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Abstract. Llarull’s scalar curvature rigidity theorem states that a 1-Lipschitz map f : M → Sn from a closed
connected Riemannian spin manifold M with scalar curvature scal ≥ n(n −1) to the standard sphere Sn is
an isometry if the degree of f is nonzero. We investigate if one can replace the condition deg( f ) ̸= 0 by the
weaker condition that f is surjective. The answer turns out to be “no” for n ≥ 3 but “yes” for n = 2. If we
replace the scalar curvature by Ricci curvature, the answer is “yes”in all dimensions.
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1. Introduction

In 1998 Llarull published the following rigidity theorem for scalar curvature [14, Theorem B].

Theorem (Llarull). Let n ≥ 2 and let (M , g ) be an n-dimensional closed connected Riemannian
spin manifold with scalg ≥ n(n − 1) and let f : M → Sn be a smooth 1-Lipschitz map with
deg( f ) ̸= 0. Then f is an isometry.

Applying this to the special case M = Sn and f = id, we obtain that the only Riemannian
metric g on the sphere Sn with scalg ≥ n(n−1) = scalgstd and g ≥ gstd is the standard round metric
gstd itself [14, Theorem A]. The assumptions in Llarull’s theorem can be weakened in various
ways:

• smoothness of f can be dropped [1,4,5,12];
• if n ≥ 3, then 1-Lipschitzness of f can be replaced by the weaker condition that the map

induced by d f on 2-vectors in
∧2 T M is nonexpanding [14, Theorem C];

• the metric g may have lower regularity than smoothness [4,5,12];
• the target manifold Sn can be replaced by certain other manifolds [8];
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• the scalar curvature condition and the contraction property of f can be combined into a
single condition [13];

• the manifold M may have non-empty boundary if one imposes conditions on its mean
curvature [2,6,10,11,15];

• the manifold M may be noncompact with an incomplete metric and the target manifold
Sn with two antipodal punctures [2,10,11].

In the present note we investigate to what extent the condition deg( f ) ̸= 0 can be relaxed. One
certainly cannot just drop it, as a constant map f would immediately lead to a counterexample.
One needs a condition that ensures that the map f “wraps around the sphere” in a certain sense.
Therefore, we ask the following question.

Question. Does Llarull’s theorem still hold if we replace the condition deg( f ) ̸= 0 by the weaker
condition that f is surjective?

We will see that the answer is “yes” in the case of dimension n = 2 and that it is “no” in
dimensions n ≥ 3.

Let Sn = (Sn , gstd) denote the n-dimensional sphere with the standard metric of constant
sectional curvature 1 and by Sn

δ
= (Sn ,δ · gstd) the n-sphere with radius δ > 0 and constant

curvature 1
δ2 .

Let V and W be two n-dimensional oriented Euclidean vector spaces. For any linear map
A : V → W we denote by

∧n A :
∧n V → ∧n W the induced linear map on the maximal exterior

powers. Since
∧n V and

∧n W are one-dimensional, oriented and carry an induced scalar
product, there is a canonical identification

∧n V ∼= R∼=∧n W . With respect to this identification,
we can view

∧n A as acting by multiplication with a real number which we denote by det(A). If
0 ≤ µ1 ≤ ·· · ≤ µn are the singular values of A, then

∣∣det(A)
∣∣ = µ1 · · ·µn . Note that the quantity∣∣det(A)

∣∣ is independent of the chosen orientations on V and W .
We start with the following result showing that the analogous question for Ricci curvature has

a positive answer.

Theorem 1. Let M be a connected closed Riemannian manifold of dimension n ≥ 2 with Ricci
curvature Ric ≥ n − 1. Let f : M → Sn be a surjective Lipschitz map such that

∣∣det(dx f )
∣∣ ≤ 1 for

almost all x ∈ M.
Then M is isometric toSn and f is a bi-Lipschitz homeomorphism. If, moreover, f is 1-Lipschitz,

then it is an isometry.

Note that by [16, Theorem 8], a metric isometry between smooth Riemannian manifolds is a
smooth Riemannian isometry.

Also observe that the 1-Lipschitz case of Theorem 1 is a consequence of Bishop–Gromov
volume comparison and the well-known “Lipschitz-volume rigidity” principle (see e.g. [3,
Lemma 9.1]). Our proof of Theorem 1 relies on a variant of the latter tailored to our purposes. In
particular, this answers the question from above positively in dimension n = 2, including a treat-
ment of not necessarily smooth Lipschitz maps which are merely nonexpanding on 2-vectors.

Corollary. Let M be a connected closed Riemannian manifold of dimension n = 2 with Gauss
curvature K ≥ 1. Let f : M → S2 be a surjective Lipschitz map such that the map induced by dx f
on 2-vectors in

∧2 T M is nonexpanding for almost all x ∈ M.
Then M is isometric toS2 and f is a bi-Lipschitz homeomorphism. If, moreover, f is 1-Lipschitz,

then it is an isometry.

In contrast, for scalar curvature the situation in higher dimensions is completely different as
our second theorem shows.
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Theorem 2. Let M and N be connected closed smooth manifolds of dimension n ≥ 3. Assume that
M admits Riemannian metrics with positive scalar curvature and let N carry any Riemannian
metric gN .

Then for each S0 > 0 and ε> 0 there exists a Riemannian metric gM on M with scalgM ≥ S0 and
a smooth surjective ε-Lipschitz map f : (M , gM ) → (N , gN ).

Applying Theorem 2 with N = Sn , S0 = n(n − 1) and ε = 1 shows that the answer to the
question is negative in dimensions at least 3. Note that the spin condition plays no role in our
considerations as no Dirac operator methods will be used.

2. Proof of Theorem 1

For the proof of Theorem 1, we need a version of Lipschitz-volume rigidity. We start with the
following fundamental lemma on Lipschitz homeomorphisms.

Lemma 3. Let M and N be n-dimensional connected closed Riemannian manifolds. Let
f : M → N be a homeomorphism which is a Lipschitz map with Lipschitz constant L ≥ 1. Assume
that at almost all points of M, the differential d f of f satisfies

∣∣det(d f )
∣∣= 1.

Then f −1 : N → M is a Lipschitz map with Lipschitz constant ≤ Ln−1.

For any subset A of a metric space (X ,dist) and positive number r we denote by Br (A) = {
x ∈

X
∣∣ dist(x, A) < r

}
the open r -neighborhood of A in X . In particular, if A = {x} is a point, Br (x) is

the open r -ball about x in X .
By ωk we denote the volume of the k-dimensional Euclidean unit ball.

Proof of Lemma 3. Fix ε> 0. We choose r0 > 0 so small that:

• r0 is smaller than the convexity radii of M and N ;
• the singular values of the differential dv expp of the Riemannian exponential map of M

lie between 1−ε and 1+ε whenever v ∈ Tp M with |v | < r0 and p ∈ M .

Let x ∈ M and y = f (x) ∈ N . Choose r1 ∈ (0,r0] such that Br1 (x) ⊆ f −1
(
Br0 (y)

)
. Since f is a

homeomorphism, f
(
Br1 (x)

)
is an open neighborhood of y in N . Choose r2 ∈ (0,r1) such that

Br2 (y) ⊆ f
(
Br1 (x)

)
, see Figure 1.

x
y

Br2 (y)

Br1 (x)

Br0 (y)

f−−−−→

Figure 1. Choice of neighborhoods.

Now let y1, y2 ∈ Br2 (y) and put x j := f −1(y j ). Denote the shortest geodesic from y1 to y2 by
γ : [0,1] → N . Since r2 is smaller than the convexity radius of N , the curve γ is entirely contained
in Br2 (y). Thus, c := f −1 ◦ γ : [0,1] → M is a continuous curve connecting x1 and x2 which is
contained in Br1 (x).
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By the Lipschitz property of f , we have f
(
Br

(
c([0,1])

))⊆ BLr
(
γ([0,1])

)
for any r > 0. Since f is

volume preserving, this implies

volM
(
Br

(
c([0,1])

))≤ volN
(
BLr

(
γ([0,1])

))
. (1)

Let v1, v2 ∈ Br1 (0) ⊆ Tx M be the tangent vectors with expx (v j ) = x j . We obtain a second curve
c : [0,1] → M connecting x1 and x2 by putting c(t ) := expx

(
ℓ(t )

)
where ℓ(t ) = t v2 + (1− t )v1 is the

straight line connecting v1 and v2. This curve is also contained in Br1 (x), see Figure 2.

x1

x2

y1

y2γc
c

f−−−−→

Figure 2. Connecting curves.

For subsets of Tx M we measure distances and volumes with respect to the Euclidean metric
given by the Riemannian metric at x.

Claim. For all r > 0 we have

volTx M
(
Br

(
ℓ([0,1])

))≤ volTx M
(
Br

(
exp−1

x ◦c([0,1])
))

. (2)

Proof of the claim. Denote the affine hyperplane in Tx M through v1 = ℓ(0) which is perpendic-
ular to the line ℓ([0,1]) by H and let H0 be the corresponding vector subspace of Tx M . Denote
the open r -ball in H0 about the origin by Dr . The tube Br

(
ℓ([0,1])

)
can be explicitly written as

Br
(
ℓ([0,1])

)= Y1 ∪ℓ([0,1])×Dr ∪Y2

where Y1 and Y2 are the two “outer” open half-balls of radius r at the endpoints v1 and v2 of the
line ℓ([0,1]). We define the subset X ⊂ Tx M by attaching the (n −1)-ball Dr to each point of the
curve exp−1

x ◦c. More precisely,

X := Y1 ∪
⋃

t∈[0,1]

(
Dr +exp−1

x

(
c(t )

))∪Y2,

see Figure 3. Each point of X is at distance < r from some point of exp−1
x ◦c([0,1]), hence we have

X ⊆ Br
(
exp−1

x ◦c([0,1])
)
. (3)

Moreover, for each t ∈ [0,1] the hyperplane H0 + ℓ(t ) intersects exp−1
x ◦c([0,1]) because

exp−1
x ◦c([0,1]) is connected. Therefore, the coarea formula yields

volTx M (X ) ≥ volTx M (Y1)+ lenTx M (ℓ) ·volH0 (Dr )+volTx M (Y2) = volTx M
(
Br

(
ℓ([0,1])

))
.

Together with (3) this proves the claim. □

For sufficiently small r > 0, we have Br
(
ℓ([0,1])

) ⊆ Br1 (0), Br
(
exp−1

x ◦c([0,1])
) ⊆ Br1 (0),

Br
(
c([0,1])

) ⊆ Br1 (x), and Br
(
c([0,1])

) ⊆ Br1 (x). The bounds on the singular values of the dif-
ferential of dexpx imply B(1−ε)r

(
c([0,1])

)⊆ expx

(
Br

(
ℓ([0,1])

))⊆ B(1+ε)r
(
c([0,1])

)
and hence

(1−ε)n volM
(
B(1−ε)r

(
c([0,1])

))≤ volTx M
(
Br

(
ℓ([0,1])

))
≤ (1+ε)n volM

(
B(1+ε)r

(
c([0,1])

))
.

(4)
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v1 v2

H X

exp−1
x ◦c

Br
(
ℓ([0,1])

)ℓ

Y1 Y2

Figure 3. Construction of the set X .

Similarly, we get

(1−ε)n volM
(
B(1−ε)r

(
c([0,1])

))≤ volTx M
(
Br

(
exp−1

x ◦c([0,1])
))

≤ (1+ε)n volM
(
B(1+ε)r

(
c([0,1])

))
.

(5)

Combining these estimates, we find

volN
(
BL(1+ε)r

(
γ([0,1])

)) (1)≥ volM
(
B(1+ε)r

(
c([0,1])

))
(5)≥ (1+ε)−n volTx M

(
Br

(
exp−1

x ◦c([0,1])
))

(2)≥ (1+ε)−n volTx M
(
Br

(
ℓ([0,1])

))
(4)≥ [ 1−ε

1+ε
]n volM

(
B(1−ε)r

(
c([0,1])

))
.

(6)

The power series expansion of the volume of thin tubes around a smooth curve yields

volM
(
Bρ

(
c([0,1])

))= lenM (c) ·ωn−1 ·ρn−1 +O(ρn+1) as ρ↘ 0,

and similarly for the curve γ in N . Dividing (6) by ωn−1 · r n−1 and letting r tend to 0, we obtain

Ln−1 (1+ε)n−1 lenN (γ) ≥ [ 1−ε
1+ε

]n (1−ε)n−1 lenM (c).

This yields

Ln−1 ·dist(y1, y2) = Ln−1 · lenN (γ) ≥ [ 1−ε
1+ε

]2n−1 lenM (c) ≥ [ 1−ε
1+ε

]2n−1 dist(x1, x2).

This shows that f −1 is Lipschitz with Lipschitz constant ≤ Ln−1 · [ 1+ε
1−ε

]2n−1 on the ball Br2 (y).
Since y is arbitrary, f −1 is locally Lipschitz on N with this global bound on the (local) Lipschitz
constant. Thus f −1 is globally

([ 1+ε
1−ε

]2n−1 ·Ln−1
)
-Lipschitz on N . The limit ε↘ 0 concludes the

proof. □

Proposition 4. Let M and N be connected closed Riemannian manifolds of the same dimension
n ≥ 1. Let f : M → N be an L-Lipschitz map such that vol(M) ≤ volN

(
f (M)

)
and

∣∣det(d f )
∣∣ ≤ 1

almost everywhere.
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Then f is a homeomorphism and f −1 : N → M is Ln−1-Lipschitz. In particular, if f is 1-
Lipschitz, it is an isometry. Moreover, for every measurable subset A ⊆ M, we have volN

(
f (A)

) =
volM (A).

Proof. Let A ⊆ M be measurable. By the coarea formula for Lipschitz maps, the fiber f −1(y) is
finite for almost all y ∈ N , and we obtain

volM (A) ≥
∫

M
1A

∣∣det(dx f )
∣∣dVM

=
∫

N

∑
x∈ f −1(y)

1A(x)dVN (y)

=
∫

N
#( f −1(y)∩ A)dVN (y)

≥ volN
(

f (A)
)
.

Applying this to A = M and using the assumption vol(M) ≤ volN
(

f (M)
)
, we obtain equality

in each inequality, which implies that
∣∣det(dx f )

∣∣ = 1 for almost all x ∈ M and # f −1(y) = 1 for
almost all y ∈ f (M). Thus we actually have equality in the previous chain of inequalities for any
measurable subset A ⊆ M which shows that volM (A) = volN

(
f (A)

)
.

In particular, the set of injectivity points has full measure in M . Here, by “injectivity point”,
we mean a point x ∈ M which is the unique preimage of its image under f . Note that for
each injectivity point x ∈ M , the Z2-mapping degree of f satisfies degZ2

( f ) = degZ2

(
f
∣∣

x

)
, where

degZ2

(
f
∣∣

x

)
denotes the local mapping degree of f at the point x. Moreover, if x ∈ M is a point

where f is differentiable and dx f is invertible, then x is a discrete point in the fiber f −1
(

f (x)
)

and degZ2

(
f
∣∣

x

)= 1. Since
∣∣det(dx f )

∣∣= 1 almost everywhere on M , the set of such points also has
full measure. Finding an injectivity point x ∈ M where f is differentiable with dx f invertible, we
conclude

degZ2
( f ) = degZ2

(
f
∣∣

x

)= 1.

In particular, f is surjective.
It remains to verify injectivity. Since both M and N are compact and without boundary, we

can find an r0 > 0 such that for any r ≤ r0, x ∈ M and y ∈ N , we have

volM
(
Br (x)

)≥ 3
4 r nωn , volN

(
Br (y)

)≤ 4
3 r nωn .

Denote the Lipschitz constant of f by L. Let x1, . . . , xN ∈ M be pairwise distinct preimages of
a point y ∈ N under f . Choose 0 < r ≤ r0

L such that the Br (xi ) are pairwise disjoint. For i ̸= j it
follows that

volN
(

f
(
Br (xi )

)∩ f
(
Br (x j )

))= 0 (7)

since # f −1(y) ≤ 1 for almost all y ∈ N . Moreover, since f is L-Lipschitz, we have f
(
Br (xi )

) ⊆
BLr (y). Therefore, we have

3N
4 r nωn ≤

N∑
i=1

volM
(
Br (xi )

)
=

N∑
i=1

volN
(

f
(
Br (xi )

))
= volN

(
f
(⋃N

i=1 Br (xi )
))

≤ volN
(
BLr (y)

)
≤ 4

3 Lnr nωn .

Hence N ≤ 16
9 Ln . In particular, each y ∈ N has only finitely many preimages under f .
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Since the Z2-mapping degree of f is nontrivial and coincides with the sum of the local Z2-
mapping degrees of the preimages, there must be a preimage x ∈ M of y such that the local
mapping degree at x is nontrivial. In particular, f

(
Br (x)

)
contains an open neighborhood of y ,

i.e. Bρ(y) ⊆ f
(
Br (x)

)
for some ρ > 0. Assume that there is another preimage x ′ ∈ M of y . Choose

an injectivity point x ′′ ∈ Bρ/2L(x ′). Then we have f (x ′′) ∈ Bρ/2(y) and the localZ2-mapping degree
of f at x ′′ is nontrivial. Hence f

(
Bρ/2L(x ′′)

)
contains an open neighborhood of f (x ′′). Note that

f
(
Bρ/2L(x ′′)

) ⊆ Bρ/2
(

f (x ′′)
) ⊆ Bρ(y), see Figure 4. Hence, f

(
Dr (x)

)∩ f
(
Dr (x ′)

)
contains a non-

empty open set, contradicting (7).

x
x ′
x ′′ y

f (x ′′)

f−−−−→Br (x) Br (x ′)

Bρ/2L(x ′′)

f
(
Br (x)

)
Bρ(y)

f
(
Bρ/2L(x ′′)

)

Figure 4. Two potential preimages x and x′ of the same point y ∈ N under f .

This shows that f is injective. Every bijective continuous map between compact manifolds
is a homeomorphism. Lemma 3 now shows that f −1 is Ln−1-Lipschitz. In particular, if f is 1-
Lipschitz, then so is f −1 and hence f is an isometry. □

Proof of Theorem 1. Since Ric ≥ n − 1, the Bishop–Gromov volume comparison theorem (see
e.g. [7, Theorem 4.19]) yields vol(M) ≤ vol(Sn). Proposition 4 now implies that f is a bi-
Lipschitz homeomorphism and that vol(M) = vol(Sn). Thus, M is isometric to Sn by the
equality discussion of Bishop–Gromov volume comparison [7, Theorem 4.20]. Moreover, if f
is 1-Lipschitz, it is an isometry, again by Proposition 4. □

3. Proof of Theorem 2

We start with the construction of the metric on M .

Lemma 5. Let M be a closed connected n-dimensional manifold which admits a Riemannian
metric of positive scalar curvature with n ≥ 3.

Then for each S0 > 0 there exists a constant δ(M ,S0) > 0, such that for each δ ∈ (
0,δ(M ,S0)

]
and

each l > 0 there exists a Riemannian metric gM on M with scalgM ≥ S0 and an isometric embedding
[0, l ]×Sn−1

δ
,→ (M , gM ). Moreover, we can ensure that M \

(
[0, l ]×Sn−1

δ

)
is disconnected.

Proof. We fix a metric g ′ on the open n-ball Dn such that (Dn , g ′) contains an isometric copy of
[0,∞)×Sn−1 and scalg ′ > 0. This is possible because n ≥ 3. Pick a point p ∈ Dn \ [0, l ′]×Sn−1.
Furthermore, fix a metric g0 on M with scalg0 > 0 and choose a point q ∈ M .

We perform Gromov–Lawson surgery [9, Theorem A] to obtain a Riemannian metric g1 on
M ♯Dn = M \{point} with scalg1 > 0 which differs from g0 and g ′ only in a small neighborhood of q
and p, respectively. In particular,

(
M \{point}, g1

)
still contains an isometric copy of [0,∞)×Sn−1,

see Figure 5.
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(M , g0)

(Dn , g ′)

(
M \ {point}, g1

)
Figure 5. Construction of the metric g1.

For sufficiently small δ > 0, the metric gδ = δ2g1 has scalar curvature scalgδ ≥ S0 and
(
M \

{point}, gδ
)

contains an isometric copy of [0,∞) ×Sn−1
δ

. Given l > 0 we can cut the cylinder
[0,∞)×Sn−1

δ
at l .

| l |

Figure 6. Capping off the half-infinite cylinder.

The remaining cylinder [0, l ] × Sn−1
δ

can be capped off at {l } × Sn−1
δ

to yield the desired
metric gM on M , see Figure 6. □

Lemma 6. Let M be a closed connected n-dimensional manifold which admits a Riemannian
metric of positive scalar curvature with n ≥ 3.

Then for each S0 > 0 there exists a constant δ(M ,S0) > 0, such that for each δ ∈ (
0,δ(M ,S0)

]
and

each l > 0 there exists a Riemannian metric gM on M with scalgM ≥ S0 and a smooth surjective
1-Lipschitz map f : M → [0, l ]×Dn−1

δ
. Here [0, l ]×Dn−1

δ
carries the flat product metric.

Proof. According to Lemma 5, given S0, δ and l , we can find a Riemannian metric gM on M with
scalgM ≥ S0 such that M is isometric to

M−
⋃

{−3}×Sn−1
δ

(
[−3, l +3]×Sn−1

δ

) ⋃
{l+3}×Sn−1

δ

M+,

where M+ and M− are compact Riemannian manifolds with boundary isometric to Sn−1
δ

. The
orthogonal projection Rn → {0}×Rn−1 = Rn−1 restricts to a smooth surjective 1-Lipschitz map
πδ : Sn−1

δ
→ Dn−1

δ
. Choose a smooth function ϕ : R→Rwith the properties

• 0 ≤ϕ≤ 1 everywhere;
• ϕ= 0 outside [−3, l +3];
• ϕ= 1 on [−1, l +1];
• |ϕ̇| < 1 everywhere;

and a smooth function ψ : R→R satisfying

• 0 ≤ψ≤ l everywhere;
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• ψ= 0 on (−∞,−1];
• ψ= l on [l +1,∞);
• |ψ̇| < 1 everywhere.

Then the map

f (x) =


(
ψ(t ),ϕ(t )πδ(y)

)
, if x = (t , y) ∈ [−3, l +3]×Sn−1

δ
,

(0,0), if x ∈ M−,

(l ,0), if x ∈ M+,

does the job. □

Proof of Theorem 2. If suffices to consider the case ε= 2 because for arbitrary ε> 0 one can then
apply the (ε= 2)-result with scalar curvature bound S0 · (2ε)−2 and then rescale the metric on M .
In view of Lemma 6, we need to construct a smooth surjective 2-Lipschitz map [0, l ]×Dn−1

δ
→ N

for some δ> 0 and l > 0.
Let δ(M ,S0) be as in Lemma 6. Choose δ ∈ (

0,δ(M ,S0)
]

so small that |dv expy | < 2 whenever
v ∈ Ty N with |v | ≤ δ. We choose a smooth curve γ : [0, l1] → N parametrized by arc-length which
isδ-dense in N , meaning that theδ-tube about the trace ofγ covers all of N , i.e., Bδ

(
γ([0, l1])

)= N .
We choose an orthonormal frame e1, . . . ,en−1 of γ̇(0)⊥ ⊆ Tγ(0)N and parallel translate it along γ

w.r.t. the normal connection. We obtain an orthonormal frame e1(t ), . . . ,en−1(t ) of γ̇(t )⊥ ⊆ Tγ(t )N

for all t ∈ [0, l1]. We fix a constant Λ> 0 to be chosen later and consider the map

h : [0,Λl1]×Dn−1
δ −→ N , (t , x) 7−→ expγ(t/Λ)

(n−1∑
i=1

xi ei (t/Λ)

)
.

The map h is smooth and surjective. The derivatives in the xi -directions are bounded by 2
because of the choice of δ. The same holds for the derivative in the t-direction if we choose Λ
large enough. Thus h is 2-Lipschitz as desired. □
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