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1. Introduction

Path properties of real-valued Brownian motion have been a constant source of study in this
past century. Recall that almost surely, Brownian motion is a random continuous function with
quadratic variation equal to t on [0, t ], that is differentiable nowhere and does not have points of
local increase. Since Khinchin–Kolmogorov’s law of the iterated logarithm and the various results
by Paul Lévy [8] (that include his result about the modulus of continuity of Brownian motion
which will play a role in the present paper), many fascinating features of Brownian paths have
been described — see for instance [14] and the references therein.

Another of these properties that will be relevant in the present paper is the existence of
continuous local time profile for one-dimensional Brownian paths: almost surely, for each finite
time T , the occupation time measure µT of a Brownian motion β = (βt , t ≥ 0) up to time T that
is defined by µT (A) = ∫ T

0 1βs∈A ds, has a continuous density x 7→ ℓT
x with respect to the Lebesgue

measure (see again [14] or [16]).
It is a rather natural question to investigate the conditional law of (βt , t ≤ T ) when one

conditions on its occupation time profile at a positive time T . This is the so-called Brownian
burglar that was introduced and studied by Warren and Yor in [19] — the case where β is a
Brownian excursion has then been studied by Aldous in [2]. More recently, Aïdékon, Hu and
Shi [1] did use another approach based on the joint law of all local times profiles (a little bit in
the spirit of the construction of the “true self-repelling motion” in [18]) to construct the process
(which will be rather closely related to the setups that we will be studying). In other words, one
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conditions the Brownian path β by where/how it “spreads” its time until T . We can note that any
almost sure properties of the Brownian paths (like about its quadratic variation, the modulus of
continuity, etc.) will necessarily still hold for this conditioned process (indeed, an event that holds
almost surely will almost surely hold almost surely for the conditional law), so that the trajectory
of a Brownian burglar looks a priori similar to that of an usual Brownian path. However, as we
will see in the present paper, if T is the first time at which the local time at the origin of β reaches
some positive value l , then it is possible to argue that for all ε> 0, the conditional law of (βt , t ≤ ε)
given µT is singular with respect to that of an unconditioned Brownian motion up to time ε (this
will be Proposition 5).

One natural avenue to derive this type of result is to look at the Brownian burglar as a Brownian
motion with a “drift”, and to check that this drift is almost surely not in the Cameron–Martin space
of Brownian motion. While this strategy can actually be made to work and provides informative
insight into the properties of the Brownian burglar (this will actually be the focus of our upcoming
paper [5]), it requires rather subtle considerations. In the present paper, we will instead use
a simple rather direct alternative approach, that roughly amounts to showing that the law of
the occupation time measure of the burglar at time ε has to be singular with respect to that of
unconditioned Brownian motion — which then implies the proposition. This approach is in fact
in the spirit of (though not identical to) a number of works from the mid-1980s about exceptional
times and points for Brownian trajectories. For instance, Barlow and Perkins [3,4] did study some
exceptional points at which Brownian motion behaved exceptionally “at each visit” and studied
how it impacted its local time profile (see the references therein for further related work).

Our main purpose in the present paper is in fact to study this type of question in the closely
related set-up of Brownian loop-soups in transient cable-graphs that we now briefly recall. A
cable-graph G can be viewed as the metric space obtained when one first considers a discrete
graph, then associates to each edge e joining two sites x and y in G a segment Ie isomorphic
to some compact interval of R, where the endpoints of the edges correspond to x and y . The
cable-graph is then the union of these “physical” edges Ie . On this graph, it is then possible
to define Brownian motion (loosely speaking, when it is in the middle of an edge, it moves like
a one-dimensional Brownian motion, and when it is at a vertex, it chooses for each excursion
away from x uniformly at random in which edge adjacent to x to start). The trace on the sites of
the graph of such a Brownian motion can be viewed as a random walk of G . One can then also
define a natural measure on Brownian loops on such a cable-graph, and then consider a Poisson
point process of Brownian loops with intensity given by some constant c times this Brownian
loop measure (see [9] for background). When the graph G is transient, this is a Poisson point
process of (unrooted) Brownian loops where each given edge is almost surely visited by infinitely
many loops, but only by finitely many ones with diameter greater than any fixed ε. Each of these
Brownian loops in the loop-soup has a continuous occupation time density, and when one sums
these densities over all Brownian loops in the loop-soup, one obtains the occupation time density
of the entire Brownian loop-soup. This is a random function Λc that can be viewed as the cable-
graph generalization of the squared Bessel processes of dimension c. In particular, when c = 1,
the law ofΛc is that of the square of a Gaussian Free Field on this cable-graph (recall that the GFF
on the cable-graph is a continuous function from the cable-graph into R that can be viewed as
the natural way to extend Brownian bridges on each interval Ie to the whole cable-graph).

It is natural and intriguing to investigate the relation between the occupation time and its
decomposition into loops ; particularly in the cases where c = 1 and c = 2, where the laws of
the loop-soup are invariant under certain simple local rewiring operations (for c = 1 one has
to consider unoriented loops, and for c = 2, one considers oriented loops) that do preserve its
occupation time field [20]. Aspects of the conditional law of the loop-soups given Λc in the case
c = 1 have for instance been discussed in the recent papers [13,21].
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The main purpose of the present note is to provide a simple proof of the following fact for any
positive c.

Proposition 1. When one conditions on the total occupation time field Λc , the conditional law
of each individual loop in the loop-soup is singular with respect to that of an unconditioned loop
(i.e., it is singular with respect to the loop measure).

In other words, if one knows Λc , then by looking at any loop, one can detect that it is not an
“unconditioned loop”. As we will see, it is in fact sufficient to look at any portion of any loop.

As we shall see, this is closely related to the previous burglar question. The analogue of the
Brownian burglar process in the case c = 1 is the scaling limit of the inverse VRJP process studied
by Lupu, Sabot and Tarrès in [10–12,17]. Here also, one strategy would be to study this process
and its dynamics in detail and to show that it can be viewed as a Brownian motion with a drift that
does not belong to the Cameron–Martin space, but we will instead use a softer approach based
on the local time profiles only, which will work for all c > 0 — so that we will not build on this
work by Lupu, Sabot and Tarrès.

The spirit of this note is to provide a short essentially self-contained proof of Proposition 1.
We will therefore derive only the necessary intermediate results, leaving their generalizations as
remarks. We will first recall some features about fast points of Brownian motion (Section 2) and
discuss aspects of their generalizations to other diffusions (Section 3). Building on this, we will
then prove Proposition 1 and the result about the Brownian burglar in Sections 4 and 5.

2. Fast points of Brownian motion

Throughout this section, we will use the notation

U (h) :=
√

2h log(1/h).

Let B be a standard Brownian motion (we will use the letter B to denote Brownian motions
that will be related in some way to the local time processes in space, so we will denote its variables
by x, and the letter β for Brownian paths parametrized by time t — even if both t and x can end
up being real-valued). Recall on the one hand the (local) law of the iterated logarithm states that
for each given x, one has almost surely

limsup
h↓0

B(x +h)−B(x)√
2h loglog(1/h)

= 1,

while Lévy’s global modulus of continuity result states that almost surely, for all T

limsup
h↓0

sup
0≤x,y≤T, |x−y |≤h

∣∣B(x)−B(y)
∣∣

U (h)
= 1.

More generally, Orey and Taylor [15] did then study the exceptional times, called fast times or fast
points of Brownian motion where the local modulus of continuity is exceptionally large. If F is a
function, then for each a > 0, one can say that x is an a-fast point of F if

limsup
h↓0

∣∣F (x +h)−F (x)
∣∣

U (h)
≥ a.

One can then define the set of a-fast points of a Brownian path B to be Aa . We then define the
set A of all fast points of B (when we do not specify any value of a) to be A =⋃

a>0 Aa . It is simple
to see that for each a, the set Aa is measurable with respect to the σ-field generated by Brownian
motion as it can be defined as the countable union of countable intersections of countable unions
of countable intersections of measurable sets. Lévy’s modulus of continuity result clearly implies
that Aa is almost surely empty for all a > 1. On the other hand Orey and Taylor [15] showed that
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almost surely, for each a ∈ (0,1), the set Aa is not empty (and therefore dense) and has Hausdorff
dimension equal to 1−a2.

In our proof of Proposition 1, we will only use the following two facts for Brownian paths:

• almost surely, the set Aa is empty for all a > 1;
• almost surely, the set A1 is not empty and dense.

As we have already mentioned, the first fact follows from Lévy’s modulus of continuity. One way
to derive the second one is to combine the fact that Aa is non-empty and dense for all a < 1
with Baire’s Category Theorem (this is explained in the textbook [14] that one can also consult
for all these facts). One can also note that it is possible to instead go back to the actual proof
of Lévy’s modulus of continuity and construct “by hand” points that belong to A1 simply using
Borel–Cantelli.

As a warm-up to what will follow, we can make the following remark: suppose that B and B ′ are
two independent Brownian motions. Then, Z := (B +B ′)/

p
2 is also a Brownian motion. Clearly,

any 1-fast point x for Z that is not a fast point for B has to be a
p

2-fast point for B ′, and we know
that almost surely no such points exist. It therefore follows that almost surely, any 1-fast point
of Z is necessarily a fast-point of both B and B ′. It is in fact not difficult to show that the set
of 1-fast points of Z is exactly the intersection of the set of (1/

p
2)-fast points of B with the set

of (1/
p

2)-fast points of B ′ (noting in particular that these two independent sets have Hausdorff
dimension 1/2, while for any a < 1/

p
2, the intersection of Aa with A′p

2−a
is almost surely empty),

but this won’t be necessary here.

3. “Quick points” of a squared Bessel process

Fast points are usually studied for Brownian motion, but it is actually easy to deduce similar
results for solutions of SDEs. Indeed, the local behaviour of the solution to an SDE with
continuous coefficients like dXx = σ(Xx )dBx +b(Xx )dx at time x where σ(Xx ) is not equal to 0
will be that of σ(Xx ) times the behaviour of the driving Brownian motion B at that time. For
instance, when X is a squared Bessel process of dimension n ≥ 0 (here and in the sequel, n is not
necessarily an integer), i.e., the solution to

dXx = 2
√

Xx dBx +n dx

that is absorbed (or possibly reflected, if n ≥ 1) at its first hitting time σ of 0, one can define its set
of generalized a-fast points — that we will refer to as “a-quick points” or “a-quick times” to be
the intersection of

{
x ≥ 0 : Xx ̸= 0

}
with the set of a-fast points of B . More generally, when F is a

continuous function, one can define its set of a-quick points as

Qa(F ) :=
{

x ≥ 0 : limsup
h↓0

∣∣F (x +h)−F (x)
∣∣

U (h)
≥ 2a

√
F (x) > 0

}
.

The set of quick points of A (when we do not specify any value of a) is once again defined to be
Q(F ) := ⋃

a>0 Qa(F ), i.e., the set of fast points of B at which X is not equal to 0. By the results
we have about fast points of the Brownian motion B , we immediately deduce that for a squared
Bessel process X , Qa(X ) is almost surely empty for all a > 1, and Q1(X ) is almost surely non-
empty and dense in the set of points at which X is positive.

This leads naturally to the question about quick points of sums of squared Bessel processes. A
very simple deterministic result that will be useful and sufficient for us is the following.

Lemma 2. Suppose that F1 and F2 are two functions such that F := F1+F2 has 1-quick points and
no a-quick points for any a > 1, and that F1 has also no a-quick points for any a > 1. Then, every x
for which F2(x) > 0, F1(x) > 0 and that is a 1-quick point of F is necessarily a quick point of F2.
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Proof. Suppose that x ∈Q1(F ), i.e., that

limsup
h↓0

∣∣F (x +h)−F (x)
∣∣

U (h)
= 2

√
F (x) > 0.

Since F1 has almost surely no a-quick point with a > 1, it follows that for all y (and in particular
at x) for which F1(y) > 0,

limsup
h↓0

∣∣F1(y +h)−F1(y)
∣∣

U (h)
≤ 2

√
F1(y).

But since F = F1 +F2, we get that

limsup
h↓0

∣∣F (x +h)−F (x)
∣∣

U (h)
≤ limsup

h↓0

∣∣F1(x +h)−F1(x)
∣∣

U (h)
+ limsup

h↓0

∣∣F2(x +h)−F2(x)
∣∣

U (h)
,

and therefore

limsup
h↓0

∣∣F2(x +h)−F2(x)
∣∣

U (h)
≥ 2

(√
F (x)−

√
F1(x)

)
.

This last difference is clearly positive when F2(x) is positive because F (x)− F1(x) = F2(x) > 0,
which concludes the proof. □

An example is for instance to consider F1 and F2 to be two independent squared Bessel
processes of respective dimensions 0 and n ≥ 0. The process F = F1 +F2 is then also a squared
Bessel process of dimension n, so that the conditions of the lemma are almost surely fulfilled.

4. Proof of Proposition 1

Let us now return to the setup of a loop-soup in a transient cable-graph. We consider a Poisson
point process L of Brownian loops with positive intensity c times the “natural” Brownian loop
measure (we use here the convention from [6,22], so this intensity is twice the intensity that is
called α in [7,9]). Throughout this section, c will be fixed, and we will omit the subscripts that
indicate the dependence on c (so we will write Λ instead of Λc ). We consider a fixed large but
compact subset K of the cable-graph (if the cable-graph is compact, we would naturally take K
to be the entire cable-graph). Almost surely, for any ε > 0, the cardinality Nε(K ) of the set Lε,K

of Brownian loops of diameter greater than ε that do intersect K is finite, so that we can order
all the loops that intersect K in decreasing order of diameter as β1,β2, . . . We denote by Λ the
total occupation time density of the loop-soup (i.e., Λ(x) is the sum of the local time at x over
all loops in the loop-soup). So, when c = 1, Λ is distributed as the square of a GFF on the cable-
graph. In the general case, the law of Λ is the natural generalization to the cable-graph of the
square of a Bessel process of dimension c. In particular, if one conditions on the value ofΛ at two
neighboring vertices on the graph, the conditional law on the edge between these two vertices
will be that of a squared Bessel bridge of dimension c. This provides one simple way to see that
almost surely, the set of 1-quick points ofΛ is dense on the cable-graph and thatΛ has no a-quick
points for a > 1,

When sampling the loop-soup L , one can first sample L \ Lε,K and then the (independent)
collection Lε,K . We can observe that for each K , the probability that Nε(K ) = 0 is strictly
positive. So, the probability that the total occupation time Λ̃ of the former is equal to Λ is
positive (independently of Λ̃). This immediately shows that almost surely, for every rational ε,
the occupation time Λ̃ has a dense set of 1-quick points, and no a-quick points for a > 1. It then
easily follows that the same holds for the occupation time measures of L \{β1, . . . ,βn} for all n ≥ 1
(because {β1, . . . ,βn} will be equal to Lε,K for some rational ε). A little variation of this argument
shows that the same holds for the occupation time measureΛn of L \{βn}. (One just samples first
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the loop-soup without the loops of diameter in [a1, a2] that intersect K and then the collection of
such loops — and almost surely, βn will be the only missing loop for some rational a1 < a2.)

Let ℓn denote the density of the occupation time measure of βn . Then clearly, Λ = Λn +ℓn .
Lemma 2 (or rather its immediate generalization to cable-graphs) implies that almost surely, for
every n, any point x that is a 1-quick point ofΛwithΛn(x) > 0 and ℓn(x) > 0 is necessarily a quick
point of ℓn . We can note that the set of 1-quick points of Λ is almost surely dense, so it will be
almost surely dense on any excursions set away from 0 by Λn and ℓn . Moreover, it is known that
almost surely, ℓn is positive on the entire range of the loop βn (with the exception of its finitely
many boundary points).

Hence, we can conclude that the conditional law of βn given Λ has the property that almost
surely, for every 1-quick point x ofΛ in the interior of the range ofβn , either x is a quick point ofℓn

as sketched on Figure 1, or ℓn(x) =Λ(x) (it is not hard to check that in that case too x has to be a
quick point of ℓn , but this is not necessary here). But for any deterministic point x on the cable-
graph, almost all loops according to the (unconditioned) Brownian loop-measure on the cable-
graph have the property that their occupation measure has no quick point at x and that their local
time at x is almost always different from Λ(x), so that the law of the loop βn conditionally on Λ
is indeed singular with respect to that of an unconditioned loop (i.e., it is singular with respect to
the unconditioned Brownian loop measure).

Figure 1. Sketch of the occupation time densities Λ and ℓn of the whole loop-soup and of one loop βn in the
loop-soup, on some edge of the cable-graph: any 1-quick point of Λ in the support of ℓn is necessarily a quick
point of ℓn .

Remark 3. To prove that one can detect that a Brownian loop is not an unconditioned loop by
looking at only a small portion of it, there are a number of options. One way is to use the rewiring
property of [20] at some given point (i.e., one chooses two times at which the loop-soup visits
this point, and resamples whether these two times are part of the same loop or not — mind one
can choose this point as a function of Λ also, and that the rewiring procedure for c ̸= 1 exists as
well — the rewiring probabilities just depend on the number of loops the rewiring creates) that
shows that when one applies a well-chosen rewiring transformation, any portion of any loop will
contain what will become a loop in the modified sample, and one can then apply the previous
result to this modified loop-soup — so that this portion will need to create quick points at special
points determined byΛ.

Remark 4. Brownian loop-soups are interesting to study also in continuum d-dimensional
spaces when d > 1 — the definition in [6] was in fact motivated by the connection with loop-
erasures of Brownian motion (for instance, the set of erased loops in Wilson’s algorithm corre-
spond to a c = 2 loop-soup) which can be formulated also in the continuum, or with the connec-
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tion with SLE processes in two dimensions. However, in such cases, the question that we inves-
tigate in the present paper becomes almost trivial. Indeed, the trace of the loop-soup is easily
seen to have zero Lebesgue measure in the plane, so that when one conditions the loop-soup on
its trace, each Brownian motion is conditioned to stay in this trace and is clearly singular with
respect to an unconditioned Brownian loop. So, the “singularity” question is essentially a one-
dimensional one.

5. Singularity of the Brownian burglar

We now conclude this note by briefly explaining how to implement the same ideas to prove the
result about the Brownian burglar mentioned in the introduction.

Let us consider a Brownian motion β on R. In fact, it will be more convenient to consider β
to be a reflected Brownian motion — taking therefore its values in [0,∞). Let ℓt (x) denote its
local time at position x and time t , and let τ(h) be the first time at which ℓt (0) reaches h, which
is a stopping time for each h > 0. The classical Ray–Knight Theorem states that for each h > 0,
the process

(
ℓτ(h)(x)

)
x≥0 is a squared Bessel process of dimension 0 started from h. Recall that

squared Bessel processes are absorbed at 0.
The strong Markov property of Brownian motion at times τ(h) immediately implies that for

any 0 < h1 < ·· · < hm , the processes ℓτ(h1),ℓτ(h2) − ℓτ(h1), . . . ,ℓτ(hm ) − ℓτ(hm−1) are independent
squared Bessel processes of dimension 0 started from h1,h2−h1, . . . ,hm−hm−1 respectively. (This
is of course consistent with the classical feature of squared Bessel processes: the sum of two
independent squared Bessel processes of dimensions d and d ′ is a squared Bessel of dimension
d + d ′ — we are here in the case where d = d ′ = d +d ′ = 0.)

We can actually consider the case where h j = j 2−n and let n →∞ to see that if we now define
for each h,

Lh( · ) := inf
g>h

ℓτ(g )( · )−ℓτ(h)( · ),

then the process (Lh)h≥0 is a Poisson point process of excursions of squared Bessel processes of
dimension 0 away from 0.

This corresponds exactly to the decomposition of β into its excursions away from the origin.
Indeed, if eh denotes the Poisson point process of excursions away from the origin by β (i.e., eh is
the excursion when the local time at the origin is h), then Lh will be the local time profile of this
excursion.

Then:

Proposition 5. For all ε> 0 and l > 0, the conditional law of (βt , t ≤ ε) given the occupation time
measure

(
ℓτ(l )(x)

)
x≥0 at time τ(l ) is singular with respect to that of an unconditioned Brownian

motion.

Proof. For 0 < h < l , let us define X1(x) := ℓτ(h)(x) and X2(x) := ℓτ(l )(x) − ℓτ(h)(x). These are
two independent squared Bessel processes of dimension 0 that are respectively started from h
and l −h. It follows that almost surely, every 1-quick point x of ℓτ(l ) at which X1 is positive is
necessarily a quick point for X1 (if X2 is positive it is Lemma 2, otherwise X1(y) = ℓτ(l )(y) for
y ≥ x). If (xk ) is a sequence of 1-fast points that goes to 0, then it follows that for the conditional
law, almost surely, for all large enough k, xk is a fast point for X1. But for the unconditional law
of a squared Bessel process of dimension 0, almost surely, none of the xk ’s will be a quick point,
which shows that for all x0, the conditional law of (ℓτ(h)(x), x ≤ x0) is indeed singular with respect
to the unconditioned one. But we also know that τ(h) → 0 almost surely as h → 0 — so that the
proposition follows easily. □

Remark 6. It is possible to adapt the ideas of the proof (or alternatively to use this proposition)
to show that a similar result holds true when one replaces τ(l ) by any other stopping time.
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