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1. Introduction

It is believed that the Jacobian conjecture was first proposed by O. H. Keller [19] in 1939; for a
comprehensive historical review, see Bass, Connell, and Wright [4]. However, a recent search of
the zbMATH Open database for the German term Functionaldeterminanten led to the discovery
of a paper by L. Kraus [22] dating back to 1884. While the reviewer’s summary [32] alone suggests
that Kraus may have addressed the conjecture, a close study of the article reveals that he sought to
prove the exact statement now known as the plane Jacobian conjecture. Quoting Kraus himself:

The final result is therefore as follows:
If two polynomials of the variables x, y

F(xy), G(xy)

have the property that their functional determinant

OF(xy) OF(xy)
o0x oy
0G(xy) 0G(xy)
ox oy

Alxy) =

is a constant different from zero, then from the system of equations

Fxy)-n=0
Gxy)—¢=0

the quantities x, y are obtained as polynomials of the variables ¢, 7.
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And conversely: if from that system of equations the quantities x, y are ob-
tained as polynomials of the variables ¢, 7, then A(xy) is a constant different from
zero.! [22, p. 825]

Kraus’s approach is based on: the theory of the resultant and the theory of algebraic functions
in complex analysis. The use of the resultant in this context is now well known to experts (cf.
Adjamagbo and van den Essen [3], Chadzynski and Krasiriski [6], McKay and Wang [24], Moh [25,
Section 7]). The novelty of Kraus’s strategy, however, lies in his use of the irreducibility of the
fibers (or the irreducibility of the resultant). This perspective allowed him to take advantage of
the theory of algebraic functions. Notably, modern results by Kaliman [18] confirm that one may
assume the irreducibility of the fibers of a coordinate polynomial without loss of generality when
addressing the conjecture.

Although the final step of Kraus’s proof is flawed, his methods anticipated modern efforts
by over a century. Remarkably, the core of his error remains the primary obstacle in algebro-
geometric approaches: controlling the ramification at infinity.

Kraus’s work [22] was preceded by two papers exploring the invertibility of polynomial
maps [20,21]. It is worth noting that Kraus'’s title [22] mirrors Jacobi’s 1841 work [15,16], in which
Jacobi detailed the properties of what is now termed the Jacobian determinant. While Kraus’s pa-
per is cited in Muir’s historical treatise [26, p. 254], it has remained overlooked in the context of
the conjecture. For a brief biographical account of Ludwig Kraus (1857-1886), see [31].

We emphasize that Kraus’s paper [22] is notably clear and detailed, especially considering its
nineteenth-century origin. While certain steps in his argument require further justification or do
not go through as stated without modification, we do not attempt here to rectify Kraus’s proof in
full detail. Our aim is instead to reconstruct the argument using results that are now available
and to pinpoint precisely where the critical flaw arises.

2. Kraus’s proof

In this section we reconstruct Kraus’s proof. We essentially follow Kraus’s strategy, while using
modern results to justify several claims. Along the way, we will see how Kraus’s ideas resurfaced
more than a century later in subsequent attempts to address this problem.

Let (p,q): C*> — C? be a polynomial map whose Jacobian J(p, q) = g—ig—z - g—ﬁg—z is equal to 1.
We aim to prove that this map is invertible. To this end, we are guided by a simple resultant
criterion for invertibility of polynomial maps due to Adjamagbo and van den Essen. Let u and v

be indeterminates over the polynomial ring C[x, y].

lDas Schlussresultat ist also folgendes:
Haben zwei ganze, rationale Functionen der Grossen x, y

F(xy), G(xy)
die Eigenschaft, dass ihre Functionaldeterminante
0F(xy) OF(xy)
Alxy) = 666())65}/) acagcy)
0x 0y

eine von Null verschiedene Constante ist, so ergeben sich aus dem Gleichungssysteme
F(xy)-n=0
Gxy)-¢=0

die Grossen x, y als ganze rationale Functionen der Variablen ¢, 7.

Und umgekehrt: Ergeben sich aus jenem Gleichungssystem die Grossen x, y als ganze, rationale Functionen der
Variablen ¢, 7, so ist A(xy) eine von Null verschiedene Constante.”
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Theorem 1 ([3]). Let (fi(x,)), f2(x,y)) be a polynomial map of C2. There is an equivalence
between:

(@) (fi, fo) is invertible;
(ii) there exist 1,12 € C* and g1, g2 € Clu, v] such that

Resy(fi—u, fo—v)=M(x—g1) and Resx(fi—u, fo—v)=2A2(y—-g2).
Furthermore, if (f1, f2) is invertible, then (g1, g2) is its inverse.

To prove that (p, g) is invertible, we need less than what was required in the previous theorem,
due to the extra hypothesis that J(p,q) = 1. By composing with suitable invertible linear
transformations, we can always assume that:

p(x,y) = y%8” + lower terms in y,

de . (1
q(x,y) = y*°89 + lower terms in y.

In order to prove that (p, g) is invertible, we just need to consider the polynomial
Res,(p—u,q—v) =1,(t, V)X" +---+ 11, V), )

and show that n = 1. Because of (1) and J(p, q) = 1, we always have n = 1 and r¢(u, v) # 0, see
Sakkalis [29, Theorem 1]. Suppose we are able to prove that n = 1; then, specializing u — p
and v — ¢ in (2), we obtain r;(p,q)x + ro(p,q) = 0, that is, x € C(p, g). On the other hand, by
a theorem of Formanek [10, Theorem 2], we know that a polynomial map (p, q) with constant
Jacobian satisfies C(x, y) = C(x, p,q). Combining x € C(p, q) and C(x, y) = C(x, p, g), we obtain
C(x,y) = C(p, q); that is, the map (p, g) is birational. That n = 1 implies (p, q) is birational also
follows from the fact that, under the condition (1), n equals the geometric degree of the dominant
map (p, q); see Ploski [28, Lemma 3.1]. However, birational polynomial maps with constant
Jacobian are invertible, as proved by Keller [19, Satz 3].

Remark 2. In general, it is not true that the specialization of the resultant is equal to the resultant
of the specialized polynomials. In our case, since we are assuming that the map (p, g) has the
form given in (1), we are allowed to specialize, as proved in [9, Chapter 3, Section 6, Proposition 6].

We now turn to the examination of the polynomial Resy, (p — u, g — v). In this context, we have
the following interesting result by Abhyankar [1, pp. 67-73] and McKay and Wang [24, Theorem 1].
For a proof of the more general case where f(),g(¢) € k(t) see Gutierrez, Rubio, and Yu [12,
Theorem 1.3].

Theorem 3 ([1,24]). Let k be a field, t,u, v be indeterminates over k and f (1), g(t) € k(t] not both
constant. Then there exist an irreducible polynomial m(u, v) € k(u, v] and a € k* such that:

Res:(f (1) - u, g(t) - v) = a(m(u, v))l,
where | = [k(t) : k(f, 8)], the degree of field extensions.

To apply the above theorem to Resy(p — u,q — v), we set k = C(x), and regard p and g as
polynomials in y with coefficients in C[x]. By the previously mentioned result of Formanek [10,
Theorem 2], we have that C(x, y) = C(x, p, q); thus, [ = [C(x,y) : C(x,p,q)] = 1. It follows that
Resy(p - u,q - v) = G(x)H(x,u,v), where H(x, u,v) € C[x, u,v] is irreducible and G(x) € C[x].
Moreover, it is known that G(x) is constant if and only if p and g are monic as polynomials in y,
see Formanek [10, p. 375] and Cassou-Nogues and Miyanishi [5, Theorem 1.1]. We conclude
from (1) that

Res,(p—u,q-v)=R(x,u,v), 3)

where R(x, u, v) € C[x, u, v] is an irreducible polynomial.
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Kaliman proved in [18] that to show that (p, g) is invertible we can always assume that for
every c € C the fiber {(x, V) | plx,y) = c} is irreducible. Note that we can assume p and q take the
form (1) without affecting the assumption that the fibers {(x, y) | p(x,y) = c} are irreducible for
every ceC.

In light of this, the following result from Hejmej [13, Theorem 2.1] and Garcia Barroso and
Gwozdziewicz [11, Theorem 2.5] is noteworthy. Kraus noted [22, p. 819] that this result was well
known. In fact, we found the theorem was proved by Weierstrass [30, pp. 47-48].

Theorem 4 ([11,13,30]). Let k be a field, t,v be indeterminates over k and f(t),g(t) € k[t] be
monic polynomials. If f (¢) is irreducible in k[t] thenRes(f (1), g(t)—v) is a power of an irreducible
polynomial in k[v].

We can determine the value of the above power, and it is not surprising that it is exactly the
degree of the field extension [k(?) : k(f,g)], as in Theorem 3. In fact, by reviewing the proof of
Theorem 3, we observe that the role of the variable u in f(f) — u is to ensure that the polynomial
f(®) —uisirreducible in k[u][t]. The role formerly played by the variable u is now replaced by the
assumption in Theorem 4 that f(¢) is irreducible in k[¢] from the outset. Although both proofs are
based on field theory and the core ideas are similar, Theorem 4 does not follow from Theorem 3
by a simple specialization of the resultant.

In order to use the aforementioned theorem in our context, we let k = C(x), and regard p and g
as polynomials in y with coefficients in C[x]. We know that the power equals [C(x, y):Cx, p, q)] =
1. Since p(x, y)—c = Ois irreducible for every c € C, it follows from Theorem 4 that Res, (p—c, g—v)
is an irreducible polynomial in C(x)[v] for all ¢ € C. Furthermore, we already know from (3) that
Resy (p — u, g — v) is a polynomial in C[x, u, v]. As (1) allows us to specialize as noted in Remark 2,
it follows that:

Resy(p—c,g—-v)=R(x,c,v), 4)
where R(x, ¢, v) € C[x, v] is an irreducible polynomial for every c € C.

Following the discussion subsequent to Theorem 1, we know that to prove the map (p, q) is
invertible, it suffices to show that the degree of x in R(x, u, v) is 1. To achieve this, it is sufficient to
prove that x has degree 1 in R(x, ¢, v) for every c € C. To prove this latter fact, we base our analysis
— as in the work of Kraus — on the theory of algebraic functions within the realm of complex
function theory.

We fix ¢ € C and consider the algebraic function x = f(v) determined by the equation
R(x,c,v) = 0; since R(x,c,v) is irreducible, this algebraic function is uniquely determined. Fur-
thermore, x = f(v) is an n-valued analytic function on the Riemann sphere — where n =
deg, R — except at a finite number of points {vy, ..., v,} U {oo}, where it has, at most, poles or
algebraic branch points. Outside these critical values, x = f(v) is represented by n regular func-
tion elements, see [14, Chapter 12] or [23, Chapter 8, Section 45].

Kraus set out to prove that the local condition J(p,g) = 1 prevents the formation of branch
points for x = f(v) in the finite complex plane. However, an algebraic function without branch
points in the finite complex plane is necessarily rational; from this, we can conclude that x has
degree 1in R(x,c,v).

Let’s denote R(x, ¢, v) = r(c, v)x" +--- +1¢(c, v). The finite critical points {v1,..., v,} arise from
two sources: (1) v; is a root of the discriminant of the polynomial R(x, ¢, v) with respect to x,
provided that r,(c, v;) # 0; or (2) r,(c, v;) = 0. In the first case, although R(x, ¢, v;) has multiple
roots, all the roots remain finite and are represented by elements of the form x = ¥.72 a;(v— vi)l'x,
where 1 < x < n. In the second case, as v approaches v;, one or more roots of R(x, ¢, v) become
infinite and are represented by elements of the form % =YX alv- v))V'*, where 1 < k < n.
In both cases, these representations are defined via analytic continuation of regular function
elements in a punctured neighborhood of the critical points.
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Let v; be a critical point of the first kind, and let x; be one of the finite roots of R(x, ¢, v;), that
is, R(xj,c,v;) = 0. Then Resy(p(x,-,y) -, q(x;,y) — vi) = 0. As p and g are monic in y we can
make use of the property of the resultant [9, Chapter 3, Section 6, Corollary 7] that guarantees the
existence of y; € C such that p(x;, y;) —c = q(xi, ¥i) — vi = 0. The curve p(x, y) — ¢ = 0 is irreducible
by hypothesis and smooth due to the condition J(p, q) = 1. Therefore, we have a local analytic
representation of this curve in a neighborhood of (x;, y;) given by a pair of convergent power
series, x(t) = Y.32 art® and y(1) = X2 by.t*, satistying x(0) = x;, y(0) = y;, p(x(8), y()) —c=0
and (x'(0), y’(O)f # (0,0).

Define w(#) := q(x(),y(1)) and differentiate it with respect to ¢ as well as the equation
p(x(8), y(1)) — ¢ = 0. This yields the following system of linear equations:

opox opoy ,  0q0x 0qdy_ow .
0x 0t 0y Ot 0x 0t dy ot Ot
Since J(p,q) = 1 and (x'(0),y'(0)) # (0,0), it follows from Cramer’s rule applied to (5) that
w'(0) # 0. Note also that w(0) = q(x(()), y(O)) = q(x;,y;) = vi. We can apply the Inverse
Function Theorem for analytic functions [27, Section 9.24] to write ¢ in terms of (w — v;); that
is, t(w) = Z‘I’Zl aj(w— yi)l. Now, we compose this last series with x(t) = %O=O aj t* to express x as
a convergent power series of (w — v;) in a suitable neighborhood of v;, that is,

o0
xw) =Y Biw-v)!, xw)=x. (6)
=0
On the other hand, it follows from (4) that R(x(?), ¢, w(t)) = Res,(p —¢,q — q) = 0, this means
that (6) solves the equation R(x, ¢, w) = 0 in a neighborhood of v;. Therefore, v; is a regular point
of the algebraic function x = f(v) and it is not a branch point. We have thus proved that there are
no critical points of the first kind.

Observe that the proof above only uses the fact that, at a critical point of the first kind v; the
roots x; are finite. By the same argument, we can prove that at a regular point v of the algebraic
function x = f(v), the n regular elements can be determined as in (6).

Let v; now be a critical point of the second kind; that is, as v approaches v; one or more
roots go to infinity. More precisely, for every M > 0 there exists a neighborhood of v; such that
for every w; in this neighborhood, there exists a root x; of R(x, ¢, w;) such that | x;|| > M. Since
R(xj,c, w;) = 0 — that is, Resy (p(x;,¥) — ¢, q(x;,y) — w;) = 0 — and the polynomials p and q are
monic in y we can make use of the property of the resultant [9, Chapter 3, Section 6, Corollary 7]
that ensures the existence of y; € C such that p(x;,y;) — ¢ = q(x;,y;) — w; = 0. Putting this all
together, we obtain a sequence {(x;, yi)}(i’io such that:

[(xi,yi)| — o0 and  (p(xi,yi), q(xi, yi)) — (¢, vp). @)

In view of (7) we need to take care of the behavior at infinity of the irreducible polynomial
p(x,y) — ¢ =0, which, by (1) is monic in y. Its Newton-Puiseux expansions at infinity are given
by the following fractional power series: u,(x) = x}.72 are’*x7¥'m \where m = degp, € is a
primitive m-th root of unity, v = 0,1,...,m -1, and ged({k : ax # 0} U{m}) = 1, see Chau [8,
Section 2.1] and Abhyankar [2, Theorem 5.14]. These series satisfy p(x, uy(x)) — ¢ = 0 and provide
us with the following meromorphic parametrizations of p(x, y) — ¢ = 0 for ¢ sufficiently large:
x()=t", y®) =u, (t"™),v=0,1,...,m—1.

Define wy (1) := gq(x(1), y() = g(™, uy(t™)), v =0,1,...,m— 1. Observe that each w, () has
at most finitely many positive powers of . Since we already know the expansion at infinity of
p(x,y) —c=0and p(¢", u,(t™) - c =0, the existence of the sequence {(x;, y;)}7-, satisfying (7)
implies — possibly after passing to a subsequence — that there exists at least one among the
wy (1), say wq(t), such that w, (1) = ZZO:O by % and bo = v;.
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Make the change of variables s = 1/¢ to bring the neighborhood of infinity to the neighbor-
hood of zero. Differentiating with respect to s the equations p(x(s), y(s)) —c=0and wy(s) =
q(x(s), y(s)), we obtain the following system of linear equations:

Opox Opdy_,  049x 990y _Owa

) . 8
0x 0s 0y 0s 0x0s 0dyads Os ®

2.1. The error in Kraus’s proof

Kraus erroneously claimed [22, p. 822] that — since x'(0) # 0 (because x(s) = sLm and x'(s) = sjn’fl
and J(p, q) = 1 — we can conclude that w/,(0) # 0 by solving the linear system above. However, it
should be noted that the derivative of x(s) at s = 0 is not defined.

If we were able to prove that wt’x (0) # 0, we could proceed as in the case of a critical point of
the first kind. We could apply the Inverse Function Theorem for analytic functions, and since
wq(0) = by = v; we could write s in terms of (wq — v;); thatis, s(wg) =372, dj(we — v)'. Now, we
would compose this last series with x(t) =t = %m to express % as a convergent power series of
(wq — v;) in some suitable neighborhood of v;, that is,

x(;a) =I=Zlmwa—vi)’. ©)
On the other hand, it would follow from (4) that R(x(t), ¢, wq(t)) = Res,(p — ¢, q — q) = 0. This
would mean that (9) solves the equation R(x,c,w) = 0 in a neighborhood of v;. Therefore, v;
would be a pole of the algebraic function x = f(v) and not a branch point. We would have proved
that there are no branch points of the second kind either. Consequently, we would have proven
that, as Kraus intended, the algebraic function x = f(v) has no branch points in the finite plane;
therefore, it is rational and n = 1. Unfortunately, we don’t know if w"x 0) #0.

Note that the existence of critical points of the second kind — that is, roots of r,(c,v) =0 —
is precisely the source of the non-properness of the map (p, g). This is reflected in (7); we could
have a sequence in the domain going to infinity while its images converge to a finite point. In
fact, the set of points at which (p, g) is not proper is exactly the set {(u, v) € C | rn(u, v) = 0}, see
Jelonek [17, Theorem 2.1].

Finally, we would like to mention a theorem of Chadzynski and Krasiriski [7]. In their proof,
they use precisely the system of linear equations (8) to show that the map (p, q) is invertible,
provided that its restriction to the set {(z1, z2) € C* | p(z1, z2) = 0} is proper.
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