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1. Introduction

Let X be a complex manifold with dim¢ X = n = 2. Let
w= \/—_lgl.]fdzi Adz/
be a Hermitian metric on X.

A metric  is called Gauduchon if 0w™ ! = 0, balanced if dw™ ! = 0, and Kihler if dw = 0.
While there are obstructions to the existence of balanced (or Kdhler) metrics, a classical result
due to Gauduchon [5] asserts the following: on any compact complex manifold X with n = 2,
there exists a unique (up to a positive constant) Gauduchon metric in the conformal class of
every Hermitian metric.

Let V and V2 be the Chern and Bismut connections of a Hermitian metric w. For any t € R, the
corresponding Gauduchon connection V' is defined by [6]

Vi=(1-0V+1VE,

Ifwis non—Kéﬂlﬂer, the Gauduchon connections V! are all distinct. In particular, the Lichnerowicz
connection V2 coincides with the restriction of the complexified Levi-Civita connection to the
holomorphic tangent bundle T"°X. For the geometry of these connections, see [4,10,12] and
references therein.

The connection V' is called Kahler-like if its curvature F satisfies all the symmetries of a Kihler
metric’s curvature; namely, its (2,0)- and (1,1)-parts satisfy F @0 = 0 and FOV is symmetric
(see (11)). For background on Kéhler-like manifolds, we refer to [1,9,13,15,16] and the references
therein.

Let F _tgl, F tg, F _t';o’ and F _t;4 denote the four Ricci curvatures of F(MV (see Definition 9). If V! is
Kéihler-llif<e, t}lljen ti{ese fourl]Ricci curvatures coincide.

Our starting point is the following.
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https://doi.org/10.5802/crmath.822
mailto:20230120@wzu.edu.cn
https://comptes-rendus.academie-sciences.fr/mathematique/

88 Jieming Yang

Proposition 1. There exists a Hermitian metric w on the Hopf surface S® x S', whose curvatures of
the Bismut connection V? satisfy
F20 FLl_ pl2 _ pl3 _ pla
’ ijooip i i
While V® is not Kéihler-like.
Our main results are the following.

Theorem 2. Let (X,w) be a compact Hermitian manifold with n = 3. If the curvature of the
Gauduchon connection V! satisfies
Fil=fpt3
ij ij
forsomete ((—00,2 —V3lU[2+ V3, +oo)) \ {0}, then w is Kéhler. While for t = 0, w is balanced.

As an instance of Theorem 2 with t = 0, consider the Iwasawa threefold with its natural
metric w. It is well known that w is balanced and has a flat Chern connection V. Furthermore, for
the special case of compact complex surfaces, the conclusion of Theorem 2 can be strengthened
under an additional hypothesis.

Theorem 3. Let (X,w) be a compact Hermitian surface. If the curvature of the Gauduchon
connection V! satisfies
pil - pt2 _ pt3
ij ij ij
forsome t # 1, then w is Kdhler.

During the proof of Theorem 3, we note that the Lichnerowicz connection V? hasa special
property valid for all dimensions 7 (see (18)). This leads us to study Gauduchon connections V*
satisfying

Fe% =0, FH=F2=F"7 M
ij ij ij
If V! is Kéhler-like, then V! satisfies (1).
Proposition 4. Let (X,w) 1176 a compact Gauduchon manifold with n = 3. If the curvature of the
Lichnerowicz connection V2 satisfies (1), then w is Kdhler.

The compactness condition can be replaced by introducing an additional connection V¥,

Proposition 5. Let (X,w) be a Hermitian surface. Let s and t be two real numbers with s # t. If
both the curvatures of Gauduchon connections V® and V' satisfy (1), then w is Kéihler.

Proposition 6. Let (X,w) be a Hermitian manifold with n = 3. Let s and t be two real numbers
with (s—t)(¢— %) # 0. If both the curvatures of Gauduchon connections V* and V" satisfy (1), then
w is Kdhler.

Theorems 1 and 2 and Proposition 1 of [15] were proved under the assumption that V? is
Kahler-like. Our present results (Theorems 2 and 3, and Propositions 4, 5 and 6) extend those
in [15] to weaker conditions.

The following results can be proved by arguments analogous to those for Theorems 2, 3 and
Proposition 4; their proofs are therefore omitted.

Theorem 7. Let(X,w) bea compact Hermitian manifold with n = 3. If the curvature of the Bismut
connection V5 satisfies (1), then w is a Gauduchon metric satisfying

Apddw =0, VBr=o0,

wheret = A, 0w.
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Theorem 8. Let (X,w) be a Hermitian surface. Then the following statements are equivalent:
(1) the Bismut connection V® satisfies (1);
@) vBr=0;
(3) w is Vaisman.

Here T is the torsion of the Chern connection V of w.

Theorem 7 can be seen as an analogue, to some extent, of [16, Theorem 1]. The cited theorem
characterizes when the Bismut connection V5 of a (not necessarily compact) Hermitian manifold
(X,w) is Kahler-like by the conditions 3dw = 0 and VET = 0. (We remark that the condition
Aw0dw = 0 appears in works such as [3,14].) In a similar vein, Theorem 8 corresponds to [16,
Theorem 2].

Section 2 sets up the notation and main definitions, and contains the proof of Proposition 1.
Theorems 2, 3 and Proposition 4 are proved in Sections 3 and 4.

The proofs of Propositions 5 and 6 are omitted, as they follow directly from the arguments
for [15, Theorem 2].

2. Preliminaries

Let X be a complex manifold with dim¢ X = n = 2. Let
w=V-1g;;dz' ndZ/
be a Hermitian metric on X. Denote
P _oPig .-
Uik =8"'0k8;5-
The Chern connection V of w is the unique connection which is compatible with the complex
structure of X and the Hermitian metric w. Locally, we have

va—r”a vfa—o
Mozi)~ ikazr’ Nozi) ™

where Vi =V _5_and V; =V, denote the covariant derivatives of V along the vector fields 667
azk oz!
and %. Hence, for = Hile, we have
Z
Vkeizakgl*, VZBE =6i9E
These terms may be used interchangeably.
The Chern connection V has torsion tensor T whose components are
Tii7=0k8;7—0i8j-

Then, we have T, -T, K Denote

ij=
pP._ pjm __1TP _TP
T =8"Ty;=T; ~Ti
and _
kI
Ti =8 Tiki'
Then the torsion (1,0)-form 7 of V is defined by
T:=Now=T; dz'.
Since each Hermitian metric w satisfies
A" ' =1 A", )
it is direct to verify that w is balanced if and only if

7=0,
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and that w is Gauduchon if and only if
0"t =0.

Moreover, for a Hermitian metric w, we calculate

—0"1 = gMV T+ 1717, 3)
where _ _ _

gleka=glek171r 71> = g¥' Ty T

Integration by parts will be used frequently. Let (X,w) be a compact Hermitian manifold. For
0= Hidzl , we obtain from (2) that

0= n/ V-1d(@-6) Aw"™)
X
=n/ V=100-00+TAO+OAT) A" ! 4)
X

:f 2Re(gki(Vk0j+ TkHZ))w”
X

Hereafter we may omit the volume form “'TI,Z
The curvature R, of Vis
0 0
VoV(—,) =RP _dzFndz'e —,
0z ikl 0zP
where (e.g., [8, Chapter 1])

P oPi(—3-010.-+ e300 -0 0=
Riki—g ( 616kgij+g algmjakgm). 5)
Denote
L _pP _ _A_ _ mnay_ o _ L
Rifkl_gijiki_ 6lakgij+g algmjakgm-
Then we have
Risi = Ryge ©6)
The components of the four Ricci curvatures are
_oklp _ _ I T 3 _gkip 4 _ kip
Rij=8 Ryip  Kij=8 Rijp  R5=8 Rypp  Rz=8 Ry
Then we obtain from (6) that
—R.- K- 3 _pt.
Rj=R;  Kj=K; R-=FKj
The Bianchi identities are well-known (e.g., [11, (2.6)]):
Rijii =Rzt =Viliep  Rijer = Riieg = VT jip -
Rijii = Ridij = ViTieg T ViT jie = Vil + Vil iy

In the local expression (5), we follow the notations in [8]. So the first two indices and the last two
indices of the curvature tensor in [11, (2.4)] have been swapped. We obtain from (7) that
3 _p_Lvu_T
Rif_ Rl.j +VjTl,
(8)

*+VkT ’).

1 N ]
K.T_Rijf:E(v]TTl’+viTj)_§g (ViTki] lji

ij
The Bismut connection V? of w is defined by

0 0 0 — 0
Bl ¥ |_yP 7 Bl ¥ | _ srq .
vk((‘)zi) _rkiaz’” Vi(azi) =8 Tl"iazf"

Then for every 7 € R, the Gauduchon connection V! is defined by [6]

0 _ p py 0 0 \_ ora7, 0
Vk(ﬁ)_((l—t)l“ik+ﬂ“ki)@, Vz(ﬁ)—tg” Tigigp @
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The curvature of the Gauduchon connection V/ is
e 2o,
z

where (e.g., [4, Proposition 4.2])

1 _ _
dz™ Adz*¥+ FP _dzF andz! + = F” _dz" A dZ} | & —,
ikl 2 inl 0z"

p _ v _ T_q
Fimic = tgh! (vikaf-'_ - t)(TkrfTrrni + TmrfTirk)) - _ngijgil?
and
¢ _ o P _po_ e TNy R2oPA(T T T
ikt = 8piti = Bipud + LV T+ Vel ) + 087 (Thig Tjp = T T -
By (6), we have
t _pt_
ikl = Fjiike (10)
Hence, V' is Kéhler-like if and only if (e.g., [15, Section 2])
14 _ t _ ot
Fimk =0, Fifki = kaii' an
Indeed, we obtain from (10) and the second identity that in (11) that F ]z [ = F ffkl,.
ij ij
Denote _ _
1 _ ki _pgp _7 _ 2 _ JklopGr T
Qif_g gquiqujlpr Qif_g gqupijqli
and _
_GPAT _ ki
Uij=8"TqTy5  Viy=8 Vil

Then we have 1 2
1 _ AL 0 =2
Ql-]T_jSr Qi]T_ ji*
Definition 9. Let (X,w) be a Hermitian manifold. The four Ricci curvatures of the Gauduchon
connection V' are
51 _  klgt _p_ . =
Fiz =8 Fys= R+ tVLi+ Vil p),
12 _ kgt _ o LT L 2l 2
By =8 Fipg = Kip+ Vg Vi + 07(Q ;= Q)
3 _ _kipt  _ p3 LT 2l —
Fi =8 Fp =R = t0VTi+ Vi = Qi+ U jp),

td _  klpt  _ pd . N 21 K
Fif =g kaii_Rif t(VlT]+Vij) t (Qij+Uij)'

Then we have (by (10))
1,1

Ft,l — ﬁ 1
ij Jji

FR2=F72,  FB=F"
’ ij ji’ ij jit
Remark 10. Let (X, w) be a compact Hermitian manifold.
If V; 7= 0, then

glv-T,=g'V,z=0.
Integration by parts (see (4)) yields

o=-f a*::f(gl‘fval-+|r|2)=f|r|2,
e X J X

which implies w is balanced.
Hence, for ¢ = 0, we obtain from (8) and Definition 9 that
FOl=F%2 =3 - F% =R -,
ij ij ij ij ij
Moreover, if w is of pointwise constant (Chern) holomorphic sectional curvature u € szfug (X)\ {0},
then w is Kdhler and u is a (non-zero) constant. The proof is similar to [7, Theorem 1.1], so we
omit it.
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We close this section by a proof of Proposition 1.
Suppose n =2 and (81,...,8,) € C"\ {0} with [6;] = --- =16, # 1. Let 2"~ 1 x St = (C"\ {0})/~
be the Hopf manifold, where
(z',...,2" ~ (612", ...,6,2™.
For a >0 and 8 > —a, we consider the natural metric w = \/—lgl.]fdzi Adz’ on §2"71 x S!, where
by 7
817 = g TP p
for |z|? = ;’zllzllz. Denote y = g >-1.
Proof of Proposition 1. Direct calculation yields that the (1, 1)-part of the curvature of V! of w is
(e.g., [2, Section 3] for £ =1)
a
|z|*

+ (((1 Y0y -0 - (D)@ 26 +252761)

Fitfki = (((1 +Y)(2 — t)t—}f)6”5kj + (1 -2(1 +7/) t)aij6kl)

+((a +y)t—y)2+2y)z"zf6k,+(2(1+y)t—1)z’“zl5ij)%
2 Z'2 ZF 7!
+ay(A+y)t —(3+y))W,
which implies .
11 _( o lef) n-2n-1)1+y)t
ij Y el 1212
and
t,2 2 6ij
F”, =(n—(t +2(n—2)t+1)(1+y))@+((2n—1+(n—1)y)y—2(1+y)(1+(n_1)y)t
=i j
+((n—1)y+n)(1+y)t2)%
and
1,3 2 5,']'
it = (cn( e+ @n=3)1+7)t+1- (=) 5
Nz 2!
+((n—1)Y—1+(1+Y)((n—1)Y—(n—2))t+(1—(n—1)y)(1+y)t )W
:Ft,4
ij

A necessary condition for F ,tgl =F _tgz is
ty ty

n-2n-DA+pPt=n- (2 +2(n-2)t+1)(1+7),
ie.,
1+p(-1%=o0.

The only choice is t = 1 since 1 +y > 0.
Then we have

FLL_ ple _ ZizZl\n-2m-1)1+y)
ij o ij

i g2 |2
and

=i

F1'3=F1'4=( oz zf)n—2(1+)/)
ij |z|?
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Hence F ,1;1 =F ,1;3 if and only if
N N (n-2)(1+y)=0,
i.e, n=2sincel+7y>0.
Direct calculation yields

=k
rfk: YZiépk—Zképi—Yszzp Ilez and kl] =(z 6k]—_k6,])a(|l;y),
which implies
VT, kij — al’ kij Tmljrm Tkm]F?;— :
Then the (2,0)-part of the curvature of V! of w is Fipmk = Eg Iv;T mkj = 0.
It is direct to check the Bismut connection V5 of w is not Kahler-like. O

3. Proofs of Theorems 2 and 3

Let (X, w) be a compact Hermitian manifold with n = 2.

Proof of Theorem 2. Since F"> = f for every Hermitian metric, we obtain from F bl = '3 that
l i

ij
Ft,3:Ft,4
ij ij
By (8) and Definition 9, we get
PR v, T - v a T - o U-+U ;7)) - t*Q!
i =Rt 5 VL Vil )= Vi Vi) = S U+ U = 1°Q;5
which implies
T S T 2 7 211
A=30(V;T;+ViTp = tV;5+V 9 + U5+ U ) +26°Q 12)

Since
g1V;;=g"V:Ti=g" VT ="V
giU =1l =gl ;,
l]Q _gl]Q _gl]gklgpq pk] qll |T|
we obtain from (12) that -
(1-40g" V5 T; = (1ol +1TP).
Integration by parts yields (see (3) and (4))

0=(t2—4t+1)f |T|2+t2/ | T2 (13)
X X
Let n=3. If t = 0, the identity (13) is
o=fwﬁ
X

which implies o is balanced. If 7 € ((-00,2 — v/3] U [2 + V/3, +00)) \ {0}, the right-hand side of (13)
is non-negative, which implies w is Kéhler. g
Remark 11. In Theorem 2, if we replace the condition F,tgl = Ft,g by one of the following
ij ij
conditions:
() F2=F';
ij ij
() F+F2 = F2+ Fl2;
ij ij ij ij
we still have the identity (13), while other combinations of the four Ricci curvatures fail to give

interesting identities like (13).
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To prove Theorem 3, we need the following.

Lemma 12. Let (X,w) be a compact Hermitian surface. If

1 1 1 1
3 =gt o pid gt
ij ij ij ij’

then w is Kéhler.
With Lemma 12 in hand, we can prove Theorem 3.

Proof of Theorem 3. Suppose Fit];l = Fit];3. Since (see (2))

TP =2]zf,
we obtain from (13) that
0= (t—l)(3t—l)f 7|2,
By Lemma 12, for ¢ # 1, we have 7 = 0, which implies w)is Kéhler by (2).

We have to prove Lemma 12. We calculate for general n =2 and ¢ € R.
Let (X, w) be a Hermitian manifold whose Gauduchon connection V* satisfies
FI’,I — FZLZ — FtLS - FtL4
ij ij ij ij
for some t € R.
By the Bianchi identities (7), we get

V-T. ;+ VZT

ik kij = Vil e+ VT

1ji’
which implies
V]TT,' +Vi]T=ViTj+ leT.

Since F _tgl =F ?, we obtain from (8) and Definition 9 that
ij ij

AN 52 2.1 2
(2t—1)(VJfT,-+V,-Tj)— (21‘—1)(Vl.]f+ lef)+2t (Qif_Qif)'
Combining (12) with (15) yields
T ) . 2007 _ LT 1 2
Vij+ lef—(3—8t)(ijTl+VlT])—2t (Ul.j+Ujl.+Ql,]T+Ql.]7)

Inserting the above identity into (15) yields

_T. Ty = £2(1 — _LTT - 201 _ 1 54302
(2t—1)(4t—1)(VjTl+VlT])—t (1 2t)(Ul.j+Uji)+2t 1 t)Ql,]T 2t Ql,jf.

Since F ,t;g =F f’f, we obtain from Definition 9 that
ij ij

—_ — , _
(t=DV;T;=ViT) =t(Viz =V ;D +1°(U;5-U .

Inserting (14) into the above identity yields
@t-1D(V;T;-ViT)) = 2(U;;-U ;).

Ifr= i, then w is already Kéhler by (13). Thus for ¢ # %, we obtain from (16) and (17) that

_ _ BT, 201 2T 4 201 _ ANl 312
2t-1)4t I)VjT,—t Uij+t(1 3t)Ujl.+t(1 t)Qif th,]T.
Take n = 2. Then we have (see (2))
2 T __ Sklg L u_T.
UI.JT—|T| gl.j—T,Tj, Vl.j—g VlTkgi]. V].T,
and
1 2, 2 _ 2, __op.
Qif_m 85 Qij—2|‘r| 8i; 2T,Tj.

(14)

(15)

(16)

a7

(18)
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Inserting these into (18) for ¢ = % yields
— 1720 - ST
—3VJTT,- =|7| 8ij + T; Tj, (19)
which implies B
-gv;Ti =171,
We obtain from (3) that w is Gauduchon.

Proof of Lemma 12. Let (X,w) be a compact Hermitian surface.
By (2), we calculate _ _ _
[V]T,VZ] T; = V;?Ti T?j = TZVJTTL' - TjVjTi-
which implies
~3-2Re(g"/ g" TV ;V;Tp) = -3-2Re(g " TV (g V7 1) - 61778V Ti.
+3-2Re(g" gF T T;V; ).
Since w is Gauduchon, integration by parts (see (4)) for the right-hand side yields
—3[){2Re(gijglekVJfViTi) = efxm‘* +3f)(2Re(gijgkITijVZTi). (20)
On the other hand, we obtain from (19) that
—-3-2Re(g" g"' T4V :V;T)) = 2Re(g" T Vilt1?) + 2Re(g gX Te T; VT ) + 217 g4V T
Integration by parts (see (4)) yields
—3[){2Re(gijglekV]fVZTi) = 2fX2Re(glekVZ|T|2) —f){ZRe(gijgleijViTi) —zfxm‘*

=—f 2Re(g"7g”Tijvl—T,-)—2f 1714,
X X
Combining the above identity with (20) yields

2f 7]t = _/ 2Re(g' g T TV T).

X X
Inserting (19) into the right-hand side yields
6[ |T|4:—3f 2Re(gifgkiTijVZT,-)=4f|‘L'|4.
b X X

We have 7 =0, which implies w is Kdhler by (2). U

4. Proof of Proposition 4

Let (X, w) be a compact Hermitian manifold with n = 3. We consider the Lichnerowicz connec-
1
tion V2 of w satisfying

1 12 13
FP =0, FZ =F2°=F2", 1)
imk i ij ij
By the calculation in Section 2 and the first identity in (21), we have
1
VkTiz—E(TpT]Z+TlfmTi";). (22)
With the second identity in (21) in hand, we obtain from (15) that
1 _ 2
Q=
and from (17) that
Ul] = Ule’

and from (12) and (14) that
— _ . - —_ 1
O_Z(V].T,+Vl.j)+Ul.j+Qij. (23)
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Lemma 13. Let (X,w) be a compact Hermitian manifold with n = 3. If V% satisfies (21), then

diz+7)=0.

Proof. By (22), we have

Vil =ViTp = T, T),.

While by the definition of the Chern connection,

ViTi =ViTp =0, T; —0; Ty + TPTﬁc’

Then we have

1 .
0= E(akTi -0;T)dz" Adz = or.

We only need to show

01+ 07T =0.

Step 1. Direct calculation yields

=
IV VAT =VaTiTy,

which implies

2Re(g'/ gkl Ty, V3 VAT = —2Re(g" g"'v;T; U,

Integration by parts (see (4)) for the left-hand side in (24) yields (by (3))

/ZRe(gifgkiTkVZVjTi):f 2Re(g" T V(g1 V1)
X X

zzf @ 1)g I V-T;
X ]

and

—LZRe(gijglekV]fviTi)=fX2Re(gijgle]kaViT,')+L2Re(gijgleiTiTij).

Integration by parts (see (4)) for the right-hand side in (24) yields

—fXZRe(gijgleZT,-Uk]f)=fXZRe(gijgleiVZUk]f)+fX2Re(gijgklUk]TTlTi)

:LZRe(gijgle]leTpT]Z.)—LZRe(gijgklI/iiTij),

where the second equality follows from the definition of Uz and V; j and

2Re(g' g U T T ) = 2Re(g' g¥ T, TV T\ T ) =,

: P _ _ P
since Tkl. = Tik.

Moreover, we obtain from (22) that
2Re(g" g" VT T, T)) = —%2Re(gi7gki(f,, T+ T, T T, T])
- —%ZRe(gifngTq T T, 1))
- %2Re(g’7g"7Ql¥ZTij)

= gl]g U,'ZU]C]TZ |U|2;

where we have used the definition of Q'- and
ij

Then we obtain from (24) that

zfx(a*r)gifva,-+L2Re(gifgklvakviTi)=L|U|Z—L2Re(gifgkl(viTi+vl.i)Tij),

(24)

(25)
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where (by (23) and (25))
P 7 — ]_ P 7 —
_LzRe(g”gkl(Vsz’ +ViDTeT ) = ELZRe(g”g“(Uﬂ* QpTiT))
21 if kA1 g
_EfXZRe(g g QiiTka)

:f i
X

f2Re(gifgkinTkViT,-)=2f|U|2—2f(6*‘r)gifV7T,-. 26)
X J X X J

Denote A = - lAwét_?. We have

Thus we get

20J71? = 2Re(g MV (Vi T T + T;VA T ).
Integration by parts (see (4)) yields (by (3))
2[ @* 1)1 =f 2Re(g"7g"ifl(va,-Tj+Tl-v,jj)),
X X
where we obtain from (22) that

e 7 —_— ]. i 7 T T
2Re(g" g" 'V Ty T T)) = -5 2Re(g" g™ 1], T\ T = -|UP.

km~ip
Then we get
f2Re(gifgklvajTlTi)=f|U|2+2f(a*r)|r|2. 27)
X X X
By (24), (26) and (27), we get
f2Re(gifngViTiUkT)=—3f|U|2—2f(0*‘r)|‘r|2. 28)
X J X X

Step 2. Motivated by [9, Lemma 3.7], we calculate

1

LT, — 1 1 — 1 1
2Re(gz]gkl(Tj[V13,V,i]T,-—Tl[V]%,Vi]T,-))
i7 k= 1l 1 i7 ks 11
=2Re(g"g Tlv;v]%Ti)—zRe(g”g ij;VZET,-), (29)

where we have used (by (9) and (22))

1 1 1 1
_ P _ 14 _
ViTi=ViTi+ S TpTf == 10, Ty =V} T (30)
Since ) L . 1
2Re(g’fgklflv,§v]§ T;) = 2Re(g’“lflvk(g”v]§ 1)
and
VIT,=V-Ti- SgPIT, T, =V-Tj4+ 10 - =V-Ti+ LU - 31
e jz—ig pligi= j’+§ ji= jz+5 i (31

integration by parts yields (see (3) and (4))

Py — l l vy 1
f2Re(gl]glelV2V3Ti)=2f(0*T)g”(VTT,-+—U:)
X k=g X J 2 U
, (32)
=2f(O*T)g”VTTﬁf(O*T)ITIZ.
X J X
By (9), we get

11 1 1 1 - 1 1
VEVZT = 0kV2 1=V TpI] = - gPT (V2 Ty Ty + V2 Ti Ty ).
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Then we have
_ [ 2Re(gTgH T vivViT) = 2 [ 2Re(g'T gH VI U, )+ 2 [ 2Re(g] gK1V2 T, T )
¥ g8 ]kilzx ggilkax ggilk]
'y 7 l —_—
+f2Re(g’fg"’vi2 T;ViTj). (33)
X
We obtain from (25), (27), (28) and (31) that
1 if kig3 1 T 1 2
_ J 2. )= _ 1 _T. _ _
2fXZRe(g g VZ T,Ukj)—ZLZRe(g g vlTlUkj)+2L|U|

—f |U|2—f @il
X X

1 LT 1 — 1 T o7 —
EfXZRe(g”gle; T, T T)) = —f 2Re(g" g"'V; Ty T T)

f|U| +f(a*r)|r|

sze(g”g“v T;ViTj) =2 fIVTI +— fZRe(g”gkl ViT))

=2f|vf| ——f|U| —f(a*r)lrlz,
X 2Jx X

Vel = g1 g¥ IV TV, T .
Inserting the three identities into (33) yields
s s 11 _
—f 2Re(g' g" T;VEVET) = 2f |Vr|2—2f |U? —f @* )7
X ! X X X
Combining the above identity with (26), (29) and (32), we get

LT T — 1 1 — 1 1 — LT
f2Re(g”gkl(Tj[V?,Vi]T,-—Tl[VE,,V,i]Ti)):2[IVTIZ—Zf|U|2+2f(0*r)g”V7Ti
X l j X X X J

where

_ X (39)
= zf V|2 —f 2Re(g" gMV-TV; T)).
X X 1
We deal with the left-hand side of (34). By definition (see (9)), we get (e.g., [9, Corollary 2.5])

t gt _ p qot .
[vi’vk]Ti_T”Fiki+ tgpq(vaT,T -v T, lqk)

Fort= %, we get

1

LT — 1 1 — 1 1
2Re(g’fg’€l(Tj[vlz,v,§]T,-—Tl[vjz,v;m))
—2Re(g g (FE? ~ F2) T, T,) + ~2Re(g ¥V 2 T, T, T)
elgg" (F] il—k])zegg klilqlj
1 A S, 1 .z o7 1 —
+ 52Re(g’fg’”v,§ T;T,T)) - E2Re(g”g"lvlé Ti(Uyj+ TeT ),

where the first and second terms on the right-hand side vanish due to (21) and (30), respectively.
For the third term, we obtain from (30) again that

1 B S 1
E2Re(g’fg’”v,§ T,T,Tj)= —5|U|2.
For the last term, we obtain from (25), (27), (28) and (31) that

1 I | _ 1 s 5
—ELZRe(g”gle; T; (U5 + Tij))=—5fX2Re(g”g“vl—Tl(U ~+ T4 T}) ——f|U|2

1
=—f|U|2.
2Jx
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Summing up yields
N D _ 1 1
f 2Re(g" g"(T;IV2,VEIT; - T)[V2,V2]T;)) = 0.

X I J

Inserting it into (34) yields
0=2f |§r|2—f 2Re(g' gV TV, T)). (35)
X X J
We use the completed square
0=gg"(V;T; -V, T)(VT; - V:Ty) = 2|Vr? - 2Re(gijgle7TkViTi),
where the equality holds if and only if
V;T; =V;T,.

Then we have 47 + 4T = 0. B
The conclusion follows from 07 = 0 and 7 + 0T = 0. O

Proof of Proposition 4. Let (X, w) be a compact Hermitian manifold with n = 3.
We obtain from (31) that

_1 | 1_ _ - - 1
2IVi7)2 = 2g”gklvi2 T;ViT;=2IV1* +2Re(g" g"'V; iU, 7) + 5|U|2.
By (3), (26), (28) and (35), we have

_1 1
f(a*r)2=f|v21|2+—f|U|2.
X X 4 Jx

Suppose w is Gauduchon. By (3), we have

_1 1
0:f|v21|2+—f|U|2,
X 4 Jx

which implies

Ul.]fz 0.

Then we have _
2 _ij _
7> =g"U;;=o0.
Taking t = % in (13) yields
o:sf |r|2:f TP,

X X

which implies T =0, i.e., w is Kédhler. O
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