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1. Introduction

The study of entire solutions u: R? — R? to the vector Allen-Cahn system
Au=VW(u)

with a triple well potential W: R?> — R started with a first important result in [8] and includes
the more recent works [5,9,11,17] allowing for general, in particular, non-symmetric W. There
is also a growing collection of works in the more general setting of u: R” — R™ and multi-well
potentials W: R™ — R, see [4] and the references therein. A standard assumption in these works
is that one has a strict triangle inequality between the potential wells for the degenerate metric
d(p, q) defined below in (3). Instead, here we pursue the degenerate case of equality as in (4), and
under a set of further generic assumptions on W presented below, we establish a rigidity result
on the possible entire, minimizing solutions.
Let us state our assumptions on the potential.
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For W € C3(R?;[0,00)), we assume that
{peR®: W(p)=0}=P:={p1,p2 p3}
and we assume non-degeneracy of the potential wells in the sense that
D?W (p,) has two distinct, positive eigenvalues for £ = 1,2,3. €))]
Additionally, we assume that for some M >0,
p-VW(p) =0 for|pl>= M. )

Next, we introduce the degenerate metric on R? which arises in many studies of vector Allen—
Cahn:

1
dp,q) = inf{\/ifo w2 (y®)|y (| dt : y e C(10,11,R?), y(0) = p, y(1) = q}. 3)

We will assume that, contrary to the usual assumption of a strict triangle inequality, the following
equality holds:

d(p1, p3) = d(p1, p2) + d(p2, ps)- (4)
This condition comes naturally in models such as tri-block co-polymers and leads to an interest-
ing geometrical phenomenon, see [3]. We will make the generic assumption that the geodesics
from p; to p. and from p, to p3 are unique. For the case when there is nonuniqueness of
geodesics, see for example the work of [2]. We also assume that the only length-minimizing geo-
desic between p; and ps goes through p».

The reason we make this last assumption is that, although we do not attempt to prove it, we
believe that coupled with (4), it gives a set of conditions that are generic, i.e. remain true under
small perturbations of W in the space of three-well potentials. On the other hand, if there were
another geodesic between p; and p3 that does not go through p,, we believe that an arbitrarily
small perturbation of W could break the equality in (4) into a strict triangle inequality.

Remark 1. The conditions above are clearly satisfied by any potential of the form
W(u,v) = wu) + v?, 5)

where w: R — [0,00) is a smooth function with three nondegenerate zeros a; < a, < as. Of course
in this case, the problem reduces to a one-dimensional one since minimizing solutions will be R-
valued. However, less trivial examples could be imagined, either by perturbing (5), or taking W of
the form W (re'?) = w(e'?) + (R? - r)? with R suitably large and w a three-well potential on the
unit circle.

We also note that an equivalent variational description of the distances d(p;, p;) is given by
d(pi,pj) = inf{E(f,R) : fe HL ®RR), f(-00) = pi, f(c0) =pj}, 6)
where 1
E(f,D :=fl(§|f’(t)|2+w(f(t)) dt, IcR. @

Then a minimizer {;;, when it exists, is the parametrization of a geodesic joining p; and p;. It
satisfies the system of ODE’s

(i (0=VW((;j(®) for-co<t<oo, {;j(-00) = pi, {ij(c0) = pj. 8
From the perspective of ODE’s, these parametrized geodesics (;; represent heteroclinic connec-

tions between the potential wells.
We have the following result.

Lemma 2. Under our assumptions on W, there exists a length-minimizing heteroclinic connec-
tion between p and p, as well as between p, and ps, with respect to the metric d. However, there
is no length-minimizing connection between p, and ps.
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Proof. Since (4) implies the strict triangle inequalities

d(p1,p2) <d(p1,p3) +d(ps, p2) and d(p2, p3) <d(pz,p1) +d(p1, p3),

the existence of a heteroclinic connection between p; and p, and between p, and ps is by now
standard, with numerous proofs; see, for example, [15, Theorem 3]. The fact that a length-
minimizing heteroclinic connection between p; and p3 does not exist follows from our assump-
tion that the only geodesic connecting p; to p3 passes through p,. Indeed, were such a hete-
roclinic connection, say ¢, to exist with {(t*) = p, for some t* then integrating (8) one would
find that %|C’(t*) |2 = W({(t*)) = W(p2) = 0, and so by uniqueness of solutions to (8), necessarily
{=po. U

We make the further assumptions that:

¢ the heteroclinic connections between p; and p, and between p, and p3 are unique up
to translation of the parameter;
o the only nontrivial H L(R) solution to the linearized equations v"(t) = DZW(( ijv is
v=(’l.j,for ij=12o0r23).
This last hypothesis is formulated in a paper by M. Schatzman [18] and proved there to be generic.
We will crucially use [18, Lemma 4.5] in our proof of Lemma 10. We will also need the following
assumption, which is also certainly generic, although we will not try to prove this here.

Assumption 3. Ast— +oo, we have(),/|(|,| — e and{},/|(},| — —e, where e is an eigenvector of
D?W (p») corresponding to the smallest eigenvalue.

We remark that from the assumption (1), it follows that each {;; approaches its end-states p;
and p; at an exponential rate, i.e.

|C,‘j(s)—pj|§Ce7” as s — 0o 9)

for some constant ¢ depending on W, with a similar estimate holding as s — —oo. (See Section 2
for details.)
Next, for any bounded open Q R? and anyue H LQ, R?), we define

E(u,Q):[ (%|Vu|2+W(u))dxdy. (10)
Q

We say that u: R?> — R? is a minimizer of E if it minimizes E with respect to its own boundary con-
ditions on any bounded domain Q < R?. We remark that such an entire solution is alternatively
referred to as a local minimizer (in the sense of De Giorgi) in much of the literature.

Our main result is the following.

Theorem 4. Assume u: R?> — R? is a nonconstant minimizer of E. Then, possibly after rotating
and translating the coordinates, either u(x, y) = (12(x) or u(x, y) = {23(x).

Our article is organized as follows: in Section 2, we present some preliminary results, in
particular we show that, up to a translation and/or rotation, the only possible blowdown limits of
anonconstant minimizer u are the piecewise constant functions Hy,, H»3 and Hi3, where

Hij(x,y) = pilix<o (X, ¥) + pjlixs0; (%, Y). (11)

A result of [17] shows that if, up to translation and rotation, the blowdown limits of u coincide
with those of either {2 or {»3, namely Hj, or Hp3 respectively, then u itself must be equal to {2
or {23 (up to the invariances of the problem). The proof then consists of ruling out the possibility
that the blowdown limit is His.

The crucial fact we use is that under our hypothesis on W, for u: R — R? to transition optimally
from p; to p3, there must be two transitions: one from p; to p» and one from p; to ps, but these
two transitions must also be as far apart as possible. We make this statement precise in Section 3,
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where we study the structure of almost minimizers in 1D. In Section 4, we obtain a precise upper
bound for the energy of minimizers on the ball By for R > 1, which exhibit nearly optimal p;-p3
transitions on the boundary. Finally, in Section 5, we prove a lower bound for the energy on By, of
a minimizer whose blowdown is H;3, and observe that this lower bound is incompatible with the
upper bound we computed before, and hence conclude the proof of the theorem.

2. Preliminaries and background

We begin with some preliminary results on the behavior of a geodesic y connecting a point a to
awell p € P. Though, of course, a distance-minimizing geodesic in the plane satisfies a second
order system of ODE’s, one can alternatively express its dynamics as a gradient flow with respect
to the distance d given by (3). Thus, we have

YO=a  yo=p, and y(1)=-Vdy(y(1), (12)
where d),(-) = d(p,-). In the case where W is a quadratic in a neighborhood of p, that is, where
W@ =01(q" - p")? +22(¢® - p®)?

in an orthonormal coordinate system given by the eigenvectors of D>W (p), it is shown in [1,
Section 2.1] that d, is given by

1
dp(q) — E( //11(61(1) _ p(l))Z + /Az(q(Z) _ p(2))2),
so that in the purely quadratic case, with say p =0, one has

(Y(l)’Y(Z))lz _( /AIY(U, //127,(2)). (13)

Therefore if p is a rest point of the ODE (12), then the linearization of the ODE at p is
necessarily (13), and consequently, it is a contraction. It then follows from [13] that for some
1> 0, there exists a C! diffeomorphism hj, from B, (p) to a neighborhood of 0 € R? such that if y’ =
—=Vd, (y), with y taking values in B;;(p), then X = hoy solves X' = AX with A= —diag[\/ﬂt_, \//1_2]

Note that this result does not hold in R” for n > 2 (see [13]), however in that case there still
exists a homeomorphism which is differentiable at p, while its inverse is differentiable at 0.
This result is proved in [21] for discrete dynamical systems but, as mentioned in [13], using [19,
Lemma 4], this carries over to smooth dynamical systems.

We thus have the following result.

Lemma5. AssumethatW: R? — R, is C?> and that VW (p) = 0, D*W (p) > 0. Then there existn > 0
and a C' -diffeomorphism h from U = By (p) to a neighborhood of 0 € R? such that Dh(p) = 1d and
such that if y: Ry — U is a geodesic with the property that y(t) — p as t — +oo, then hou = X,
where X solves X' = —diag[/A1, v/A2] X.

In particular, choosing orthonormal coordinates (x,y) in which p =0 and %DZW(p) = (’})‘ /102),

and assuming 0 < A1 < Ay, it follows that if y(0) = (xo, yo), then y(t) = (xoe—\/l_lf,yoe—\//l_zt) as
t — +o00.

The property (9) also follows from this lemma.

Next, we note that even though minimizing (7) fixes a parametrization of the geodesic, there
is still translation invariance. We may remove this invariance and then unambiguously define
(ij:R— R? by requiring that

d(pi,¢ij(@)=d(pj,{i;0). (14)
From now on we will write
dijZd(p,‘,pj). (15)
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We now summarize the well-known Gamma-convergence properties of the rescaled energy
Er(u,Q) on a bounded smooth domain QQ where

1
Eguhgy:jmf—quF+Rmuu)dxdy (16)
o\2R
Then the L' Gamma-limit of the sequence {Eg} is the functional E; given by
Eoy(u,Q):= Y d;j#'(0"Sind*S;nQ), 17)
1<i<j<3

defined on BVj,.(R?, P), where P = {p1, p2, p3}, where S; = ul (pj) for j=1,2,3,and 0* S refers to
the reduced boundary of a set S of finite perimeter, cf. [12]. This follows from [6] in the absence
of boundary conditions, and from [10] for the case of Dirichlet boundary conditions. Note that
if u is a minimizer of Ey, and in the case were the triangle inequality is strict for the distance
between the wells, the interface between the sets S; consists of line segments that can meet at
triple junctions, the angles they make are determined through stationarity by the d;;’s and are
nonzero.

Next, for any R > 0, and any u: R? — R?, we introduce the notation ug = u(R-) to denote the
blowdown of the function u. One can then readily check that the relation E(u, RQ) = REg(ug, Q)
holds. We will make use of the following well-known fact in the proof of the proposition to follow.

Remark 6. If u: R — R? is a minimizer of E, and if ug — uo in L] , where ug € BVjo(R?, P),
then ug converges locally uniformly to p; in the interior of each S; = uj (p i). See e.g. [17,
Proposition 4.2].

Recalling the definition of H;; given in (11), we have the following characterization of the
possible limit of blowdowns.

Proposition7. Assumeu: R?> — R? is a non-constant minimizer of E, then for any sequence {R,} of
radii tending to +oo, there exists a subsequence, still denoted {R,}, such that, possibly after rotating
the coordinates, u(Ry,-) converges to H;; in Llloc,forsome 1<si#j<3.

Moreover, for any bounded open Q < R?, it holds that

ERn (u(Rﬂ )’Q) = EO(Hl]rQ) + 0(1)

Proof. Applying [17, Proposition 3.1], which in particular does not rely on a strict triangle
inequality, we have that for any sequence {R,} — oo, there exists a subsequence, still denoted
by {Ry}, and a function u € BVIOC(I]'\P2 ; P) such that the blowdowns {up, } of u satisty

ug, — up in L} (R%;R?). (18)

Furthermore, ug is a minimizer of Ey and in light of the Gamma-convergence of Eg to Ey, we have
that

ER, (u(Ry-),Q) = Eo (119, ) + 0(1) (19)
for any bounded open Q c R?.

We first eliminate the possibility that up = p; for some j € {1,2,3}. Suppose, by way of
contradiction, that say uyp = p;. Then by (19), we have that Eg, (ug,,B1) = o(1) as n — oo,
or equivalently, E(u, Bg,) = o(R). Hence, an application of the Mean Value Theorem leads to
a sequence of radii, say p, — oo, such that E(u,0B,,) — 0. Also, through an appeal to [17,
Proposition 4.2], we have that

up, — p1 locally uniformly on R?,
which implies, in particular, that

sup |u(x,y) - p1| = o). (20)
(x,y)€0Bp,
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With (19) and (20) in hand, we may construct a low-energy competitor on the ball B,,, by linearly
interpolating between the values of u on 0B, and p; on 0B, 1. A straightforward estimation
reveals that the cost on this annulus is 0(1). (One can view the estimates in [17, pp. 4179-4181]
for a similar estimation in a more complicated situation.) Then filling in the ball B, with the
value p; we have shown that the minimizer u satisfies E(u, Bp,) = o(1). Hence, in fact E(u, R?) =0
and necessarily u = p;, contradicting the assumption that u is nonconstant.

Next we appeal to the regularity result for minimizing partitions of the plane. Appealing to
the result [20, Theorem 3], it is argued in [16, Theorem 4.3] that even in the absence of a strict
triangle inequality for, say, the cost d(py, p3), the phase boundaries of any minimizing partition
of the plane consist of a union of line segments joined at triple junctions. What is more, in light
of (4), there can be no junctions at all since stationarity at such a junction would require the phase
corresponding to ps3 to be enclosed with an angle of size 0. It follows that the only possibility
for a minimizing partition would be a collection of parallel strips — that is, phase boundaries
consisting of parallel lines.

We may assume without loss of generality that these lines are vertical, so that u(x, y) = ug(x).
It is then not difficult to argue by constructing competitors that u, as a function of one variable,
must be a minimizer for the one-dimensional transition energy. Then a simple examination of
this problem shows that if 7y has more than one transition, then the only possibility is that it
transitions from p; to p» and then from p; to ps, either from left-to-right or from right-to-left.

Also, going back to the 2-dimensional picture, if 1 is not a constant, then one of the transition
lines must go through the origin, for otherwise we would have uy = p; in B(0,n), which would
imply, from the uniform convergence of ug, to 1y on B(0,n), that u = p;.

Thus, with no loss of generality, suppose the phase boundaries are vertical and that the y-axis
separates the p;-phase from the p,-phase. Then there are numbers a < 0 and b > 0 such that
up = p1 for a< x <0 and ug = p» for 0 < x < bwith i # k. Let {n;} — 0 be an arbitrary sequence of
positive numbers. Then for each j there exists a value R,; (which we denote simply by R;) such
that 17}/ 3R; — oo and such that

lur; = pill i arz,—njxi=1mj1mm <Mj 21)
and

lur; = P2l L1 br2ixi-1im 1m0 <Mj (22)
But letting ¥ = x/n%/® and 7 = y/n'/® these two conditions are equivalent to the conditions

J J
1/3
I Unliag; = P1 Iz (la/2n}®,—n23)x (=143 1) <1 23)
and

1/3
I un}/st - panl([n?B,b/Zn}B]X[—l/n‘;—/?’,l/n‘}/?‘]) <n;". (24)

In other words, along the sequence {n¥/3Rj} — oo the blowdowns converge in LllOC to Hip.
Consequently, we may apply [17, Theorem 3.1] to conclude that u = {;» up to a translation. But
this contradicts the assumption that the blowdown consists of more than one phase boundary.
Of course, the same argument would apply if phases p» and p3 were adjacent. U

Ultimately, we will show that the blowdown limits can only be Hy, or Hy3, not Hi3 and then
that the only minimizers are {2 and {3, up to the invariances of E, thus proving Theorem 4.
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3. Structure of almost minimizers in 1D

Lemma 8. Assume 0 is a nondegenerate minimizer of W: R> — R,. Then there existn > 0 and
Ry, C, ¢ > 0 such that if R > Ry, the following holds: for any u: [0, R] — R? such that u(0) = a, with
a such that d(0, a) < it holds that

E(u)=>d(0,a)— Ce °R.

The proof uses a strategy suggested to us by A. Monteil [14], which is used again in the next
lemma.

Proof. First we note that we may assume that u minimizes the energy on [0, R] with respect
to the initial condition u#(0) = a. In particular, choosing n > 0 sufficiently small so that W is
convex on the set of points p satisfying d(0, p) <7, we may assume that d(u(t), a) <n for any .
Let yY4: [0,+00) — R? be the distance minimizing geodesic from a to 0, parametrized so that
E(yn) =d(a,0). Let also p = u(R) and g = y4(R).

We define @i: Ry — R? by @i(f) = u(t) for t € [0,R] and (t) = Yp(t —R) for ¢ = R, where
Yp: [0, +00) — R? is the distance minimizing geodesic from p to 0 such that E(y p) =d(p,0).

The maps # and y, have the same boundary conditions on [0, +oo], therefore, letting Q be the
quadratic form associated to % D2W(0), we have

+00 1 1
E(i) - E(y) :fo (EW’F + W(m) - (E'Y'u'z + W(m) de

+00 1
zfo S@R =)+ DW ()@ ya) + (1~ C) Q- ya) di

+00 1
=f0 Yoo =ya)'+ 5 |(@=ya) [+ DW o) @ -7a) (25)

+(1-CnQ(E-yqa)dt
+001
=f0 El(ﬁ—ya)/|2+(1—Cn)Q(ﬁ—Ya)dt,

where we have used the fact thaty”, = DW (y,). Therefore (and recalling that C denotes a constant
that may change from line to line),

+00
E(ii) - d(a,0) = +/1-Cn \/Efo VO -va)|(@-ya)|dt.

We now introduce the distance associated to the form Q, which we denote by dy,, defined by
replacing W by Q in (3). Then the inequality above can be phrased as

E(1) - d(a,0) 22+/1-Cndq(0,p-q),

where the factor of 2 emerges since the path &t —y, goes from 0 to u(R) —y,4(R) = p — g and then
returns. Since E(#) = E(u) + d(p,0) and d(a,0) = d(a, q) + d(q,0) we deduce that

E(w = d(a,q)+d(q,0) - d(p,0) +2y/1—-Cndg(0, p - q). (26)

Now (see [1, Remark 2.4]) we have that x — /dq(x,0) is a norm on R?, that we denote Ixllo,
therefore

do0,p—q)=Ilp- qllé = dq(0,p) +dg(0,q) - 2lpliglgllo = do(p, g) —2liplolgle.
Together with (26), and using the fact that dg = (1 — Cn)d this implies that
E(w) zd(a,q)+d(q,0)-d(p,0)+d(p,q) +(1-Cn)lp- qIIZQ —4|plolqgle.

and therefore,
E(w) =d(a,q)+(1-Cn)lp-qlg-4lplolgle. 27
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Now consider 11 chosen sufficiently small such that Cn < 1/2. Then we claim that (27) implies the
inequality
E(w) = d(a,q) - Cllqll
Indeed if, say [|pllg > Ml qllg for some large enough M, then in fact (27) would imply that
E(u) = d(a, q) since the middle term on the right-hand side of (27) would then dominate the
last term. On the other hand, if || pllg < Ml gllg, then one has the claim with C = 4M by ignoring
the middle term on the right-hand side of (27).
Thus,

E(w) =d(a,q)—Cd(0,9)=d(0,a)-d(0,q) - CIILIIIZQ =d(0,a)—Cd(0, q).
Since y,(#) converges to 0 exponentially fast as t — +oo, we find that d(0,¢) = d(0,y4(R)) <
Ce R, and so
E(w) = d(0,a) - Ce R, O

Lemma9. AssumeO is a nondegenerate minimizer of W : R? — R, and choose coordinates (x, ¥)

such thatD°W(0) = ()61 /{]2) with 0 < A1 < Ay in these coordinates. Let d be the distance associated

toW asin (3). Forn >0 and e > 0 sufficiently small dependingon W, if f € H ([~ R, R], R?) satisfies
f(=R)=aand f(R) = bwitha= (ay,az) and b = (by, by), whered(a,0) =n=d(b,0),a; <0, by >0,
and |ay|,|bs| < €lay|,€|by|, then one has

_ - |24 CR
E(f,[-R,R)) zzn+c(t€1[13}er}m|f(t) paf? +eCF), (28)
for some c,C > 0 independent of R.

Proof. Let f e H! ([—R, R],[Rz) be a minimizer of E from (7) with I = [-R, R] under the boundary
conditions f(—R) = a and f(R) = b. Then for n sufficiently small depending on W, we have
d(f(1),0) <nforany ¢ € (—R, R), and furthermore there exists #y € (R, R) such that f(t)) = g :=
(0, g2), since a; b; < 0.

We denote by yp: [0,+00) — R? the distance minimizing geodesic from any point p to 0,
parametrized so that E(y , [0, +00)) = d(p,0). We define f,: [-R, +o0) — R? by requiring that

13 if r € [-R, ty],
fap =/ relRb]
Yq(t—l'o) if t € [tg, +00).

The maps f,; and ¥, :=y4(- + R) have the same boundary conditions on [—R, +o0], therefore
E(fa,[=R,00)) = E(ya(- + R),[-R,00))
+o00o 1 12
- [ (e wis
_r \2

+00 1 _ _ _ _
sz (ol = [T+ DW T fa—Ta) + (1= CDQUfa - T

1 _ _
- (E|y;|2+ W(yg))dt

_+OO~ _ 1 N 5 _ 29
:[R Forfa=Ta)' + 5| Ufa=Ta) [ +DW T fa=Ta) (29)

+(1 —Cf])Q(fa_?a)dt
+001
:fR 5=+ 0 -CQUfa-Ta)dr,

where Q is the quadratic form associated to %DZW(O), and where we have used the fact that
Ya=DW({7a).
Therefore

+00
E(fu [-R,00)) — d(a,0) = V2(1 - Cn) f_R VU 7| (fa—7a)'|de.
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We now recall the distance associated to the form Q, which we denote by dg, analogously
to (3). Then the inequality above can be phrased as

E(fa) —d(a,0) =2 2(1 - Cn)dq(0, g —Ya(to)), (30)

where the factor of 2 emerges since the path f; — ¥, goes from 0 to g —¥,(f) and then returns.
Denoting the coordinates of ¥,(f) by (a1, a2), one has that

- 1 . 1
dQ(qu_Ya(l‘o))=E(\/A_la%"‘\//l_z(qz—a’z)z) while dQ(o,q)=$\/Tzq§ @31)

(again, see [1, Remark 2.4]). Moreover, from Lemma 5 and in view of the hypothesis |a;| < €|ay|,
itholds that |a,| = Ce|a;|. Since 0 < A1 < A, and since d(0, q) < (1+Cn)dq(0, g), one can then use
the inequalities (30) and (31) to find that for 7 and € chosen small enough

2(1 - Cmdq(0, g~ Ta(to)) — d©, @) = c(a? + q3) = c(d(0,Fa(t0)) + | f(t0) - p|*),
by considering separately the case where | g | is negligible compared with |a| and where it is not,
and using that |a;| < Cela;]| in the second inequality. Here c is a positive constant depending

onW.
Inserting this inequality into (30) we obtain

E(fa) = E(f,[-R, 1o]) + d(0, @) = d(0,@) + d(0, g) + ¢(d (0,7 a(t0)) + | £ (20) = O[*). (32)
Since #p + R < 2R, we have, using Lemma 5, that d [O,YQ(tO)) > ce”CR and therefore,
E(f,[-R, to]) = d(0, @) + c(| f (to) — p|* + e F).
By a similar argument we have the inequality
E(f,[t,R) = d(0,b) + (| f (1) — p|* + e F).
Adding these two inequalities proves the lemma. g

Lemma 10. There existn >0 and C > 0 such that for anyy > 0 small enough and any R > 0 large
enough the following holds.
Assume f: [-R,R] — R? is such that:

e foreveryte[-R,—R/2], |f(t) —p1| <n;
o foreveryte[RI2,R],|f(t)—ps|<n;
o E(f,[-R,Rl)<di3+7.
Then, thereexista, b and T, with—R/2 < a< T < b < R/2 such that:
o | fa+ ) =20 |5 g < Clr +e~¢R);
o [ fB+ =) Gpgrpsay = Clr +e7B;
o |F(D) =po|* < Cly+ech).

Proof. Let 1 > 0 be such that W is strictly convex in B(p;,3n) for i = 1,2,3. It suffices to show
that if R, converges to +oco and y, converges to 0, and if f, satisfies the above hypotheses, then
for any n large enough there exist a,, b, and T, with -R,/2 < a, < T,, < b,, < R, /2 such that
the conclusion of the proposition holds for some C > 0 independent of #n. Throughout the proof,
C denotes a positive large constant independent of n, and ¢ denotes a positive small constant
independent of n.

Let A, be the set of t € [-Ry, R;] such that d(fn(t),P) > 1. Then A, is a union of disjoint
open intervals included in (-R,/2, R, /2). We denote .# = {I},..., I;} the family of those intervals
in which there exists ¢ such that d(f,,(#), P) > 47, and call them the transition intervals. If I is a
transition interval, then E(fy, I) = 37, using the trivial lower bound E(fy, [, ']) = d(fn(0), fn (1))
which results from the definition of d.
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Because of the energy bound, the number of transition intervals is thus bounded indepen-
dently of n. It is easy to check that the energy bound also implies that their size is bounded above
and below independently of .

The complement of U; I; is a union of the sequence of closed disjoint intervals ¢ = {Jo, ..., Jx}.
On each J;, with 0 < i < k, the map f;, is close to one of the wells that we denote ¢q;. For0<i <k
welet J; = (x;,y:), so that xo = —R,, and y;. = Ry, and so that d(f,, (x;), q;) <nand d(f»(y:), gi) < n.
We say that I; is a transition interval from the well g;_; to the well g;. Note that gy = p; and
qk = p3-

Fcrgm Lemma 8, we have E(f,,Jo) = d(p1, fn(31)) — ce”“Fn and E(fy, Ji) = d(fn(xx), p3) —
ce”“fn,

We claim that, in the sequence gy, ..., gk, no point in P can appear twice. Indeed, if we had
gi = qj = p € P with i < j, then we would have d(f,(y:),p) <n and d(f.(x;), p) <n. By using
the trivial lower bound E(f,[¢,¢']) = d(f(?), () on each interval in .# or ¢ to the left of y;,
including J; we find, denoting Ijcf; their union,

E(f, Let) = d(p1, fn(y1)) — ce”Fn,

Similarly, denoting Iyjgh the union of the intervals to the right of x;, including J;, we have

E(fnrlright) = d(fn(xj)» p3) —ce CFn,

But between y; and x;, there is at least a transition interval, on which the energy is bounded
below (as we have seen) by 37. Thus

E(fu, [=Rn, Ral) 2 d(p1, fa(yi)) + d(fa(x)), p3) +3n - ce”Fn.
Since n = d(fn (yi), p) andn = d(p, fn(xj)) we deduce
E(fu, [=Rp, Ral) = dys +1— ce~CPn,

which contradicts the energy upper bound if 7 is large enough, hence proving the claim.

Thus we have shown that there is either a single transition interval from gy = p; to q; = p3 or
two transition intervals: one from gy = p; to g1 = p2 and the other from ¢q; = p; to g2 = ps.

We now exclude the first possibility. If there was a single transition, then by choosing a;, € I,
and going to a subsequence if necessary, we would have f,(a, + -) — f weakly in Hlloc([R{) and
locally uniformly by compact Sobolev embedding, with E(f,R) < dy3 and d(f(t), p1) < 4n for t
small enough while d(f(t), p3) < 4n for t large enough. This and the finiteness of E(f,R) easily
implies that f(—oo0) = p; and f(+o0) = p3, and thus that f is a heteroclinic joining p; to ps,
contradicting our assumptions on W.

We thus have two transition intervals I) = [y, x;] and I = [y1, x2] whose complement are Jj,
J1 and J,. From now on we denote by I = [ay, 8,] and I, = [a},, §),] and we recall that a,, = _5”,
while g, < %. Moreover a), — ,, must converge to +oco as n — +oo as the opposite would imply,
as in the previous paragraph, the existence of a heteroclinic joining p; to p3. Then, choosing
anp € I and b, € I, and going to a subsequence if necessary, we deduce that f,(a, + -) — fand
fa(by + ) — & where d(f(1), p1) < 47 for ¢ small enough and d(f (1), p,) < 47 for t large enough
while d(g(2), p2) < 4n for ¢ small enough and d(g(1), ps) < 47 for ¢ large enough.

Moreover,

di3z lim_E(fu,®) 2 E(f,R) + E@R).
As above we deduce that
fco)=p1,  fltoo)=pz,  §-o0)=ps,  §(+o0) = ps,
which implies that E(f, R) = dy» and E(g,R) = dbs.
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Thus, in view of the upper bound d3 = E(f,R) + E(g,R), we find that f and g are heteroclinics
connecting, respectively, p; to p» and p» to ps. Shifting {a,}, and {b,}, if necessary, we may thus
assume that

falan+) —Ci2,  falbp+ ) — (a3,
in the weak Hﬁ) . topology and locally uniformly. Indeed, since lim E(f,) = E (f) + E(®), it follows
that the convergence is, in fact, strong in Hll0 o

Moreover, from the energy upper bound we deduce that for any fixed R > 0 and n large enough
depending on R,

E(fu R\ (1an = R, @y + R1U [y — R, by + RI)| <, + Ce™"

It remains to prove the quantitative estimates. To this end, we recall [18, Lemma 4.5] which
states that there exist @ and  depending only on W such that if h: R — R satisfies

||h—(12||Hl([Rz) <p (33)

then there exists t € R such that

17 =C12C + 0|5 g < @(E(D) - EQ12)), (34)

with a similar statement pertaining to {»3. We note that the hypotheses on W in [18] differ
from ours globally; for example there one assumes the existence of two heteroclinic connections
between a pair of wells. However, in a neighborhood of a particular heteroclinic, our situation is
identical to that of [18] and so the same conclusions hold.

In order to apply this result, we consider extensions of f;, to R as follows. First, using Lemma 9,
we show that there exists T, € J; such that

[ £2(T) = pa || < Clyp + e~¢Fn).
Indeed, Lemma 9 with I = J; yields

E(fn, 1) 22n+c(r€[_}§n/ian /2]|f(t)—p2|2+e‘CR").

Further on J;,i = 0,2, we apply Lemma 8 to f;, to obtain, since at one endpoint of Jy (resp J2) fn
is at distance 7 from p, (resp. ps), that E(fy,, J;) =1 —ce” ", i = 0,2. For the remaining intervals
I, I, we note that on I, f; connects values from the geodesic balls centered at p; to the one
centered at py, while on I, f;; connects values from the geodesic balls centered at p» to the one
centered at ps, so that E(fy,, 1) = di2 — 21, E(f, ) = do3 —27. Finally using the upper bound
(fn, -R,, R, ) < dy3 +Yn, we obtain the desired T}, € J; with ||fn(T,,) — pznz =C(yp,+ e CRny,

Next we define h,,: R— R and h),: R — R as follows. Their respective restriction to [- Ry, /2, Ty]
and to [T, R, /2] agree with f,,. Outside these intervals, we extend h,, to the right of T, via the
energy minimizer connecting f,(T,) to p2 and to the left of —R,/2 via the energy minimizer
connecting f,,(—R,/2) to p;. Similarly we extend k), to the right of R,,/2 via the energy minimizer
connecting f;,(R,/2) to p3 and to the left of T}, via the energy minimizer connecting f,(T},) to p».

We now verify that h, satisfies condition (33) if n is large enough. First we note that, recalling
I =lay, Bnl and L = [a), B),],

I7n =120 = an)|l 1, p,) — 0 asn—oo. (35)

On the other hand, since

d(fulan),p1)<n,  d(fuBn).p2)<n,  d(ful@)),p2)<n,  d(fu(B)), ps3) <
we have E(f, [an, Bnl) = di2 —2n and E(fy, (@), B,]) = dos — 27, so that

E( fs |~ Ry Ral\ (1, B U (@), B1) ) < 40+ .
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However, on (—oo, a1, both {12(- —ay,) and h,, take values in the geodesic ball centered at p; with
radius 47). Therefore their energy is comparable to the square of their H! distance to p; on this
interval. Thus, in particular,

1= Cr2C = am |5 oo.a,y < CN» (36)
for n large enough. Similarly,
10 = P2l g, 4o < CT 37)

It follows from (35), (36) and (37) that (33) holds for &, if ) is small enough, depending only on W,
and for n large enough. The same is true of the H 1 distance between R, and {a3(- — bp).
In order to exploit the conclusion (34), we will now prove that

E(hy)-E(12) <Clyn+e “®n)  and  E(h)) - E((23) < Cly, + e “Fn). (38)
We first note that
E(hnrR) = E(fnr [_Rn/z; Tn]) + d(fn(_Rn/z); ]91) + d(fn(Tn); Pz)
and

E(h’n,R) = E(fn’ [Tn:Rn/z]) +d(fn(Rn/2)y Ps) +d(fn(Tn); Pz)-

Next, we have that d(f,,(~Rn/2), p1) < E(fn, [-=Rn, —Rn/2]) + Ce™Fr and d(f,(Ty), p2) < Cly, +
e~¢Fn). Also, we have that d(f,,(R,/2), p3) < E(fn, [Rn/2, Ryl) + Ce™Fn. Thus, we deduce that

E(hp,R) < E(fn, [=Rn, Tnl) + Clyn + e~ ),

E(h),R) < E(fn, [Ty, Ryl) + Cly, +e ).
Consequently,

E(hp,R) + E(hly,R) < E(f, [=Rn, Rul) + Cly,, + e Fn).
Moreover, since E(fn, [—Rn,Rn]) < dyp+ds3+vy, and E(hy,R) = dy» and E(h’n,[R) > d,3, we deduce
that
E(hy,R) —E12) <Clyn+e ™) and  E(hy,,R)—EQ23) <Cly,+e ™). (39)

Applying (34), we find that for some @, and b, one has

”fn(an"' ')_4’12(')“?[1 —R, /2. T SC(Yn+e_CRn)
([=Rn/2,Ty])

and
||fn(5n + ) - CZB(') ||i[1([Tn,Rn/2]) = C(Yﬂ + e_CRn)~
This concludes the proof. 0
The following corollary is a direct consequence of Lemma 10 and the fact that both | f(D)-p2 |2
and | f(T) = (12(T - a)|* are bounded by C(y + ¢~°F), and hence

|p2—(12(T - ﬂ)|2 <Cly+e F).
Corollary 11. The numbers a and b in the conclusion of Lemma 10 satisfy
T - a= cmin(|logyl, R), b-T = cmin(|logyl, R),
for some c > 0 independent of y and R.

In addition, Lemma 10 also allows us to easily obtain the following proposition, illustrated in
Figure 1. Here we denote by s the arclength variable on the circle B such that s(Re’?) = RO for
0€ (—m, .
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~ (21 QO >~ (32
z < _R/2 a2 Q32 xr > R/2
=n ~ p3
3.
B 2

=~ (12 B =~ (o3

Figure 1. The map u‘ and the transition angles according to Proposition 12.

0Bgr

Proposition 12. There exist constants C, 1 > 0 and Ry, yo > 0 such that for any R > Ry and any
0 <Yy <Yo, ifu: 0Bgr — R? is such that

|u(x,y) — p1| <n for any (x,y) € 0Bg with x < —R/2, (40)
|u(x, ) - p3| <n forany (x,y) € 0Br with x> R/2, (41)
E(u,0Bg) <2d13+7, (42)

then there exist angles m/4 < azy < @ < a2 < 3m/4 and —3m/4 < f12 < E < P23 < —7m/4 such that
the following holds: writing I, = [a,3n/4], Is2 = [n/4,a] and I, = [-3n/4,B], s = [B,—n/4], we
have

|uRe™ ™ ) — 0y ()| Fpyy <CFe uRe @2 B — 255 () |31y < CFs )
H u(Rei(ﬁIZ‘F'/R)) _(12(_) ||§-]1([12) < CY’ || u(Rei(ﬁ23+'/R)) _(23(.) “i]l(lzgg) < C»)/
and such that for any s € [-Rm, Rm] \ Ujk ik
d(u(Re™'®), P) <. (44)
Finally, e
Rmin(@ - asy, a21 — @, f23 — B, B — P12) = cmin(|logyl, R). (45)

4. Upper bound

Here we establish a key upper bound.

Proposition 13. There exists C > 0 such that for any R > C and 1/C > 1 >0, 1/C >y > 0 the
following holds.

Ifu: B — R? satisfies the hypotheses of Proposition 12 and is such that u(x, y) is n-close to p;
if x < —nR andn-close to ps if x > nR, then for any C < o, p < R/ C it holds that

2
g
E(u, Br) < dioLy +dosLs + C| 2= + Lo~ £ Re~ P 4 ppect 4 =c¢ +y+n%|, (46)
o p

where, using the angles azy, a1, P12, B23, @, B from the conclusion of Proposition 12, we have used
the notation 1
Ly = Rle'"2 —¢'Pr2|, [5=Rle'®2 —¢'Fn)| (= 5 Ratmin 47
and o
@min = Min(@ — asz, @21 — @, P23 — B, - P12)-
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Proof of Proposition 13. The proposition is proved by constructing a comparison map v: Bg —
R? coinciding with « on dBg.

Step 1: Annulus. We begin by defining a competitor in the annulus A = Bg \ Bg—;. To this
end, it will be convenient to define the following modification of the heteroclinics {;; using the
parameter ¢ from (47). We set

pi ifSS—é,
(fj(s) =149 ifls|<l-1, (48)
p] ifSZ[;

and we take { f]. to be a linear interpolation on the intermediate intervals. It is easy to check that
¢ —ct ¢ 2 —ct
E((ij,[—f,f])sd(pi,l?j)+e ¢ , ”(l'j_(ij”Lz(R)Se e, (49)
Adopting the notation from Proposition 12, we note that the line through e’® and e’#, which
we denote by L, separates By into two regions, one, say B, containing the line segment joining
Re'®1 and Re'f12 and nght containing the line segment joining Re!%* and Re'f2s.
Denoting by Sj, the first of these two segments and by Sy3 the second, we define a competitor,
say v, in A as the linear interpolation in the radial direction between the values of u on 6 Bg and
the function, say V: 0Bg_; — R? given by

(fz dist((x,y),S12) for (x,y) €dBg_1N B}fft,

= i 50
) {(§3diSt((x,y),523) for(x,y)eaBRflmB;lght. (50)

Here dist((x, ), 512) denotes the signed distance function to S;,, taken to be negative to the left
of Sy, and dist((x, y),ézg) is the signed distance function to S,3, taken to be negative to the left
of Sz3. We note that, so defined, the function V is continuous taking value p, at the two points
0Bgr_1N aB}?ﬁ n 6B;;ght. We also note that in light of the definition of ¢, cf. (47), the segments S;»
and Sy3 are both more than ¢ distance from the line L.

Estimating the energetic cost of v in the annulus A is entirely analogous to a similar calculation
carried out in [17, step 3 of the proof of Theorem 1.3]. Therefore, we omit the details. One finds
that with two transitions from p; to p, and two transitions from p; to ps, one has

E(v, A) < 2(dya + da3) + Cle™ +y +1%),

through an appeal to (49) and (43). Here we have used the fact that the direction of the
segments Sy2 and S»3 and the radial direction at their endpoints make angles bounded by Cn
resulting in the O(n?) term above.

Step 2: Defining v in “triangles” inside Br_; bordering 0Br_;. The line L passing through el
and e'f separates Bg_ into two parts: one to the left, which we denote by D, containing the
segment S1» N Bp_1, and the other one containing the segment S»3 N Br_;. We then introduce
a coordinate system (x', ") to define the competitor v in the region D by taking the segment
S12 to coincide with the y' axis, with Sp3 N Bg—1 extending in y' coordinates from say y’' = y_
to y' = y;. We also take the x’-axis to go through the middle of So3 N Br_1 so that y_ = —y,.
Before proceeding, we remark that in these coordinates, the function V defined in (50) is simply
a function of x' for (x,y) € 0Br_1 N B}fﬁ.

In these coordinates, consider the strip {(x', ") | |x'| < ¢}. Its intersection with Bg_; may be
decomposed as a rectangle R, defined as the largest rectangle of the form {(x',y") : [x'| < ¢, y' €
[y-, y+]} inscribed in Bg_1, and two “triangles” C,. and C_, each having one side which is in fact
an arc in Bg_1. The other two sides are parallel to the x’ and y’ axis, respectively. Since Re'®2!
and Re'P12 both must lie to the right of the line x = —nR by assumption, it follows that the ends
of the segment S;» N Bp_; are at a distance of at most 7R from the y-axis, and so the ratio of the
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length of the y’-side to the x'-side for both of the aforementioned “triangles” is bounded by Cn.
Consequently, the length of the y'-side of these triangles is O(n¢).
On C; and C_, we define v to be independent of y so that

v(x,y4) = v, —ys) = {50,
and
E(r,CyUC) < EQY) % (|(R-1e'® — (R-1e'Pr2| -2y,)

' ' (1)
=< d12(|(R— e’ —(R- 1)elﬁ12| _2y+) " CT](eicg,

Step 3: Dilation. Though tempting, it is too costly energetically to simply take our competitor v
to be { {2 (x') throughout D. Therefore, we must further separate the center of this modified
heteroclinic from the line L. To this end, we proceed to define v first on

Dy =DnRx[y;—0,y+], D_:=DnRx[-y;,0—-y4].

By enforcing the condition v(x/, ") = v(x’,—y') on D, U D_, in fact, we only need to work on D,
The idea is to interpolate between { fz (x') and ¢ g P(x' + p), in the y' variable for a parameter p

to be chosen judiciously later. That is, for (x', ') € D, we take our competitor v to be given by

P

o

In light of (49), the energy due to the x’ derivative and the potential term in D, is bounded by

0+E -y

v(x',y) =0, (X’ +=(ys— y’)]. (52)

o
o
f dlg+e_cw+tp/0)dt5(Td12+C—e_M. (53)
0 p

From (52) and the definition of { fz' it is straightforward to deduce that

2 2 [0
lf ﬁ‘ S(B) f d12+e—cw+tp/0’)dtgcp_
2 Jp, 10y o’ Jo o
As noted at the beginning of this step, the same bounds hold for D_.

2
. (54)

Step 4: Remainder and conclusion. It remains to define vin DNR x [y_ + g, y+ —0]. We simply
require v to be independent of ' there, so that v = v(x’) ={ g P (x’ + p). Hence, in this region the
energy bound takes the form

E(t,DNARx [y_+0,y: —01) < (y4 — y— —20) (dyz + e~ <P, (55)

Adding the upper bounds (51), (53), (54) and (55), recalling that y_ = —y,, and noting that
¥+ <R, we obtain

2
E(v,D) < @ys —20)(d1z + ey 1 ¢ 1 20a,
o
+CZe™ 4 dpy(|(R-1)ei — (R-1)eP2|—2y,) + Cnre™.
p
Therefore,

2
E(w,D) < dys|(R— D)e'® — (R-1)eiP2| + C[ Re P 4 £ T et +n£e‘6’).
g p

Carrying out an analogous construction in the portion of Bg_; lying to the right of the line L, that
is, with { fz replaced by ¢ 53, etc, we deduce that

E(v,Bg-1) < di2|(R—1)e"™ — (R—1)e'P2| + dp3|(R—1)e'™2 — (R — 1)e'F=|

2
+ C(Refc(”p) + 0 et +n€ei€[).
o p
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Then because all of the transition angles are within Cn of being +7/2 due to the hypothesis, we
have
|Re'™ — Re'P12| = |(R-1)e'™ — (R—1)eP12| +2+ O,
with a similar statement holding if we replace a»; and B2 by a3z and f,3. Thus, once we add in
the cost of the annulus interpolation E(v, A) from Step 1, we finally arrive at the upper bound
2
o
E(v,BR) <dioL1p+do3Los+C Re‘c(“p) + P_ + —e‘”g + née’”‘; + e‘”é +}/+T]2 . O
o p
Lemma 14. Assumeu: R? — R? is a minimizer of E and that there exists a sequence R,, — +oo such

that, possibly after rotating the coordinates, u(R,-) — Hy3 in L'. Then any sequence R, — +oo is
such that, possibly after rotating the coordinates, u(R, ) — His.

Proof. Assume by contradiction that no subsequence of u(R,-) converges to H;3 modulo a
rotation, then a subsequence must converge to Hj» or Hps modulo a rotation, which implies,
from [17, Theorem 1.3], that, modulo a rotation, u(x,y) = {12(x) or u(x,y) = {23(x), which
contradicts the assumptions. U

Lemma 15. Under the same hypothesis, there exist Ry > 0 such that for any R > Ry,
E(u,aBR) = 2d13 - e_CR.

Proof. Itsuffices to prove that for any sequence R, — +oo the bound is satisfied with a constant C
independent of n. We choose 1 > 0 small enough depending on W, to be determined below.

Since u(R, -) converges in L' to H;3 modulo a rotation, for any R large enough in the sequence
there exist @, a’ and B, ' with

nl2-n<a<mi2<ad <m/2+n, —wl2-n<fB<-m/i2<f <-m/2+7n

such that u(Re'?), u(Re'P) are n-close to p; and such that u(Re'®'), u(Re'f') are nj-close to ps.
To bound from below the energy of u on 0B}, = {Re® | 6 € (0,71} we let v(s) = u(Re*'"), so
that E(u,0B3) = E(v,[0,7R]). Then

E(v,[0,7R]) = E(v,[0,Ra'l) + E(v,[Ra’, Ral) + E(v, [Ra, R7)).

We have E(v,[Ra’,Ra]) = d(v(Ra'), v(Ra)) and, using Lemma 8, we find that E(v,[0,Ra'l) =
d(v(Ra'), p3) — Ce~“F while E(v,[Ra, Rn]) = d(v(Ra), p1) — Ce™“R. Therefore

E(u,aB;g) = d13 - e_CR.
The same holds on 0B, proving the result. U
We are now ready to prove the following important upper bound.

Proposition 16. Assume u: R> — R? is a minimizer of E such that u(R-) — His, possibly after
taking subsequences and modulo a rotation of the coordinates.

Then there exist sequences of positive numbers R, — +oo andn, — 0, y, — 0, such that the
restriction of u to 0Bp, satisfies the hypotheses of Proposition 12 with the parametersn,, Y. More-
over, denoting a1, a3z, P12, P23 the transition angles (which depend on n) given by Proposition 12
we have, as n — +oo,

E(u, Bg,) < Ru(1e"®2 — e'P12|dy, + 10" — e/P5|dy3) + 0(1).

Proof of Proposition 16. From Lemma 14, any sequence R;, — +oo has a subsequence such that,
modulo a rotation, u(R,-) converges to Hjs. It follows that, given 7, y > 0, if n is large enough
then (40), (41) are satisfied for every R € [nR;, R,]. Moreover, from Lemma 15, for R € [§R;;, Ry]
we have

E(u,0Bg) = 2d13— e k.
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On the other hand Proposition 7 implies, after rescaling, that as n — +oo,
E(u,Bg,) =< 2Rypd13 + 0(Ry),

since the diameter of Bg,, is 2R,.
Combining the two, we find that (42) is satisfied with y, = o(1), for most R € [nR,, R,].
Hence (40), (41) and (42) are satisfied for some sequence {R,} converging to +oco with y, = o(1).
We then apply Proposition 13 with o = p = R? for some fixed 0 < 6 < 1, for any R in our
sequence. We find that all the error terms may be absorbed in CRY so that

E(u,BR) < d12L1 + dgng + CRG,
Moreover, from Lemma 15, we have for any r > R that
E(u,0B,) = 2dy3— e ",

It follows that

R
f E(u,0B;) —2dy3dr = E(u, Br) — E(4, Brs2) — Rd13
RI2

RI2

< E(u, Bg) —f 2di3—e " dr — Rd3
Ro (56)
< E(u,Bp) —2Rdy3+C
< Lidyp + L3ydys + CRO —2Rdy3
<CRY,
since L1, L3 < 2R. Hence there must exist R’ € [R/2, R] such that
E(u,0Bg) <2d3+ CRO.

We denote {R',,} a subsequence of {R'} such that u(R’,,-) — Hy3 modulo a rotation. We may
then apply Proposition 12 on dBg, with 17,, tending to 0 and y = C(R’,,)?~!, which also tends to 0
as n — +oo. Ityields transition angles a; ;, 8;j such that

R ; ) ; ;
clog((R’n)g) <(= Tﬂmin(lemn _elon, |elﬁ12 _ elﬁ23|).

Therefore, Proposition 13 applied with p = (R',,)¢ and o = (R’,,)%, with £ > 0 chosen small enough
(taking € < c0 works), yields

E(u,Ban)5L1d12+L3d23+0(1). O

5. Proof of Theorem 4

We now proceed to prove our main result, by contradiction. It is proved in [17] that if u is
a minimizer of E and {R;} is a sequence of radii tending to +oo such that u(R,-) converges
to Hyz in L', then u(x, ¥) = {12(x). The same holds if {1,2} is replaced by {2,3}. In light of
Proposition 7, it thus remains to obtain a contradiction under the assumption that, for any
{R,} converging to +oo, there exists a subsequence such that, possibly after a rotation of the
coordinates, ||u(R,-) — Hi3(R,-) | ;1 converges to 0 as n — +oo, which we assume henceforth.

The contradiction will be obtained by defining {R,}, {n,}, {y,} to be as in the conclusion of
Proposition 16. Our aim is to derive a lower bound for E(u, Bg,) that will contradict the upper
bound of Proposition 16, for large enough n.

The map u(R,,-) converges to Hy3 in L', and therefore locally uniformly outside the y-axis, see
Remark 6. Therefore, for any 77 > 0 we may choose ny large enough so that d(u(x, y), p1) <n for
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any (x, ) € Bg,,, such that x < —nRy,, while d(u(x, y), p3) <nif (x, y) € Bg, is such that x > nRy,.
Relabeling the sequence we let nyp = 0 and R, = Ry. We thus have:

d(u(x,y),p1) <n  in Rie = Br, N {x < —nRo}

. B7)
and  d(u(x,y),p3) <n in Rright = Bry N {x>nRo}.

We now proceed to prove the desired lower bound for E(u, Bg,, ). First we extend u to # defined
on Bg, +1, which will allow us to clean up the boundary data. We claim that we may define # on
the annulus A, = B, 11 \ Bg, so that, as n — +oo

E(u, Ap) < 2(dq2 + dz3) + 0(1), (58)

and so that # restricted to 0Bg,+1 is equal to { f I defined by (48), on an arc of length ¢ centered
at the angle a;; or f;; and u is constant equal to one of the wells on each of the connected
components of the complement of these arcs. Here the angles «;j, §;; are the transition angles
(which depend on n) given by Proposition 12. Note that # depends on n as well, but only on the
annulus A,. The construction of # is by radial interpolation, as in the proof of Proposition 13,
Step 1, and the estimate (58) follows from the same arguments, hence is omitted.

Again using the fact that u converges to H;3 locally uniformly to p; on the half-plane x < 0 and
to p3 on the half-plane x > 0, we have that transition angles tend to +7/2 as n — +oco. Therefore

|(Ry + 1)’ — (R, + 1)e'P12| = |R, e — Rye'P2| +2 + 0(1),
and a similar statement holds if we replace a,; and B;2 by a3, and B23. Thus, from (58) and the
upper bound of Proposition 16 we deduce that
E(il, B,+1) < Ry + D(1e' = e'P2|dy5 + €' — €'P2 | dp3) + 0(1).
From now on we drop the tilde and denote u the extension of u to Bg,+1, and write R instead of
Ry, +1 for simplicity. The above upper bound thus becomes
E(u, Bp) < R(1e"* — eP12|dy + |72 — eF2 | dy3) + 0(1). (59)

We proceed to prove a lower bound contradicting (59) for large enough n.
Let

a, = Re', by = Re'Pz, as = Re'®32, bs = Re'P.
We define {: Bg — R such that
IVlleo =1,  {(a)—{(b1)=lai—b1l,  {(a3)—{(b3) =l|as— bsl. (60)

Such a ( exists: indeed, since
T>Q2 >QA32 >ﬁ23 >ﬂ12 > -7,

the minimal connection joining the points a;, as to the points by, b3 is exactly the union of the
segments [ay, b1] and [as, bs], see [7]. An explicit formula for ¢ is

¢ =max({1,{3), G =x-w—-Ai, &) =x-uz—As, (61)

where u; = (a; — by)/la; — b1l and ug = (as — bs)/|las — bs|, and A, A3 are suitably chosen real
numbers such that { satisfies the required properties.

Since {; and (5 are linear functions each of whose level sets (see Figure 2) necessarily consist
of a line segment with endpoints on 0Bp, it follows that each nonempty level set of { consists of
one or two segments which can be consecutive or disjoint, hence intersect dBp at either 2, 3 or
4 points. The desired lower bound will be obtained by integrating w.r.t. the variable ¢ the lower
bound we next compute on the level setI'; = {{ = t}.

The essential parameter in the lower bound is the boundary condition at the points of I';NdBp.
The domain Bg\ ([al, bi1lUlas, bg]) has three connected components. We denote by Uy, Uy, Us the
intersections of these three components with 0 Bg, numbered so that u restricted to U; is closest
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Uy as
a1

Us

Ui

bs
bl U2

Figure 2. The disk Bg and some level-sets of the function ¢.

to the well p;, in a way that we will quantify below. We now examine to which U;’s the points in
I'; N0Bg belong.

To this end we note that on [a1, b1], the function ( is one-to-one, since {(a;) —{(b1) = |a; — b |
and |V{|lx < 1. For the same reason ( restricted to [ag, b3] is one-to-one, and therefore I';
intersects either of these segments at most once. Four cases may thus occur, depending on the
value of ¢:

(@ te[{(a1),{(b)] and t & [{(as),{(bs)], then T, intersects [a1, b;] only: thus I'; contains a
segment or broken line which connects U to Uy;

(b) ¢ [{(a1),{(b1)] and 1 € [{(a3),{(b3)], then I'; contains a segment or broken line which
connects U to Us;

(c) te [C(ai),((bi)], for both i = 1,3, then T'; contains either a segment or broken line
connecting U; to Us, or two segments: one connecting U, to U and the other connecting
U, to Us;

d) re [((al),((bl)] and ¢ ¢ [((ag),((bg)], then every connected component of I'; starts and
ends in the same U;. We will use the trivial lower bound E(u«,T';) = 0 in this case.

We now quantify the distance of u(gq), where q € T'; n U;, to the well p;. Let ¢t = {;(a;) - 6.
Then g = a1e'® for some a; and, if we denote z = a; — du;, then q — z is orthogonal to u;.
Therefore, writing a; = Ruje’%' and recalling that the inner product is given by R(7w), we have
Rel@1+0) _Re=i01 4 5 ¢ iR, i.e.

Rcos(a;+607)—RcosfB; +6 =0. (62)
From (62) we deduce that either |a;| > R V2 or, using the Mean Value Theorem, that (|91| +
R™Y2)|a;| = 6/R, so that

0
| Zmin(R_l/z,—),
eR+VR

where
e =max(|az1 — /2|, |f12 + /2|, |az2 — /21,1 P23 + 7/2]). (63)
(Note that € = o(1) as n — +oo and |0;| < 2¢.)
Therefore, since |qg — a;| = R|e'*! — 1], and using Taylor’s expansion of the sine function,

1 0
—a|z -min| VR, ————|.
g — a1l 3 mln(\/_ £+R‘1/2)
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Similar estimates hold for by, and for az, b3 using the function (3. From this we deduce that if
8() =min(|t—{(a)|, |t =y, |t = (as)], |t - L (b3)]), (64)

then for any g € I'; n 0 Bg we have

min(\/ﬁ —6”) )

1
2 "e+R712

Therefore, using the particular boundary data we have on 0Bg, if g € I'; n U;, then

o(t
d(pi,u(g)) <exp (—cmin(\/ﬁ, eH’(?—*)”Z))’

min(lg—ail,|g—bil,1g - asl,|q—bs]) =

In view of Lemma 8, we deduce that

. 6(1)
E(u,T'y) 2d(p,p’)—exp(—cmm(\/ﬁ,m—_w)), (65)

where p = p; and p’ = p, in case (a), where p = p; and p’ = ps in case (b), and where p = p; and
p’' = ps3 in case (c).
If we integrate (65) with respect to ¢, in view of (60) and (64), we find

E(u,Bg) = |aj — b1|dy2 + |az — bs|da3 —C(€+R_1/2 +Re_c‘/§).

This is not enough to contradict (59), but we may now use (57) to improve the lower bound. First,
using again the fact that the transition angles tend to +7/2 as n — +o0, we note that u; and u3
tend to (0,1) as n — +oo. This implies that, for n large enough,

|9 |=2Ry—n, whereJ = {te R | LN Riete # @ and U'y N Rright 7 QS}. (66)

For each t € 9, T'; is a broken line of length 2R + 0(1), and from the definition of % and Rright
there are points s1, s3 € I'; such that

d(u(s1),p1)<n, d(u(ss),ps)<n, s1, $3€ Bg,. (67)

These two points divide I'; in three portions Iief, Io and Iyighe. The energy of u on Lie and Iijgn is
bounded below using Lemma 8:

E(W, liett) = d(p1, u(s1)) = Ce™ ", E(u, Iigny) = d(u(s3), ps) — Ce .

Then, to bound I from below, we note that in light of (67) and our assumption of uniqueness of
the geodesic joining p; and p3, we know that the geodesic joining the points u(s;) and u(s3) must
be close to {12 U {»3. Therefore, in light of Assumption 3, we may invoke Lemma 9 to find that

E(u, Ip) = d(u(s1), u(ss)) + ce %o,
Adding these inequalities we obtain
Ew,Ty) = dyz+ce “Fo—Cce k. (68)

We now integrate our lower bounds with respect to t, using either (65) or (68) according to
whether £ € 9 or not. In view of (66) we find that

E(u, Bp) = R(|e"% — eP12|dy, + |€'%32 — ¢8| dys) + cRye™ R0 — A,

where
A=C(e+R 2+ Re VR 1 Re~¢RN),

Since A — 0 as n — +oo, we obtain a contradiction with (59) if n is large enough, proving
Theorem 4.



Lia Bronsard, Etienne Sandier and Peter Sternberg 157

Acknowledgments

The authors would like to thank A. Monteil for his help in proving Lemmas 8 and 9. They also
would like to thank the referee for a careful reading of the manuscript and suggestions which
helped improve the manuscript.

Declaration of interests

The authors do not work for, advise, own shares in, or receive funds from any organization
that could benefit from this article, and have declared no affiliations other than their research

organizations.
References
[1] S.Alama, L. Bronsard, A. Contreras, J. Dadok and P. Sternberg, “A degenerate isoperimetric
problem and traveling waves to a bistable Hamiltonian system”, Commun. Pure Appl.
Math. 70 (2017), no. 2, pp. 340-377.
[2] S. Alama, L. Bronsard and C. Gui, “Stationary layered solutions in R2 for an Allen-Cahn
system with multiple well potential”, Calc. Var. Partial Differ. Equ. 5 (1997), no. 4, pp. 359—
390.
[3] S.Alama, L. Bronsard, X. Lu and C. Wang, “Core shells and double bubbles in a weighted
nonlocal isoperimetric problem”, SIAM J. Math. Anal. 56 (2024), no. 2, pp. 2357-2394.
[4] N.D. Alikakos, G. Fusco and P. Smyrnelis, Elliptic systems of phase transition type, Progress
in Nonlinear Differential Equations and their Applications, vol. 91, Birkhduser/Springer,
2018.
[5] N.D. Alikakos and Z. Geng, “On the triple junction problem without symmetry hypothe-
ses”, Arch. Ration. Mech. Anal. 248 (2024), no. 2, article no. 24 (58 pages).
[6] S. Baldo, “Minimal interface criterion for phase transitions in mixtures of Cahn-Hilliard
fluids”, Ann. Inst. Henri Poincaré, Anal. Non Linéaire 7 (1990), no. 2, pp. 67-90.
[7]1 H.Brézis, J.-M. Coron and E. H. Lieb, “Harmonic maps with defects”, Commun. Math. Phys.
107 (1986), pp. 649-705.
[8] L. Bronsard, C. Gui and M. Schatzman, “A three-layered minimizer in R? for a variational
problem with a symmetric three-well potential”, Commun. Pure Appl. Math. 49 (1996),
no. 7, pp. 677-715.
[9]1 G. Fusco, “Minimizing under relaxed symmetry constraints: triple and N-junctions”, Ann.
Sc. Norm. Super. Pisa, Cl. Sci. (5) 25 (2024), no. 2, pp. 887-940.
[10] D. Gazoulis, “On the I'-convergence of the Allen-Cahn functional with boundary condi-
tions”, Proc. R. Soc. Edinb., Sect. A, Math. 155 (2025), no. 5, pp. 1557-1579.
[11] Z.Geng, “Uniqueness of the blow-down limit for a triple junction problem”, Commun. Pure
Appl. Math. 78 (2025), no. 2, pp. 500-534.
[12] E. Giusti, Minimal surfaces and functions of bounded variation, Monographs in Mathemat-
ics, vol. 80, Birkhduser, 1984.
[13] P Hartman, “Onlocal homeomorphisms of Euclidean spaces”, Bol. Soc. Mat. Mex., II. Ser. 5
(1960), pp. 220-241.
[14] A. Monteil, private communication.
[15] A. Monteil and E Santambrogio, “Metric methods for heteroclinic connections”, Math.
Methods Appl. Sci. 41 (2018), no. 3, pp. 1019-1024.
[16] E Morgan, “Immiscible fluid clusters in R? and R%”, Mich. Math. J. 45 (1998), no. 3, pp. 441-

450.



158

(17]

(18]

(19]

(20]

(21]

Lia Bronsard, Etienne Sandier and Peter Sternberg

E. Sandier and P. Sternberg, “Allen-Cahn solutions with triple junction structure at infinity”,
Commun. Pure Appl. Math. 77 (2024), no. 11, pp. 4163-4211.

M. Schatzman, “Asymmetric heteroclinic double layers”, ESAIM, Control Optim. Calc. Var.
8 (2002), pp. 965-1005.

S. Sternberg, “Local contractions and a theorem of Poincaré”, Am. J. Math. 79 (1957),
pp. 809-824.

B. White, “Existence of least-energy configurations of immiscible fluids”, J. Geom. Anal. 6
(1996), no. 1, pp. 151-161.

W. Zhang, K. Lu and W. Zhang, “Differentiability of the conjugacy in the Hartman-Grobman
theorem”, Trans. Am. Math. Soc. 369 (2017), no. 7, pp. 4995-5030.



	1. Introduction
	2. Preliminaries and background
	3. Structure of almost minimizers in 1D
	4. Upper bound
	5. Proof of Theorem 4
	Acknowledgments
	Declaration of interests
	References

