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1. Introduction

Let §' — S be a morphism of affine schemes, faithfully flat and locally of finite presentation. By a
theorem of Grothendieck, the functor X — X x g S’ induces an equivalence of categories between
the category of S-schemes X and the category of pairs (X’,¢) where X' is an S'-scheme and ¢ a
descent datum for X’ over S’ such that X’ admits an open covering by S'-affine schemes which
are stable under ¢ (cf. [6]). In the case when S = Spec(k), S’ = Spec(k’), and the morphism S’ — S
corresponds to a finite Galois extension of fields k c k/, this is known as Galois descent, and was
proven by Weil (cf. [13]).

The aim of this paper is to present the most natural analogue of this result in the setting of
algebraic stacks. To do this, we build on existing work in descent theory for stacks, especially
results by Giraud [5], Duskin [4], and Breen [3]. Our main contributions are as follows:

(1) we provide a reference for descent theory for stacks, explaining how the aforementioned
results imply that stacks with descent data over a scheme S’ descend along fppf mor-
phisms p: §' — S;

(2) we show that algebraic stacks descend not just as stacks, but as algebraic stacks; we prove
the same for Deligne-Mumford stacks;

(3) we generalize Galois descent from schemes to stacks by considering the case where the
fppf cover is a finite Galois cover, and by attaching 2-descent data to actions of the Galois
group on the stack.
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1.1. Main results

In the case of stacks, the analogue of the aforementioned descent-theory for schemes is a notion
called 2-descent, which appears to have been introduced by Duskin [4]. As it turns out, 2-descent
data for algebraic stacks with respect to faithfully flat locally finitely presented morphisms of
schemes are always effective. More precisely, we have the following result. For a scheme S, let
(Sch/S)gppe be the big fppf site of S as in [12, Tag 021S]; a stack over S is a stack in groupoids
X — (Sch/8)gppt, see [12, Tag 0304].

Theorem 1. Let S’ — S be a faithfully flat locally finitely presented morphism of schemes, and let
X' be a stack over S'. Let (¢, w) be a 2-descent datum for the stack &' over S', see Definition 9.
Then the following holds.

(1) The 2-descent datum (¢, ) is effective. That is, there exists a stack & over S, an isomor-
phism of stacks over S',
p: X x5S %',

and a 2-isomorphism x: p; pocan= ¢o pj p as in the following diagram:

pr(%’xssl) can p;(%XSS,)

lpi‘ P 4 lpé‘ P

pf%’—>¢ P, x’,

such that the natural compatibility between y and v is satisfied.

(2) The stack X' over S' is an algebraic stack over S' if and only if the stack & over S is an
algebraic stack over S.

(3) The stack X' overS' is a Deligne-Mumford stack over S' if and only if the stack & over S is
a Deligne-Mumford stack over S.

Note that even the case where & is a scheme seems to yield a non-trivial result (cf. Corol-
lary 12). Of course, in some sense these results are not surprising: the descended stack & is ob-
tained by defining & (T) as the groupoid of objects of Z'(T x s S') equipped with a descent datum
relative to the 2-descent datum of &, for any scheme T over S. More precisely, the first assertion
in the above theorem follows from the following result.

Theorem 2 (Breen, Giraud). Consider the 2-fibred category
Stacky — (Sch/S)gppt,

whose fibre over U € (Sch/S)g,pf is the 2-category Stack(U) of stacks over U. Then Stack is a2-stack
over S.

Proof. See [3, Example 1.11(1)] and [5, Chapitre I, Section 2.1.5]. O

The other two assertions in Theorem 1 follow from the fact that the property of a stack of
being algebraic (resp. Deligne-Mumford) is local on the base for the fppf (resp. étale) topology;
see Lemma 11 for a precise statement. For details, we refer to Section 3.

Assume that S’ — S is a finite surjective étale morphism of schemes which is a Galois covering
with Galois group T, acting on the left on §'. Then for a stack Z” over ', one can reformulate the
notion of 2-descent datum for ' over S’ in terms of an action of I' on &’ over the action of T
on S over S, as in the classical case. To explain this, for an element o € T, define °%"' as the fibre
product X' xg ', viewed as a stack over S’ whose structure morphism °Z"’ — §' is the pull-back
of the morphism &' — §" alongo: S’ — §'.
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Definition 3. LetS' — S be a finite surjective étale morphism of schemes which is a Galois covering
with Galois groupT. Let &' be a stack over S'. A Galois 2-descent datum consists of:

(1) afamily of 1-isomorphisms of S'-stacks f: °X' = X' (0 €T);
(2) afamily of 2-isomorphisms Y. s fo0 °fr = fro (r,0) €T xI);

such that for each (y,7,0) €T xT x T, the diagram of 2-morphisms

()" (e )
fO' o Uf‘[ o TO'fY o ———— f‘[(f o O-Tfy
f()’* (g"//y,r) l,l/yyro (1)
Yyr,0
foo UfYT fyro

is commutative.

A group action (in the sense of [11, Definition 1.3]) of the finite group I on the stack &’ over S,
which is compatible with the action of T on S’ over S, gives rise to a Galois 2-descent datum
for &', see Proposition 15. Moreover, giving a Galois 2-descent datum for & is equivalent to
giving 2-descent datum for &', see Lemma 13. As a corollary of Theorem 1, one therefore obtains
the following.

Theorem 4. LetrS' — S be a finite surjective étale morphism of schemes which is a Galois covering
with Galois groupT. Let X' be an algebraic stack over S', equipped with a Galois 2-descent datum
(fs (0 €D), 1o (1,0 €1)). Then there exists an algebraic stack & over S and an isomorphism
0: X xsS 5 X' of stacks over S'. The stack & is Deligne-Mumford if and only if &' is.

Observe that the statement in Theorem 4 can be made a bit more precise. Namely, with nota-
tion and assumptions as in the theorem, there exists an isomorphism of stacks p: & xsS' = &’
over S’ as well as a family of 2-isomorphisms y,: pocan = f; o % for o €T as in the following
diagram:

NX x58) —=3 X x5 8

"pJ 7 Yo Jp

0%‘! (%'l
fo ’
such that the obvious compatibility conditions are satisfied.
Returning to the case of an arbitrary faithfully flat locally finitely presented morphism of
schemes S’ — S, Theorem 2 shows that the canonical 2-functor

Stack(S) — Stack({S' — S}),

that sends a stack over S to the associated stack &’ with canonical 2-descent datum over S/, is an
equivalence of 2-categories. Here, Stack({S’ — S}) is the 2-category of stacks over S’ equipped
with a 2-descent datum (see Definitions 9 and 16). With regard to morphisms, this has the
following consequence.

Proposition 5. Let S’ — S be a faithfully flat locally finitely presented morphism of schemes. For
i=1,2, let Z; beastack over S, and let | be the base change of %; along S' — S equipped with its
canonical 2-descent datum (¢;, v ;). Then the canonical functor

Homg(Z1, %2) — Homgescent/s' (X1, $1,¥1), (X, P2, 92))

is an equivalence of categories.



256 Olivier de Gaay Fortman

Here, Homg (%1, %>) denotes the category of morphisms of stacks &1 — %> over S, and
Homgescent/ s’ ((3{1’ ,o1,71), (%2’ 2, 1//2)) the category of morphisms of stacks with 2-descent data
over §' (see Definition 16).

2. Descending schemes

Let p: S’ — S be a morphism of schemes which is faithfully flat and locally of finite presentation.
We get a diagram

P
§" =8 x5 p::l s —3,
2
andif S = S’ x5 8’ xg S, we can extend this to the diagram
"=8"=5—s
where the three arrows S — S are p12, p13 and po3.
Let X' be a scheme over S'. Define
piX' =X x5y 8" pupi X =piX) x50, 8"
and note that p;fkpl’.‘X’ =(p; X") xsrp; S = (piopj)* X
Recall that a descent datum for X'/ S is an S”-isomorphism
¢: pi X' — p; X’

such that the following diagram commutes:

P12
pipy X ———— plop; X' =——=p3pi X’
P§3¢
pispr X' > PrsPy X =——=py3p; X",

In other words, one requires that

Prshopia$=pisp asmorphisms pipi X' — pi3p; X'
Theorem 6 (Grothendieck). Letp: S’ — S be a faithfully flat locally finitely presented morphism
of schemes. The functor X — p* X defines an equivalence of categories between the category of S-

schemes X and the category of pairs (X', ) where X' is an S'-scheme and ¢ a descent datum for
X'1S" such that X' admits an open covering by S’ -affine schemes stable under ¢.

Proof. See [6, Theorem 2 and the discussion below Lemma 1.2]. O

Next, recall how to make this explicit in the case when S’ — S is a finite surjective étale
morphism of schemes which is a Galois covering with Galois group I'. For instance, S could be the
spectrum of a field k, S’ the spectrum of a finite Galois extension k' > k, and T the Galois group
of k'/ k. Let X' be a scheme over S’ and call a Galois descent datum any set of isomorphisms

fo: UX/ el Xl
of schemes over S, indexed by o €T, satisfying the condition that
fro = fo0 °%(f;) asisomorphisms "°X' = °X' = X', Vr,0€l.

An action of T on X’ as a scheme over S is said to be compatible with the action of T on S’ over S
if for each o € T, the composition X’ % X’ — §' agrees with the composition X’ — §' > §'.
Lemma 7. Let p: S’ — S be a finite surjective étale morphism of schemes. Assume 7 is a Galois
covering with Galois groupT. Let X' be a scheme over S'.
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(1) Giving a descent datum for X' over S' is equivalent to giving a Galois descent datum for X'
overS'.

(2) These notions are further equivalent to giving an action of T on X' over S compatible with
the action of T on S’ over S.

Proof. This is well-known; see e.g. [1, Section 6.2, Example B] and [10, Proposition 4.4.4]. U

3. Descending algebraic stacks
3.1. Descent for algebraic stacks

Let p: S’ — S be a faithfully flat locally finitely presented morphism of schemes. Let & be a stack
in groupoids over &', in the sense of [12, Tag 0304]. Let

s"—g XsS, XsS’ Xssl;
itis equipped with four projections
ri: 8" — 8. )
Similarly, S is equipped with three projections g;: S”" — S’. Note that there are canonical
isomorphisms p},p; X’ = (p1op12)* X' = gf Z'. Similarly, there are canonical isomorphisms
PiasPiaPi = (p1opizo pi2s)* = ri ', of algebraic stacks on §'. One has similar isomorphisms
relating the other pfjkp;ﬁpi%’ with r; &', for i,j,k € {1,2,3,4}, &, € {1,2,3}, v € {1,2} and
pell,2,3 45
Consider an isomorphism of §”-stacks (i.e. an equivalence of Sch /S"-categories):
¢: P — 3%,

and let ¥ be a 2-morphism

Y pspopiad = pisd,
which we may picture as the 2-morphism = in the following diagram:

G X =——=pi,pi ¥’ » PPy X == pppi X ———q; X’
/| ®

* * ! pfS(p * * / * * ! * !

PisPI X —— P3P X == PP X ——= 45X .

Consider the four maps
.o 1"
P123, P124, P134, P23a: S — S,

and note that

P123(P33 0 P12®) = P1ozPazho ProzPra® = Tazpomy,p  and  pryspizd =130,

where

i 1
12,713, 14,7023, 724,734 S — S

are the canonical morphisms. For i, j, k € {1,2,3,4} with i < j < k, define
Vijk = pZ‘jkw-
For instance, pulling back y along p;23 gives a 2-morphism

% L% * *
Y123 = ProgV: Mp3 0 Mpp = Mi3¢h.
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Similarly, we obtain 2-morphisms
Y124t Mpgpo My = iy h,
Y134t Magpomizp = w1y h,
Wosa: Wy PoMyp = M5y
Moreover, observe that under p;»3, diagram (3) pulls back to the diagram

X
T, ¢

N —— X =%
H / T35
* gyl HT3¢ * gyl * gyl
N —— R ————r X,

in which the 2-morphism = is the 2-morphism 1123 defined above (and with r; as in (2)). Using
pull-backs by the other three p;;i: S"" — S", we thus obtain four triangles, that we may put
together to form the following tetrahedron:

'

|

r; i 4)

~ 1

* !
ra &

Definition 8 ([11, Section 1.1]). A diagram in a 2-category € consists of a collection of objects,
a collection of 1-morphisms between certain pairs of objects, and a collection of 2-morphisms
between certain pairs of 1-morphisms with the same source and target, such that fori = 1,2, the
sets of i-morphisms in the diagram include all possible compositions of i-morphisms. A pair of
i-morphisms in the diagram with the same source and target is called an i-circuit; such a circuit is
said to commute if the two i-morphisms are equal. A diagram in € is called i-commutative if all
of its i -circuits commute.

Definition 9. Let p: S’ — S be a faithfully flat locally finitely presented morphism of schemes. Let
X' be a stack in groupoids over S'. A2-descent datum for &' over S’ consists of:

(1) anisomorphism of stacks
o:pi X —p; &’
over S";
(2) a2-isomorphism
Y: 3o prad = pisdp
as in diagram (3);
such that the diagram (4) is 2-commutative (see Definition 8). In other words, the 2-morphisms

Wik between the several compositions (4) are compatible, in the sense that the following diagram
of 2-morphisms commutes:

(349)« (W123)
Taypomyponyd P3abopisd

(7, P)" (W234) Y134 ®)

* * V124 %
Py Popi® 208
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This gives the following result.

Theorem 10 (Breen). Let (¢p,y) be a 2-descent datum for the stack X' over S'. Then there exists a
stack & over S, an isomorphism
0: X xS %'
of stacks over S', and a 2-isomorphism x : p; pocan= ¢ o p}p as in diagram
P} x5 S8) = p3 (% x5S
lpi‘ o/ lr’é‘ P (6)
pix’ . Py,

such that the natural compatibility condition between y and v is satisfied.
Proof. This follows from [3, Example 1.11()]. O

To prove Theorem 1, we use the fact that any stack over a scheme S which is smooth locally on
S an algebraic stack, is actually an algebraic stack. More precisely, we have the following lemma,
which is likely well-known but which we include for convenience of the reader.

Lemma 11. Let S’ — S be a morphism of schemes which faithfully flat and locally of finite
presentation. Let & be a stack in groupoids over S and define &' = % xsS'. Then the following
holds.

(1) The diagonal A: X — X xs X is representable by algebraic spaces if and only if the
diagonal N': X' — X' xg X' is representable by algebraic spaces. If this is true, then A
is separated and quasi-compact if and only if A is separated and quasi-compact.

(2) Thestack ' is an algebraic stack over S' if and only if & is an algebraic stack over S.

(3) The stack &' is a Deligne-Mumford stack over S' if and only if Z is a Deligne-Mumford
overS.

Proof. Let us first prove item (1). Since A’ is the base change of A along S’ — S, we may assume
that A’ is representable, separated and quasi-compact, and it suffices under these conditions to
prove that A is representable (indeed, being separated and quasi-compact is fppf local on the
base, see [12, Tag 02Y]]). For this, it suffices to consider to schemes U and V, equipped with
morphisms U — Z and V — &, and prove that the fibre product U x g V is representable by an
algebraic space, see [8, Corollary 3.13]. Define U' = Z' xg U and V' = X' x4 V. We obtain the
following cartesian diagram:

U’ng/V,

V// \UX%V
U V/

SK’/ U

The morphism &' — & of stacks over S is representable as it is the base change of the repre-
sentable morphism S’ — S, hence U’ and V' are representable by algebraic spaces. Since & is
an algebraic stack, the morphism V' — &' is representable by algebraic spaces, which implies
that its base change U’ x o V' — U’ is representable by algebraic spaces. Finally, the morphism
of algebraic spaces U’ — U is an fppf covering, hence an epimorphism. Using [8, Lemme 4.3.3],
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we conclude that U xg V — U is representable. As U is a scheme, U x g V is an algebraic space,
proving item (1).

To prove item (2), assume first that & is an algebraic stack over S. Then & is an algebraic
stack over S by [12, Tag 04T2]. In particular, &' is an algebraic stack over S’ by [12, Tag
04X5]. Conversely, assume that &' is an algebraic stack over ', and let U’ be an algebraic
space equipped with a surjective and smooth morphism U’ — &’. Then &’ is an algebraic
stack over S by [12, Tag 04X5], and the morphisms U’ — &' and &' — & are representable by
algebraic spaces. Therefore, the composition U’ — &' — & is representable by algebraic spaces,
flat, surjective and locally of finite presentation. By Artin’s theorem on representability of flat
groupoids, see [12, Tag 06DC], it follows that & is an algebraic stack over S.

Finally, we prove item (3). By item (2) we may assume & (resp. &) is an algebraic stack over S
(resp. S'). As the morphism &’ — & is representable by algebraic spaces, if & is a Deligne—
Mumford stack over S then & is a Deligne-Mumford stack over S'. Conversely, assume that 2’
is a Deligne-Mumford stack over S'. Notice that & is an algebraic stack over Spec(Z) by [12,
Tag 04X5]. Since &' is a Deligne-Mumford stack over §’, & is a Deligne-Mumford stack, that
is, a Deligne-Mumford stack over Spec(Z). Hence, by [12, Tag 06MB], &' is DM in the sense
of [12, Tag 050D], which implies that Z” is DM over S’ by [12, Tag 050N]. Thus, by [12, Tag 06TZ],
the algebraic stack & is DM over S. Consequently, & is DM by [12, Tag 050N], hence Deligne-
Mumford by [12, Tag 06N3], hence Deligne-Mumford over S. O

Proof of Theorem 1. Theorem 10 yields the stack & over S together with the 1-isomorphism
p: X x5S = Z'and the 2-isomorphism y: p; pocan = ¢o pj p that have the right compatibility
properties with respect to . The remaining assertions follow from Lemma 11. O

Corollary 12. Let S’ — S be a morphism of schemes, faithfully flat and locally of finite presenta-
tion, and let X' be a scheme over S' equipped with a descent datum ¢ as in Section 2. Then there
exists an algebraic space X over S and an S-morphism of algebraic spaces w: X' — X such that the
induced map X' — X xg S’ is an isomorphism of algebraic spaces with descent data.

Proof. Theorem 1 implies the existence of X as a Deligne-Mumford stack, hence we only need to
prove that X is an algebraic space. For this, in view of [8, Proposition 2.4.1.1], it suffices to show
that the diagonal Ax/s: X — X xg X is a monomorphism. This is fppflocal on S [12, Tag 02YK],
thus follows from the fact that X’ — X’ x ¢ X’ is a monomorphism. O

3.2. Galois 2-descent

Recall the notion of Galois 2-descent datum, see Definition 3.
Lemma 13. LetS' — S be a surjective finite étale morphism of schemes which is a Galois covering
with Galois groupT, and let X' be a stack over S'. Then the following sets are in canonical bijection:
(1) the set of 2-descent data for X' over S';
(2) the set of Galois 2-descent data for &' over S'.

Proof. See [1, Section 6.2, Example B] and [10, Proposition 4.4.4] for the proof in the case of
schemes. In the stacky case, one proceeds as follows.
As §’ — S is a Galois covering with Galois group TI', the maps
I'xS —§", (0,x)— (0x,x), @)
I'xI'xS —8", (,0,x)— (0)x,0x,x), 8)

and TI'xI'xI'xS —S", (y,1,0,x)— ((yr0)x,(T0)x,0x,%), 9)
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are isomorphisms. Furthermore, we have canonical isomorphisms

pia =, pa=]2, (10)
oel oel’
qr‘%, — H ‘t’o’ggly qz* — L[ 0%/’ q;%/ — H ,%". (11)
(r,0)el'xT’ (t,0)el'xT’ (r,0)el'xT

The isomorphisms in (10) are isomorphisms of S”-stacks, where [[,cr 7 and [, %" as stacks
over S” via their canonical morphisms to [[,er S’ and the isomorphism S” = [[er S of (7).
Similarly, we view [z o)erxr Z'» Ur.oyerxr °Z" and L gerxr "°Z" as stacks over S via their
canonical morphisms to [[; ,rxrS and the identification S = [I; )erxrS of (8); then the
isomorphisms in (11) are isomorphisms stacks over S”’. We conclude:
(i) Giving an isomorphism ¢: p; X' — p; %' of stacks over S” is equivalent to giving for
each o € T an isomorphism f,: %' — &’ of stacks over S'.
(ii) Let¢: pj X' — p;Z' be anisomorphism corresponding to isomorphisms f,: °Z" — Z'
(0 €T) asin (i). Then the isomorphisms

Pid: N — ;X pud X —a %, plap gl X — a2
induced by ¢ correspond to the isomorphisms
Uf‘[: TO;%‘I _ 0;%'/’ fo': 0'%'/ _ t%-/' f‘[o': TU%/ _ %I ((T,U) € l—~ x r)

induced by the f;; (o €T). In particular, giving a 2-isomorphism y: p3,¢op,¢ = pi;¢p as
in diagram (3) is equivalent to giving for each (7,0) € I' xI" a 2-isomorphism fz0°f; = fi5.

(iii) Let¢: p;Z' — p; Z' be an isomorphism corresponding to isomorphisms f;: °Z" — Z'
(o €Tl asin (i), and let ¢: pJopo pi,¢ = pi3¢ be a 2-isomorphism corresponding to 2-
isomorphisms f; o °f; = f;o ((1,0) € T xT') as in (ii). Then the diagram (5) commutes if
and only if the diagram (1) commutes.

This provides a canonical bijection between the sets (1) and (2). U

Proof of Theorem 4. See Theorem 1 and Lemma 13. O

3.3. Group actions and Galois 2-descent

Let S be a scheme and G a group scheme over S, with multiplication map m: G xs G — G and
unit section e: S — G. Let & be a stack over S. We define a group action of G on & over S
as an action of the functor in groups over S associated to G on the stack & over S, in the sense
of[11, Definition 1.3] (see also [2, Definition 6.1], [7, Section 2.1], and [9, Definition 5.1] for slightly
differently formulated but equivalent notions). For convenience of the reader, we recall that such
a group action consists of a triple (i, &, 8), where p is a morphism of stacks p: Gxs % — & over S,
and a and § are 2-morphisms a: po (idg xp) = po (m xidg) and B: po (e,idg) = idg, asin the
following diagrams:

mxid_%
GxsGxgH ——— Gxs X Gxs&X
,idg
idg xp /a K V’Uﬁ \ 12)
Gxg¥ ——— %, x - Z,
I idg

that satisfy the following compatibility condition. For each S-scheme T, each x,y € & (T) and
each g,h € G(T), a and B are given by natural isomorphisms

Uyt w(g uh,x)) = p(gh,x) and  B: ule,x) = x,
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and one requires that for all T € (Sch/S), x € Z(T) and g, h, k € G(T), we have

Wy i © M @), 1) = A g 0 “féf’ém’ pe Y =ag, Y =ag, a3)
Example 14. Let & be a stack over a scheme S, and let I' be a finite group. Then an action
of I' on & over S is given by an isomorphism p(o): & — % for each o € I, a 2-isomorphism
r,0: (1) o (o) = u(ro) for each 7,0 €T, and a 2-isomorphism f: u(e) = idg, such that the
composition p(y) o u(z) o u(o) = pl(yr) o u(o) = p(yro) coincides with the composition u(y) o
w(@)opl(o) = uly)ou(ro) = u(yro) for y,7,0 €T, such that p(0) . (B) = ag,e: p(o) o ule) = u(o)
for o €T, and such that p(0)* () = @eg: ple)ou(o) = (o) foro el

Proposition 15. LetS' — S be a surjective finite étale morphism which is a Galois cover with Galois
group T, and let ' be a stack over S'. Then a group action of T on the stack Z' over S, such that
foreach o €T the diagram

X - x
§—2=¢
commutes, determines in a canonical way a Galois 2-descent datum for &',

Proof. Let I' act on &’ such that (14) commutes for each ¢ € I'. For ¢ € I', denote by
wo): X' — &' the attached isomorphism. By Example 14, the 2-isomorphisms « and y in the
diagrams (12) are given by 2-isomorphisms

Q7o @) op(o) = uroo) ((r,0)el xI), and B: ule) =>idy .

Denote by cang: °Z’ — &' the base change of 0: §' — §' along &' — §', and define f; =
(oY ocan,. This gives an isomorphism f,: °%’ — %" of stacks over S'. For (7,0) € ' x T,
consider the following diagram, in which can; ,: "%’ — "2 is the base change of 0: §' — §'
along "%’ — S

et

(15)

We obtain canonical 2-isomorphisms
foo%fr =0~ ocang o%fy = plo "o frocan,
= (o ou " ocan;ocany o = (o) opu(r™) ocany,
= po 't Hocang = fro,
whose composition we denote by

Yio: fo o Ufr = fro-
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Then for (y,7,0) €I xI' xI', we consider the following cube of 2-morphisms:

py ™ HouaHouo™) ocany g

py Houa o) ocany 4

,u(y‘lr‘l)o,u(a_l)ocanym fTO’OTUf}’ (16)

foo Ufry

pytr7 o™ Hocany .

/
\ fory -

The face on the back of the cube (16) commutes because of (13). In fact, each face of (16),
except possibly the face on the front, commutes. Thus, the face on the front of (16) commutes as
well. That is, diagram (1) commutes, hence (fy (0 € I),¢,s ((r,0 € T xT)) is a Galois 2-descent
datum. O

4. Morphisms of stacks with descent data

Let S’ — S be a faithfully flat locally finitely presented morphism of schemes. For i = 1,2, let 2
be a stack over S, equipped with a 2-descent datum (¢;,y;), see Definition 9.

Definition 16. A morphism

(X1, P1,91) — (s, P2, 92)
of stacks with 2-descent data over S' consists of a pair (f, &), where f: | — Z, is a morphism of
stacks over S" and a: p; f oy = ¢ 0 py f is a2-morphism as in the following diagram:

* $1 *
PiE ——— P %]

lpi‘f VA ln;‘f
P, —— Py %,

such that the following diagram in the category of stacks over S"' is 2-commutative (in the sense of
Definition 8):

pfz‘/’l
* * / * * ! * * /
P PI &y P12P2 %y Pa3Pi &y
PLrif 209295 PasPif
PTZ(PZ
! ! ! *
PaP1 %, P1aPs %, PasP1 %, Pash1
p;3§b2
* *%/ pf3¢1 * *%'I * *3{'/
P13P14 P13P2 % P3Py
Pispi/ pisps f py3bs f
PT3<P2
* * ! * * / * * /

P3P %, P3P %, Pa3P2 %5

Here, the 2-morphisms in each square are the canonical ones (induced by a).
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Proof of Proposition 5. This follows from [5, Chapitre II, Section 2.1.5] (and is also a special case
of Theorem 2). O

5. Example

Let k be a field and let k < k' be a degree two separable field extension. Let o € Gal(k'/ k) be the
generator of the Galois group Gal(k'/k) of k' over k. Let ' be a stack over k' equipped with a
1-isomorphism

0% —x'
of stacks over k, and a 2-isomorphism a: 6% = idg between ¢ and the identity functor. One
obtains the descended stack & over k by defining, for T € (Sch/k), Z (T) as the groupoid of pairs
(x, ) with x € Z'(Ty) and ¢: x — o(x) an isomorphism such that the composition

¢ )

( X
X o(x) 79 a

a? (x) X

is the identity. There is a natural isomorphism ' = & x .k’ of stacks over k.

Acknowledgments

The author thanks Emiliano Ambrosi and Marta Pieropan for useful discussions and comments,
and he thanks the referee for their careful reading and valuable comments.

Declaration of interests

The author does not work for, advise, own shares in, or receive funds from any organization
that could benefit from this article, and has declared no affiliations other than their research
organizations.

References

[11 S. Bosch, W. Liitkebohmert and M. Raynaud, Néron models, Ergebnisse der Mathematik
und ihrer Grenzgebiete. 3. Folge, vol. 21, Springer, 1990.

[2] L. Breen, “Bitorseurs et cohomologie non abélienne”, in The Grothendieck Festschrift, Vol.
I (P. Cartier, L. Illusie, N. M. Katz, G. Laumon, Y. I. Manin and K. A. Ribet, eds.), Progress in
Mathematics, vol. 86, Birkhduser, 1990, pp. 401-476.

[3] L.Breen, On the classification of 2-gerbes and 2-stacks, Astérisque, vol. 225, Société Mathé-
matique de France, 1994.

[4] J. Duskin, “An outline of a theory of higher-dimensional descent”, Bull. Soc. Math. Belg.,
Sér. A41 (1989), no. 2, pp. 249-277.

[5]1 J.Giraud, Cohomologie non abélienne, Grundlehren der Mathematischen Wissenschaften,
vol. 179, Springer, 1971.

[6] A. Grothendieck, “Technique de descente et théorémes d’existence en géométrie al-
gébrique. 1. Généralités. Descente par morphismes fidélement plats”, in Séminaire Bour-
baki. Volume 12 (1959/60), vol. 5, Société Mathématique de France, 1960. Exposé no. 190.

[71 Y. Laszlo, “Linearization of group stack actions and the Picard group of the moduli of
SL, / us-bundles on a curve”, Bull. Soc. Math. Fr. 125 (1997), no. 4, pp. 529-545.

[8] G.Laumon and L. Moret-Bailly, Champs algébriques, Ergebnisse der Mathematik und ihrer
Grenzgebiete. 3. Folge, vol. 39, Springer, 2000.



9]

(10]

(11]

(12]
(13]

Olivier de Gaay Fortman 265

B. Noohi, “Group actions on algebraic stacks via butterflies”, J. Algebra 486 (2017), pp. 36—
63.

B. Poonen, Rational points on varieties, Graduate Studies in Mathematics, vol. 186, Ameri-
can Mathematical Society, 2017.

M. Romagny, “Group actions on stacks and applications”, Mich. Math. J. 53 (2005), no. 1,
pp. 209-236.

The Stacks Project Authors, Stacks Project. Online at http://stacks.math.columbia.edu.

A. Weil, “The field of definition of a variety”, Am. J. Math. 78 (1956), pp. 509-524.


http://stacks.math.columbia.edu

	1. Introduction
	1.1. Main results

	2. Descending schemes
	3. Descending algebraic stacks
	3.1. Descent for algebraic stacks
	3.2. Galois 2-descent
	3.3. Group actions and Galois 2-descent

	4. Morphisms of stacks with descent data
	5. Example
	Acknowledgments
	Declaration of interests
	References

