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1. Introduction

Let Q c RY be open and g € L>°(Q). We say that (1, K) is a Mumford—-Shah minimizer when it is a
solution for the problem

minf |Vu|2dx+f lu—gl?dx+2N"1(K), (1)
(u,K) JO\K Q\K

where the minimum is taken over all K c Q relatively closed, and u € H' (Q\ K).

The Mumford-Shah problem is a cornerstone in the study of free discontinuity problems
within the calculus of variations, garnering significant attention since the 1990s. A central aspect
of this research is the Mumford-Shah conjecture, which proposes a precise characterization of
the structure of minimizers, predicting that the singular set is a (locally) finite union of C! arcs
that are almost-disjoint, and whose extremities can be either free (crack-tips) or triple junctions.
We refer to the books [2,4,8] for an introduction to the Mumford-Shah functional.

In his famous 1991 paper [6], E. De Giorgi has stated a list of nine conjectures about free
discontinuity problems. After 34 years, most of them are still unsolved. Actually, to the best of
the authors’ knowledge, only Conjectures 1 and 3 are known to be true. Conjecture 1 deals with
the higher integrability of the gradient, and was established by C. De Lellis and M. Focardi [7]
in dimension 2 and then by G. De Philippis and A. Figalli [9] in any dimension. Conjecture 3
follows from the C! regularity result of L. Ambrosio, N. Fusco and D. Pallara [1]. Conjecture 6 is a
generalization of the Mumford-Shah conjecture in higher dimensions.

The present note concerns Conjecture 2. Indeed, among the list of E. De Giorgi’s open
questions [6], one can find the following one about the number of possible traces for u when
approaching the singular set K.
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Conjecture 1 (E. De Giorgi [6, p. 56, Conjecture 2]). If(u, K) is a minimizing pair of the functional
in (1), and if we set

E(x) =[){C : C =R closed set such that lim,_. . dist(u(y),C) = 0},
then, for every x € Q, E(x) has a finite cardinality a(x) < N + 1.

Of course outside K the function u is continuous so that a(x) = 1. The question is therefore
relevant only for points x € K. In other words, the conjecture says that ¥ must admit a finite
number of traces up to the singular set. Moreover, if the Mumford-Shah conjecture is true in
dimension 2, then this number must be at most 3, which occurs only at a triple point. This
explains the conjectured bound a(x) = N + 1.

In this note, we prove that the conjecture holds in dimension 2. Here is our main result.

Theorem 2. If N =2, then Conjecture 1 is true.

Actually, the ingredients we use to prove Theorem 2 are mainly drawn from the works of
G. David, particularly his book [4], his paper with A. Bonnet [3], and another paper with J.-
C. Léger [5]. However, the full argument requires assembling several statements, together with
a few additional ones, so that a specific and complete proof is actually not directly available in
the literature. The aim of these notes is to fill the gaps and provide the necessary details.

Let us explain the scheme of proof for Theorem 2, along with the plan of the present note.
In [3], it is proven that for a global Mumford-Shah minimizer (u, K) in the plane, the connected
components of R? \ K are John domains with center at infinity. A local version of this result is
also available in G. David’s book [4] (see Proposition 4 below), which provides the existence of
“escape paths” in Q\ K for a Mumford-Shah minimizer. This notion, sometimes called local-John
condition, is akin to, but weaker than, saying that the components of Q\ K are John domains.

The existence of escape paths has a key implication for Mumford—-Shah minimizers: u satisfies
Holder estimates up to the singular set K. Combined with the local finiteness of components
(see Proposition 5), this already proves that a(x) is bounded by a universal constant. But using
another powerful result from G. David and J.-C. Léger [5], we can go further and actually conclude
that a(x) < 3. Indeed, assuming for contradiction that B(xp,7) \ K contains more than three
connected components, one can proceed to a blow-up limit and thanks to the local John-domain
condition, the number of connected components is preserved in the limit (see Proposition 7).
The main result in [5] then directly implies that at most three components are allowed, and so
follows the conclusion. This achieves the plan of proof for Theorem 2.

We point out that a Holder estimate similar to that of Proposition 5 also appears in [7,
Proposition 4.6.1] in the setting of global minimizers. From that result, Theorem 2 for global
minimizers could be readily deduced, thus providing a possible alternative approach to the proof
of our main result.

As a byproduct of the proof, we will show the following interesting statement (which is given
by Proposition 7).

Theorem 3. Let N =2 and let (u, K) be a Mumford-Shah minimizer in Q. Then for all xo € K and
r > 0 such that B(xg,r) < Q, there are at most three connected components of B(xo, 1) \ K whose
closure contains x.

To finish the introduction, let us say a few words about open questions. The conjecture in
higher dimensions N = 3 remains widely open. The first issue is that the existence of escape paths
relies on the local finiteness of the components of Q \ K, which is unknown in dimension higher
than 2. It is actually an open question asked by G. David in [4, end of p. 368]. Then David-Léger’s
result (Theorem 6 below) relies on a monotonicity formula that has, up to now, no analogue in
higher dimensions. All of these missing ingredients lead us to believe that the higher-dimensional
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conjecture seems out of reach for the moment, even for the particular case N = 3 for which the
list of minimal cones is known.

2. Escape paths and finite number of components

One of the main ingredient of this section is the existence of escape paths that was proved
in [4, p. 473, Proposition 16]. This property means that from every point starts an arclength-
parametrized path which gets away linearly from K. It is a local version of a similar result that
was first proved in [3] for global minimizers. We refer to [3] for the proof.1

Proposition 4 ([4, p. 473, Proposition 16]). Let N = 2 and let (1, K) be a Mumford—Shah mini-
mizer. There is a constant T > 0 (which only depends on |gllo) and a universal constant cy > 0
such that the following holds. For all x € Q\ K and ty € (0, min(dist(x,0Q),7)), there exists a 1-
Lipschitz mapping z: [0, to] — Q\ K such that z(0) = x and

dist(2(1),K) = cot  fort€ [0, to]. )

In the sequel, we restrict the name “escape path” to the paths that satisfy (2) with the precise
constant ¢p. In contrast to John domains, a component of Q \ K may not have a common center
where all points are connected to by an escape path. From a same point x € Q\ K can start
several escape paths which connect x to different centers further away from K, but there may be
no good quantitative connection (satisfying (2) with a constant independent of x and K) between
one center and another.

A key ingredient in the proof of Proposition 4 is the local finiteness of the components of
Q\ K. We recall the precise statement below. The argument appears in the proof of [4, p. 472,
Lemma 13], but it applies only in the planar setting, which is the reason why Proposition 4 is also
restricted to the dimension 2.

Proposition 5. Let N = 2, let (u,K) be a Mumford—Shah minimizer in Q). There exists a radius
o > 0 (which only depends on ||glls) and a universal constant C = 1 such that for all xy € K, and
r < 19 with B(xy,2r)  Q, there are at most C components of B(xy,2r) \ K which meet B(xy,1).

Proof. We justify Proposition 5 by application of [4, p. 472, Lemma 13]. Let x € B(xp, 7) \ K and let
Qp be the connected component of Q \ K that contains x. Then a direct application of [4, p. 472,
Lemma 13] says that there exists a universal constant C; > 0 such that Qg n B(x,r/2) contains
a disk of radius r/C;. We deduce that every component of B(xy,2r) \ K which meets B(xy,7)
has a volume at least anCI’ 2, Since they are disjoint, there can only be a finite number of such
components, bounded by a constant which depends only on C;.

An alternative argument, making our paper perhaps more self-contained, would be to remark
that Proposition 4 is actually a stronger statement than the local finiteness. Indeed, by the
existence of escape paths (i.e., Proposition 4), we know that every x € B(xp,r) \ K is connected
to a point z in B(xy, 2r) satisfying dist(z, K) = ¢or, and then one can conclude as before. O

3. At most three components in the complement of K locally

We continue our analysis of connected components, by showing that every point xo € K is
adherent to at most three components. For that purpose we use a deep result by David and Léger
contained in [5].

1To be more precise, in [3] the statement is given for a so-called “topological almost MS-minimizer with gauge h”.
Proposition 4 follows from applying [4, p. 473, Proposition 16] to a Mumford—Shah minimizer, which is a particular case
of topological almost MS-minimizer with gauge h(r) = 2|| gl\go r.
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Theorem 6 (David-Léger [5]). Let (1, K) be a Mumford-Shah global minimizer in the plane such
that R*\ K is not connected. Then K is a line or a propeller (i.e. three half lines meeting at one point
with equal angles), and u is locally constant on R* \ K.

We prove the following proposition that has already been announced in the introduction
(Theorem 3), that we restate here again.

Proposition 7. Let N =2 and let (u, K) be a Mumford-Shah minimizer in Q. Then for all xy € K
andr > 0 such that B(xy, ) < Q, there are at most three connected components of B(xo, r)\ K whose
closure contains x.

Proof. We can assume that x, is the origin. We let ¢y > 0 be the constant of Proposition 4 and
ro > 0 be a radius such that B(xy, rp) < Q. Let us denote by {A,} the connected components of
B(0,79) \ K whose boundaries contain 0 and assume by contradiction that #{A,} = 4. Consider a
blow-up sequence (u;, K;) of (1, K) at the origin, namely K; = r].‘lK and u;(x) = r;"2u(rjx) fora
sequence r; — 0. This blow-up sequence converges, up to a subsequence still denoted by r; — 0,
to a global minimizer (u#«, K») (see [4, Section 40] for the notion of blow-up limit). Our goal is
to prove that R? \ K, contains at least four different connected components, which would be a
contradiction with Theorem 6.

Since 0 € dA,;, for all n, we know that for all j there exists x, € A, N B(0,r;). By applying
Proposition 4, we deduce that this point x;, is connected to a point y, such that |x, — y,| < r; and
dist(y,, K) = ¢ ri.Uptoa subsequence, the points yn!/1j € B(0,2) converge as j — +oo to some
points z, in B(0,2). Since dist(yn, K) = cor; for all j, we deduce that actually z, € B(0,2) \ Ky, for
all n» and that even dist(z,,, K) = ¢g for all n. Let us show that:

the points {z,}, all belong to different connected components of R?\ K. 3)

Assume by contradiction that there is a curve y from z, to z,/ in R?\ K, (notice that a connected
open set is always arc-wise connected). Then by local Hausdorff convergence, y does not touch
any of the sets K; for j large enough. Also, by convergence of y,,/r; to z,;, we know that for j large
enough |y, /rj — zu| < ¢o/2. Since moreover dist(z,, Kx) = ¢o, we know that for j large enough,
the segments [y, /r},zy] < B(zn, ¢o/2) do not touch K., and again by Hausdorff convergence, do
not touch Kj, either. Therefore we can modify the curve y as follows:

Y =yUlynlr,zal ULy 1), 2]

This provides a continuous curve from yy,/r;j to y,s/r; which does not touch Kj. In other words
the curve r;y’ is a continuous curve from yj, to y,, that does not touch K. Since y’ is bounded
the curve r;y’ belongs to B(0, ry) \ K for j large enough, which is a contradiction with the fact that
¥n and y,y are in different connected components of B(0, 7y) \ K. This achieves the proof of the
claim in (3).

But then we have shown that K, is the singular set associated to a global minimizer in the
plane for which R? \ K, has more than four connected components. This is not possible due to
Theorem 6, and so follows the proposition. O

Remark 8. A related blow-up argument can be found in the recent book [8], namely in the
proof of Theorem 1.5.2(ii) (see [8, pp. 102-103, proof of Corollary 4.4.2]). There, the stability of
connected components is instead established through the use of C! estimates and &-regularity
theory.

Remark 9. With the same proof as for Proposition 7 we could also have proved the following
alternative “global” version of the statement: if (1, K) is a Mumford-Shah minimizer in Q and
Xp € K, then the number of connected components of Q \ K whose closure contain xp, does not
exceed 3.
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4. Gradient bound and Holder estimates

Finally, we prove the existence of a trace, up to the boundary, thanks to the existence of escape
paths in the components. For that purpose we will need an L*™ estimate on the gradient of u. We
start with a very well known upper bound.

Proposition 10. Let N =2 and let (u, K) be a Mumford-Shah minimizer in Q. Then for all x € Q
and r >0 such that B(x,r) < Q we have

[ IVul?dx+ 7" (KN B(x,1)) <277 + 270 g oo 7> 4)
B(x,r)

Proof. This is the very standard upper bound on Mumford-Shah minimizers. First notice that
lulloo < lIglloo because one can compare u with a trun_cated version of u (see for instance [8,
Lemma 2.1.1]). Assume without loss of generality that B(x,r) c Q and use the competitor (v, L)
made by taking L = KUdB(x,r)\B(x,r)and v =0in B(x,r), v = uin Q\ B(x, r). This automatically
gives (4). O

In the sequel we will also need the following gradient estimate on the function u. This is
the only place where we use that (¢, K) is a Mumford-Shah minimizer (and not only an almost-
minimizer).

Proposition 11. Let N = 2 and let (u,K) be a Mumford-Shah minimizer in Q. There exists
a constant ro > 0 (which only depends on | glle) such that for all xy € K, for all r < ry with
B(x9,2r) € Q, and for all x € B(xy, 1)\ K, we have

1
IVl (x) < 2 dist(x, K) 2 +4(lI g lloo dist(x, K)) 2. (5)
Proof. The proposition follows from the fact that u is the solution of the equation
-Au=u-g inQ\K

with u— g € L. In particular, u is of class C'% by elliptic regularity.
In order to derive some more precise estimates it will be convenient to assume for a moment
that g is also of class C!. In this case we can use the equation to get

-AQO;u)=0;(u—g).

Let x € Q\K. To get the desired gradient estimate we will use a variant of the mean value property,
applied to 0; u.

Assuming without losing generality that x = 0, we use a standard computation in polar
coordinates (see [10, p. 26]) which yields, for all r > 0 such that B(0,r) cQ\K,

d(1 1
2 sudyl=— |  aGiwd
dr(nr2 fB(O,r) i y) 2nr fB(O,r) i dy

1
=— 0;(g—u)d
217 Json il§ y
1 Vi
=— (g—u)y=—dy.
2nr JoBo,r) 8 r Y

We deduce that forall s< r,

1 1 T y
— Vudy- — Vud =f (—f (g—u)=dy|dr.
nr? Jpo,n Y77 Jros Y= \2nt Joson 8

Since Vu is known to be continuous we can pass to the limit s — 0 to get the representation
formula

1 1 y
Vu@) =— Vud +f —f (u—g)=dydt,
nr? Jpo,n Y o 27t JaB(o,n § t ¥
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from which we deduce that
1
Vu(0) s—f Vuldy+|lu-— r. (6)
| | - B(O,r)| [dy+1lu—glloo

Then if g is not C! we can regularize by a mollifier ¢, and denoting by u, := u* ¢, and g, := g * ¢,
we observe that

—Aue = Ue — &

and |l us — geclloo < 1 — gllo- Applying the above computations to u, we get

1
Vu:(0)| < — Vus|dy+ ||lu— T,
Vit (0)] msz(Or)| cldy + - gloo

)

and letting € — 0 we recover (6) in the general case when g € L. Finally, using that || ¢l < 18 llco
and applying on Hélder inequality in (6) we arrive to

1
1 2
Vu(0) s(—f |Vu|2d) +lglloor?
| | 712 Jeo,r y &lloo

2 1/2
S(; +2||g||oor) +2lglloor @

1/2
s(;) +(2lgloor) " + 21Igllor

=2r % +4(rlgle)
where we have used the standard energy bound fB(x',)IVLtl2 dx < 27r + 27| glleor? given by
Proposition 10, and the fact that 2r||gllc < 1. Now, remember that these computations require
B(z,r) c Q\ K. One can let r — dist(z, K) for instance if z lies in a ball B(xg, R) where xy € K,
R<1/(2lglleo) and B(xg,2R) c Q. O

Next, by arguing similarly to [3, Lemma 21.3], we get the following proposition. The difference
with [3] is that here we state it for minimizers of the Mumford-Shah functional in a domain Q,
while [3] focuses on global minimizers only.

More precisely, once the existence of escape path (Proposition 4) and the gradient bound
(Proposition 11) are given, the proof can be obtained exactly as in [3, Lemma 21.3]. Since the
proof is not so long, and crucial for our main result, we provide the full details for the reader’s
convenience.

Let us mention that it is not difficult to derive a Holder estimate along a single escape path for
a function that satisfies a gradient estimate such as (5). This is actually “standard” in the theory
of John domains. But the main issue is that we do not have directly at disposal a nice curve
connecting two given points x and y passing through a common center as it would happen in
a John domain. We only know the existence of escape curves going far away from K, ending at
multiple possible centers. This explains the delicate and very original proof that was written by
G. David in [3], and that we write again here for the sake of completeness.

Proposition 12 ([3]). Let N = 2 and (u,K) be a Mumford-Shah minimizer in Q. There exists a
constant r3 > 0 (which only depends on | gll~) and a universal constant C = 1 such that for all
r < r3 with B(xg,4r) € Q and for all x, y that lie in the same connected component of B(xg, 1)\ K
we have

|u(x) - u@y)| < cri’2.

Proof. We can assume that xy is the origin. We let ¢y, 7 > 0 be the constants of Proposition 4. We
may assume that r3 < T and we let r < r3 be given such that B(0,4r) c Q. Recall that Proposition 4
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guarantees the existence of escape paths, which means in particular that for all x € B(0,7)\ K,
there exists a 1-Lipschitz mapping z: [0, 3] — Q\ K such that z(0) = x and

dist(z(1),K) = cot for t€[0,r]. ®)

We can also assume r3 < r»/2 so that Proposition 11 also applies and says in particular that for all
x€B(0,2r)\K,

IVl (x) < 2dist(x, K)~2 +Cy, €)

with C; = 4(2||g||oor3)1/2'

Now let x, y be two points in the same connected component of B(0,r) \ K, as in the statement
of the proposition. Set B = B(0, r) and B’ := B(0,2r). Then, choose a finite subset E of B'\ K which
is 1071 ¢or dense in B'\ K. We can find such a set E with less than N elements, depending only
on Cyp.

Let¢: [0,1] — B\ K be a continuous curve such that {(0) = x and £(1) = y. The rest of the proof
will be carried out in several steps, following the lines of [3, Lemma 21.3].

Step 1: Definition of E(¢) and z(t). For t € [0,1] we define E(t) c E as being the set of points
z € E which can be connected to ¢(f) by an escape path y: [0,7] — B(0,2r) \ K that is 2-Lipschitz,
satisfies y(0) = £(¥), y(r) = z, and such that

dist(y(s),K) = p107's forO<s<r. (10)

Notice that we have added a factor 107! in (10) compared to (8), which is a less restrictive
condition. It is easy to see that E(?) is not empty. Indeed, by (8) we have the existence of an
escape pathy: [0,7] — B(0,2r)\K starting from ¢(#), which is 1-Lipschitz, and satisfies something
10 times more restrictive than (10). The path fulfills almost all the requirement on y excepted that
its endpoint z’ may not belong to the finite set E. But there exists z € E such that |z—z/| < ¢g107' .
And we also know that dist(z’, K) = cor. Therefore, adding the segment |z—z'| = B(0,2r) \ K to the
path y and re-parameterizing it on [0, r] as a 2-Lipschitz function yields the desired path, which
proves that E is not empty.

Since there is some room in the inequalities, it is also easy to prove the following fact that will
be used later: for all ¢ € [0, 1], we can find a point z(t) € E(t) which also satisfies

z(t) € E(¢) for all ¢’ in some neighborhood of ¢ € [0,1]. (11)

This is possible since for all ¢’ close enough to #, the point é(#') is connected to £(f) by a small
segment in B(0,2r) \ K.

Step 2: Holder estimate for points in E(¢). The next step is to prove that
|u(é®) - u(@)| = Cr'’? forall ze E(p). 12)

For this purpose we take a path y from ¢(#) to z satisfying (10) and we use the gradient esti-
mate (9). Notice that u is a C! function in Q \ K. We can then write

.
|u(é@®) - u(z)| Sfo |Vu(y)||y'(s)|ds
szf 2dist(y(s),K)7% +Cids
0
.
= 2[ 20(1)/210—1/28—§ +Crds
0

SCrl/z,

where C depends only on ¢y and C;, which proves (12).
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Step 3: Definition of (z) and iterative argument. Next we define
Ey:={z€E|z€E(1) for some t € [0,1]},

and then for z € E; we define

t(2) :=sup{t | z€ E(1)}.
Notice that for z € Ej, passing to the supremum and using the continuity of u o ¢, we still have
from Step 2 the following estimate

lu(é(t(2))) - u2)| < Cr'’?, (13)

with the same constant C > 0 as before.

We start now an iterative argument: set #, = 0 and zy = z(y), as defined in (11). Then zy € E(#)
and by (12) we get

|u(x) - u(z0)| <cr'’2,
Next, set #; = t(zp). It follows that #; > fy, by definition of zy = z(#y) and because of (11). We also
know from (13) that
lu(ét) - ulzo)| = Cr'’2. (14)

We continue like this iteratively, by defining z; = z(¢#;) and ¢; = #(z;_;), until we reach t; = 1.
The main point is that t;4; > ¢; for all i (as already mentioned above for t, and #;), and more
important: when ¢; <1,

each z; is different from all its predecessors. (15)

Indeed, z; = z(t;), hence z; € E(¢) for values ¢’ > t;. But then for all j < i, t; = tj41 = t(z;) thus z;
could not lie in E(¢') for any ¢’ > t;, as z; does. So z; # zj, as needed. This proves (15). Now we
remember that E was a finite set, with cardinality Ny bounded by a constant depending only on
the constant ¢y. Since all the z; are disjoint, the iterative argument must stop after a maximum of
Nj steps. This means that t; reaches the maximum value of 1 after possibly N iterations or less.

Step 4: Conclusion. We then conclude by adding a maximum of Ny inequalities of the following
two types: the first one is

|u(é(t) - ulz))| < Cr'’?, (16)
valid because z; = z(t;) € E(t;) thus (12) applies, and the second one is
|u(é(tien) — ulzn)| = Cr'?, a7

valid because &(#;41) = &(t(2;)) and (13) applies. With the triangle inequality, we end up with
|u(x)—u(y)| SZNOCr”z. O

5. Proof of main result

We are now in position to prove the main result of this note.

Proof of Theorem 2. Let xy € K be given. Notice that the set E(xp) defined in Conjecture 1 is
exactly the set of values ¢ € R for which there exists a sequence (y) in Q\ K such that y; — xp
and u(yg) — ¢.

Assume for a contradiction that E(xy) contains more than three points. Let ai, k=1,...,4 be
four points in E(xo) and set § := miny y’|ar — ar|, the minimal distance between them. From
Proposition 7, we can find a radius ry > 0, such that B(xy, r9) € Q and B(xy, r9) \ K has at most Cy
connected components intersecting B(xy, r9/2). We can additionally choose ry so small that

2Crg? <4/10, (18)

where C > 0 is the constant from Proposition 12. Since xp is adherent to only finitely many
components of B(xp,7) \ K, we can take a smaller radius r; < rg/2 such that all points of
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B(xp,71) \ K belong to a component of B(xy, 7p) \ K touching xy. Moreover, Proposition 7 ensures
that there are at most 3 such components, which we denote by {A,} with n =1,2,3, and A, could
possibly be empty.

Now let y, — xp be a sequence converging to xy. Since u is bounded, there is a subsequence
(not relabelled) such that u(y;) converges to a value £ € R. We can further extract a subsequence
such that the sequence (yi)i lies in a single component A,. Then, consider another sequence
(zx) , converging to xg in the same component A, with u(z;) — ¢'. By Proposition 12, it holds

[u(yr) - ulzp)| = Cry’?
and passing to the limit, we obtain
10— <Cri’
We deduce that all the possible limit values ¢ coming from A;, are contained in an interval I, c R
of length at most 2Cr5/2. From (18) we get |I,;| < 6/10 (and I, could be empty if A, is empty).
Then we have
E(xg)chul,uls.

But this contradicts the fact that E(xp) contains four distinct points of mutual distance
lar — ay’| = 8. We therefore conclude that E(x() contains at most three points. O
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