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1. Introduction

Let X be a complex manifold with dimC X = n ≥ 2. Let

ω=p−1gi j dzi ∧dz j

be a Hermitian metric on X .
A metric ω is called Gauduchon if ∂∂ωn−1 = 0, balanced if dωn−1 = 0, and Kähler if dω = 0.

While there are obstructions to the existence of balanced (or Kähler) metrics, a classical result
due to Gauduchon [5] asserts the following: on any compact complex manifold X with n ≥ 2,
there exists a unique (up to a positive constant) Gauduchon metric in the conformal class of
every Hermitian metric.

Let ∇ and ∇B be the Chern and Bismut connections of a Hermitian metricω. For any t ∈R, the
corresponding Gauduchon connection ∇t is defined by [6]

∇t = (1− t )∇+ t∇B .

Ifω is non-Kähler, the Gauduchon connections ∇t are all distinct. In particular, the Lichnerowicz
connection ∇ 1

2 coincides with the restriction of the complexified Levi-Civita connection to the
holomorphic tangent bundle T 1,0X . For the geometry of these connections, see [4,10,12] and
references therein.

The connection ∇t is called Kähler-like if its curvature F satisfies all the symmetries of a Kähler
metric’s curvature; namely, its (2,0)- and (1,1)-parts satisfy F (2,0) = 0 and F (1,1) is symmetric
(see (11)). For background on Kähler-like manifolds, we refer to [1,9,13,15,16] and the references
therein.

Let F t ,1

i j
, F t ,2

i j
, F t ,3

i j
and F t ,4

i j
denote the four Ricci curvatures of F (1,1) (see Definition 9). If ∇t is

Kähler-like, then these four Ricci curvatures coincide.
Our starting point is the following.
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Proposition 1. There exists a Hermitian metricω on the Hopf surface S3×S1, whose curvatures of
the Bismut connection ∇B satisfy

F (2,0) = 0, F 1,1

i j
= F 1,2

i j
= F 1,3

i j
= F 1,4

i j
.

While ∇B is not Kähler-like.

Our main results are the following.

Theorem 2. Let (X ,ω) be a compact Hermitian manifold with n ≥ 3. If the curvature of the
Gauduchon connection ∇t satisfies

F t ,1

i j
= F t ,3

i j

for some t ∈ (
(−∞,2−p

3]∪ [2+p
3,+∞)

)
\ {0}, then ω is Kähler. While for t = 0, ω is balanced.

As an instance of Theorem 2 with t = 0, consider the Iwasawa threefold with its natural
metricω. It is well known thatω is balanced and has a flat Chern connection ∇. Furthermore, for
the special case of compact complex surfaces, the conclusion of Theorem 2 can be strengthened
under an additional hypothesis.

Theorem 3. Let (X ,ω) be a compact Hermitian surface. If the curvature of the Gauduchon
connection ∇t satisfies

F t ,1

i j
= F t ,2

i j
= F t ,3

i j

for some t ̸= 1, then ω is Kähler.

During the proof of Theorem 3, we note that the Lichnerowicz connection ∇ 1
2 has a special

property valid for all dimensions n (see (18)). This leads us to study Gauduchon connections ∇t

satisfying
F (2,0) = 0, F t ,1

i j
= F t ,2

i j
= F t ,3

i j
. (1)

If ∇t is Kähler-like, then ∇t satisfies (1).

Proposition 4. Let (X ,ω) be a compact Gauduchon manifold with n ≥ 3. If the curvature of the
Lichnerowicz connection ∇ 1

2 satisfies (1), then ω is Kähler.

The compactness condition can be replaced by introducing an additional connection ∇s .

Proposition 5. Let (X ,ω) be a Hermitian surface. Let s and t be two real numbers with s ̸= t . If
both the curvatures of Gauduchon connections ∇s and ∇t satisfy (1), then ω is Kähler.

Proposition 6. Let (X ,ω) be a Hermitian manifold with n ≥ 3. Let s and t be two real numbers
with (s − t )

(
t − 1

2

) ̸= 0. If both the curvatures of Gauduchon connections ∇s and ∇t satisfy (1), then
ω is Kähler.

Theorems 1 and 2 and Proposition 1 of [15] were proved under the assumption that ∇t is
Kähler-like. Our present results (Theorems 2 and 3, and Propositions 4, 5 and 6) extend those
in [15] to weaker conditions.

The following results can be proved by arguments analogous to those for Theorems 2, 3 and
Proposition 4; their proofs are therefore omitted.

Theorem 7. Let (X ,ω) be a compact Hermitian manifold with n ≥ 3. If the curvature of the Bismut
connection ∇B satisfies (1), then ω is a Gauduchon metric satisfying

Λω∂∂ω= 0, ∇Bτ= 0,

where τ=Λω∂ω.
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Theorem 8. Let (X ,ω) be a Hermitian surface. Then the following statements are equivalent:

(1) the Bismut connection ∇B satisfies (1);
(2) ∇B T = 0;
(3) ω is Vaisman.

Here T is the torsion of the Chern connection ∇ of ω.

Theorem 7 can be seen as an analogue, to some extent, of [16, Theorem 1]. The cited theorem
characterizes when the Bismut connection ∇B of a (not necessarily compact) Hermitian manifold
(X ,ω) is Kähler-like by the conditions ∂∂ω = 0 and ∇B T = 0. (We remark that the condition
Λω∂∂ω = 0 appears in works such as [3,14].) In a similar vein, Theorem 8 corresponds to [16,
Theorem 2].

Section 2 sets up the notation and main definitions, and contains the proof of Proposition 1.
Theorems 2, 3 and Proposition 4 are proved in Sections 3 and 4.

The proofs of Propositions 5 and 6 are omitted, as they follow directly from the arguments
for [15, Theorem 2].

2. Preliminaries

Let X be a complex manifold with dimC X = n ≥ 2. Let

ω=p−1gi j dzi ∧dz j

be a Hermitian metric on X . Denote

Γ
p
i k = g p j∂k gi j .

The Chern connection ∇ of ω is the unique connection which is compatible with the complex
structure of X and the Hermitian metric ω. Locally, we have

∇k

(
∂

∂zi

)
= Γp

i k

∂

∂zp , ∇l

(
∂

∂zi

)
= 0,

where ∇k = ∇ ∂

∂zk
and ∇l = ∇ ∂

∂z̄l
denote the covariant derivatives of ∇ along the vector fields ∂

∂zk

and ∂

∂zl . Hence, for θ = θl dz l , we have

∇kθl = ∂kθl , ∇lθk = ∂lθk .

These terms may be used interchangeably.
The Chern connection ∇ has torsion tensor T whose components are

Tki j = ∂k gi j −∂i gk j .

Then, we have Tki j =−Ti k j . Denote

T p
i k

:= g p j Ti k j = Γ
p
ki −Γ

p
i k

and
Ti := g kl Ti kl .

Then the torsion (1,0)-form τ of ∇ is defined by

τ :=Λ∂ω= Ti dzi .

Since each Hermitian metric ω satisfies

∂ωn−1 = τ∧ωn−1, (2)

it is direct to verify that ω is balanced if and only if

τ= 0,
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and that ω is Gauduchon if and only if
∂∗τ= 0.

Moreover, for a Hermitian metric ω, we calculate

−∂∗τ= g kl∇l Tk +|τ|2, (3)

where
g kl∇l Tk = g kl∇k T l , |τ|2 = g kl Tk T l .

Integration by parts will be used frequently. Let (X ,ω) be a compact Hermitian manifold. For
θ = θl dz l , we obtain from (2) that

0 = n
∫

X

p−1d
(
(θ−θ)∧ωn−1)

= n
∫

X

p−1(∂θ−∂θ+τ∧θ+θ∧τ)∧ωn−1

=
∫

X
2Re

(
g kl (∇kθl +Tkθl )

)
ωn .

(4)

Hereafter we may omit the volume form ωn

n! .
The curvature Rω of ∇ is

∇◦∇
(
∂

∂z i

)
= Rp

i kl
dzk ∧dz l ⊗ ∂

∂zp ,

where (e.g., [8, Chapter 1])

Rp

i kl
= g p j (−∂l∂k gi j + g mn∂l gm j∂k gi n). (5)

Denote
Ri j kl = gp j Rp

i kl
=−∂l∂k gi j + g mn∂l gm j∂k gi n .

Then we have
Ri j kl = R j i lk . (6)

The components of the four Ricci curvatures are

Ri j = g kl Rkl i j , Ki j = g kl Ri j kl , R3
i j
= g kl Ri l k j , R4

i j
= g kl Rk j i l .

Then we obtain from (6) that

Ri j = R j i , Ki j = K j i , R3
i j
= R

4
j i .

The Bianchi identities are well-known (e.g., [11, (2.6)]):

Ri j kl −Rk j i l =∇l Ti k j , Ri j kl −Ri lk j =∇k T j l i ,

Ri j kl −Rkl i j =∇l Ti k j +∇i T j lk =∇ j Ti kl +∇k T j l i .
(7)

In the local expression (5), we follow the notations in [8]. So the first two indices and the last two
indices of the curvature tensor in [11, (2.4)] have been swapped. We obtain from (7) that

R3
i j
= Ri j +∇ j Ti ,

Ki j −Ri j =
1

2
(∇ j Ti +∇i T j )− 1

2
g kl (∇l Tki j +∇k T l j i ).

(8)

The Bismut connection ∇B of ω is defined by

∇B
k

(
∂

∂zi

)
= Γp

ki

∂

∂zp , ∇B
l

(
∂

∂zi

)
= g pq T l qi

∂

∂zp .

Then for every t ∈R, the Gauduchon connection ∇t is defined by [6]

∇k

(
∂

∂zi

)
= (

(1− t )Γp
i k + tΓp

ki

) ∂

∂zp , ∇l

(
∂

∂zi

)
= t g pq T l qi

∂

∂zp . (9)
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The curvature of the Gauduchon connection ∇t is

∇t ◦∇t
(
∂

∂z i

)
=

(
1

2
F p

i mk dzm ∧dzk +F p

i kl
dzk ∧dz l + 1

2
F p

i nl
dzn ∧dz l

)
⊗ ∂

∂zp ,

where (e.g., [4, Proposition 4.2])

F p
i mk = t g p j (∇i Tmk j + (1− t )(Tkr j T r

mi +Tmr j T r
i k )

)=−g p j F
q

j mk
gi q

and
F t

i j kl
= gp j F p

i kl
= Ri j kl + t (∇l Tki j +∇k T l j i )+ t 2g pq (Tki q T l j p −Tpk j T ql i ).

By (6), we have

F t
i j kl

= F
t
j i lk . (10)

Hence, ∇t is Kähler-like if and only if (e.g., [15, Section 2])

F p
i mk = 0, F t

i j kl
= F t

k j i l
. (11)

Indeed, we obtain from (10) and the second identity that in (11) that F t
kl i j

= F t
i j kl

.

Denote
Q1

i j
= g kl g pq Ti kq T j l p , Q2

i j
= g kl g pq Tpk j T ql i

and
Ui j = g pq T q Tpi j , Vi j = g kl∇l Tki j .

Then we have
Q1

i j
=Q

1
j i , Q2

i j
=Q

2
j i .

Definition 9. Let (X ,ω) be a Hermitian manifold. The four Ricci curvatures of the Gauduchon
connection ∇t are

F t ,1

i j
= g kl F t

kl i j
= Ri j + t (∇ j Ti +∇i T j ),

F t ,2

i j
= g kl F t

i j kl
= Ki j + t (Vi j +V j i )+ t 2(Q1

i j
−Q2

i j
),

F t ,3

i j
= g kl F t

i lk j
= R3

i j
− t (∇ j Ti +V j i )− t 2(Q1

i j
+U j i ),

F t ,4

i j
= g kl F t

k j i l
= R4

i j
− t (∇i T j +Vi j )− t 2(Q1

i j
+Ui j ).

Then we have (by (10))

F t ,1

i j
= F

t ,1

j i
, F t ,2

i j
= F

t ,2

j i
, F t ,3

i j
= F

t ,4

j i
.

Remark 10. Let (X ,ω) be a compact Hermitian manifold.
If Vi j = 0, then

g i j∇ j Ti = g i j Vi j = 0.

Integration by parts (see (4)) yields

0 =−
∫

X
∂∗τ=

∫
X

(
g i j∇ j Ti +|τ|2)= ∫

X
|τ|2,

which implies ω is balanced.
Hence, for t = 0, we obtain from (8) and Definition 9 that

F 0,1

i j
= F 0,2

i j
= F 0,3

i j
= F 0,4

i j
= Ri j .

Moreover, if ω is of pointwise constant (Chern) holomorphic sectional curvature u ∈A 0
R

(X ) \ {0},
then ω is Kähler and u is a (non-zero) constant. The proof is similar to [7, Theorem 1.1], so we
omit it.
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We close this section by a proof of Proposition 1.
Suppose n ≥ 2 and (δ1, . . . ,δn) ∈ Cn \ {0} with |δ1| = · · · = |δn | ̸= 1. Let S2n−1 ×S1 = (

Cn \ {0}
)/∼

be the Hopf manifold, where

(z1, . . . , zn) ∼ (δ1z1, . . . ,δn zn).

For α> 0 and β>−α, we consider the natural metric ω=p−1gi j dzi ∧dz j on S2n−1 ×S1, where

gi j =α
δi j

|z|2 +β zi z j

|z|4
for |z|2 =∑n

l=1|z l |2. Denote γ= β
α >−1.

Proof of Proposition 1. Direct calculation yields that the (1,1)-part of the curvature of ∇t of ω is
(e.g., [2, Section 3] for t = 1)

F t
i j kl

=
((

(1+γ)(2− t )t −γ)
δi lδk j +

(
1−2(1+γ)t

)
δi jδkl

) α

|z|4
+

((
(1+γt )(γ− t )− (γt )2)(zi z lδk j + zk z jδi l )

+ ((
(1+γ)t −γ)2 +2γ

)
zi z jδkl +

(
2(1+γ)t −1

)
zk z lδi j

) α

|z|6

+αγ(
(1+γ)t 2 − (3+γ)

) zi z j zk z l

|z|8 ,

which implies

F t ,1

i j
=

(
δi j − zi z j

|z|2
)

n −2(n −1)(1+γ)t

|z|2
and

F t ,2

i j
= (

n − (
t 2 +2(n −2)t +1

)
(1+γ)

) δi j

|z|2 +
((

2n −1+ (n −1)γ
)
γ−2(1+γ)

(
1+ (n −1)γ

)
t

+ (
(n −1)γ+n

)
(1+γ)t 2

) zi z j

|z|4
and

F t ,3

i j
= (−n(1+γ)t 2 + (2n −3)(1+γ)t +1− (n −1)γ

) δi j

|z|2

+
(
(n −1)γ−1+ (1+γ)

(
(n −1)γ− (n −2)

)
t + (

1− (n −1)γ
)
(1+γ)t 2

) zi z j

|z|4
= F t ,4

i j
.

A necessary condition for F t ,1

i j
= F t ,2

i j
is

n −2(n −1)(1+γ)t = n − (
t 2 +2(n −2)t +1

)
(1+γ),

i.e.,

(1+γ)(t −1)2 = 0.

The only choice is t = 1 since 1+γ> 0.
Then we have

F 1,1

i j
= F 1,2

i j
=

(
δi j − zi z j

|z|2
)

n −2(n −1)(1+γ)

|z|2
and

F 1,3

i j
= F 1,4

i j
=

(
δi j − zi z j

|z|2
)

n −2(1+γ)

|z|2 .
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Hence F 1,1

i j
= F 1,3

i j
if and only if

(n −2)(1+γ) = 0,

i.e., n = 2 since 1+γ> 0.
Direct calculation yields

Γ
p
i k =

(
γziδpk − zkδpi −γ zi zk zp

|z|2
)

1

|z|2 and Tki j = (ziδk j − zkδi j )
α(1+γ)

|z|4 ,

which implies
∇p Tki j = ∂p Tki j −Tmi jΓ

m
kp −Tkm jΓ

m
i p = 0.

Then the (2,0)-part of the curvature of ∇t of ω is F p
i mk = 1

2 g p j∇i Tmk j = 0.

It is direct to check the Bismut connection ∇B of ω is not Kähler-like. □

3. Proofs of Theorems 2 and 3

Let (X ,ω) be a compact Hermitian manifold with n ≥ 2.

Proof of Theorem 2. Since F t ,3

i j
= F

t ,4

j i
for every Hermitian metric, we obtain from F t ,1

i j
= F t ,3

i j
that

F t ,3

i j
= F t ,4

i j
.

By (8) and Definition 9, we get

F t ,3

i j
= Ri j +

1− t

2
(∇ j Ti +∇i T j )− t

2
(Vi j +V j i )− t 2

2
(Ui j +U j i )− t 2Q1

i j
,

which implies

(1−3t )(∇ j Ti +∇i T j ) = t (Vi j +V j i )+ t 2(Ui j +U j i )+2t 2Q1
i j

. (12)

Since

g i j Vi j = g i j∇ j Ti = g i j∇i T j = g i j V j i ,

g i jUi j = |τ|2 = g i jU j i ,

g i j Q1
i j
= g i j Q2

i j
= g i j g kl g pq Tpk j T ql i = |T |2,

we obtain from (12) that
(1−4t )g i j∇ j Ti = t 2(|τ|2 +|T |2).

Integration by parts yields (see (3) and (4))

0 = (t 2 −4t +1)
∫

X
|τ|2 + t 2

∫
X
|T |2. (13)

Let n ≥ 3. If t = 0, the identity (13) is

0 =
∫

X
|τ|2,

which implies ω is balanced. If t ∈ (
(−∞,2−p

3]∪ [2+p
3,+∞)

)
\ {0}, the right-hand side of (13)

is non-negative, which implies ω is Kähler. □

Remark 11. In Theorem 2, if we replace the condition F t ,1

i j
= F t ,3

i j
by one of the following

conditions:

(1) F t ,2

i j
= F t ,3

i j
;

(2) F t ,1

i j
+F t ,2

i j
= F t ,3

i j
+F t ,4

i j
;

we still have the identity (13), while other combinations of the four Ricci curvatures fail to give
interesting identities like (13).
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To prove Theorem 3, we need the following.

Lemma 12. Let (X ,ω) be a compact Hermitian surface. If

F
1
3 ,1

i j
= F

1
3 ,2

i j
= F

1
3 ,3

i j
= F

1
3 ,4

i j
,

then ω is Kähler.

With Lemma 12 in hand, we can prove Theorem 3.

Proof of Theorem 3. Suppose F t ,1

i j
= F t ,3

i j
. Since (see (2))

|T |2 = 2|τ|2,

we obtain from (13) that

0 = (t −1)(3t −1)
∫

X
|τ|2.

By Lemma 12, for t ̸= 1, we have τ= 0, which implies ω is Kähler by (2). □

We have to prove Lemma 12. We calculate for general n ≥ 2 and t ∈R.
Let (X ,ω) be a Hermitian manifold whose Gauduchon connection ∇t satisfies

F t ,1

i j
= F t ,2

i j
= F t ,3

i j
= F t ,4

i j

for some t ∈R.
By the Bianchi identities (7), we get

∇ j Ti kl +∇l Tki j =∇i T j lk +∇k T l j i ,

which implies

∇ j Ti +Vi j =∇i T j +V j i . (14)

Since F t ,1

i j
= F t ,2

i j
, we obtain from (8) and Definition 9 that

(2t −1)(∇ j Ti +∇i T j ) = (2t −1)(Vi j +V j i )+2t 2(Q1
i j
−Q2

i j
). (15)

Combining (12) with (15) yields

Vi j +V j i = (3−8t )(∇ j Ti +∇i T j )−2t 2(Ui j +U j i +Q1
i j
+Q2

i j
)

Inserting the above identity into (15) yields

(2t −1)(4t −1)(∇ j Ti +∇i T j ) = t 2(1−2t )(Ui j +U j i )+2t 2(1− t )Q1
i j
−2t 3Q2

i j
. (16)

Since F t ,3

i j
= F t ,4

i j
, we obtain from Definition 9 that

(t −1)(∇ j Ti −∇i T j ) = t (Vi j −V j i )+ t 2(Ui j −U j i ).

Inserting (14) into the above identity yields

(2t −1)(∇ j Ti −∇i T j ) = t 2(Ui j −U j i ). (17)

If t = 1
4 , then ω is already Kähler by (13). Thus for t ̸= 1

4 , we obtain from (16) and (17) that

(2t −1)(4t −1)∇ j Ti = t 3Ui j + t 2(1−3t )U j i + t 2(1− t )Q1
i j
− t 3Q2

i j
. (18)

Take n = 2. Then we have (see (2))

Ui j = |τ|2gi j −Ti T j , Vi j = g kl∇l Tk gi j −∇ j Ti

and

Q1
i j
= |τ|2gi j , Q2

i j
= 2|τ|2gi j −2Ti T j .
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Inserting these into (18) for t = 1
3 yields

−3∇ j Ti = |τ|2gi j +Ti T j , (19)

which implies

−g i j∇ j Ti = |τ|2.

We obtain from (3) that ω is Gauduchon.

Proof of Lemma 12. Let (X ,ω) be a compact Hermitian surface.
By (2), we calculate

[∇ j ,∇l ]Ti =∇q Ti T
q
l j = T l∇ j Ti −T j∇l Ti .

which implies

−3 ·2Re(g i j g kl Tk∇ j∇l Ti ) =−3 ·2Re
(
g kl Tk∇l (g i j∇ j Ti )

)−6|τ|2g kl∇l Tk

+3 ·2Re(g i j g kl Tk T j∇l Ti ).

Since ω is Gauduchon, integration by parts (see (4)) for the right-hand side yields

−3
∫

X
2Re(g i j g kl Tk∇ j∇l Ti ) = 6

∫
X
|τ|4 +3

∫
X

2Re(g i j g kl Tk T j∇l Ti ). (20)

On the other hand, we obtain from (19) that

−3 ·2Re(g i j g kl Tk∇ j∇l Ti ) = 2Re
(
g kl Tk∇l |τ|2

)+2Re(g i j g kl Tk Ti∇l T j )+2|τ|2g kl∇l Tk .

Integration by parts (see (4)) yields

−3
∫

X
2Re(g i j g kl Tk∇ j∇l Ti ) = 2

∫
X

2Re
(
g kl Tk∇l |τ|2

)−∫
X

2Re(g i j g kl Tk T j∇l Ti )−2
∫

X
|τ|4

=−
∫

X
2Re(g i j g kl Tk T j∇l Ti )−2

∫
X
|τ|4.

Combining the above identity with (20) yields

2
∫

X
|τ|4 =−

∫
X

2Re(g i j g kl Tk T j∇l Ti ).

Inserting (19) into the right-hand side yields

6
∫

X
|τ|4 =−3

∫
X

2Re(g i j g kl Tk T j∇l Ti ) = 4
∫

X
|τ|4.

We have τ= 0, which implies ω is Kähler by (2). □

4. Proof of Proposition 4

Let (X ,ω) be a compact Hermitian manifold with n ≥ 3. We consider the Lichnerowicz connec-
tion ∇ 1

2 of ω satisfying

F p
i mk = 0, F

1
2 ,1

i j
= F

1
2 ,2

i j
= F

1
2 ,3

i j
. (21)

By the calculation in Section 2 and the first identity in (21), we have

∇k Ti =−1

2
(Tp T p

ki +T p
kmT m

i p ). (22)

With the second identity in (21) in hand, we obtain from (15) that

Q1
i j
=Q2

i j
,

and from (17) that
Ui j =U j i ,

and from (12) and (14) that
0 = 2(∇ j Ti +Vi j )+Ui j +Q1

i j
. (23)
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Lemma 13. Let (X ,ω) be a compact Hermitian manifold with n ≥ 3. If ∇ 1
2 satisfies (21), then

d(τ+τ) = 0.

Proof. By (22), we have
∇k Ti −∇i Tk = Tp T p

i k .

While by the definition of the Chern connection,

∇k Ti −∇i Tk = ∂k Ti −∂i Tk +Tp T p
i k .

Then we have

0 = 1

2
(∂k Ti −∂i Tk )dzk ∧dzi = ∂τ.

We only need to show
∂τ+∂τ= 0.

Step 1. Direct calculation yields
[∇l ,∇ j ]Ti =∇q Ti T

q
j l ,

which implies

2Re
(
g i j g kl Tk [∇l ,∇ j ]Ti

)=−2Re(g i j g kl∇l TiUk j ). (24)

Integration by parts (see (4)) for the left-hand side in (24) yields (by (3))∫
X

2Re(g i j g kl Tk∇l∇ j Ti ) =
∫

X
2Re

(
g kl Tk∇l (g i j∇ j Ti )

)
= 2

∫
X

(∂∗τ)g i j∇ j Ti

and

−
∫

X
2Re(g i j g kl Tk∇ j∇l Ti ) =

∫
X

2Re(g i j g kl∇ j Tk∇l Ti )+
∫

X
2Re(g i j g kl∇l Ti Tk T j ).

Integration by parts (see (4)) for the right-hand side in (24) yields

−
∫

X
2Re(g i j g kl∇l TiUk j ) =

∫
X

2Re(g i j g kl Ti∇lUk j )+
∫

X
2Re(g i j g klUk j T l Ti )

=
∫

X
2Re(g i j g kl∇ j T l Tp T p

ki )−
∫

X
2Re(g i j g kl Vi l Tk T j ),

where the second equality follows from the definition of Ui j and Vi j and

2Re(g i j g klUi l Tk T j ) = 2Re(g i j g kl Tp T p
ki T l T j ) = 0, (25)

since T p
ki =−T p

i k .
Moreover, we obtain from (22) that

2Re(g i j g kl∇ j T l Tp T p
ki ) =−1

2
2Re

(
g i j g kl (T q T

q
j l +T

q
j nT

n
l q )Tp T p

ki

)
=−1

2
2Re(g i j g kl T q T

q
j l Tp T p

ki )

= 1

2
2Re(g i j g kl Q1

i l
Tk T j )

= g i j g klUi lUk j = |U |2,

where we have used the definition of Q1
i j

and

Q1
i j
=Q2

i j
, Ui j =U j i .

Then we obtain from (24) that

2
∫

X
(∂∗τ)g i j∇ j Ti +

∫
X

2Re(g i j g kl∇ j Tk∇l Ti ) =
∫

X
|U |2 −

∫
X

2Re
(
g i j g kl (∇l Ti +Vi l )Tk T j

)
,
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where (by (23) and (25))

−
∫

X
2Re

(
g i j g kl (∇l Ti +Vi l )Tk T j

)= 1

2

∫
X

2Re
(
g i j g kl (Ui l +Q1

i l
)Tk T j

)
= 1

2

∫
X

2Re(g i j g kl Q1
i l

Tk T j )

=
∫

X
|U |2.

Thus we get ∫
X

2Re(g i j g kl∇ j Tk∇l Ti ) = 2
∫

X
|U |2 −2

∫
X

(∂∗τ)g i j∇ j Ti . (26)

Denote ∆=p−1Λω∂∂. We have

2∆|τ|2 = 2Re
(
g i j g kl∇l (∇k Ti T j +Ti∇k T j )

)
.

Integration by parts (see (4)) yields (by (3))

2
∫

X
(∂∗τ)|τ|2 =

∫
X

2Re
(
g i j g kl T l (∇k Ti T j +Ti∇k T j )

)
,

where we obtain from (22) that

2Re(g i j g kl∇k Ti T l T j ) =−1

2
2Re(g i j g kl T p

kmT m
i p T l T j ) =−|U |2.

Then we get ∫
X

2Re(g i j g kl∇k T j T l Ti ) =
∫

X
|U |2 +2

∫
X

(∂∗τ)|τ|2. (27)

By (24), (26) and (27), we get∫
X

2Re(g i j g kl∇l TiUk j ) =−3
∫

X
|U |2 −2

∫
X

(∂∗τ)|τ|2. (28)

Step 2. Motivated by [9, Lemma 3.7], we calculate

2Re
(
g i j g kl (T j [∇

1
2

l
,∇

1
2
k ]Ti −T l [∇

1
2

j
,∇

1
2
k ]Ti

))
= 2Re(g i j g kl T l∇

1
2
k ∇

1
2

j
Ti )−2Re(g i j g kl T j∇

1
2
k ∇

1
2

l
Ti ), (29)

where we have used (by (9) and (22))

∇
1
2
k Ti =∇k Ti + 1

2
Tp T p

ki =−1

2
T p

kmT m
i p =∇

1
2
i Tk . (30)

Since

2Re(g i j g kl T l∇
1
2
k ∇

1
2

j
Ti ) = 2Re

(
g kl T l∇k (g i j∇

1
2

j
Ti )

)
and

∇
1
2

j
Ti =∇ j Ti − 1

2
g pq Tp T j qi =∇ j Ti + 1

2
U j i =∇ j Ti + 1

2
Ui j , (31)

integration by parts yields (see (3) and (4))∫
X

2Re(g i j g kl T l∇
1
2
k ∇

1
2

j
Ti ) = 2

∫
X

(∂∗τ)g i j
(
∇ j Ti + 1

2
Ui j

)
= 2

∫
X

(∂∗τ)g i j∇ j Ti +
∫

X
(∂∗τ)|τ|2.

(32)

By (9), we get

∇
1
2
k ∇

1
2

l
Ti = ∂k∇

1
2

l
Ti −∇

1
2

l
TpΓ

p
i k −

1

2
g pq (∇

1
2

l
Tp Ti kq +∇

1
2
q

Ti Tkpl ).
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Then we have

−
∫

X
2Re(g i j g kl T j∇

1
2
k ∇

1
2

l
Ti ) = 1

2

∫
X

2Re(g i j g kl∇
1
2

l
TiUk j )+ 1

2

∫
X

2Re(g i j g kl∇
1
2

l
Ti Tk T j )

+
∫

X
2Re(g i j g kl∇

1
2

l
Ti∇k T j ). (33)

We obtain from (25), (27), (28) and (31) that
1

2

∫
X

2Re(g i j g kl∇
1
2

l
TiUk j ) = 1

2

∫
X

2Re(g i j g kl∇l TiUk j )+ 1

2

∫
X
|U |2

=−
∫

X
|U |2 −

∫
X

(∂∗τ)|τ|2,

1

2

∫
X

2Re(g i j g kl∇
1
2

l
Ti Tk T j ) = 1

2

∫
X

2Re(g i j g kl∇l Ti Tk T j )

= 1

2

∫
X
|U |2 +

∫
X

(∂∗τ)|τ|2,∫
X

2Re(g i j g kl∇
1
2

l
Ti∇k T j ) = 2

∫
X
|∇τ|2 + 1

2

∫
X

2Re(g i j g klUi l∇k T j )

= 2
∫

X
|∇τ|2 − 3

2

∫
X
|U |2 −

∫
X

(∂∗τ)|τ|2,

where
|∇τ|2 = g i j g kl∇l Ti∇k T j .

Inserting the three identities into (33) yields

−
∫

X
2Re(g i j g kl T j∇

1
2
k ∇

1
2

l
Ti ) = 2

∫
X
|∇τ|2 −2

∫
X
|U |2 −

∫
X

(∂∗τ)|τ|2.

Combining the above identity with (26), (29) and (32), we get∫
X

2Re
(
g i j g kl (T j [∇

1
2

l
,∇

1
2
k ]Ti −T l [∇

1
2

j
,∇

1
2
k ]Ti

))= 2
∫

X
|∇τ|2 −2

∫
X
|U |2 +2

∫
X

(∂∗τ)g i j∇ j Ti

= 2
∫

X
|∇τ|2 −

∫
X

2Re(g i j g kl∇ j Tk∇l Ti ).
(34)

We deal with the left-hand side of (34). By definition (see (9)), we get (e.g., [9, Corollary 2.5])

[∇t
l
,∇t

k ]Ti = Tp F p

i kl
+ t g pq (∇t

q Ti Tkpl −∇t
p Ti T l qk ).

For t = 1
2 , we get

2Re
(
g i j g kl (T j [∇

1
2

l
,∇

1
2
k ]Ti −T l [∇

1
2

j
,∇

1
2
k ]Ti

))
= 2Re

(
g i j g kl (F

1
2 ,2

i l
−F

1
2 ,4

i l
)Tk T j

)+ 1

2
2Re(g i j g kl∇

1
2
k Ti T q T

q
j l )

+ 1

2
2Re(g i j g kl∇

1
2
k Ti T l T j )− 1

2
2Re

(
g i j g kl∇

1
2

l
Ti (Uk j +Tk T j )

)
,

where the first and second terms on the right-hand side vanish due to (21) and (30), respectively.
For the third term, we obtain from (30) again that

1

2
2Re(g i j g kl∇

1
2
k Ti T l T j ) =−1

2
|U |2.

For the last term, we obtain from (25), (27), (28) and (31) that

−1

2

∫
X

2Re
(
g i j g kl∇

1
2

l
Ti (Uk j +Tk T j )

)=−1

2

∫
X

2Re
(
g i j g kl∇l Ti (Uk j +Tk T j )

)− 1

2

∫
X
|U |2

= 1

2

∫
X
|U |2.
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Summing up yields ∫
X

2Re
(
g i j g kl (T j [∇

1
2

l
,∇

1
2
k ]Ti −T l [∇

1
2

j
,∇

1
2
k ]Ti

))= 0.

Inserting it into (34) yields

0 = 2
∫

X
|∇τ|2 −

∫
X

2Re(g i j g kl∇ j Tk∇l Ti ). (35)

We use the completed square

0 ≤ g i j g kl (∇l Ti −∇i T l )(∇k T j −∇ j Tk ) = 2|∇τ|2 −2Re(g i j g kl∇ j Tk∇l Ti ),

where the equality holds if and only if

∇l Ti =∇i T l .

Then we have ∂τ+∂τ= 0.
The conclusion follows from ∂τ= 0 and ∂τ+∂τ= 0. □

Proof of Proposition 4. Let (X ,ω) be a compact Hermitian manifold with n ≥ 3.
We obtain from (31) that

2|∇
1
2 τ|2 = 2g i j g kl∇

1
2

l
Ti∇

1
2
k T j = 2|∇τ|2 +2Re(g i j g kl∇l TiUk j )+ 1

2
|U |2.

By (3), (26), (28) and (35), we have∫
X

(∂∗τ)2 =
∫

X
|∇

1
2 τ|2 + 1

4

∫
X
|U |2.

Suppose ω is Gauduchon. By (3), we have

0 =
∫

X
|∇

1
2 τ|2 + 1

4

∫
X
|U |2,

which implies
Ui j = 0.

Then we have
|τ|2 = g i jUi j = 0.

Taking t = 1
2 in (13) yields

0 = 3
∫

X
|τ|2 =

∫
X
|T |2,

which implies T = 0, i.e., ω is Kähler. □
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