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Abstract. We review the notion and the properties of the generalized principal eigenvalue for elliptic oper-
ators in unbounded domains, and we relate it to the criticality theory. We focus on operators with almost
periodic coefficients. We present a Liouville-type result in dimension N ≤ 2. Next, we show with a counterex-
ample that criticality is not equivalent to the existence of an almost periodic principal eigenfunction, even for
self-adjoint operators. Finally, we exhibit an almost periodic operator which is subcritical but which admits
a critical limit operator. This is a manifestation of the instability character of the criticality property in the
almost periodic setting.
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1. Introduction

The principal eigenvalue encodes several fundamental properties of an elliptic operator, such
as the validity of the maximum principle and the existence, uniqueness and stability of solu-
tions. The principal eigenvalue is classically defined as the eigenvalue which admits a positive
eigenfunction. For a uniformly elliptic operator with smooth coefficients, defined in a bounded
smooth domain under different types of boundary conditions (Dirichlet, Neumann, Robin), the
principal eigenvalue exists, it is unique and simple. These facts can be shown using the Krein–
Rutman theory, the extension of the Perron–Frobenius theory for operators on infinite dimen-
sional spaces. The crucial conditions required by the Krein–Rutman theory are the positivity and
the compactness of the resolvent of the operator, which are both consequences of the elliptic-
ity as well as the compactness of the spatial domain. Indeed, the same theory can be applied in
the case of periodic operators, that is, operators defined on the torus, and provides one with the
periodic principal eigenvalue. In order to understand what happens beyond the periodic case, a
first framework to investigate is that of almost periodic (a.p. in the sequel) functions, see the pre-
cise definition in Section 2. A.p. functions share the following property with continuous periodic
functions: the set of their translations is relatively compact in L∞. Despite this fact, one cannot
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cast the problem for operators with a.p. coefficients in a compact framework, unlike the periodic
case.

In order to study the existence of an a.p. principal eigenvalue (i.e. an eigenvalue with an
a.p. positive eigenfunction) one should consider the eigenproblem in the whole space and prove
a posteriori that the eigenfunction is a.p. However, in such a framework the resolvent of the
operator is not compact, making the Krein–Rutman theory unavailable. As a matter of fact, both
uniqueness and simplicity of the principal eigenvalue fail in general for operators in unbounded
domains. These questions have been addressed in [5,6,9] by introducing several distinct notions
of generalized principal eigenvalue.

The differences between the periodic and the almost periodic settings are not only techni-
cal. Indeed, the existence of the a.p. principal eigenvalue may fail for an operator with a.p. co-
efficients. A counterexample can be exhibited for an operator of the form ∆− c(x) where c(x) =
K

(
cos(2πx)+cos(2παx)

)
, α ∉Q and K is large enough, which is a quasiperiodic function, a sub-

class of a.p. functions. This follows from a result of [10] (see also [29]) — proved using large de-
viation techniques and the avalanche principle of [16] — and from Ruelle–Oseledec’s theorem.
Quite surprisingly, if K is small enough and α satisfies a certain diophantine condition, then the
above operator admits an a.p. principal eigenvalue, as shown by Kozlov [17]. In Counterexample 5
below we present another example of a self-adjoint a.p. operator in dimension 1 which does not
admit an a.p. principal eigenvalue. This counterexample does not make use of probabilistic tools,
but exploits an elementary construction performed in our previous paper [27], that we recall in
Section 4. The counterexample further shows that the non-existence of the a.p. principal eigen-
value can also occur for a critical operator, in the sense of Pinchover [24]. The criticality theory
is related, but not equivalent, to that of the generalized principal eigenvalue, see Section 2 below.
Criticality implies in particular the uniqueness of positive solutions, up to a scalar multiple.

It is not hard to see that for a self-adjoint operator in spatial dimension N = 1, the a.p. principal
eigenvalue is necessarily simple, if it exists, see e.g. [21, Proposition 1.7]. The same is true in
dimension N = 2 owing to a Liouville-type result by Nordmann [22]. Combining the latter with a
result by Pinchover [25], one can prove a stronger property: if an operator admits an a.p. positive
solution then it is critical if and only if the spatial dimension is N ≤ 2, see Corollary 4 below.

We conclude this work with another counterexample to the existence of the a.p. principal
eigenvalue, which in addition shows that an operator with a.p. coefficients can be subcritical but
can have a critical limit operator, cf. Counterexample 7 below.

2. Precise definitions and statements of the results

We consider elliptic operators L of the form

L u =∇· (A(x)∇u
)+b(x) ·∇u + c(x)u, x ∈RN ,

where A is a matrix field, b is a vector field and c is a scalar function. We always assume that the
entries of A, b and the function c are real valued, measurable and bounded, and, in addition, that
A is smooth and it is symmetric and uniformly elliptic.

One cannot define the principal eigenvalue of −L in a classical way through the Krein–
Rutman theory, because the domain RN is unbounded. In collaboration with H. Berestycki and
F. Hamel, motivated by the study of reaction-diffusion equations in heterogeneous media, we
considered in [6] the following notion of generalized principal eigenvalue:

λ1 := sup
{
λ ∈R : ∃φ> 0, −Lφ≥λφ on RN }

.

The functions φ in the above formula (and in general the functions involved in differential
equalities/inequalities) are understood to belong to W 2,N

loc (RN ) (and to satisfy the inequality
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a.e.). We point out that no global integrability condition is required on φ. The above definition
coincides with the one introduced by Berestycki–Nirenberg–Varadhan [8] in the case of linear
elliptic operators defined on bounded non-smooth domains. The authors showed that, up
to giving a relaxed meaning to the Dirichlet boundary condition, such notion enjoys all the
fundamental properties of the classical one. Some related notions and partial results had been
previously given in [23]. Instead, in the whole space (or more in general in unbounded domains),
the quantity λ1 is not sufficient to encode all the classical properties of the principal eigenvalue.
In fact, another notion, denoted by λ′

1, has been employed in [5,6] to give a complete description
of solutions of the elliptic problem, and a third quantity, λ′′

1 , has been introduced in [9]. The point
is that the eigenvalue admitting a positive eigenfunction is not unique, as in the case of a bounded
domain, but actually the whole half line (−∞,λ1] does, see [9, Theorem 1.4]. For instance, for
a periodic operator −L which is not self-adjoint, the periodic principal eigenvalue is typically
smaller than λ1, and actually coincides with λ′

1 and λ′′
1 , see Section 3 below.

We are concerned in particular with operators with almost periodic coefficients.

Definition 1. A function f : RN → R is said to be almost periodic (a.p.) if from any sequence
(xn)n∈N in RN one can extract a subsequence (xnk )k∈N such that

(
f (x + xnk )

)
k∈N converges uni-

formly in x ∈RN .

We say that the elliptic operator L is a.p. if its coefficients, i.e. the components of the matrix
field A, of the vector field b and the function c, are all a.p. functions.

The criticality theory has been developed by Pinchover [24] in order to study the existence,
uniqueness and stability of positive solutions of elliptic equations beyond the case of operators
with compact resolvent, and also by [20] in the case of Schrödinger operators.

Definition 2. An elliptic operator L is:

• supercritical if the set of positive solutions of L u = 0 is empty;
• critical if the set of positive functions satisfying L u ≤ 0 is one-dimensional;
• subcritical in the other cases.

The above definition differs from the original one of Pinchover [24], which is expressed in
terms of the existence a positive Green function or of a ground state, in the sense of Agmon [1].
For a comprehensive treatment of the subject, from both the PDE and the probability point of
view, we refer to the monograph by Pinsky [26]. The above equivalent definition is given in [25],
cf. also [1,13] or [26, Theorems 3.4 and 3.9]. A previous equivalent definition in the case of
Schrödinger operators had been given by Simon [28]. Criticality can be related to the generalized
principal eigenvalue:

λ1 < 0 ⇐⇒ L is supercritical,

λ1 > 0 =⇒ L is subcritical,

λ1 = 0 =⇒ L is either critical or subcritical.

Hence the criticality is not completely characterized by λ1.
For a critical operator, the set of positive solutions of L u = 0 coincides with the set of positive

supersolutions, hence it is also one-dimensional, by definition. In dimension N = 1, the converse
holds true, namely, an operator is critical if and only if the set of positive solutions of L u = 0 is
one-dimensional, see [26, Proposition 5.1.3] (or [20, Appendix 1] for the self-adjoint case).

It is well known that the Laplace operator in RN is critical if and only if N ≤ 2. This result has
been extended by Damanik–Killip–Simon [12, Theorem 5] to the operator L =∆+c(x). A related
result is given by Pinsky [26, Theorem 8.2.7], proved using probabilistic techniques, that asserts
that for a periodic operator L , not necessarily self-adjoint, L +λ1 is critical if and only if N ≤ 2.
Using the results of [4,22,25] one can obtain still another extension to non-periodic operators.
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Proposition 3. Let L be a self-adjoint operator with regular coefficients. There holds:

(i) if N ≤ 2 and the equation L = 0 admits a positive bounded solution ϕ, then L is critical;
(ii) if N ≥ 3 and the equation L = 0 admits a solution ϕ satisfying infϕ > 0, then L is

subcritical.

Proof. (i). [22, Theorem 2] implies that ϕ is a generalized principal eigenfunction of L ,
i.e. λ1 = 0. Let ψ> 0 satisfy Lψ≤ 0. Call u :=−ψ+kϕ with k > 0 large enough so that supu > 0.
Thus u is a subsolution of L = 0 and it is bounded from above. It then follows again from [22,
Theorem 2] that u is a multiple of ϕ, whence so is ψ. This shows that L is critical.

(ii). Assume by contradiction that L is critical. Then applying [25, Theorem 1.7] (with ψ ≡ 1)
one deduces that the operator ∇ · (A∇) is critical too. But this is not the case in dimension 3 or
larger, by [3,4,15]. □

An a.p. function is necessarily bounded. Moreover if it is a positive solution of an elliptic
equation, then it must have a positive infimum, because otherwise it would converge locally
uniformly (hence uniformly) to 0 around minimizing sequences, which is impossible. One then
derives from Proposition 3 the following.

Corollary 4. Let L be a self-adjoint operator with regular coefficients and assume that the
equation L u = 0 admits a positive a.p. solution ϕ. Then L is critical if and only if N ≤ 2.

Corollary 4 extends the above-mentioned result [26, Theorem 8.2.7] in the case of self-adjoint
operators, because for a self-adjoint periodic operator, the generalized principal eigenvalue λ1

reduces to the periodic principal eigenvalue, see [6, Proposition 6.6], that is, L +λ1 admits a
positive periodic solution. One can wonder whether the reciprocal of Corollary 4 holds true
for an a.p. operator, namely, if in low dimension criticality is equivalent to the existence of an
a.p. principal eigenvalue. The following gives a negative answer.

Counterexample 5. There exists a self-adjoint a.p. operator L in dimension N = 1 which is critical
but does not admit any positive a.p. eigenfunction.

The proof of Counterexample 5 is given in Section 4. It makes use of a construction carried out
in our previous paper [27], that we will reclaim. The operator of the counterexample possesses a
ground state with an almost exponential decay, which is related to the phenomenon of Anderson
localization, see [11].

We conclude with a last result that shows, on the one hand, that self-adjoint a.p. operators
with λ1 = 0 may not be critical, even in dimension 1, and, on the other hand, that criticality is
not invariant in the passage to limit operators, which, loosely speaking, are the ω-limits of the
original operator.

Definition 6. A limit operator associated with L is an operator of the form

L ∗u =∇· (A∗(x)∇u
)+b∗(x) ·∇u + c∗(x)u,

where A∗(x), b∗(x), c∗(x) are the pointwise limits of A(x +xn), b(x +xn), c(x +xn) respectively, for
a given sequence (xn)n∈N in RN .

Counterexample 7. There exists a self-adjoint a.p. operator L in dimension N = 1 which is
subcritical, it has λ1 = 0, but it admits a limit operator L ∗ which is critical.

Remark 8. For an a.p. operator L , the convergences of A(x + xn), b(x + xn), c(x +xn) in the
definition of the limit operator L ∗ are actually uniform in x ∈RN (up to subsequences). It follows
that A∗(x − xn), b∗(x − xn), c∗(x −xn) converge (up to subsequences) to A(x), b(x), c(x), hence
L is a limit operator associated with L ∗ (which is also a.p.). In particular, we can rephrase
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Counterexample 7 by saying that there exists a self-adjoint a.p. operator in dimension N = 1
which is critical, but it admits a limit operator which is subcritical.

The operator L in Counterexample 7 exhibits three striking differences with respect to peri-
odic operators:

(1) L does not admit an a.p. (or merely a bounded) positive eigenfunction, owing to Propo-
sition 3;

(2) for a periodic operator L̃ , L̃ +λ1 is always critical in dimension N ≤ 2, by [26, Theo-
rem 8.2.6], while L is not;

(3) a periodic operator shares the same criticality character with all its limit operators (which
are just translations of the former), while L does not.

3. Other notions of generalized principal eigenvalue

Besides the generalized principal eigenvalue λ1 introduced in [8], two other notions were em-
ployed in [5,6,9] to characterize the existence, uniqueness and the positivity of solutions of ellip-
tic equations on unbounded domains, with application to the study of the Fisher-KPP equation
in heterogeneous media. In the case where the domain is the whole space, they reduce to:

λ′
1 := inf

{
λ ∈R : ∃φ> 0, supφ<+∞, −Lφ≤λφ on RN }

,

and
λ′′

1 := sup
{
λ ∈R : ∃φ, infφ> 0, −Lφ≥λφ on RN }

.

One of the key properties of these other notions is that the operator L fulfils the maximum
principle if λ′′

1 > 0 and only if λ′
1 ≥ 0, cf. [9, Theorem 1.6].

One has that the inequalities λ′′
1 ≤ λ′

1 ≤ λ1 hold in general, while for a self-adjoint operator
it holds that λ′

1 = λ1, see [9, Theorem 1.7]. It is further conjectured in [9] that λ′′
1 = λ′

1. Using a
probabilistic approach connecting elliptic PDEs and branching processes, Maillard–Tough [19]
have recently proved this conjecture in the case of self-adjoint operators with Hölder continuous
coefficients, and disproved it with a counterexample for non-self-adjoint operators.

For a periodic operator, both quantities λ′
1 and λ′′

1 coincide with the periodic principal
eigenvalue, that is, the unique eigenvalue admitting a positive periodic eigenfunction, while λ1

is in general greater than the latter. Berestycki and Nadin showed that, for an operator with
a.p. (and even uniquely ergodic), Hölder continuous coefficients, not necessarily self-adjoint,
one has λ′

1 =λ′′
1 . This result is derived in [7] using the homogenization techniques of Lions–

Souganidis [18]. Indeed, the study of eigenproblems can be recast in the homogenization
framework in terms of the existence of approximate correctors for a transformed operator.

4. Non-existence of an a.p. principal eigenvalue in the critical case

In [27], an a.p. function b has been constructed in order to exhibit a counterexample to a
Liouville-type result for elliptic operators. We use the same function b to construct the opera-
tor L of Counterexample 5. Let us recall its definition: first, we set

σ(x) :=
{
−1 if x ∈ [−1,0),

1 if x ∈ [0,1],

then, by iteration,

∀ n ∈N, σ(x) :=


σ(x +2 ·3n)− 1

(n +1)2 if x ∈ [−3n+1,−3n),

σ(x −2 ·3n)+ 1

(n +1)2 if x ∈ (3n ,3n+1].
(1)
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Finally, in order to have a regular function, we define

b(x) :=σ(x)sin4(πx).

The function b is depicted in Figure 1. It is of class C 3, odd and limit periodic, that is, it is the
uniform limit of a sequence of continuous periodic functions. In this case, such a sequence
is given by (bn)n∈N with bn ≡ b on [−3n ,3n] and then extended by periodicity. Limit periodic
functions are a subclass of the a.p. functions because, as it is easily seen from Definition 1, the
space of a.p. functions is closed with respect to the L∞ norm (see e.g. [2,14]). Moreover, one can
show the following inequality:

∀ x ∈R,
∫ x

0
b(t )dt ≥ K

|x|(
log3|x|+1

)2 −K , (2)

for some K > 0, see [27, Proposition 3.3].

Figure 1. The graphs of σ and b.

Proof of Counterexample 5. Consider the following operator:

Lu := u′′−2b(x)u′, x ∈R,

with b defined as above. The function

v(x) := e−
∫ x

0 b(t )dt u(x)

satisfies L v = e−
∫ x

0 b(t )dt Lu, with

L v := v ′′+ (b′−b2)v.

The coefficient b′−b2 is a.p., because b2 is a.p., and also b′ is, being uniformly continuous, and it
is known that the derivative of an a.p. function is a.p. if and only if it is uniformly continuous, see
e. g. [2, Property V].

We now investigate the criticality of L and the sign of its principal eigenvalueλ1. The function

ϕ(x) := e−
∫ x

0 b(t )dt

satisfies Lϕ = 0. It follows from (2) that ϕ decays to 0 at ±∞, hence it is bounded. Recalling
the definition of λ1 and of λ′

1 in Section 3 one derives λ1 ≥ 0 ≥ λ′
1. But then, since λ1 = λ′

1 by [9,
Theorem 1.7(i)], one eventually deduces that λ1 = 0. On the other hand, in dimension 1, the
existence of a bounded positive eigenfunction implies that L is critical, as it follows from [20,
Theorem A.9] or also [12, Theorem 5], [25], or even from Proposition 3 above. In turn, criticality
entails that the space of positive solutions to L = 0 has dimension 1. Therefore, L does not
admit an a.p. positive eigenfunction, since the only candidate, ϕ, decays to 0 and thus it cannot
be a.p.

Notice that, instead, L is critical and the unique positive eigenfunction is the constant one,
which is a.p. □
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5. The subcritical case

This section is devoted to the construction of Counterexample 7. We start again from the func-
tion b of [27], reclaimed in the previous section. We define

Lu := u′′+2b(x)u′, x ∈R.

Similarly to before, we transform L into a self-adjoint operator by considering

v(x) = e
∫ x

0 b(t )dt u(x),

namely L v = e
∫ x

0 b(t )dt Lu with

L v := v ′′− (b′+b2)v.

As noticed in Section 4, this is an a.p. operator. We first study the generalized principal eigenvalue
and the criticality character of L .

Proposition 9. The operator L is subcritical and satisfies λ1 = 0.

Proof. Let L, L be the above operators. The solutions to Lu = 0 satisfy

u′(x) =Ce−2
∫ x

0 b(t )dt ,

for some C ∈ R, hence they are bounded by (2). Then, letting u be as above with C ̸= 0, the
functions

u1 ≡ 1, u2 ≡ u +∥u∥∞
are two linearly independent positive solutions of L = 0. This means that L is subcritical and has
λ1(−L) ≥ 0 (here and in the sequel we are stressing the operator to which the principal eigenvalue
is referred to). Considering the functions e

∫ x
0 b(t )dt u1,2(x) one infers that also L is subcritical with

λ1(−L ) ≥ 0.
It remains to show that λ1(−L ) = 0, i.e. that λ1(−L ) ≤ 0. We will make use of the principal

eigenvalue λ′
1(−L ) defined in Section 3. We indeed know from [9, Theorem 1.7(i)] that λ1(−L ) =

λ′
1(−L ). Notice that the solutions to L = 0 grow like e

∫ x
0 b , which is unbounded, and thus

they cannot be used in the definition of λ′
1(−L ). However, we will show that, for any λ > 0,

(L +λ)v = 0 admits a positive bounded subsolution. Fix λ> 0. Define the following function:

ψ(x) := e
∫ x

0 [b(t )−γ(t )]dt ,

where γ ∈C 1(R) will be chosen later. We compute

Lψ= [
(b −γ)′+ (b −γ)2]ψ− (b′+b2)ψ= (γ2 −2bγ−γ′)ψ.

We choose γ small enough (in C 1 norm) so that γ2 − 2bγ − γ′ ≥ −λ in R, and in addition
γ(−∞) < 0 < γ(+∞). It follows that −Lψ ≤ λψ. In order to see that ψ is bounded, we use the
fact that b has zero average. We recall that for an a.p. function f , the average

〈 f 〉 := lim
h→±∞

1

h

∫ x0+h

x0

f (t )dt

exists uniformly with respect to x0 (and it is independent of x0). Then, being b odd and a.p., it
has zero average, since

∫ h
−h b = 0 for all h ∈R. As a consequence,

lim
x→±∞

1

x

∫ x

0
(b −γ) =−γ(±∞),

which immediately implies that ψ → 0 as x → ±∞. We eventually infer, from the definition,
that λ′

1(−L ) ≤ λ, and therefore λ′
1(−L ) ≤ 0 by the arbitrariness of λ > 0. We have shown that

λ1(−L ) =λ′
1(−L ) ≤ 0, as desired. □
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It remains to show that the subcritical operator L admits a limit operator which is critical. Ow-
ing to Proposition 3, it is sufficient to exhibit a limit operator which admits a positive bounded
eigenfunction with eigenvalue 0 (see also [21, Proposition 1.7] and the characterization of critical
operators in [20]). We now improve these results by relaxing the boundedness of the eigenfunc-
tion, using the Harnack inequality.

Lemma 10. Let L be a self-adjoint operator on R and assume that there exist λ ∈R and a positive
function ϕ satisfying −Lϕ=λϕ and

liminf
x→−∞ ϕ(x) <+∞ and liminf

x→+∞ ϕ(x) <+∞.

Then necessarily λ=λ1 and moreover L +λ is critical.

Proof. Let ψ be another eigenfunction of −L , not identically equal to ϕ, associated with the
same eigenvalue λ asϕ. We can assume without loss of generality thatψ(0) ̸= 0. Let us normalize
ϕ,ψ by ϕ(0) =ψ(0) = 1. Using the equation (L +λ) = 0 satisfied by both ϕ and ψ we get, for all
x ∈R, ∫ x

0
(Aϕ′)′ψ=

∫ x

0
(Aψ′)′ϕ,

from which we deduce

A(x)(ϕ′ψ−ψ′ϕ)(x) = A(0)(ϕ′−ψ′)(0),

or equivalently

(ψ/ϕ)′(x) = A(0)(ψ′−ϕ′)(0)

A(x)ϕ2(x)
. (3)

Sinceψ ̸≡ϕ, we know that (ψ′−ϕ′)(0) ̸= 0. Up to reflecting the functionsϕ,ψ and the coefficients
of L , it is not restrictive to assume that (ψ′−ϕ′)(0) > 0 (notice that the reflection does not affect
the hypothesis on ϕ). We then infer from (3) that ψ/ϕ is increasing on R. Next, by hypothesis,
there exists a sequence (xn)n∈N in R such that

xn −→−∞, lim
n→∞ϕ(xn) ∈ [0,+∞).

We can assume that (xn)n∈N satisfies (up to subsequences) xn+1 ≤ xn −1 for n ∈ N. We now use
the Harnack inequality. It implies the existence of a positive constant C such that

∀ n ∈N, x ∈ [xn −1, xn +1], ϕ(x) ≤C .

This fact, together with (3), yields

∀ n ∈N, x ∈ [xn −1, xn +1], (ψ/ϕ)′(x) ≥ A(0)(ψ′−ϕ′)(0)

C 2 sup A
,

from which we deduce

(ψ/ϕ)(xn+1) ≤ (ψ/ϕ)(xn −1) ≤ (ψ/ϕ)(xn)− A(0)(ψ′−ϕ′)(0)

C 2 sup A
≤ ·· · ≤ (ψ/ϕ)(x1)−n

A(0)(ψ′−ϕ′)(0)

C 2 sup A
.

We eventually obtain that (ψ/ϕ)(xn) →−∞ as n →∞. This shows that ϕ is the unique positive
eigenfunction of −L with eigenvalue λ, up to a scalar multiple, which, according to [26, Propo-
sition 5.1.3], implies that L +λ is critical, whence in particular λ=λ1. □

In order to conclude the proof of Counterexample 7, it remains to find a limit operator
associated with L that fulfils the hypothesis of Lemma 10. We claim that the function b (defined
in Section 4) satisfies the following:

∀ k,n ∈N, k ≤ n,
∫ 3n

3n−3k
b(x)dx ≥ 0. (4)
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Let us first show that (4) holds in the case n = k, i.e. that
∫ 3n

0 b(x)dx ≥ 0. This inequality holds for
n = 0. Assuming that it holds for some n ∈N, using (1) we get∫ 3n+1

0
b(x)dx =

∫ 3n

0
b(x)dx +

∫ 3n+1

3n

[
σ(x −2 ·3n)+ (n +1)−2]sin4(πx)dx

≥
∫ 3n

−3n
b(x)dx,

and the latter integral is 0 because b is odd. Hence (4) holds for n = k. We now fix k ∈ R and
proceed by iteration on n. Using (1) we derive∫ 3n+1

3n+1−3k
b(x)dx =

∫ 3n+1

3n+1−3k

[
σ(x −2 ·3n)+ (n +1)−2]sin4(πx)dx ≥

∫ 3n

3n−3k
b(x)dx,

and thus, if (4) holds for some n, then it holds true for n +1. This proves (4).
Next, using again (1), we deduce, for k ≤ n,∫ 3n+3k

3n
b(x)dx =

∫ 3n+3k

3n

[
σ(x −2 ·3n)+ (n +1)−2]sin4(πx)dx

=
∫ −3n+3k

−3n
b(x)dx + C 3k

(n +1)2 ,

where C = ∫ 1
0 sin4(πx)dx. Then, since b is odd, we obtain∫ 3n+3k

3n
b(x)dx =

∫ 3n−3k

3n
b(y)dy + C 3k

(n +1)2 ,

and therefore, by (4), we eventually derive

∀ k,n ∈N, k ≤ n,
∫ 3n+3k

3n
b(x)dx ≤ C 3k

(n +1)2 . (5)

Let us consider the sequence (bn)n∈N of translations of b defined by

bn(x) := b(x +3n).

By almost periodicity, (bn)n∈N and (b′
n)n∈N converge uniformly (up to subsequences) to some

function b∞ and its derivative b′∞, respectively. It follows from (4) that

∀ k ∈N,
∫ 0

−3k
b∞(x)dx = lim

n→∞

∫ 0

−3k
bn(x)dx ≥ 0,

while, from (5),

∀ k ∈N,
∫ 3k

0
b∞(x)dx = lim

n→∞

∫ 3k

0
bn(x)dx ≤ lim

n→∞
C 3k

(n +1)2 = 0.

We finally consider the limit operator

L ∗u := u′′− (b′
∞+b2

∞)u.

The function

ϕ(x) := e
∫ x

0 b∞(t )dt

satisfies L ∗ϕ= 0 and, in addition,

∀ k ∈N, ϕ(±3k ) = e
∫ ±3k

0 b∞(t )dt ≤ 1.

We can therefore apply Lemma 10 and infer that L ∗ is critical.
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