
and Remark 1.7] that in this case there exists at least one transport plan y € I1(y, v) such that
y =y~ ® pwith §, <¢, y* for u-a.e. x € R%. For this transport, one gets

/ G(x,yx)du(x)=/ F(6x, v du(x)
R4 R4
1
= /IR{d E(var(yx) —var(6)) du(x)

= é/ var(y™®) du(x)
Rd

1
7/ (/ |y|2dyx(y)—'/ ydy*(y)
R4 \J R4 R4
1
=3(/ |y|2dV(y)—/ |x|2du(x))
R4 R4

=F(u,v),

2
) dp(x)

where we have used the facts that x = [y*] and [u] = [v]. The equality F(u,v) = H(y,v) then
directly follows from Proposition 17.
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« We check the assumptions of Theorem 37. For each r > 0 and y € R%, we define the measure
Ayr=2Ig g(-,y)ffd L Br(y) € J[([Rd, S;), where g is the Green function of the Laplacian on
B, (y). Let w € 2, (R%) and — = (—)C. Using the facts that

1 _ 1 d-
tr(ivzﬂty,,):,;fd Y(0B,(y) "' #4 L aB,(») -6,

and

/f( d)Ly”)dm | / 290, y)dx= 1
= X, X=—-—,
re” \didy ) g ) gy d

according to Remark 27, we have

2
][ —y@dA w0 + =~y
0B, () d
This implies that
d
Then, by Definition 4, W(-) := —y(-) + él -|> € #7(R%). Fix an arbitrary ¢ > 0. Defining for each
xeR?,

2 2
][ (—w(x) + ﬁ)d;ﬁ‘“(x) >y + 2
0B (y) d

Yelx) = /d Y ()ne(x—y)dy,
R

where 1:(+) = e79n(-/¢) € CP(R?) and 7 is a standard mollifier as in Lemma 46, we observe
that ¥, € Ctz)([R%d) is subharmonic on R (the reader may consult the proof of Lemma 46). For
each p € 2 (R%) and y € R? such that A(% um) = p—6, for some nonnegative measure m on R4
and ue ! ([Rd, dm) such that u =0 m-a.e. on [R{d, it holds 6y <sh p- Thus,

/d Y. (x)dp (x) =2 P (), (51)
R

since ¥, € Ctz’([Rd) n 7€ (RY) (see Definition 5). Next, observing that £+ € C? (RY) N 72 [RD),

where 2 2 Ix[2
X X

if A(um) = p—6,, we have

RN e Iz
/Rdudm—/RdzA( p )u(x)dm(x)—/Rd p dp (x) - Ik

Using (51), the above formula and the fact that

dA
dm= — |d|A],
/Rd” " /Rdf(dw) A
lyl?

|x|2 da
Joreta =g ) o | (g am=wen =155

This, in view of Remark 27, implies that ¥, — él . |§ = (‘I’E - él . Ii)G on R4, Fix now a sequence
of sufficiently small positive numbers (€,) ,en such that £,, — 0+ as n — +oco. Observe that

2

| En

where dA = ul; dm, we get

Y, (x)— — —y(x) VxeR?

(here we use that the convolution of a subharmonic function converges to this function
everywhere, in view of the monotonicity condition of subharmonic functions; see, for instance,
[22, Section 2.9]). Altogether, we have defined the approximation sequence () neny = (- We, +
L1412 ) ,en for v in the sense of Theorem 37. Therefore, according to Theorem 37, F = H when
f is defined by (45).
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Remark 38. Applying Theorem 37 when f is defined by (45) allows us to recover the result of [14],
namely the fact that whenever p and v are in subharmonic order, then there exists at least one
transport y € [1(u,v) such that y = y* ® u with 5, <, y* for p-a.e. x € R,

Our second type of approximation assumption is related to the assumption (A4).

Theorem 39. Let pu,v € 9’2([11{’1) and (A4) hold. Assume that for each ¢ € @y, o (RY) such that
¢ = @Y there exists a sequence (¢ ,) nen < Cﬁ([Rd) such that ¢, = ¢S foreachne N and (v—u, ¢, —
(Vv—u,p) asn— +oo. Then F(u,v) = H(u,v).

Proof. By Proposition 17, F(u,v) < H(u,v). Next, using the assumption of Theorem 39, together
with Theorems 32 and 34, we have H(u, v) < F(u,v). This completes our proof of Theorem 39. [

Example (B). Forsome B € S, and for each A€ S,

A:B ifAESz,

- (52)
+oo otherwise.

f(A):{

Then f satisfies (A0)-(A2), (A4) and for each A€ Sy,

. . 0 ifA-B=<0,
(A =sup{(A-B): M |MeS}}= ) (53)
+oo otherwise.

Given p,v € 2, (R%), using Theorem 13 and (53), we obtain
2mdy 1o2 d
F(u,v) :sup{(v—u,W) ‘ v e CGERY), EV Y(x)-B=0VxeR }

= / B:x®xd(v(x) — u(x)) +sup{(v— @) | ¢ € C2RY), ¢ is concave on R?}
R4

| JgaBixoxd(v(x) - px) if p<cv, -

| +oo otherwise

_ Jf(Jrax@xd(vix) - p)) ifps<cv, (55)
+0oo otherwise,

where to obtain (54) we have used Remark 3. Notice that for each a € R and for each ¢ € R?, the
function

Yyx)=a+x-{(+B:x®x

is a dual optimizer for F(u,v), which is understood in the setting of (16), when F(u,v) < +oo and
f is defined by (52).

The equality F(u,v) = H(u,v) when f is defined by (52) can be proved based on the Strassen
theorem, as well as using Theorem 39. We present both approaches, which allows the reader to
verify the assumptions of Theorem 39 in the context of the example (B).

e By (54), if F(u,v) < +o0, then p < v. It follows by the Strassen theorem (see [24]) that there
exists y € [1(u, v) such that §, <. v~ for y-a.e. x € R for which

/ G(x,y") dp(x) = / F(8, 7 ) du(x)
R R4

:/ (/ B:ye®ydy*(y) - B:x®x|du(x)
RA \J R

=F(u,v).
The equality F(u,v) = H(u,v) then directly follows from Proposition 17.
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« We check the assumptions of Theorem 39. Let ¢ € ®,(R?). We claim that ¢ = ¢ if and only if
the function ¢p € d)z([Rd) defined by ¢p(x) = ¢(x) + B: x ® x is convex on R4, Indeed, if ¢p is
convex, using Jensen’s inequality and (54), for each p € Wg(Rd), we have

(p([p])s/Rd(q)(yHB:y@y)dp(y)—B: (pl®[p] =/Rd(pdp+G([p],p), (56)

which, in view of Remark 27 and (54), yields ¢ = ¢ on R%. The same argument yields that if
¢ = % onRY, then for each p € 2 (R%), (56) holds and hence

pg(lpl) < / @gpdp. (57)
Rd

Foreach x,y € RY, choosing p = %(6,5 +6y) in (57), we obtain

x+y) @) @y
(pB( 2 )S 2 2

)

which, since @ is continuous on R?, implies that ¢ is convex on R¥. This completes the proof
of our claim.

Let ¢ € Dpp 2 (RY) satisfy ¢ = . Then ¢p is convex on RY. Furthermore, there exists a se-
quence (W) ken Cﬁ([Rd) of convex functions such that [ W dp — [ @pdpand [payedv —
fn@d ¢pdv as k — +oo (we refer to Remark 3). For each k € N, define ¢ (x) = w(x) — B: x® x for
each x € RY. Since v € C2(R?) is convex, ¢ = ¢ € C2(R?). This defines the approximation
sequence for ¢ in the sense of Theorem 39, since

/(pkdu—>/ ((pB(x)—B:x®x)du(x)=/ @du
R4 R4 R4

/ @pdv— / (pp(x)—B:x®x)dv(x) = / @dv
R4 R4 R4
as k — +oo. Therefore, according to Theorem 39, F = H when f is defined by (52).

and

Remark 40. Applying Theorem 39 when f is defined by (52) allows us to recover the Strassen
theorem, namely the fact that whenever p and v are in convex order, there exists at least one
transport y € II(u, v) such that y = y* ® u with §, <. y* for y-a.e. x € R?. The same observation
holds in the context of Theorem 50 when f is defined by (66).

4.2. Viscosity solutions

In this subsection, under the assumption (A3), we characterize the functions ¢ € Cb([Rd) such
that —y = (—) as viscosity solutions of the Hamilton-Jacobi-Bellman equation — f*( %Vz u)=0
in R? (notice that f* is discontinuous and takes its values in {0, +oo}, see (6)).

Remark41. Let (A3) hold. Since dom(f)n S;’r is dense in dom(f) # @ (see (A0)), foreach A€ Sy,

% 0 if T (A) <1,
ffA=supt(T (A -1)= . (58)
>0 +o0o otherwise,
where

T (A)=sup{A:E|EeS}*, f(E)=1}. (59)

In view of Proposition 36 and (58), if v € Cﬁ([Rd), then —v = (—1//)G on R? if and only if
1- 7 (3V?y) = 0 in R%. However, a function ¥ € C,(RY) such that —y = ()¢ may not be
regular enough to define V2w in the classical sense. Using the theory of viscosity solutions, we
can define V21 in the viscosity sense. Taking into account Theorems 33 and 34, to derive the
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equality between F and H, we first show that each v € Cy, (R?) such that —y = (—) € is a viscosity
supersolution of the equation 1 -9~ (%VZ u) =0in R4 (see Definition 43).
Following [13], we shall say that a function % : S; — R is proper (also called degenerate ellip-
tic) if
F(A)) <F (A1) whenever A; < A,. (60)
Remark 42. For each c € R and A € S}*, the function #(B) = ¢~ A: B, B € Sy is proper.
Furthermore, for each By, By € S, satisfying By < B, we have

1
sup{EBZ:E EeS)", f(E):l}

1
EeS)*, f(E)= 1} > sup{EBl :E

and hence c—J (3B,) < c—J (3B1), where 7 : S; — Ris defined in (59). Thus, #(-) = c—J (3 -)
is proper for each c e R.

For the reader’s convenience, we recall (the reader may consult [13]) the next definition.

Definition 43. Let%: S; — R be proper (see (60)). A lower semicontinuous function u: R* — R is
a viscosity supersolution of & = 0 (a viscosity solution of & = 0) in R? provided that if p € C?([R%)
and x € R? is a local minimum of u— ¢, then F(V2p(x)) = 0.

The definitions of a viscosity subsolution and a solution of & = 0 are likewise, we refer
to [13]. Notice that the function & in (60) and in Definition 43 can be discontinuous. Even
more, allowing & to become infinite (see, for instance, [13, Example 1.11]), we observe that
F = —f*: S4 — {0,—oc} is proper. In particular, since —f* < 0, it follows that any upper
semicontinuous function v is a viscosity subsolution of — f* (%Vz u)=0.

Proposition 44. Lety € C,(R?) satisfy —y = (—y)¢ onR%. Then v is a viscosity supersolution of
1-9(3V?u)=0in R,

Proof. Let xy € Rd, Qe C? ([Rd) and xg be a lo_cal minimum of ¥ — ¢. Then there exists r > 0 such
that y(x) —y(xo) = @(x) — @(xg) for each x € B, (xp). Fix an arbitrary A = (al-j)?,j:1 € 87" such that
f(A) =1. Let g4 be the Green function of the elliptic operator L = — ijzl a;j0;;j on B;(xg). Then,
defining A = 2Aga(+, x0) £ L B, (x0) € AR, S}) and p = —AVgA(+, X0) - v(-). 79~ L 8B, (x0) €
2, (R?), where v(x) is the outward pointing unit normal to 6B, (xp) at x, we know that

1
tr(EVZA) . 61)
(see the proof of Proposition 36). Since ¢ — ¢(xp) < ¥ —w(xp) on E, (x0),
/ pdp —@(xp) S/ wdp—w(x) < G(xo, p), (62)
R4 R4

where the last estimate comes from the fact that —y = (—y) G (see Remark 27). On the other hand,
in view of (61), A is a competitor in the definition of G(xy, p) = F(0 y,, p) (see Proposition 9). Using
this, (A1) and the fact that f(A) = 1, we obtain
G(xo,p)s/ f(ﬂ)dMI:Z/ f(A)gA(x,xo)dxzz/ ga(x, xo)dx.
ra” \dIAl By (x0) By (x0)

This, together with (62) and the fact that we can actually use ¢ as a test function for (61) (since
the supports of the measures A, p and 6, are contained in B/ (xp) and we can multiply ¢ by a
cutoff function equal to 1 on By, (xp)), implies that

/ A: Vz(p(x)gA(x, Xg)dx < 2/ ga(x, xo)dx. (63)
By (x0) By (x0)

Then A: %Vz(p(xo) < 1, because otherwise we could choose r > 0 small enough such that for
some € > 0 and for each x € B, (xy) we would have A : %Vz(,o(x) —1 = ¢, which would lead to a
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contradiction with (63), since fBr(JCO) ga(x,x9)dx>0. Thus, 1 - A: %quo(xo) >0 for each A€ S%*
satisfying f(A) = 1. Therefore,

1 1
l—ﬂ”(EVz(p(xo)) =1 —sup{A: EVZ(p(xo)

AeS)", f(A= 1} >0.
This, according to Definition 43, completes our proof of Proposition 44. d

Next, we perform a smoothing procedure by convolution with a mollifier for a viscosity
solution of 1 - 77 (3V2u) = 0 in R to obtain the classical solution.

Remark 45. The same argument as in the proof of Proposition 44 implies that for each c € R
and for each lower semicontinuous function w: RY — R, w is a viscosity supersolution of
¢ -9 (3V?u) = 0 in R if and only if for each A € S}* such that f(A) = 1, w is a viscosity
supersolution of c— A: %Vz u=0in R,

Lemma46. Let AcS)", ceRandwe LIIOC([R”’) be lower semicontinuous on R?. Letn € C2([R?),
supp(m) = B1(0), 7= 0,7(x) =n(-x), fRd ndx=1andn.(-) = %n(-/¢) foreache > 0. Assume that
w is a viscosity supersolution of c — 37(%v2 u)=0in RY, where I is defined in (59). Then for each
£>0, c—ﬂ”(%vzwg) >0 inR%, where we(-) = Jpa wNe(- = y)dy.

Proof. Let A€ S'* be such that f(A) = 1. Let B € S};* be the unique matrix such that A= B~
and for each x € R%, define v(x) = w(B~!x) and h(x) = v(x) - %lez.

Step 1. We prove that the following assertions are equivalent:
(i) wis aviscosity supersolution of c— A: %Vz u=0in Rd;
(ii) v is a viscosity supersolution of ¢ — %Au =0in [R?d;
(iii) h is a viscosity supersolution of — %Au =0inRY,
The equivalence (i) < (ii) directly follows from A : %Vzuj(x) = %A(p(Bx) whenever (x) = ¢(Bx)
for each x € R? and ¢ € C?>(R?), while the equivalence (ii) < (iii) is straightforward.

Step 2. We prove that the inequality ¢ - %Aug > 0 holds in R?, where v,(-) = fRd v —y)dy
and 7, (-) = (det(B))_lng(B‘1 -). By definition, 7} € C°(R%), supp(@je) © {Bx|xe€ B:(0)}, 7 = 0,
Ne(x) =N (—x) and fRd Me(x)dx = 1. Since w is a viscosity supersolution of c — A: %Vzu =0in R4
(see Remark 45), by the equivalence (i) ¢ (iii) proved in Step 1, # is a viscosity supersolution of
—%Au =0in R%. Let us show that h(-) = fRd h(»)ie(- — y)dy is superharmonic in R?, which is
equivalent to the property ¢ — %Avg >0 in R%. The proof is based on the fact that £ is viscosity
superharmonic in R? if and only if f;; .\ h(x)d#%""(x) < h(x) for each xp € R* and r > 0,
namely / is superharmonic in R? (see Definition 4). Thus, changing the variables and applying
Fubini’s theorem, we obtain

][ hg(y)dj‘é’d_l(y)=][ de‘H(y)/ h(2)Tie(y - 2)dz
0B, (x) 0B, (x) R4

:/ dz][ h(y - 2)Tje(2) A7 (y)
R4 0B, (x)

< / h(x—2)7.(2)dz
R4
= hE (x))
where we have also used that JCa B, (x—2) h(y) d#%"1(y) < h(x - z), since h is superharmonic in R?.

Then, by Definition 4, h, is superharmonic in R4. This, since he € C2(RY), implies that — %Ahg >0
in R? and hence ¢ — %Ave >0 in R? as desired.
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Step 3. Using the result of Step 2, the fact that A : V25 (x) = det(B)Afj(Bx) for each x € R and
changing the variables, for each x € R% we deduce the following:

1
0<c- EAvg(Bx)

1 ~
:c——/ v(y)Afj(Bx—y)dy
2 Rd

(det(B))”"

=c- —/ v(y)A: V2 (x-B~'y)dy
2 R4

1
:C__/ v(BY)A: V2e(x—y)dy
2 R4
I
:C_A:EV We (X).

This, in view of Remark 45 and the fact that A € S:;Jr satisfying f(A) = 1 was arbitrarily chosen
(observe that a classical supersolution is a viscosity supersolution, and a viscosity supersolution
of class C? is a classical supersolution), completes our proof of Lemma 46. d

Now we characterize the dual competitors in (40) as viscosity solutions of —f *(%V2 u) =0
in R4,

Proposition 47. Let y € Cy(R?) and (A3) hold. Then —y = (—y)° on R? if and only if v is a
viscosity solution of

—f*(%vzu) =0

inR%,

Remark 48. In [25, Theorem 4.2], in the Markovian case, it was proved that the dynamic value
function is a viscosity solution of the Hamilton-Jacobi-Bellman equation. It is worth noting
that, unlike [25], in our case f* is not continuous and dom(f*) is a closed convex subset of S;.
Furthermore, we provide an analytical proof of Proposition 47 that is different from the proof
of [25, Theorem 4.2], showing in addition that if v is a viscosity solution of the Hamilton-Jacobi—
Bellman equation — f* (%Vz u)=0in R4, then — is invariant under the G-transform.

Proof. By Proposition 44, (58) and Definition 43 (where we allow % to be discontinuous and,
even more, to become infinite), if € Cy, (R?) and —y = (—y)° on R%, then v is a viscosity solution
of - f*(3V2u) =0inR%.

Conversely, if ¢ € Cb([Rd) is a viscosity solution of — f* (%V2 u) =0in [Rd, by (58) and Defini-
tion 43, vy is a viscosity supersolution of 1 -9~ (%V2 u)=0in R?. Next, applying Lemma 46, we de-
duce that for each & > 0, it holds 1 - (1 V2y,) = 0 in R?, where ¥ (-) = [a ¥())ne(- — y)dy and
n is the mollifier of Lemma 46. Hence — f*(3V?y,) = 0 in R (see (58)). This, according to Propo-
sition 36, yields the equality i, = (—=1¢)¢ on R¥ for each & > 0. According to Proposition 22, for
each xe R% and € > 0, there exist p, p. € 2 ([Rd) such that

) x) = / [ ~Wedpe+Glx, pe) (64)
R

and

()% (x) = / [ ~vdp+Glx,p). (65)
R
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Using (65), the fact that v € G, (R%), Lebesgue’s dominated convergence theorem, (64) and the
equality -y, = (—wE)G, foreach x e [Rd, we have

)% x) = / | ~wdp+ G, p)
R

= lim/ —wedp+G(x, p)
Rd

e—0+

> lim / —wedpe + G(x, pe)
e—0+ R4

- lip (o

=—-y(x).

This, in view of the fact that -y > (-y)¢ on RY, proves the equality - = (-y)% on R¢ and
completes our proof of Proposition 47. g

The next corollary is a direct consequence of Theorem 33 and Proposition 47.

Corollary 49. Let i, v € 2 ([R?) and (A3), (A4) hold. Then

Hy,v) = sup{(v—p,ll/) ‘ YE Cb([Rd) is a viscosity solution of —f*(%vz u) =0in [R%d}.

4.3. F = H under the assumptions (A3) and (A4)

Theorem 50. Let (A3) and (A4) hold. Then F = H on 9,(R%) x 9, (RY).

Proof. Let ¢ € Cy,(R?) be a viscosity solution of — f* [%Vz u) =0 in RY. Then, performing the
smoothing procedure as in the proof of Proposition 47, we obtain a sequence of functions v, €
CZ(®R?) such that - f*(3V?y,) =0in R, [pav,dp — [pawdpand [pay,dv — [paydvasn—
+00. Using this, Corollary 49 and Theorem 13, we obtain H(y,v) < F(u,v). Therefore, H(u,v) =
F(u,v), since H(u,v) = F(u,v) by Proposition 17. This completes our proof of Theorem 50. U

Example (C). Foreach A€ S,

tr(A) ifAeSt,
fA)= { d (66)
+oo  otherwise.
Clearly, f satisfies (A0)-(A4). Then for each A€ S,
TA<1 <= A-I;=<0. 67)

Indeed, A: M <1 for each M € S);* such that tr(M) = 1 if and only if (A - I) : M < 0 for each
Me S;, which is equivalent to saying that A — I; < 0. Using this and (59), one deduces (67).
Given u,ve 2, (R%), applying Theorem 13, (58) and (67), we compute

2mdy L2 d
F(,u,v):sup{(v—u,w) veCRY, SVPY(x)~14=0 VxeR }

=(v-ul- |2> +sup{(v-pu)|ue Cﬁ(Rd), u is concave on Rd}

_ {Var(v) —var(u) ifp<c 1./, )
+oo otherwise

_JfUpaxexd(vin) ~pw)) ifpscv, )
+0o otherwise,

where we have used that (v—p, |- |2> = var(v)—var(u) if g <¢ v (in this case [u] = [v]). Foreach a € R
and ¢ € R4, the function vx)=a+¢-x+ |x|2 is a dual optimizer for F(u,v), which is understood
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in the setting of (16), when F(u,v) < +oo and f is defined by (66). By Theorem 50, F = H when f
is defined by (66).

Example (D). Foreach A€ Sy,

Amax(A) if AeSH,
A) = d 70
e { +00 otherwise, 0

where Amax(A) = max{Ax~x | |x| = 1} is the largest eigenvalue of A. Clearly, f satisfies (A0)-
(A4). Every matrix A € S; has d real eigenvalues A1,,...,A4 such that [A1;] = [Ay] = -+ = [A4]
with corresponding eigenvectors vy,..., vg € R? forming an orthonormal basis of R?. Denote
J+ = {] efl,...,d} | Aj = 0}, J-={1,...,d\],, AT = Zj€]+ /1]'Uj ®vj, A~ :Zj€]7 /1jVj ®V;j so that
A= A*+ A~. We claim that

TA)=s1 < Y A=<l 71)

J€J+
Indeed, if A€ S;, then A = PDPT, where D = diag(Ay,...,A4) and P = (v;---vy) € Sy is the
orthonormal matrix with columns v4,...,v4. Let € € (0,1) be fairly small. Define M = PEPT,
where E = (el-j)f,j:1 € S;* is the diagonal matrix satisfying e;; = € if A; < 0 and e;; = 1 otherwise.
Next, we compute
A:M=tu(PDP'PEPY)=tr(DE)= Y Aj+e ) A;.
Jjels jej-

Thus, assuming that 5 (A) < 1 and letting ¢ — 0+, we have }_;c;, A; < 1. Conversely, suppose that
Y jej, Aj<1.Foreach M€ S;J’ such that A (M) =1,

A:M=AT+A):M<stu(A"™M)= ) AjMvj-vj< ) AjAmax(M) <1.
JeJ+ J€J+
This proves our claim.

Given u,ve 2, (R%), using Theorem 13, (58) and (71), we deduce that
F(u,v) —sup{(v ) 'we CERY, Y )L]( Vzw(x)) <1 Vxe[Rd} (72)
Jj€l+
Since %tr(A) < Amax(A) < tr(A) for each A€ S*, we have %F(u, v)<F(u,v) < F(p, v), where

~ . dA 2,) _
F(y,v)-mf{/[R (dl?LI)dw (ZV /1)—1/ ,u}.

In particular, if d = 1, then F (1, v) = F(u,v) and the expression of F(u,v) in terms of y and v
comes from (68), (69). Then, in view of (68),

F(u,v)<+o0o <<= Uu=cv.
Assume that u <. v. Define
a =sup{(v- ) | v e C2(R?) is convex and Ay = 2 in R?}.
Foreach { € 0B1(0), x € RY — |x- &2 belongs to Cﬁ([Rd), is convex and A|x- &2 =2 in R%. Then
®xd - = ®¢: ®xd -
f(/Rdx xd(v(x) u(x))) feIclilBal)((O)f ¢ /Rdx xd(v(x) — px)
2 (73)
= LE12d -
max Rdlx &P d(vix) — p(x)

<a.

Lety € C2(R) be a convex function such that Ay =2 in R?. Define ¢ =y — 3|-|? € C2(RY). Then
¢ is harmonic in RY. Since Q€ CDZ([R{d), using [15, Theorem 2.10], we deduce that there exists
A€ S;such that tr(A) =0, A+ 17"’ >0and Vz(p(x) =2 A for each x € R%. Then there exist a € R and
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{eR? such that w(x) = a+{-x+(A+ %d) : x® x for each x € R%. Thus, taking into account that
U <cv,wehave

Uulre
a =Ssu -
P R4 d

For each A + %d € S:;, where tr(4) = 0, there exist eigenvalues A; = --- > 145 = 0 and cor-
responding eigenvectors vy,...,v4 forming an orthonormal basis of R? such that we have
A+ 17"’ = Zle Aiv; ® v; and Zle A; = 1. This, together with (72), (73) and (74), yields

f(/ x®xd(v(x) —p(x))) =a < F(u,v).
Rd

Next, let ¥ € C2(R?) be such that ¥ jc;, 1j(3V?y(x)) < 1 for each x € R?. Then there exists a
subharmonic function u € Cﬁ(Rd) such that Au =2—Awy = 0. Using [15, Theorem 2.10], we obtain
a matrix A € S, such that tr(A) = 0 and VZu(x) + Vzw(x) =2A+ % for each x € R%. Then there
existae Rand (€ R4 such that y(x)=a+{-x+ (A+ %) :x®x—u(x) foreach x € R4, Taking into
account the constraint in (72) and the assumption y <. v, we obtain

A€ Sy, tr(A) =0,

ue CERY, Au=0inR?

and ¥ jes, Aj((A+2) - 1v2u(0) <1
VxeR?

cx®xd(v(x) - p(x)

I
A+Zesy, tr(A)zO}. (74)

F(u,v) = sup / ((A+ I—d):mx—u(x))d(v(x)—u(x))
R4 d

Conjecture. Ifu<.v, then
f(/dx®xd(v(x)—/.t(x))) =F(u,v).
R

As in the example (C), in our opinion, a dual optimizer for F(u,v) should be sought among
convex functions when f is defined by (70) and u <. v. We expect that such an optimizer exists
and that its Laplacian is equal to 2 in R%. In dimension 1 and in general when u <}, v, the above
conjecture is true and

1 1
F(u,v) = Evar(v) - Evar(p),

where for each a € R, for each ¢ € R? and for each A € S; such that A+ %‘1 =0 and tr(A) =0, the
functiony(x) = a+{-x+(A+ %") : x® x is a dual optimizer for F(u, v), which is understood in the
setting of (16).

By Theorem 50, F = H when f is defined by (70).
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