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Abstract. Anel and Toén proved that a smooth projective complex variety has only countably many smooth
projective Fourier-Mukai partners up to isomorphism. This is generalized in the Stacks Project to the case
where the varieties are smooth proper over an arbitrary algebraically closed field. This article will upgrade the
proof of the latter reference to show that a smooth proper scheme over a noetherian base has only countably
many relative Fourier-Mukai partners up to isomorphism.
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1. Introduction

In [2], Kawamata conjectured that a smooth projective variety over C has only finitely many
smooth projective Fourier-Mukai partners up to isomorphism and verified the conjecture for
complex surfaces. To give one motivation, birational minimal models are connected by se-
quences of flops, and the D-equivalence conjecture predicts that they have equivalent derived
categories (see [2, Conjecture 5.1]), so counting Fourier-Mukai partners can help us count bira-
tional minimal models. The conjecture on Fourier-Mukai partners was also confirmed in other
cases like abelian varieties, but Lesieutre found a 3-dimensional counterexample in [4], so the
conjecture is now known to be false in general. On the other hand, Anel and Toén proved that
there are only countably many Fourier-Mukai partners in [1]. Here is a slight strengthening of
this result in [5, Tag 0G11].

Theorem 1 ([1], [5, Tag 0G11]). Let X be a smooth proper k-scheme, where k is an algebraically
closed field. Then, X has at most countably many smooth proper Fourier—-Mukai partners up to
isomorphism.

The motivation for this article came from the author’s previous work [3]. Let us quickly recall
the relevant results. Two smooth proper schemes X, Y over a noetherian base S are called S-
relatively Fourier-Mukai equivalent if there exists a kernel E € Dper(X x g Y) which defines for
any s € S a derived equivalence

®p (<) = Rqs, (Lps* (=) " E): DY (X;) — DD, (Yy),

coh
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where E; = Elemes' pst Xs xqg Yy — X5, and qs: X x5 Ys — Y5 (see [3, Section 2] for more
details). Let k be an algebraically closed field of characteristic p > 0, and let X be an ordinary
abelian variety or an ordinary K3 surface over k (in the latter case, we assume p > 2). For a smooth
projective morphism X — S of noetherian schemes, let FMP(X/S) denote the set of isomorphism
classes of smooth projective S-schemes which are S-relatively Fourier-Mukai equivalent to X.
Then, we have the following result.

Theorem 2 ([3, Theorem 1.5]). Let Xcan be the canonical lift of X over the ring of Witt vectors
W (k). Then, the restriction to the special fiber defines a bijection

FMP(Xcan/ W (k)) — FMP(X/k).
In particular, FMP(Xcan/ W (k)) is finite.

The author then asked in [3] whether the map FMP(Xcan/ W(k)) — FMP(X/k) is bijective for
other smooth projective varieties X over k which admit canonical lifts over W (k). If this is the
case, Theorem 1 would imply that FMP(Xcan/ W (k)) is countable. It is then natural to ask if one
can prove the countability of relative Fourier-Mukai partners in some generality. The main result
of this article answers this question for noetherian base schemes.

Theorem 3. Let B be a noetherian scheme, and let X be a smooth proper B-scheme. Then, there
are only countably many smooth proper B-schemes which are B-relative Fourier-Mukai partners
of X up to isomorphism.

The idea of its proof is rather simple; namely we adapt the proof of Theorem 1 to the situation
where we work relative to a noetherian base. Our proof is very similar to the one in [5], and there
are only two main steps in the generalization. The first one is the approximation of the base
scheme by finite type Z-schemes and the use of “models” over such schemes, which is recalled
in Section 2. The second one is the adaptation of [5, Tag 0GOR] to our situation, which is done in
Lemma 5.

2. Approximation and models

This section is a quick reminder about approximation and models. Let B be a noetherian base
scheme. Let

X%aen and  {fP: X% - X%},

be respectively a collection of finite type B-schemes and a collection of B-linear morphisms be-
tween them. In the resulting diagram, we may also demand a fixed collection of commutativ-
ity conditions. We also record the subsets S c B (resp. P < B) which are the indices of the mor-
phisms f? that are assumed to be smooth (resp. proper) (we allow some other morphisms to be
also smooth or proper). In this section, we will remind the reader that we can find a “model”
of this diagram with desired properties over a finite type Z-scheme instead of the original base
scheme B.

Schemes: First, by the same argument as noetherian approximation, we write B as the inverse
limit of finite type Z-schemes {B;};c;, where I is a directed set, and the transition maps
of the system are affine (see [5, Tag 01ZA]). Pick one index a € A. By [5, Tag 01ZM, (1)], we
can find an index iy € I and a finite type B;,-scheme X l‘é which is a model of X¢ over B, in
the sense that X' xp, B = X“. We replace the indexing set I by {ieI|i=ip}and define
XL“ = Xl’é X By, B; for each i, so that we have an inverse system {Xl.“}ie] of models of X4.
We repeat the same procedure for other indices a € A as well.
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Morphisms: Choose an index b € B. By [5, Tag 01ZM, (2)], we find an index iy € I and a morphism
ffg lo - X which is a model of f? in the sense that its base change along B — Bj,
is . We replace Ibyliel | i = ip} and set fh X; < - X as the base change of flﬁ
along B; — B;, foreach i. If be S, f b is smooth, so there is some index i € I for which
fl.z’ is smooth by [5, Tag 081D]. We replace I by {i € I | i = ip} again. Note that {fib}i now
consists of smooth morphisms regardless of i. If b € P, we repeat the same procedure
with respect to properness using [5, Tag 081F]. Finally, we repeat the same procedures
for other indices b € B as well.

Commutativity: For each commutativity condition imposed on the original diagram, we can
find an index iy € I for which the corresponding commutativity condition holds for
models over B;, by [5, Tag 01ZM, (3)]. The same commutativity condition holds for all
indices i = iy as such diagrams arise by base change. We replace I by {i € I | i = ip}. We
run this procedure for every commutativity condition of the original diagram.

After these steps, if we choose any index i € I, we get a model

2

1
a b. y%ap Gay,
Xila {fz (XU — X }b
of the original diagram over the finite type Z-scheme B;. Moreover, such a model retains the same
kind of commutativity, smoothness and properness.

3. Proof of the theorem

Let B be a noetherian scheme. As a preparation, we will present three results which generalize
results from [5]. The corresponding statements of [5] can be recovered by setting B = Spec k for
an (algebraically closed) field k.

Lemma 4 (see [5, Tag 0G0X]). Let S be a finite type B-scheme, and let X, Y be finite type S-schemes.
There exists a countable family of finite type S-schemes {S;};c1 such that:

(1) Xs, = Ys, foreach i;

(2) given any B-point s: B — S such that Xs = Y (Where X := X x5 ¢ B and similarly for Ys),

themap s: B — S factors through some S;.
Proof. We first apply the discussions of the previous section to the diagram
X—S—Y
over B, so that we find a finite type Z-scheme A, a morphism B — A and a model
Xa— Sa—Yy

of the diagram above A. Note that all the schemes appearing in the model diagram are finite type
Z-schemes. By [5, Tag 0GOU], the family

{pi: Ti = Sa, hi: X1, =(YA)T;};
of all the pairs (up to isomorphism), where T; is a finite type Ss-schemes and h; is a T;-linear
isomorphism, is countable. We will show that the base-changed family
{wi: Si=TixaB—S};

has the second desired property, as the first one is clear.

Choose any section s: B — S with an isomorphism h: X = Y;. Then, the argument from the
last section shows that we can find a model for the section as well as the isomorphism. This
means that we have a finite type Z-scheme B with a morphism B — By, a Byp-model Xy — Sy — Yy
for the diagram X — S — Y, and By-models so: By — So, ho: (Xo)s, = (Yo)s, for the section s and
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the isomorphism hy. Since A and By are taken from the same directed set as in [5, Tag 07SU], up
to enlarging By, we may assume that the morphisms B — By, B — A factor through By — A. Since
Sa and Sy are models of S, up to enlarging By again, we may assume (S4) g, = So. We ensure the
same compatibilities for the models of X, Y and models of morphisms as well. Now, consider the
map s;: By — So = (Sa)B, — Sa. Then, we have

(XA)56 = (XO)SQ = (YO)SO = (YA)S[’),

so s;: By — S4 appears in the family {¢i: T; =S A}i' Let i be an index such that s, coincides with
the map ¢;: T; — S4 from the family.
Next, we consider the following commutative diagram:

B— .s_—"'".1p

.

B() —— S() E—— B() (*)

DN

SA—r>A.

The squares are cartesian by definition of models, and the horizontal compositions in this
diagram are the identity maps. We will use this diagram to show that s: B — S factors through
W;i: By x4 B — S. More precisely, letting f: B — By x 4 B be the dotted arrow in the commutative
diagram below defined by the universal property of fiber product,

ByxsB—B (%)

|

By —— A,

we claim that y; o f = 5. In the diagram below, the right square is cartesian as in (), which lets us
define the top left horizontal map by universal property:

¥ BN
a| Byx,B——=5——>pg

l lmﬁ

By -y Sa—— A
The commutative diagram (*) shows that r o ¢; is the same as the composition of the “transition
map” By — A with idp,, so we conclude that the big cartesian square of (+**) coincides with
the cartesian square of (x*). We also see that the compositions of the outer arrows of the
diagram (%) commute, and we define the dotted arrow and the thinly dotted arrow in (***) by
the universal property of fiber product. The dotted arrow in (*#x*) then equals f. Moreover, in the
diagram (*xx*), the left square is automatically cartesian, and the morphism By x 4 B — S coincides
with ¢;. Finally, the diagram (%) tells us the equality (vo u)os = ¢; o g, so the thinly dotted
arrow is the section s. Hence, from the commutative diagram (*#x*) we obtain the factorization

Yiof=s. d

(k%)



https://stacks.math.columbia.edu/tag/07SU

Riku Kurama 349

The following lemma is a careful adaptation of [5, Tag 0GOR] to the relative setting, which we
prove by performing a similar analysis on fibers of various closed points of B.

Lemma 5 (see [5, Tag O0GOR]). Let S be a finite type B-scheme and let Y be a smooth proper S-
scheme. Assume that we have a section s: B — S (which is a locally closed immersion). We let
Ys =Y xg ¢ B be the fiber above s (which is a locally closed subscheme of Y ), and we define the
smooth proper S-scheme X = Ys; xp S. Suppose K € Dperf(X x5 Y) is a kernel defining a relative
Fourier-Mukai equivalence over S, such that we have Ki(Xst)s =0y, on (X xgY)s = Ysxp Ys.
Then, there is an open U C S containing the image of s such that Y|U ~YsxgU.

Proof. We write Z := X xgY. We note that the section s: B — Sis only alocally closed immersion
as S may not be separated over B, but we know that Ay, : Ys — (X x5 Y); = Y5 xp ¥ is a closed
immersion as Y; is separated over B. For each closed point ¢ € B, we write Z, to denote the
fiber of Z; — B above ¢ (we will similarly use the notation Y,;). We observe that the composition
{c} — B — S is a closed immersion since it factors as {c} — S, — S. With this notation, we have
Supp(K) N Z¢ = Supp (K|, ).

Let z € Z; be any closed point.

If z¢ Im(Ay,) c Z;, using that K|ZS = Opy,, we see z ¢ Supp(K) c Z. We then define the
open neighborhood U(z) := Z \ Supp(K) < Z of z, which has the property K |U(Z) = 0. We also
set Z(z) = @.

If z€ Im(Ay,) c Z, we do the following. Since Y. is smooth over {c}, the map Ay, is a regular
immersion. Let fi,..., f, € 07.,; be a regular sequence cutting out the ideal sheaf of the closed
subscheme Ay, c Z.. Then, the Koszul complex of the above sequence represents the complex
K ®éz,z Oz, By [5, Tag 0GON], we can lift the ﬁ’s to a regular sequence f;’s in Gz , such that
Oz:/(fi,..., fr) is flat over Os. (where ¢ means the image of {c} — B — S). By spreading out
(see [5, Tag 0GOP]), we can lift f;’s to sections in an affine open U(z) c Z with similar properties
so that the closed subscheme Z(z) := V(fi,..., fr) € U(z) has the following properties:

(1) Z(z) — U(z) is aregular closed immersion;

(2) Oz = K|U(z] over U(z);

(3) Z(z) — Sisflat;

(4) Z(2)¢=Ay,nU(2)s as closed subschemes of U(z);.
If we choose another closed point ¢’ € B and a closed point z’ € Z», we have Z(z) nU(z') =
Z(Z) nU(z) as closed subschemes of U(z) N U(z') in view of property (2) above (note that this
works even when z' ¢ Irn(AyC,) since we will then have U(z') N Z(z) = @). This lets us glue various
Z(2)’s to a closed subscheme Z c U of U := UceB°,zeZ§ U(z) c Z, where B° (resp. Z;) is the set of
closed points of B (resp. Z;). Letting m: Z — S be the structure map, we claim that the section
s: B— Slandsin V:= S\ 7(Z\ U). Here, V is open since 7 is proper. By construction, U contains
every closed point of the variety Z. for each closed point ¢ € B. It follows that the open Un Z, c Z,
must be all of Z, i.e. Z. c U. This means that the open s~!(V) c B contains every closed point
c € B. Then, since B\ s~! (V) is quasi-compact, it must be empty. This shows that the section s
landsin V. Wereplace S by V and accordingly base-change relevant schemes over S. This ensures
in particular that Z — Z is a closed immersion, so that we have proper maps a: Z — Z — X,
B: Z — Z — Y. For each closed point ¢ € B, these maps induce isomorphisms Z, = X;, Z, = Y,
so [5, Tag 0G0Q] lets us find open neighborhoods U'® c S of ¢ such that a, f induce isomorphisms
|y (ZD)ye = Xye, Bl (Z)Uc = Yye. The open U := Ucepe U'© c S contains the image of s and
has the property that Xy = (Z)y = Yy, so we are done. U

Proposition 6 (see [5, Tag 0G0S]). Let S be a finite type B-scheme, and let Y — S and P — B be
smooth proper morphisms. Set X = P xg S. Let K € Dperi(X x5 Y) define an S-relative Fourier—
Mukai equivalence between X and Y. If s: B — S is a section, there is an open neighborhood U c S
of the image of s such that Y|U =Y;xpU.
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Proof. Let K’ be the kernel for the inverse transform which exists by the argument of [3, Propo-
sition/Definition 2.5]. K’ |(Yxs X, defines a B-relative Fourier-Mukai equivalence Dgoh(Ys) ~
Dz’oh(Xs), and we can use it to construct a trivial family of Fourier—-Mukai equivalences from
Ys xp S to Xg xp S over S. Up to composing K with this trivial family, we may replace X; xp S
by Y; x g S. This way, we assume P = Y;. We are done by Lemma 5. g

Proof of Theorem 3. By [5, Tag 0GOU], the family of collections (up to isomorphism)
Fo={(Xi — Si = Yi, Ei € Dper(X; xs; Yi))};

which parameterizes all the instances of “relative Fourier—-Mukai equivalences between smooth
proper schemes X; and Y; over finite type Z-schemes S;” is countable. We let

§={(X; = S; — Y, Ej € Dpert (X x5 YD)},

denote the family obtained by base-changing the above family along B — SpecZ.

We claim that given any smooth proper B-relative Fourier-Mukai partners X, Y and a partic-
ular kernel K giving the equivalence, there is some B-point s: B — S} such that (X — B — Y, K)
arises by pulling back a member of § via s (see also [5, Tag 0G0Y]). First, as in the previous sec-
tion, we find a model (X4 — A — Yy) of (X — B — Y) over some finite type Z-scheme A. We
can also find a model K4 € Dperf(X4 x 4 Y4) for the kernel K (in a way that K4 defines a relative
Fourier-Mukai equivalence from X4 to Y4 over A) as well by [5, Tag 0GOL]. By construction of §,
(X4 — A — Ya, Ky) appears in the family §, so we write A = S; for some index i. The corre-
sponding scheme in the base-changed family § is S; = A xz B. Since the base change of K4 = E;
along B — A'is K, the claim is justified once we show that the map B — A factors through S}, but
universality of fiber product gives us the factorization as follows:

B

W

S ———sp

|

A=S; —— SpecZ.

Now, we fix a smooth proper B-scheme P, and we count its B-relative Fourier-Mukai partners.
By the claim above, we only need to consider the schemes of form (Yl.’) s for various sections
s: B — S’ for various indices i such that (X}); = P. By the countability of the family §, we only
need to consider a particular index i. We thereby pick one collection from our family and for
notational simplicity rewrite it as (X — S — Y, E). We apply Lemma 4 to the two S-schemes
P xpS§, X and find a countable family {S; — S}; as in the lemma. Any section s: B — Swith X; = P
factors through one of the S;’s, and this family is countable, so we may replace the base S by one
of the S;. This way, we assume that X is the trivial family X = P xg S.

We claim that there are only finitely many Y;’s (up to isomorphism) which arise by pulling
back Y along sections s: B — S. Indeed, if s is one such section, Proposition 6 says that there is
some open neighborhood U(s) c S of the image of s over which Y is a trivial family. Suppose
there are infinitely many non-isomorphic Yy’s, which we call {Y;;};. Then, we have infinitely
many nonempty disjoint opens U(s;) of S (they are disjoint because otherwise some Yj,’s will
be isomorphic to each other). However, the union of all these opens is an open subscheme
in S which is then quasicompact, as S is noetherian. It follows that there are only finitely many
indices i, which is a contradiction. O
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