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Abstract. Let A4 # {0} be a fixed set of integers, closed under multiplication, closed under negation, or
containing {+1}. We prove that any zero of a polynomial in Z[X] whose coefficients lie in .4#" can be
approximated in C to arbitrary precision by a zero of a polynomial in Z[X] with square discriminant whose
coefficients also lie in 4. Hence the topology of the closure in C of the set of zeros of all such polynomials is
insensitive to the discriminant being a square, in contrast to the Galois groups of the polynomials.
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1. Introduction

Let A& # {0} be a subset of the integers. Denote by P = P(./) the set of univariate polynomials f
whose coefficients lie in A4 and such that f(0) # 0. Define W = W(A) as the countably
infinite set of all complex zeros of all polynomials in P and denote its closure in C by M. First
investigated by Barnsley and Harrington [2] from the point of view of iterated function systems,
the set M is a fractal when 4 is finite and, as such, abounds in topological features. We
mention some of these for the three best-studied cases M; = M({0, £1}), M, = M({+1}) (so-called
Littlewood polynomials; see Figure 1), and M3 = M({0,1}). It is a theorem of Bousch [5] that
M, and M, are connected and locally connected, and of Odlyzko and Poonen [11] that M3 is
path-connected. Bousch also proved the fascinating result that z € M if z% € M. Bandt [1]
showed disconnectedness of the complement M;. Subsequent work of Calegari, Koch, and
Walker [7] established that Mlc has infinitely many connected components, and also that MZC is
disconnected. They also confirmed Bandt’s conjecture that the interior of M; is dense away from
the real line. We refer to [7] for further discussion of the related history and results.

In another, more algebraic direction, one may ask what typical Galois-theoretic properties of
the polynomials in P are. For fixed A of cardinality at least 2, a folklore conjecture [3,4,6,9,11]
asserts that a random polynomial f € P of degree n has the symmetric group S, as Galois group
over Q with probability tending to 1 as n tends to infinity. It is an outstanding challenge to rule
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Figure 1. Approximation of M (grey) overlaid by an approximation of MO (red) for A = {1}, where only the
zeros of polynomials of degree n < 16 have been included. The figure is centered at 0 € C, and the “circle” of red
dots traces the unit circle. Theorem 1 asserts that the figure turns red as n tends to infinity.

out the alternating group A,, as likely Galois group. Assume n > 1, let a,, be the leading coefficient
of f, and denote the zeros of f by a;,...,a, € C. Then the Galois group of f is contained in A, if
and only if the discriminant A(f) := a2""?[[;<;(a; — a)? of f is a nonzero integral square. Thus
the discriminant affects the Galois groups of the polynomials in P, and one may ask whether the
topology of the respective zero set is also sensitive to the discriminant being a square. Let P- c P
consist of the polynomials whose discriminant is a square (possibly zero), and define W= ¢ W
and M" c M in similar fashion. The result here shows that the topology of the closure of the zero
set does not change if we restrict to polynomials in P with square discriminant.

Theorem 1. Let A # {0} be a subset of the integers. Then M° = M if:

(i) N is closed under negation, thatis ae€ N ifandonlyif—a€ A; or
(i) A is closed under multiplication, that isabe A& ifa,be N ; or
(iii) {£1}cA.

In other words, for any .4 as in Theorem 1(i), (ii) or (iii), any zero of a polynomial in P(A4)
can be approximated to arbitrary precision by a zero of a polynomial in P(A") with square
discriminant. Theorem 1 covers the cases A" = {+1},{0, 1}, {0, £1}; one may ask whether MU =M
for any A # {0}. We cannot exclude the possibility of vanishing discriminant, except in the case
N ={x1} — see Corollary 5.

2. Proofs

Let f,g € Q[X] be two nonzero polynomials. Denote by Res(f, g) € Q their resultant. Write n
and a, for the degree and leading coefficient of f. If a;,..., @, are the complex zeros of f, then



David Hokken 103

the discriminant of f is the rational number A(f) := a2"2[];<;(a; — a;)*. With the convention
that the empty product equals 1, we also adopt this definition when 7 € {0, 1}; in particular, the
discriminant A(ag) = a(;z of a constant ay € Q* is a square. Then A(fg) = A(f)A(g)Res(f, g)?,
thatis
A: Q[X]— Q/(Q*)? satisfies A(fg) = A A(g). (1)
For nonconstant f, we also have the formula A(f) = (=1)""*~Y"2Res(f, f')/ ay.
We start with the following observation.

Lemma?2. The sets M and M® are equal if and only if they coincide on the open unit disk D.

Proof. The set P comes equipped with the reversal map
P3f(X)— frey(X):= X8 F(1/X) e P @)

which is discriminant-preserving by the assumption that f(0) # 0 if f € P. Hence a € W if and
only if 1/a € W. This means that M and M are equal if and only if they coincide on the closed
unit disk D. For the remainder, it suffices to show that M contains the unit circle.

The zeros of p;(X) := 1+ X +---+ X" lie dense in the unit circle as n = 1 mod 4 tends to infinity.
We show that p, has square discriminant, which implies that ap, € P has square discriminant
for any a € A4\ {0}, proving the claim. Applying (1) to f = p,, and g = X — 1, we find that A(p,,) is
a square if

A(Xn+1 = (_1)n(n+1)/2 Res[X'”l -1,(n+ I)X”) — (_l)n(n—l)/z(’,H_ 1)n+1
is a square, which holds by the assumption n = 1 mod 4. O

We say [ € Q[X] is reciprocal if it is of even degree and invariant under the reversal map (2).

Lemma3. Let f € Q[X] be of even degree n. The following hold:
(i) if f is reciprocal, then f has square discriminant if and only if (-1)"?f(1)f(=1) is a
square;
(ii) the polynomial f(X) f(X*) has square discriminant for odd k.

Proof. For (i), see e.g. [8, p. 85]. For (ii), if f € Q, the statement is trivial. We may assume f is
monic and does not lie in Q. Set g(X) = f(Xk). It suffices to show that A(f)A(g) is a square. Note
that g has degree kn and g(f) = 0 if and only if f(B8¥) = 0. Hence, with the notation ag = g(0),

A(g) — (_Dkn(kn—l)/z l_[ g,(‘B) = (- l)kn(kn—l)/zkkna(l]c—l l_[ f’(ﬁk)
B:g(p)=0 B:g(p)=0
where we used g'(8) = f’ (ﬁk)kﬁk_1 in the second equality. On the other hand,
A(f)k — (_Dkn(n—l)lz l—[ f’(a)k — (_l)kn(n—l)/z l—[ f’(ﬁk)-
a:f(@)=0 p:g(B)=0
The parity assumptions on zn and k imply

2 — —
is a square. O

Suppose z € D. If F is a power series whose coefficients are bounded in absolute value by H,

then
H

1-1z|°
In particular, the radius of convergence of F is at least 1 and the set of zeros of F in D is well-
defined.

IF(2)| < H(1+ 2] + 2> +-+-) =
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Lemmad4. Let f, g € Z[x] be two power series whose coefficients are bounded in absolute value. Fix
e>0andazeroacD of f. Then there is an integer N such that g has a zero f e D with |a - f| <€
ifxN|(f-g.

Proof. This is an application of Rouché’s theorem. Consider an open disk D of radius R < €
centered at «. Make R small enough such that the closure D is contained in the open unit disk
and such that «a is the only zero of f in D; this is possible as otherwise the set of zeros contains
an accumulation point in the disk of convergence of f, contradicting the identity theorem for
analytic functions, see [10, Theorem I1.3.2]. By compactness, |f| attains some positive mini-
mum m on the boundary of D. Since the coefficients of f and g are bounded, there is an integer B
such that the coefficients of the difference f — g are at most B in absolute value. If the N initial
coefficients of f and g coincide, then

B|z|N
-1zl

|f(2-g@|<1z2NBY |zl <

j=0
Thus choosing N large enough ensures that |f(z) - g(z)| <m< |f(z)| for any z lying on the
boundary of D. By Rouché’s theorem [10, Theorem VI.1.6], the power series f and g have
the same number of zeros within D (counting multiplicity), so g has a zero f satisfying the
conditions. d

Proof of Theorem 1. If .4 contains only one element, then the proof of Lemma 2 shows that
M = M" is the unit circle. So we may assume the cardinality of .4 is at least 2. Also by Lemma 2,
it suffices to show that for any € > 0 and any complex number a € D that is a zero of some
polynomial f = ag+ a1 X +---+ a, X" € P, there is a f € W with |a — B| < e. Observe that
the power series F(X) := f(X)/(1 - X"*!) also vanishes at a. Write F(X) = by + b1 X +--- for its
power series expansion. For a positive integer k to be selected later, consider the truncation
gX)=bo+---+ bk_le‘l of F at the k-th term. In case by_; = 0, replace by_; by any nonzero
element of A". Then g€ P.

(i) If.# is closed under negation, take k even, set h(X) = g(X) + X*g(—X), and define

Fie(X) = h(X) + aX?F + X*** po (X) € P
where a € A can be chosen freely. Then f; is reciprocal and of degree 4k and
[t = fr(-D) =g)+ g(-1) + a— grev(—1) + grev(1),

so fx(1) fr(=1) is a square. By Lemma 3(i), the polynomial f; has square discriminant.
Furthermore, F — fj is divisible by X*~!. By making k sufficiently large, Lemma 4 ensures
that fi has a zero g with |a — | <e.

(ii) If .4 is closed under multiplication, one can take k odd and fi(X) = g(X)g(X*), which lies
in P and has square discriminant by Lemma 3(ii). Furthermore, f} vanishes at all the zeros
of g, and F — g is divisible by X*~!. By making k sufficiently large, Lemma 4 ensures that g,
and hence f, has a zero  with |a — | <e.

(iii) When {+1} c &/, take k odd, and replace if necessary by_; by 1 or —1 so as to make g(1)
nonzero. Write £ = 4g(1) — u where u = —1if g(1) > 0 and u =1 if g(1) < 0. Note ul|¢| = ¢.
Consider the reciprocal polynomial fi(X) = (1+X%)g(X) + uX?*(1+---+ X171y 4 x2k+141(1 4
Xk)grev(X). Then the degree of f; is divisible by 4 and fi(1) = fx(-1) = u. The same
reasoning as in (i) shows that fj has square discriminant and a zero  with |a — | < € for
sufficiently large k.

This finishes the proof. O

From the Galois-theoretic point of view, it would be more interesting to simultaneously
control the discriminant and the factorisation of the polynomials f; constructed in the proof
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of Theorem 1. In (ii), the polynomial f} is reducible, but in (i) and (iii) one would typically expect
fx to be irreducible. In each construction, one would similarly expect (thanks to the flexibility in
choosing g) the polynomial f; to have nonvanishing discriminant, but we cannot ascertain this
in general. However, the following result does demonstrate this for the set A" = {£1}. To state
the result, denote by MU#0 = MB#0(_4) the closure of the set of zeros of polynomials in PY with
nonvanishing discriminant, and by C» ¢ Syx the wreath product of the cyclic group C, with the
symmetric group Sy.

Corollary 5. For A = {+1}, we have M = MY7°. More precisely, for any € > 0 and zero a of a
polynomial with coefficients in {+1}, there exists a zero p of a polynomial with coefficients in {+1}
and Galois group in (Co 2 S4p) N Age for some ¢ > 0 with the property that |a — Bl <e.

Proof. In the proof of Theorem 1(i), the polynomial fi, with k > 0 even, is of degree 4k and has
square discriminant. Over F,, the polynomial f; is a factor of the squarefree polynomial X*+1 -1,
since all its coefficients are 1 mod 2. Hence f} is squarefree in Q[X], which implies that A(f;) does
not vanish, proving that the Galois group Gy of fi lies in Ayy; since fi is reciprocal, in addition
G < G Sok. O
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