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Our first new result shows that the usual L® assumption on the gradient of the velocity field cannot, in
general, be relaxed to a BMO assumption. We construct counterexamples in all dimensions and all Riesz
singularities -2 < s < d, except for the one-dimensional logarithmic endpoint s = 0. At this exceptional
endpoint, such a relaxation is possible, a fact related to the classical Coifman-Rochberg-Weiss commutator
bound for the Hilbert transform. Our second result identifies a trade-off between the singularity of the
interaction potential and the required regularity of the velocity field. Roughly speaking, smoother (less
singular) interactions require stronger velocity control if one wants a commutator estimate in the natural
energy seminorm determined by the potential. We formulate this principle for a broad class of potentials
and show that, in the sub-Coulomb Riesz regime, the velocity regularity appearing in the known commutator
inequality is sharp. Despite these negative findings, we show as our third result that a defective commutator
estimate holds for almost-Lipschitz transport fields. Such a defective estimate, which is a consequence of the
celebrated Brezis-Wainger—Hansson inequality, allows us to prove rates of convergence when the mean-field
density belongs to the scaling-critical Sobolev space.
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This article is dedicated to the memory of Haim Brezis whose life and work were a great source of
inspiration

1. Introduction
1.1. Mean-field limits

In recent years, the study of mean-field limits for interacting particle systems has seen significant
progress. A basic model is the first-order system!

x?:% 2 MVg(yg-x)-Vi(x), ielN]. (1)

1<j=<N:j#i

Here, g is an interaction potential to be specified, and V'’ is a (possibly time-dependent) exter-
nal field. M is a d x d matrix with real entries that specifies the type of dynamics, with M = —I
(gradient/dissipative) and M antisymmetric (Hamiltonian/conservative) being the most com-
mon choices. The mean-field limit refers to the convergence as N — oo of the empirical mea-
sure

== By @

associated to a solution X}, = (x],...,x%) of the system (1). Assuming the initial points XR, are
such that y?\, converges to a sufficiently regular measure u°, a formal calculation leads one to
expect that for ¢ > 0, u; converges to the solution of the mean-field equation

d,ut = div(u' (VI -MVg * uh). (3)

Convergence of the empirical measure is qualitatively equivalent to propagation of molecular
chaos (see [28,42] and references therein). This latter notion means that if fj(\),(xl,...,xN) =
Law(XR) is u’-chaotic (i.e. the k-point marginals fy., — (u*)®* as N — oo for every fixed k),
then fY, = Law(X}) is p’-chaotic.

Mean-field limits for systems of the form (1) have a long history, beginning with regular drifts
(typically, Lipschitz) and then progressing to increasingly more singular interactions over the
years. In the interest of brevity, we refer to the introduction of our companion paper [46] for
some guidance to the literature giving a proper review of these developments.

Instead, we focus on the much more recent treatment of singular interactions, model exam-
ples of which are the family of log/Riesz potentials? given by

1 -s
_|x| » S¢0)
x)=<°5 4
g {—loglxl, s=0. @

We consider any dimension d = 1 and assume that —2 < s <d. Up to a normalizing constant cq g,
the potential g is the fundamental solution of the fractional Laplacian (-A) 2= V|9, ie.
|V|d-sg = cd,s00. The cases 0 <s <d and -2 <'s <0 are respectively referred to as the singular and
nonsingular regimes because of the behavior of g at the origin. The restriction s > —2 is natural
because the Riesz potential ceases to be conditionally positive definite at s = —2.3 The restriction

IMore general dynamics include positive temperature, non-pairwise interactions, non-translation-invariant kernels,
and second-order/kinetic models.

2Since the log case may be understood as the s — 0 limit of the Riesz case, we always mean the term “Riesz” to include
the log case.

3We say that a kernel k: RI xRI — Ris conditionally positive definite (CPD) iff for any signed Borel measure p with
zero mass, it holds that f (RY)2 k(x,y)dp(x)dp(y) = 0. When the inequality is strict for any nonzero p, k is said to be strictly
CPD (SCPD).
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to the potential regime s < d, in which g is locally integrable, is to exclude the hypersingular case,
which is not of the mean-field type considered in this paper (e.g. see [38,39]). The cases=d —2
corresponds to the classical Coulomb potential from electrostatics/gravitation. Based on this
threshold, it is convenient to call the interaction sub-Coulomb if s < d — 2 and super-Coulomb
if s > d —2. More generally, long-range interactions of the form (4) play an important role in
physics [24], approximation theory [6], and machine learning [1,35,43,44] — just to name a few
fields. Motivations for considering systems of the form (1) are extensively reviewed in [87].

Mean-field convergence for the full range —2 < s < d has only been resolved in the last
few years: the nonsingular case -2 < s < 0 [80], the sub-Coulomb case s < d —2, [16,41], the
Coulomb/super-Coulomb case d -2 < s < d [5,17,25,85], and the full singular case 0 <s < d [62].
See also [9,45,67,74] for further extensions incorporating noise. These advances are due in large
part to the modulated energy method, which we review in the next subsection. For a more
thorough review of the method, we refer to the third author’s lecture notes [87, Part 2] and the
second author’s recent survey [72].

1.2. Modulated energy and commutators

Since the empirical measure ), associated with the microscopic system (1) is a weak solution of
the mean-field equation (3), a natural approach for showing mean-field convergence is a weak-
strong stability estimate for (3). For Riesz interactions, such stability is conveniently formulated
in terms of the energy-based distance

1 1 X 1 X
FNXn, p) = —f g(x—y)d(— Y. 6y, —u) (x)d(— Y 6y, —u)(y), ()
2 Nizl Nizl

RH\A
where we excise the diagonal A := {(x, Y E RH2: x = y} from the domain of integration in order
to remove the infinite self-interaction of each particle. The modulated energy (5) originated in
the study of the statistical mechanics of Coulomb/Riesz gases [64,81-83] and later was used in
the derivation of mean-field dynamics [25,62,85] and following works. In the nonsingular case,
where the diagonal contribution vanishes, the modulated energy coincides with the square of
what is known in the statistics literature as maximum mean discrepancy (MMD) [31-33], a type of
integral probability metric [61]. MMDs for varying choices of kernels are widely used in statistics
and machine learning contexts as distances between probability measures (e.g. see [44,54,59]).
We refer to [87, Chapter 4] for a comprehensive discussion of the modulated energy.

The modulated energy approach to mean-field convergence consists of establishing a Gron-
wall relation for F (X 1{/, uh), where X ]‘V is a solution of the microscopic system (1) and u! is a solu-
tion of the mean-field equation (3). An essential point in this approach is to control the derivative
of Fy along a transport v: RY — Rd, that is

d

1
3 Fa(@+ t0)®N (Xn), 0+ tv)tp) = Ef Vg(x—) - (vx) - v()duny - w®x,y), ©)
=0

RH2\A

where for any configuration Xy = (x1,...,Xn), in denotes % Zf.\il Oy, I RY — R is the identity
and 0+ 1v)®N(Xy) = (x1 +tv(x1),..., XN+ tv(xN)). For applications to the mean-field limit, v is
the velocity field of the limiting evolution (3). For applications to central limit theorems (CLTs) for
the fluctuations (the next-order description beyond the mean-field limit), v is the gradient of a
test function evolved along the adjoint linearized mean-field flow [18,48]. These inequalities are
at the core of the “transport” approach to fluctuations of canonical Gibbs ensembles [4,55,63,86]
and also appear in the loop (Dyson-Schwinger) equations in the random matrix theory literature,
e.g. [3,7,8]. Higher-order variations of the modulated energy are also important, a point we return
to in Section 5.3.



440 Elias Hess-Childs, Matthew Rosenzweig and Sylvia Serfaty

The desired control is a functional inequality of the form
|(6)] < C1(Fn(Xn, ) + CN™%), @)

where a > 0 depends on d and s, C; > 0 is a constant depending on d,s, v, and C, > 0 depends
on d,s,u. In applications, an estimate of the form (7) turns the derivative formula (6) into a
Grénwall- or more generally Osgood-type bound for Fy (X}, u*). The coercivity of the modulated
energy (see, e.g., [46, Proposition 2.15]) then implies that if the initial modulated energy vanishes,
then one obtains the convergence of the empirical measure 4, to the mean-field density ' with
an explicit rate in negative-order Sobolev distances, locally uniformly in time. The method is
inherently quantitative and, importantly, requires no knowledge of the microscopic dynamics
in terms of individual particle trajectories — information that is difficult to obtain in practice.
As alluded to above, the method works because there is a weak-strong stability principle for the
mean-field equation (3) in the energy distance (see, e.g., [87, Section 6.2.2]).

The form of control (7) was first proved by Leblé and the third author in [55] in the 2D Coulomb
case, then generalized to the super-Coulomb case in [85]. The proof relied on identifying a stress-
energy tensor structure in (6) and using integration by parts. Subsequently, the second author [67]
observed that the expressions (6) may also be viewed as the quadratic form of a commutator,
akin to the famous Calder6n commutator [15,21,22,84]. Indeed, ignoring the exclusion of the
diagonal,

f(Rd)Z (v(x) - v(y) - Vglx -y fx)g(y)dxdy = cd,s<f, [v‘,V|V|S‘d]g> (8)

2’
where (-,-);2 denotes the I? inner product. For this reason, estimates of the form (7) are called
commutator estimates.

This commutator perspective was used by the last two authors and Q. H. Nguyen [62] to show
the desired functional inequality for the full singular regime as well as a broader class of Riesz-
type interactions including Lennard-Jones-type potentials. The argument of [62] has also been
extended to the nonsingular regime [80]. As recognized in [78], the stress-energy and commuta-
tor perspectives are in fact two sides of the same coin. These functional inequalities are crucial
not only for proving CLTs for fluctuations of Riesz gases [55,63,86], but also for deriving mean-
field limits [19,62,66,69,70,78,85] and large deviation principles [45]. They have also been used
to show the joint classical and mean-field limits for quantum systems of particles [29], and the
supercritical mean-field limits of classical [36,58,71,77] and quantum systems of particles [65,68].

Let us also mention that for gradient dynamics at positive temperature (i.e. with Brown-
ian noise in the microscopic dynamics (1)), the modulated energy combines naturally with
the previously used relative entropy [27,34,49,75] in the form of the modulated free energy [9—
11,14,19,75,76], which is well-suited to proving entropic propagation of chaos and can even han-
dle logarithmically attractive interactions [10,11,20]. Commutator estimates play the same es-
sential role in the positive temperature setting.

The main problem for these functional inequalities has been to determine the optimal size of
the additive error, i.e. the exponent a in (7), which a priori depends on d and s. In formulating
optimality, the appropriate comparison is with the minimal size of Fx(Xy, ). When 0 <s < d,

it is known that F(Xy, u) + %15:0 > —CIIuIIEmNg_1 for C = C(d,s) > 0 and this lower

bound is sharp [46,78].% In controlling the magnitude of (6), one needg a right-hand side which
is also nonnegative. Thus, the best error one may hope for is of size Nd !, When -2 <s < 0, the
modulated energy is nonnegative (it is a squared MMD as mentioned above), and its minimal

log(N' . . .. . s s_
Log(Vlul oo zgﬁ;\y 1) i the s = 0 case is ot an additive error like el EOON d7! butrathera consequence of the fact

that the right quantity to consider is F(Xp, 1) + % 1s=0.

4The term
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value is o« Nd~! [47]. Moreover, the functional inequality holds without additive error because
the interaction is nonsingular [80].

Only very recently has the program to show the sharp N a1 error rate been completed by the
authors and collaborators: first, the Coulomb case [55,71,86], then the entire (super-)Coulomb
case [78], and finally the entire singular Riesz case [46]. The completion of this program has
yielded the sharp rates of convergence for the mean-field limit in the modulated energy distance.
It has also been crucial for studying fluctuations around the mean-field limit in and out of thermal
equilibrium [48,55,63,73,79,86].

Summarizing the state of the art for these commutator estimates is the following theorem,
combining the results of [46,62,74,78,80]. In particular, taking p = co in (12), (13) below yields the
announced sharp Nd~ 1 additive error.

To compactify the notation, given a point configuration Xy, reference measure p, and vector
field v, let us write

®2
Al[XN,,u.v]:=f - Vglx-y) - (v -vy) ( ZSX, ,u) (x,¥). )
(RI)2\A

The subscript 1 indicates that A, is a first-order variation/ commutator, a point whose signifi-
cance will become clearer in Section 5.3.

Theorem 1. Let-2<s<d. Letpe L' nL” for ﬁ < p < oo with [padp = 1, and associated to (,
define the length scales

1
A= (Nlplr) 9, (10)
1

B 1
K= (N lule) 9. an
When -2 <s <0, assume that [ga)21gl(x - y) d|u|®? < 00.5 Let v be a Lipschitz vector field. Then for

any pairwise distinct point configuration Xy € (RY)N, the following hold.
e If s=max(0,d—2), then

A dip-1) _
|A1 XN,u,vll<C||Vv||Loo(FN(XN,m — 1 o+cp||u||m g ) (12)

logA
2N
(cf: [78]).

e If0<ss<d-2, thenforanyae(d,d+2),

|ALXN, 1, V1]
g/l -0
<C(||VU”L00+C3|||V|2 l}” 2d la>2) FN(XN,IJ) ON — 14 O+Cp||,u||u7/’t (13)
(cf. [46]), and for any m <p=<oo,
|A1[XN’H1 U]|

d—s d(p-1)
< C(Ivvl= +1¥]

2 (PO, + Gl 7

(- (logr)1s=0))  (14)

(cf. [62,74]).
e If -2<s<0, then

AL Xy, 1,01 = C(IV vl + 1917 ] e Lo Fv(Xn ). (15)
(cf. [80)).

In all cases, the constant C > 0 depends only ond and s, and the constants C,,Cp > 0 addition-
ally depend on a, p, respectively.

5This condition is to ensure that the modulated energy is finite. When 0 < s < d, it is implied by the assumption that
peLlnL? forp> % When s =0, it is implied by a logarithmic moment assumption fRd log(1+|x])dlul < co; and when
-2 <s<0, itis implied by the moment assumption fRd |x/18172 dj | < oo
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Given a measure v with density in S(RY) and Jradv =1, letting f := v —p, we can find a
sequence of pairwise distinct point configurations Xy such that, as N — oo,

1 Cd,
Fav (X, 1) — —f gx— Y FOfdxdy = 2= F2 (16)
2 (Rd)Z 2 H 2
and
1 1 s—d
A1 Xy, p, v] — —f Vgx -y - (vx) —v() fx) f(y)dxdy = —<f, [v-, VIV ]f> ,- a7
2 (Rd)Z 2 L
Thus, a commutator estimate with an additive error involving the singular zero-mass measure
%Zf\i 10x; — p implies a commutator estimate without an additive error for the regular zero-
mass measure f. More precisely, Theorem 1 implies the following standard or unrenormalized
commutator estimate (see [62, Proposition 3.1]).

Proposition 2. Letd =1 and —2 <s < d. Then there exists C > 0, depending only ond and's, such
that for all f, g € S(RY),% we have

U(Rd)z(v(X) -v(y)-Vglx—yf(0gQy) dxdy‘

d-s
= C(IVulio + [V 0] _2s Tocamo]IfN ssa gl sa. (18)

It is straightforward to check that the preceding right-hand side scales the same way as the left-
hand side, and that both v terms on the right-hand side scale the same way as well. Moreover,
the presence of the H 3 seminorm is natural, given this corresponds to the square root of the
energy associated to g.

In fact, the philosophy of [62,67,78], and to a more implicit degree the works [25,55,85,86],
proceed in the reverse order: first show the unrenormalized commutator estimate of Proposi-
tion 2, then combine it with a renormalization procedure, implemented via charge smearing (i.e.
regularization of the dy;), to allow for the irregular test measure % Zﬁ.\i 1 0x;. Itis this renormal-
ization step, which is the most technically involved part of the proof, that leads to the additive
N-dependent errors in the singular case 0 < s < d. For this reason, the estimates (12), (13), (14)
are sometimes referred to as renormalized commutator estimates to distinguish them from the
unrenormalized estimate (18). In the nonsingular case —2 < s < 0, no renormalization is neces-
sary, and one can apply a commutator estimate directly, leading to the absence of additive errors
in (15).

These state-of-the-art commutator estimates are in large part the subject of the second
author’s recent survey [72]. We refer the reader to this work for a more extensive review, in
particular more detailed — yet still concise — outlines of the proofs of these results and the
evolution of techniques behind them.

1.3. Transport regularity

The question we take up in this paper is the optimal regularity assumption for the transport ve-
locity v in the aforementioned commutator estimates. Compared to sharpness of the additive
errors in these estimates, discussed above, this question has received little attention in the liter-
ature. As we explain below, this regularity question is not only for the sake of mathematics, but
is also motivated by applications. In mean-field problems, the transport is precisely the limit-
ing velocity u; = V; —MVg * y;. Thus, every commutator assumption on v becomes a regular-
ity assumption on the solution p; of the limiting PDE. Lowering the regularity demanded of v

6If s = 0, then implicit is the requirement that f and g are zero-mean to avoid the low-frequency divergence in
% @),
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therefore enlarges the class of limiting solutions for which the modulated-energy method yields
quantitative mean-field convergence. The regularity question is equally relevant at next order in
the context of fluctuations, where one applies the same estimates to the adjoint linearized flow.
Lowering the regularity assumptions on v allows for the study of fluctuations around less regular
mean-field solutions. It also allows for a broader, rougher class of test functions to be considered
as observables for statistics of the system.

In this direction, it is natural to ask whether the Lipschitz assumption on v may be weakened
while still preserving the scaling. For example, the space of bounded mean oscillation (BMO) [51]
is a common relaxation of L, and one can ask whether || V|~ may be replaced by [|Vv|gmo- It
is also unclear whether, in the sub-Coulomb regime s < d — 2, the additional term of the form
[Ivi2 v|| 2. is genuinely necessary and how small the exponent a may be taken (by Sobolev

embedding, |||V| 2 v|| 2 < ”IVl 2 v|| 2d_ for 2(d + 1) > a’ = a). Moreover, there is a gap between
-2

our two sub- Coulomb estlmates (13), (14) In the former, the N-dependent additive error is sharp
but requires a stronger regularity condition on v (given that a > d by assumption) compared to
the latter, in the N-dependent error is not sharp.

It is a general principle in PDE that if an equation has a scaling invariance, then a nat-
ural function space to study the equation is one that is invariant under the equation’s scal-
ing [53]. Such scaling-critical or scaling-invariant spaces are expected to be thresholds for the
well-posedness/ill-posedness of the equation along with other phenomena, such as finite-time
blowup vs. global existence.

For a, b, ¢ > 0, set fi(t, x) := au(bt, cx). When V! = 0, the reader may check that if u is a solution
to (3), then fi is also a solution provided that bcd275 = a. Fixing b = 1 so that the solution lifespan
is preserved under rescaling, we arrive at the relation a = c972-s, We seek (semi)norms that are
invariant under the transformation y — .

For 1 < p < oo, the reader may check that

d—s—

_d
Izl = 57277 Il o, (19)

which implies that p = d_d? is the scaling-critical exponent. It is possible to choose such a p
if and only if s = d — 2. In other words, the potential can be at most Coulomb in order for there
to be a critical LP space. More generally, letting W%” denote the homogeneous Bessel potential
(fractional Sobolev) space (e.g. see [89, Section 3.3] or [30, Section 1.3]), we see that

d-s—2+aq-94

||ﬁ||wu,p =C p ||IJ||Wap; (20)

which shows that W%? is a critical space if and only if a = d 4542 —d. Other scales of function

spaces, such as Holder-Zygmund spaces (e.g. see [89, Section 4]), are also interesting to consider
as critical spaces. We will return to this point in the next section.

When p € W!’+s+2 dp ,forl<p< oo, some basic Fourier anall}fsw shows that the associated

mean-field velocity v = MVg * p is in WP Lp, Unfortunately, WP does not embed into the

+1p

homogeneous Lipschitz space WY, If f € W» ™7, then one only has

19 IsM0 <CISI g,

Even when s+ 2 —d = k is an integer and taking p = oo, having u € W% does not imply that
v € WY, This is problematic because all of the commutator estimates of Theorem 1 feature
[[Vv|r on the right-hand side. Thus, to show mean-field convergence when the mean-field

density u! belongs to the critical space, it would be desirable to have a commutator estimate with

a regularity assumption that is satisfied when u e W » prer2-d P
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1.4. Our contributions

Having laid out the question of interest concerning transport regularity in commutator estimates
for the modulated energy and motivated such inequalities by their role in studying mean-field
and related limits, we come to the new contributions of the present paper. We describe them
here at a high level. Precise statements of our main results (Theorems 3, 5, 8, 10, and Corollary 6)
and detailed comments about the proofs are deferred to Section 2.

Our first contribution is to show that estimate (18) can fail if either of the vector field norms
is weakened (Theorem 3). We also derive necessary conditions for analogous commutator
estimates to hold for a broader class of interaction potentials (Theorem 5). In particular, the
norm controlling v must involve enough derivatives to compensate for the high-frequency
decay of g. This demonstrates a more general principle of regularity trade-off between the
interaction and transport for commutator estimates. All of these results are obtained through
explicit counterexamples. Given that the renormalized commutator estimates of Theorem 1
imply unrenormalized commutator estimates, as explained in Section 1.2, it suffices to show
these counterexamples when % Zﬁ\i 1 0x; — pis replaced by a zero-mean Schwartz function.

Our second contribution concerns mean-field convergence when the solution u! of the mean-
field equation belongs to the critical space W%+S+2_d’p for 1 < p < co. Provided that p <
one has

2d
d—s-2’

d;
“|V| 7 ut”Ldizsdi2 s ||,Ltt||W%+s+2_d'p.

Ldicio
But, since in general Vu' is only in BMO when p’ € Wy tstamdp , the results described in the

previous paragraph give a negative answer to our earlier question about the possibility of a
commutator estimate holding in this case, regardless of the size of the additive error. That
said, the situation is not completely hopeless. As recognized in [69,70], even in this borderline
regularity case, one can still obtain a Gronwall-type’ estimate for the modulated energy provided
that a defective commutator estimate holds.

More precisely, we say that a defective version holds if there exists a locally integrable function
p: [0,00) — [0,00), called the defect, such that for all € > 0,

1 N ®2
—v(y) Vg -pd|~ Y 65, - ,
f(Rd)Z\A(v(x) v(y)-Velx—y) (Nt—zi X ,u) (x,)

< p@E)Cy(FN(Xn, ) + CuN~%) +ePNTCL(Fyn Xy, 1) + C,N™%), @1

where a >0, 8,y =0and C,,C), Cu C;l > 0 are constants depending on d, s and quantitatively on
norms of v, 1, respectively.

If p(e) = O(llogel) as € — 0%, it turns out that a defective commutator estimate suffices to
conclude an estimate for the modulated energy that in turn implies mean-field convergence, at
least up to some time T, > 0 which is independent of N, but a priori is smaller than the maximal
time of existence for u’. These works considered only the Coulomb case, where the natural scale-
invariant space is L°, whose norm is a nonincreasing (conserved when M is antisymmetric)
quantity when V! = 0. In the present paper, we generalize the results of [69,70] to the entire Riesz
case without any restrictions on the interval of time for which mean-field convergence holds
(Theorem 10). Importantly, in the sub-Coulomb case s < d — 2, we show that if the initial mean-
field density p° € Ld-s-2, which is scaling-critical, then, there is a unique global solution to the
mean-field equation (3) which is a (quantitative) mean-field limit of the microscopic system (1).

The main technical result is a new defective commutator estimate (Theorem 8) with a defect
ple) = O(Ilogelg) for 6 € (0,1), in contrast to the 8 = 1 defect present in [69,70]. This improvement

“More precisely, an estimate in the form of Osgood’s lemma, which is a generalization of Grénwall’s lemma. See [2,
Section 3.1.1].
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is made possible by the celebrated Brezis—Wainger-Hansson inequality [13,37]: if 1 < p < oo,
1< g <o0,and aq >d, then

-1

1+logpr’ 1+M)), (22)

v feSRY), o =C
FeS®D, fl==CIfl_g, £l a,
wpr’

where C = C(d, p, a, g) > 0. Remark that the exponent ijl is sharp; and moreover, no estimate of

the form
p-1
P

A )) +C,, 23)

1+log
11 s,

<€
Il <elfl g,

for any € > 0, can hold.

Brezis and Wainger [13, Theorem 1] first proved the estimate (22), which is a generalization of
an earlier d = p = 2 inequality due to Brezis and Gallouét [12]. In the PDE literature, inequalities
of this form are sometimes called Brezis—Gallouét inequalities or logarithmic interpolation.
Independently, Hansson [37] proved an inequality expressed in potential-theoretic language that
is equivalent to (22), and an alternative proof is also given in [26].

The Brezis—-Wainger—-Hansson inequality is a substitute for the false edndpoint Sobolev embed-
ding | fllze sIfll .« » €xcept when d = p = 1. Although functions in W r'? are not bounded, they
are still exponentli/la/lﬁy integrable in a quantitative sense made precise by the famous Trudinger—

Moser inequality [60,90]. In some sense, the estimate (22) is dual to Trudinger—-Moser (see [13,
Theorem A]).

1.5. Notation

Finally, let us review the basic notation used throughout the paper, mostly following the conven-
tions of [46,62,74,78].

Given nonnegative quantities A and B, we write A < B if there exists a constant C > 0,
independent of A and B, such that A < CB. If A< B and B < A, we write A ~ B. Throughout,
C will denote a generic constant that may change from line to line.

N denotes the natural numbers excluding zero. For N € N, we abbreviate [N] = {1,..., N}.
R, denotes the positive reals. Given x € RY and r >0, B(x, r) and B(x, 1) respectively denote the
ball and sphere centered at x of radius r. Given a function f, we denote its support by supp f.
The notation V®kf denotes the k-tensor field with components (0;, --0;, f)1<i,,...,i <d- For x € R,
(x):= (1 + lxlz)u2 is the Japanese bracket.

P(RY) denotes the space of Borel probability measures on RY. If u is absolutely continuous
with respect to Lebesgue measure, we shall abuse notation by letting y denote both the measure
and its Lebesgue density. When the measure is clearly understood to be Lebesgue, we shall simply
write [pa f instead of fpa fdx.

We use the notation f or fto denote the Fourier transform f(f) = fRd f (x)e 2" €% dx and let
(V) and |V| denote the Fourier multipliers with symbols (27¢) and |27¢], respectively.

Several function spaces appear in the paper. S(RY) and S'(R?) denote the spaces of Schwartz
functions and tempered distributions, respectively. For s€ Rand 1 < p < oo, WP (RY) denotes
the inhomogeneous Bessel potential space defined by

WP :={feS :(W)feLl},  |fllwsr:=|V°F| - (24)

When s = k is an integer, W¥” agrees with the usual Sobolev space

. k .
WEP={fel? V¥ fell, 0<j<k},  Iflyes =2 IV® flr, 25)
j=0
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the latter, of course, making sense for the endpoints p = 1,00 too. When p = 2, we use the
customary notation W*2 = H*. The homogeneous Bessel potential space W*” (RY) is defined by

WP :={feS'" 12 \V°feLl’},  flysr=IVI'fll,p (26)
where Z(RY) denotes the space of polynomials on RY and S’/ denotes the quotient space
where we identify any two tempered distributions whose difference is a polynomial. This
identification turns the seminorm | - || is» into a norm. Similarly, for s = k integer, WP agrees
with

WhP={feS'"12 : v felPl,  Iflykp =1V fllLp. 27)
It is a basic fact that for s = 0, f € WP iff f € LP n WSP. For 0 > 0, we let C?(RY) denote the
inhomogeneous Hélder-Zygmund space, which for 0 € (0,1] is defined by f € Cj, such that

Ifllo == 11l o= + sup 7+ fC =P 2] O
[h1>0 |h|®

and for 6 > 1, we inductively define || fllco := | f | Lo + IV f | co-1. C? coincides with the Besov space
Bgoyoo, and the norms are equivalent (see [2, Section 2.11]). For noninteger values of 8, it holds
that C% = Cl9)} the space of |8 -times continuously differentiable functions such that the |8]-th
derivative is {8}-Holder continuous, which we endow with its usual norm. When 6 is an integer,
CY is strictly larger than W9 = C9~11, The homogeneous Holder-Zygmund space C? is defined
to be the space of all f € Cj such that

(+h+f(--h-2f)|;~
sy M2 0l
[hI>0 |hl

when 0 € (0,1] and inductively for 6 > 1 as before.
As is customary in the literature, a superscript - denotes the homogeneous space/seminorm.

00, (28)

(29)

2. Main results

In this section, we present the precise statements of our main results previously advertised in
Section 1.3 and provide some comments on their proofs.

2.1. BMO inequalities

Our first result demonstrates that, in general, the Lipschitz control on the transport field in (18)
cannot be relaxed to |Vvlgpmo- Theorem 3 below shows that, except for the 1D logarithmic
endpoint (d,s) = (1,0), such a replacement is false. When (d,s) = (1,0), the commutator estimate
does in fact hold.

Theorem 3.

(i) Letd=1 and -2 <s <d with (d,s) # (1,0). For every M > 0, there exist a C*® compactly
supported vector field v and zero-mean Schwartz functions f and g such that

fmd)z (V) = v(y) Vgl =Y W)

> M. (30)

d-—s
Vv +IVI'Z v 1 _) . _
(1V2lmvo0 + 191 [ B ) Iy P

(i) If(d,s) = (1,0), then there exists C > 0 such that for all v with v' € BMO and all f,g€ S
with zero mean, we have

v(x)—v(y)
fRZ oy Fx)g)

!
<Clv ||BMO||f||H,%||g||H,%- (31
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Letting H denote the Hilbert transform H f (x) := P.V.% Jr % dy, (31) is equivalent to

[t H| =12 g2 < 1V I MO (32)

Thus, (31) may be viewed as a Sobolev-space Coifman—-Rochberg-Weiss-type commutator theo-
rem [23], which in its most elementary form says that || (v, H]||;,_;» < | vllBmO-

The proofs of Theorem 3(i) and 3(ii) are presented in Sections 3.1 and 3.2, respectively. The first
assertion of the theorem is shown through an explicit counterexample. We construct a velocity
field v with Vv € BMO and a mild logarithmic singularity at the origin and test against a family of
rescaled, compactly supported, zero-mean functions f;. The commutator grows like loglog(1/r)
as r — 0, while the denominator in (30) remains uniformly bounded, yielding an arbitrarily large
ratio. The proof of the second assertion essentially involves appropriately integrating by parts and
grouping terms into components that can be individually bounded via classical Kenig-Ponce—
Vega-type commutator estimates [52,56].

2.2. Regularity trade-off

The BMO counterexample indicates that the Lipschitz control |Vv|~ plays an essential role
in (18), so we do not attempt to weaken it further. Our second main result quantifies the
trade-off between the regularity of the interaction potential and the high-frequency regularity
of the transport field required to control the commutator in the natural energy norm. Since this
phenomenon is not specific to Riesz potentials, we work with a larger class of potentials for which
the interaction energy defines a positive definite form.

Assumption 4 (Admissible interaction potentials). Suppose that g: R9\ {0} — R satisfies the
following:

(1) ge C®(RI\{0});

(2) g is radially symmetric®

(3) g is conditionally positive definite (see footnote 3) and g nonincreasing.

Associated to g, we define the energy seminorm

nﬂ@:ﬁwﬁu—wﬂmﬂw=£ﬁﬁﬁ (33)

which we note is nonnegative (possibly +o0) for zero-mean f. When dealing with inhomoge-
neous potentials, it is convenient to introduce the notation g;(x) := g(x/t) for t > 0.

Given a function g: [0,00) — (0,00], we denote the Fourier multiplier with symbol o by
o(V)f:= Fl (0(|E|)f(§)). Theorem 5 below shows that if o grows too slowly relative to g at high
frequency, then the commutator cannot be controlled by the energy norm | - [, and the velocity
field norm ||a(IVD)v| ;.

Theorem 5. Suppose that g satisfies Assumption 4. Fix t > 0 and p € [1,00]. Assume furthermore
that

r’8(r) =0 asr—oo 34)

ando: [0,00) — [0,00] satisfies
rILI{}o \/EWHUHLOO(U—LHU) =0, 2=p=<oo (35)
}ggo \/gﬁgjli(l”a;lanpo([r—l,r+l]) =0, 1=sp<2. (36)

8Throughout the paper, we use radial symmetry to abuse notation by writing g(|x|) = g(x).
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Then for every M = 0, there exist a C* vector field v and zero-mean Schwartz functions f, g such
that

U([Red)z (v - v(y) - Vegx—yf0g(y)

IVl + |oUVDY| )1 fllg I glg,

The decay condition (34) forces a genuine trade-off: without it, one can be in a regime where
a commutator estimate holds with ||Vv|;~ alone. Condition (35) means that on unit-width
frequency shells |¢| ~ 7, the multiplier o (r) grows strictly slower than g(¢7)~'/2; and (36) extends
this growth condition to derivatives of o up to high enough order. Thus, Theorem 5 may be read
as saying that any commutator bound measured in || -||g, forces v to possess at least “as many
derivatives” as are needed to compensate for /g at high frequency.

Note that since g is nonincreasing, if (35) holds for some . > 0, then it holds for all ¢ = ..
Furthermore, if g(¢) is comparable to a polynomial in ¢, then if (35) holds for some ¢ > 0, it holds
for any ¢ > 0. When 1 < p < 2, some regularity of the symbol is needed for o(|V|)v € L”, but the
condition (36) can almost certainly be further weakened in terms of the number of derivatives
(cf. the assumptions on the symbol in the Hormander-Mikhlin multiplier theorem). Lastly,
considering unit-width frequency shells [r — 1,7 + 1] is not essential: one could consider shells
of any fixed radius mutatis mutandis.

Specializing Theorem 5 to Riesz potentials g defined by (4), one has g({) o [ |-, The con-
dition (34) is satisfied if s < d -2, i.e. g is sub-Coulomb. The condition (35) is equivalent to
SUP;e(r—1,r4+1) 0 (T) < |r|% as r — oo. In particular, taking o (1) = T%, we see that among the
scaling-invariant norms || V|2 v” p With p = %, the minimal exponent for which the commu-
tator estimate holds is a = d —s. Decreasing a, equivalently increasing p, yields a strictly weaker
norm for which the commutator estimate fails.

Finally, to emphasize this point of regularity trade-off, we note that Theorem 5 implies that v
must be C* for the commutator estimate to hold for any interaction potential g with g decaying
super-polynomially. Indeed, if for any n = 0, |§(cf)| <, 1€17", then (37) holds for any o (|V|) = [V|".
In particular, if g decays sub-exponentially, then by the Paley-Wiener-Schwartz theorem, v must
be at least analytic for a commutator estimate to hold. The regularity requirements are even
more stringent when g has sub-Gaussian decay: if a commutator estimate were to hold, v must
be super-analytic.

We summarize the above described consequences of Theorem 5 with the following corollary.

87

Corollary 6.

(i) Suppose thatg is given by (4) fors <d—2. Then forall2 <a <d—s and M > 0, there exist a
C®™ vector field v and zero-mean Schwartz functions f and g such that

M[Rd)z(v(x) -v(y) -Vg(x—y)f(x)g(y)‘
=

: M. (38)
(190l + [191F 0] 2 JIFD oo N8l o

(i) Suppose that g is admissible and g has super-polynomial decay. Then for any n, M, t > 0,
there exist a C* vector field v and zero-mean Schwartz functions f and g such that

M[Rd)z(”(x) —v(y)) - Vglx—y) f(0g(y)
[0 ]| 1 f g, g,

=M. (39)
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(ii) Suppose that g is admissible and for some c,m > 0, |g(&)| s e~ Then for any b < <5~
and M > 0, there exist a C* vector field v and zero-mean Schwartz functions f, g such that

f(Rd)z(”(x) -v(y) - Vex-nfg»y

le!V1™ vl 1 Iflgliglg,
Remark 7. Suppose g is such that there exists ¢ > 0 so that | x| ‘Vg(x)| < g(x/1). Such a condition
is obviously satisfied if g is polynomial, exponential, or Gaussian. Then using |v(x) - v(y)| <
IVl |x — yl|, we obtain for f, g = 0 the bound

=M. (40)

U (v(x) - v(3) - Vglx - 1) f (g 5||VV||L<>°[ g(u)f(X)g(y)
(Rd)2 (Rd)2 r

sIVYlell fllg Igllg, -
This observation shows that under the assumption f,g have a definite sign, only Lipschitz
regularity is needed for a commutator estimate to hold. In light of Corollary 6, a general
commutator estimate for f, g without a definite sign necessarily requires much higher regularity
on v.

(41)

The proof of Theorem 5 is given in Section 3.3. We construct v, f, g so that their Fourier sup-
ports sit on a few carefully chosen (and well separated) frequency shells. This forces one contri-
bution to the commutator to be “off-resonant” and therefore small while the other contribution
is “resonant” and stays bounded below. At the same time, the same frequency localization makes
the velocity norm essentially depend on sup.¢(x_1 r+1;0(r) when 2 < p < oo, while || fllg, scales
like \/g(zk); after normalizing by | f ¢, this produces a factor 1/4/g(zk) in the final ratio. Letting
k — oo then produces the desired ratio growth.

2.3. Defective commutator estimates and mean-field convergence

We now come to our last set of results on mean-field convergence when the solution u' of the

. d —
mean-field equation (3), for g as in (4), belongs to the critical space W» 2P gor 1 < p < oo.
Although the commutator estimate fails when v is not Lipschitz (except for (d,s) = (1,0)) by

. d _
Theorem 3(i), as is the case for v = MVg ,ut when ,ut e Wrtst? d'p, a defective commutator

estimate still holds. This is the content of Theorem 8 below. We exclude the case s = 0 from
the theorem because doing so simplifies the presentation and this case is already covered by the
argument of [69] 3

. d
Theorem 8. Assume that -2 <s<d ands #0. Letv € WrthP for1< p<ooandue L' with
Jredu=1and [gaylgl(x—y) d|u|®? < co. Further, assume the following:
(@) if —2<s<-1, then fRdeIISH dlyl < oo;
(b) if —1<s<0, then [palx|" dlpl < oo for somer < %;10
(0 if-1<s<d-1, then.,uequorsome% <g<oo(q=1isallowedifs=-1);
(d) ifs=d—1, thenueC forsome@ >s+1-d.!!

9strictly speaking, [69] only considers the case (d,s) = (2,0), but an examination of the argument shows that it applies
to all log cases, replacing L by the appropriate critical space.
10Obviously, by interpolation, if fRd \xlr/ dlul < oo for some 1’ = %, then fRd |x|"dlul < oo for any 0 < r < r/, in
particular for some r < %
Uifperln €Y for some 6 > 0, then necessarily u € LP for any 1 < p < oo because of the interpolation estimate
d(p-1) d(p-1

d+0) d+6)
Iz < IFI, P p 5
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Then for any pairwise distinct configuration Xy € ®RHYN ande >0, the following holds.
e Ifmax(d—2,0) <s<d, then

|AL XN, 0]
1-1 d(q—l)_S
<Cpllvl Hp(1+|loge|) P (P i+ Colllzad™ 7 )
) (,1) s;l
N Ml e (Fa v + ol A7)

(s+1)q (s+1)q _s—d+1 s—d+ s—d+1

1 s=g+l
re(1+ et ) 1wl (Collth Il + Colltlyy (||u||c,, T 1] Py | WY
e If0<s<d-2, then

|AL XN, 0]
_1 a
(cpnvn g1, (1+1l0gel) 77 +Co[191 0] Ala>2)(FN(XN,u)+cq||u||m?t )
apon g, 52
vl Fa v + Collallod 7 )
_s+1)q (s+1)gq
+e(1+lplp)lvlen Collul, “ ™ ul g™
or
|AL XN, 0]
dg-1) _s
(cpnvn g1, (1+ llogel)' rc|vi ol 0 )(Fn v+ Gyl 7 )

n_ o\
‘1||v||c~1e(FN(xN,m+cp||u||LnAT ‘)

(s+1)q (s+1)g
(g-1) d(g-1)

(7] i

+€(1+||#||L1)||U||01Cq||#||L1
e If -2<s<0, then
|AL XN, 0]

(c,,||v|| +1p(1+|logel) e e v|| 0 )FN(XN,y)

i fR P dp (1 IlullLl)FN'S' (XN,u)) +C||V||C‘1€)1—1<s<0

+|Coorllviigre

Isl=1

+C||v||c-1e(f xSt dp+ (1+ Dl o) F (XN,u))l_kss_l

-1 (s+1)q (s+1)q

1-
+e(1+plp) ||v||cl(f |x[/*= 1du+F 'S' (XN, )1 -a<s=—1+ Cyllpell, “ ™l 1o 12s<0

Above, 9 € [Is| -1, 1s|),0< 9 < 9, C = C(d,s) >0 and Cy, Cp, Cy, Cqa, Cy > 0 additionally depend on
9,p, q,a,0, respectively.

Remark 9. The endpoint p = oo also holds if we replace W with the Zygmund space C'. . The

reader should remember that, per our notation (recall Section 1.5), the limit as p — oo of W » P
is not the homogeneous Lipschitz space, but rather the ill-behaved space {f € S’ : (V) f € L},
which does not coincide with the Lipschitz space, and is usually not considered in the harmonic
analysis literature. See Section 5.4 for further comments on this point.

With this defective commutator estimate in hand, one can apply it to v = u’ to obtain a
Gronwall-type bound for the modulated energy (a more precise estimate is given during the proof
of Theorem 10 in Section 4.4). This bound implies mean-field convergence provided that the
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initial modulated energy vanishes sufficiently fast as N — oo, an assumption which holds a.s. for
most interesting choices of randomization of the initial particle positions (see Remark 11 below).

Theorem 10. Letd = 1 and -2 <s <d and s # 0. Suppose that for T > 0, fo (IIVIII +

+1p

|||V| Vt|| | z)dt < oco. Let u be a solution to the mean-field equatlon 3) in

L*>([0, T), ’P(Rd) DS (pdy )) for1 < p < 7245, Suppose further thatfRdlxl 3 du’ < oo for
everyte[0,T].!
For q > d_L de ('Sl Isl), and 0 < 9" <9, let

s—1’
EM=FnX5 uH+ sup ¢, (42)
t<1<T
where
dig-1) _ (s+D)g
(Callmars 2+ Colu 15 Tocas
s+1— d d 1 s=d+1
+c(||u 1578, + e 172 ez ), maxd-2,00<s<d,
T._ dig-1 _ (s+1)q
e eyt T 1), 0<s<d-2, @3)
(s+1)gq
Cope” ™" faalxl®=0du™ +C(1+Colum1 ), ~1<s<0,
C fpalx|S=1duT, —2<s<-1,
and for a,6 > 0,'3
ON~ 0<s<d,
€:= (44)
N9, -2<s<0.
There exists a 8 > 0 depending only on d,s, p, a,fOTIIptII diciadp dt, such that for any solu-
tion Xy of the microscopic system (1), the following holds for t € [0, T]:
e if0<s<d,
_2st) 1\
&= Cé’oexp(f Cpllu’ || +1p(1+ llog(6N'~"5" ~(£Y) s)|) ’ dt’); (45)

e if-1<s<0, then
K C,9 rt _1 KA ) 4 ’
0 zexp( 22 [t gy, (14 logN ) Far (€0 F 42 [ Copu e ars e
Isl Jo wpthP Isl Jo
e if-2<s<-1, then
1 C t _1 1 1 ¢t /
ENF < (—”f T 1+1 N‘“lpd)(£°§+—fc s dt’). 47
(&NH <exp ol 0IILtIIV.V%H,,,( llogN™%|) ][ (&) S lu"llpre @7

Above, C > 0 depends onlyond,s, and Cy g, C4, Cp additionally depend on (9,9, q, p, respectively.
In particular, if FN (X3, 1) = O(N™™) as N — oo, for some m > 0, then pk, — p' as N — oo in
H™"(RY) uniformly on [0, T) for any r > %.

12This condition ensures that the modulated energy/MMD is finite (see [59, Example 4]) and that all our moment
assumptions in the statement of the theorem are satisfied. Through a Gronwall argument, the reader may check that if
#0 satisfies this moment condition, then /f does uniformly in [0, T'.

13When 0 < s < d, the definition of  is given implicitly. See the proof of Theorem 10 for why the implicit equation has
a solution.
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Remark 11. A natural way to produce initial point configurations Xy such that |F N XN, u)| <
CN~™ for C,m > 0 independent of N is by taking Xy to be distributed according to a modulated
Gibbs measure (a terminology introduced in [76])

e PNFN(Xn,p) dM®N(XN)

Kn,p(W)
where § € [0,00] is a parameter, which may be interpreted as inverse temperature. The extreme
B =0 corresponds to u-i.i.d. points, while the extreme f = co formally corresponds to points that
are uniformly distributed among the set of minimizers of Xy — Fy(Xy, ). When 8 = 0, one
has E[Fy(Xy, )] = CN~! and in fact, this scaling holds with high probability. When f = oo, one
has minF y(Xy, 1) = (~1)8"®CN3~!. One can produce scaling laws in N interpolating between
these two extremes by varying . We refer to [87, Chapter 5] for further details.

dQun, (W) (Xn) = s K = f e PNFNEN queN (Xy),  (48)

RN

Remark 12. There is a large literature on the well-posedness of equations of the form (3). We
refer to the introduction of [85] for some comments in this direction. Here, we briefly mention
that when s < d -2, solutions of the mean-field equation (3) are unique and global for probability
density initial data in the critical space L#==. This follows from essentially the same argument
as for the Coulomb case s = d — 2 with initial density in L (e.g. see [57,88,92]).

Section 4 is devoted to the proofs of Theorems 8 and 10. The defective commutator estimate,
which is the workhorse, proceeds along lines similar to [69,70]. Namely, we mollify the vector
field v at some scale € and apply Theorem 1 with v.. We then need to separately estimate the
error term A [Xn, i, v — ve] in terms of F (X, p), €, N. Of course, as Theorem 1 requires at least

. d
Lipschitz regularity, which is not satisfied when v € WP we have to pay a price in terms
of divergence as € — 0 (i.e. the defect). Simply repeating the arguments from [69,70] does not
yield the estimates of Theorem 8, and consequently also not yield Theorem 10. [69] is specific

to the log case, which is well-suited to the log-Lipschitz regularity of vector fields in W%’p (more
generally, in the Zygmund space C!). While the cruder argument in [70], devised to handle the
non-logarithmic nature of the Coulomb potential when d # 2, leads to factors « log N in front of
Fn (X!, uh). Such factors are only acceptable if one restricts to short times.

As advertised in Section 1.3, the key new ingredient in our proof is the Brezis-Wainger—
Hansson inequality (22). More precisely, a corollary of (22), obtained through the classical Morrey
argument, is that if 1 < p < oo, then for any f € S(RY),

_1
Vx,yeRd, |f(x)—f(y)|sC||f||W%+1yp|x—y|(l+|log|x—y||)1 5, (49)

. d

where C = C(d, p) > 0.1 This inequality may be rephrased as saying L n W » *1P embeds into
1

the log-Lipschitz space Lipg’;JrE) [40,50]. In applying Theorem 1 with v, as part of the proof,

we need to quantify the divergence of |Vvellz~ as € — 07. In [69,70], the fact that C ! functions

are log-Lipschitz was used to bound [|[Vve| i~ < ||v||c-1(1 + |loge|). Note that vl s vl 4.1,
1,

by Sobolev embedding. The modulus of continuity bound (49) allows us to improve this bound

_1
to |Vvellzeo sVl . g (l + |loge|)1 r (see Lemma 15). Combining with better estimates for the
wp

+1,p
mollification error v — v, (see Lemma 19), this improvement then yields Theorem 8. We refer to
Section 4.3 for the complete proof.

To obtain the result of mean-field convergence Theorem 10 from Theorem 8, we need to
choose € = €; appropriately in a possibly time-dependent fashion. €; needs to be sufficiently
small depending on N, F (X}, u') to compensate for the divergent prefactors of N and the pow-
ers of Fy (XL, ,ut) with exponent >1 in the estimates of Theorem 8. Thanks to the improvement

14Strictly speaking, [13] shows the inequality with the inhomogeneous Sobolev norm | f|| 4

» o the right-hand
side. Replacing f with f) := f(A1-) and (x, y) with /l’l(x, ), then letting A — oo yields (49). wp

+1,
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_1
(1+ |10ge|)1 7, this is possible to do and is still suitable for closing the differential inequality for
Fn (X, uh). We refer to Section 4.4 for the details. At the risk of being repetitive, we emphasize
that if 1 — 1 were replaced by 1, then we would be stuck with the same short-time restriction as
in [70].

Remark 13. The reader should note that Theorems 8 and 10 do not cover the case p = oo (they
also do not cover p = 1, but this is less relevant). We return to this exception in Section 5.4.

3. Counterexamples

This section is devoted to the proofs of our counterexample results, Theorems 3 and 5. We have
already explained in Section 2.2 how Corollary 6 follows from Theorem 5, so we do not discuss
this result further.

3.1. Proof of Theorem 3(i)

Lety € CC°°([Rd) such that0 < y <1, suppy < B(0,1/2), and y =1 on B(0,1/4). Set v := (vy,..., Vq),
where
v1 (%) := —x; log(log(1/]x1)) x (x) and vi(x):=0, 2<i=d. (50)
Evidently, v is compactly supported. It can also be made C* by convolution with y., for
€ =€(r) > 0, where the parameter r is as below. We omit Ehe implementation of this step.
We claim that v/ € BMO(R) when d = 1 and V®4v € L1 (RY) when d = 2. Indeed, when d = 1
d 1
—|—xlog(log(1/|x|))| = —log(log(1/|x|)) + ———— € BMO(R), 51
7 (~logllog(1/1x1)) = ~logllog(1/11)) + s € BMO (5D

and thus so is v since multiplication by y preserves BMO(R). On the other hand, when d = 2 for

all k = 1 there exists Cq ;. > 0 such that
1 Cd x
Vixl<=, |V®Flog(log(1/]x]))| < ——>—. 52
¥l=3 ‘ oglog( |x|))( IxIFlog(1/1x]) ©2)

With the Leibniz rule and the fact that supp ¥’ < B(0, i)c, the preceding estimate implies that

1 o
vidsg, [Vu|s | 4k (53)

x|4-1log(1/]x])”
Since y is supported on B(0, 3), it follows that

od % 1 B 1/2 1
IV¥p|a1<C T =C ———— <o, (54)
Rd B0,1/2) |x|9-T1og(1/]x]) 0 rlog(l/raT

where in the first equality, we have used a radial coordinate change. By Sobolev embedding, this
-s d
also implies that Vv € BMO(RY) and |V|dT VE Ld—2s—2 (RY) forall -2 <s<d—2.

Next, suppose that f € Cgo(Rd) is a zero-mean function supported in B(0, 1/4) such that

P2
f( le-p'[° F@fG) >0. 55)

Rd)2 |x_y|s+2
Such an f exists since if f is symmetric under permutation of coordinates, then
-’ - N
f( &f(x)f(y) = cd,szdwF 42(1g)2 - d-9)Ie" )| F &)

Rd)2 |x—y|5+2 (56)

=cqss [ IR Frof
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Let f,(x) == r~9 f(r~'x) for r >0, so that

f L@ —vy)-Vex -y 0 f )

(RY)
I(x—y)1|2 (log(lllxl))yl(x_y)l
= log(log(1/ EE— . (57
f(Rd)Z oglog(1/1x1) |x — y[s+2 log(1/1yl) ) lx = yls*2 Jr0fr ). 57

Changing coordinates, the first term on the right-hand side of (57) equals

O fF») +f

®4)?

. log(log(1/]x]) ~log(n) |(x— ' [
*log(log(1/ f , 58
r~*log(log(1/7)) i og(log(1/7) P fxfWy (58)
while the second term equals
_ log(1/1x]) = log(r) y' (x — y)*
[ o ( ) (0f Q). (59)
w8 log(1/1yl) —log(r) ) 1x— yIs*2 J@1ly
By the dominated convergence theorem,
|-

log(log(1/]x|) —log(r)) {(x— )12
i f(Rd)z g(log(1/1x1) ~log(r) |x— ' FOfG 60

log(log(1/7)) lx— ys+2 fOfy = f

RY)2 |x _ y|s+2

and
log(1/]x]) -1 lx-pt
limf o ( g1/ Ixl) - log(r) ) YD rfi =0, 61)
r~0Jwayz “\log(1/1yl) —log(r)) lx - yIs*2
Combining (57)-(61), we see that there exits C > 0 depending only on d,s, f such that

f(Rd)z(u(x) -v(y)-Vglx -0 f(y) = C'rlog(log(l/r)) - Cr~s (62)

for all sufficiently small r.
Since || f; ||2. wq =T°If ||2. .4 » in total we thus have found that for all sufficiently small r
H 2 H 2

f g 2(”(JC) - v(y))-Vg(x—y)fr(x)fr(y)'
&) > C'log(log(1/r)) - C. (63)

d-s
(IVolBvo + Loca 2 [IV17 0] 20 JIfI2 oo
Ld-s-2 H2
Taking r — 0 concludes the claim.

Remark 14. We note that ifd = 1 and s = 0, the above counterexample fails since

Jxe- ' 2
f(Rd)Z—|x_y|2 FEOFO) = fRdf ~0 64)

for all zero-mean functions f.

3.2. Proof of Theorem 3(ii)

We use an equivalent formulation of (18) for Schwartz functions with Fourier transforms sup-
ported away from 0. If F and G are Schwartz with Fourier transforms supported away from the
origin, then f = |V|F and g = |V|G are both Schwartz with Fourier transforms supported away
from the origin. Additionally, since |V|g = cq s00, it holds that

fRZ (v(x) —v(y) - Vgx— Y f)gy) = ch v-(F'IVIG+G'|V|F). (65)

Since ||F "H 1= cdslf “H* 1 and similarly for G and g, it suffices to show that there exists C > 0
such that

U v(F'|VIG+G'|V|F)
R

<C|v'lsmo I Ell gz I Gl gz (66)

for all F, G € S(R) with Fourier support away from the origin.
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To this end, we integrate by parts
fv(F’|V|G+ G'|V|F)=—f(v’(F|V|G+G|V|F)+vF0x|V|G+ uG0x|V|F)
R R
=—f(u’(F|V|G+G|V|F)—ax|V|%(yG)|V|%F—ax|V|%(VF)|V|%G)
R
, 1o, 1 , 1o,
_— (uF|V|G—|V|zuF|V|zG)— (u G|V|F—|V|2UG|V|2F) 67)
R R
1ol 1o, PRI RN
+ | (v(V12FIVI2G+1¥12 G V12 F) + 30912 FIVIG)
(R)
1 1
+f(T(v,F)|V|?G+ T(v,G)IVIiF),
R

where T is the bilinear operator

3
T(U,H):=ax|V|%(uH)—|V|%u’H—u|V|%H’—Eu’m%H 68)
defined for H € S(R).
First, we note that after integrating by parts
1,1 1,1 o1 1
u(|V|zF|V|zG+|V|zG |V|2F)=— V' |VIZFIV|ZG. 69)
R R
We can thus split (67) into a sum of three terms defined by
, 1o, P |
Term, = — (v FIVIG—IVlZvF|V|2G—vIVIZFIVIZG), (70)
R
1 1 1 1
Term, :=—f(v’G|V|F—|V|2v’G|V|2F—U'|V|2F|V|2G), 1)
R
Terms :=f(T(u,F)|V|%G+ T(v,G)IVI%F). 72)
R

We bound each of these terms separately.
We begin with Term; . Integrating by parts, we have that
1y 1y, ford 1
Term, = - | (VI (0'F) = [V|2v'F = v'|VI> F)IVIG. (73)
R

The expression inside the brackets is a Kenig-Ponce-Vega-type commutator [52], and by [56,

Remark 1.3, (1.7)] with s = 3, f = F, g = v/, we have that

1 1 1
[IVIZ('F) = V|2 v'F = V'|V|2 F|| ;2 < CllVllBmo | Fll g2 (74)

for some C > 0. So by Cauchy-Schwarz,
[Termy | < Cllv Ismo I Fll sz I Gl e (75)

Swapping F and G, we can bound Term; identically.
For Termgs, we note that T is a higher-order commutator and by [56, Corollary 1.4(2)] applied
1
withs=3, f=H,g=v, A*=0,IV|2, p=2,5, =1, 51 = 3, we obtain
[T, )| 2 < C||[IVIV]| gpio | Hll vz (76)

for some C > 0. Note that since the Hilbert transform is bounded on BMO, one may bound
|| |V|v || smo = Cll V'|lgmo- By Cauchy-Schwargz, it then follows that

[Termgz| < Cll V' lsmoll Fll g2 |Gl . 7N

Combining (75) for Term;, Term, and (77) for Terms, the proof is complete.
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3.3. Proof of Theorem 5

Let ¢ be a radially symmetric Schwartz function on RY such that the Fourier transform ¢ satisifies
0< gﬁ <1, suppfﬁ < B(0,1/4), and {5 =1on B(0,1/8). Letting e; := (1,0,...,0) and k > 2, define the
(real) vector field v by

(&) = ier (P& + key) — P& — ker)) (78)

and (real) functions f, g by
F@&=¢(¢+ (k+Der) +P(é - (k+1e), (79)
&) =P +e)+PE—ey). (80)

Clearly, f and g are both Schwartz and have Fourier transforms supported away from 0. We then
note that

f (v(x)—v(y))-Vg(x—y)f(x)g(y)=f v-Vg*fg+f v-Vgxgf. (81)
(RY)2 Rd Rd
By Plancherel’s theorem,
[ vvexre=[ o 2nie - et - 076 - g (82)
Rrd (Rd)Z

Unpacking the definitions of v, f and g, the preceding right-hand side is equal to

- ) a 2(5(51 +erker)er - (€1 —EEE —E)P(E1 —Ex+ea(k+1ey)PE +eser)

e;efx1ly  JRY

== 2 a f(wd)ﬁ((l)(ﬁ(cz)(ﬁ(cl—cz+((e3+ez)+(ez—e1)k)e1)

eief{xl}

xer-((1-(2+(€3—€e1k)e1)g((1 - {2+ (e3—€1k)er), (83)

where the final equality follows from a change of variables. Since supp ¢ < B(0,1/4), the integrals
in the sum above are only nonzero if

(84)

=

|1 —Co+ (e3+ €2+ (€2—€1)k)er| =

for some (; in B(0,1/4). Since k > 2, we must have (e1,€2,€3) = £(1,1,—-1). Using symmetry, we
have shown that

fuqad U-Vg*fg=2f(Rd)2$((1)$((2)$((1 —0) (- e+ 1+ kg2 -1+ (1 +Kk)er).  (85)

Since |{;] = % on the support of ¢({;) and g is decreasing by Assumption 4, we may crudely bound
the right-hand side above using Young’s convolution inequality to obtain

[ o-vse s
Rd

where C > 0 is a constant only depending on d.
By the same reasoning as above,

< CKER) 11350, (66)

fRdU'Vg*gf=— Y a (Rd)2$((1)$(fz)$((1—52+((€2+€3)+(€3—€1)k)61)

ezl
xer-((1—(2+(e3+ (€3 —€1)k)er)g((1 — Lo+ (€3 + (€3 —€1)k)er). (87)

For an integral in the sum on the preceding right-hand side to be nonzero, it must now be the
case that (e1,€2,€3) = +(1,—-1,1). Using symmetry, we have thus shown that

f v-Vgrgf=2 f PUNPLPWC1 - L) (1—e1- (1 -(2))EL2~ {1 +er). (88)
Rd (Rd)Z
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Since (1 —e1-((4 —(2)) > % and |2 — {1 + e1| < 2 on the support 0f$((1)$((2), we have found the
lower bound

f v-Vg*gf=g(2) f PULDPL)PW1~E2) = CTEQ), (89)
Rd ([Rd)Z

where the last inequality uses that ¢ = 1 on B(0,1/8) and C > 0 only depends on ¢.
On the other hand, it is immediate from Plancherel’s theorem and Fourier support considera-
tions that
Iglg, <l (90)
Ifllg SEER 1Pl 2, 91

for implicit constants depending on d, g, ¢, while Fourier inversion shows that
IVl < kllllpa. 92)

On the other hand, since supp v < {k -1 < |¢| < k + 1}, we have o' (|¢]) < sup,¢x_1 x+10(r) on
supp V. If 2 < p < oo, then by the Hausdorff-Young inequality and the Fourier support of v,

E I P ) [ 93)
relk—1,k+1] Lvr

for any p € [1,00], with constants depending only on d, p. If 1 < p < 2, then under the assumption
that 6”0 is essentially bounded away from the origin for n < d + 1, it follows from Young’s
inequality that

leqvho|,, = max  sup |07 a ()|l L. (94)
1]

n=d+1re(k-1,k+

Combining (86) and (89)-(94), in total we have found that

U(Rd)Z(v(x) —v(y) - Vglx—yf(0gy)

IVl + [[oUVD ] )1 flig, g g,

C' - Ckg(k)

C(k +11<p<2 MaX,<d+1 1070 | zoo(r-1,k+17) + 125psoo”U"L°°([k71,k+1]))g(tk)1/2

, (99)

for some C = C(d,s, ¢) > 0. By (34), we have that kg(k) and k@(tk)”2 vanish as k — oo, while by
hypothesis,
lim (115p<2 max (|07 0|l oo ((k1,k+1)) + lzspSoo||U||L00([k—1,k+11))§(tk)1/2 =0. (96)
k—o0 n<d+1

Taking k — oo completes the proof.

4. Defective commutator estimates and mean-field convergence

This section is devoted to the results Theorems 8 and 10 advertised in Section 2.3 about defec-
tive commutator estimates and scaling-critical modulated energy estimates, respectively. The re-
mainder of this section is organized as follows. In Section 4.1, we show some preliminary rates of
convergence for mollifiers. In Section 4.2, we recall some properties of the modulated energy that
are useful in the sequel. In Section 4.3, we prove our defective commutator estimate Theorem 8,
which is the primary technical result. Finally, in Section 4.4, we prove Theorem 10.

Some comments on notation. Given u € LP, we use throughout this section the notation A,x
from (10), (11). When p = u!, we write A,k to indicate the time dependence.
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4.1. Mollification

Let y € C°(RY) be an even bump function which is 1 on B(0, 1), zero outside B(0, 1), and satisfies
1=y =0,and fga ydx=1.Let v: RY — RY be a vector field, and set

Ve(x):i= (0 xe) (), xe(x):=e y(x/e), 97)
where the convolution is performed componentwise. It thus holds that v, is C* and
VEk=20, Vvl s e vl 98)

Additionally, if || - | x is any translation-invariant semi-norm, then we also have || v¢llx < V] x.

The purpose of this subsection is to establish estimates for the mollification error v — v, as
well as to estimate how the Lipschitz seminorm of v, diverges as € — 0 under certain regularity
assumptions on v. The main result is the following lemma.

Lemma 15. For any integer k = 0 and reals 0 < b < a < 1, there exists a constant C = C(a) > 0 such
that

IV 0 =V vell oo < CIVE ]l pae, 99)
V¥ 0 =V vl < CIVEF V) p0e P (100)

Suppose that there exists 0 > 0 and an increasing function wg: [0,6;] — [0,00) such that
|Ve*u(x) — Ve u(y)| < wi(Ix — y1). Then there is a constant C > 0 such that

5
VR 0 — VoK y |l 10 < Coope(26), 0O<es< 7" 1o1)
Sk
IV el o < Ce lwp_1 (26),  O<e< % (102)

Proof. Observe that since y is even and fpa ye =1,

v(x) — ve(x) = fRd(V(x) —v(x-p)xe(y)dy

= fR LV = v+ P)xe =y dy (103)
= fRd(v(x) —v(x+ ) xe(y)dy.
Hence, )
v(x)— ve(x) = E.[Rd (2v(x) -v(x—-y)— v(x+y)))(€(y) dy, (104)
which implies that
1 v()-v(- -y -v(-+y) “
||v—ve||Loo55fRd iy Loolyl xe(dy
IVl pa
<—¢ / ly1“xe(y)dy (105)
2 Rd

e vl sa
= chwdlyl“x(y) dy,

where the penultimate inequality follows the change of variable y/e — y. Replacing v by V®¥v in
the preceding argument, for any k = 0, then yields the desired conclusion (99).

Let 0 < b < a < 1. Using the interpolation estimate [|- || 5o < I|- IIég1 - IIé;; for0; <0 <0, and
_ 6,-0
1= g, We have
b L a ab b / a-b
lv="vellpr = lv—vell ;& lv— Ve”ga < (Clvligae®) @ (20vliga)® = C'lIVlpae®”, (106)

where we have used (99) to obtain the second inequality. Replacing v by V®*v then yields (100).
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Now suppose that | v(x)— v(y)| < w(lx—y|) forall [x—y| < 6 for an increasing w: [0,6] — [0, 00).
From the identity (103), it follows that ife < §/2,

lv—vellzoo Sf w()xe(y)dy =f wEy)x(y)dy < w(2€)f 1) dy, (107)
Rd B(0,2) B(0,2)

where we have again made the change of variable y/e — y and used the monotonicity of w.
Replacing v by V®¥ v then yields (101).
Finally, using that V. is odd by assumption that y. is even, and therefore [pa Vy, = 0, we have

Ve e (x) = fd (Ve p(x — ) - VO lu(x0) ® Ve (y) dy. (108)
R

Suppose that |V®*1v(x) - V®*~1u(y)| < wk—1 (Ix - y]) for |x — y| < 8k—1, where wy_;: [0,8,-1] —
[0,00) is increasing. Making the change of variable y/e — y,

1
IVEE vl oo < EfRdW@k_lv(x—ey) -Vl ||Va () |dy
1
< —f wi-1EY|Vxy)|dy (109)
€ Jrd

wg-1(2€) f
s—e Rd|V}((y)|dy,

where we use the monotonicity of wy_; to obtain the final line. This yields (102) and completes
the proof. O

4.2. Properties of modulated energy

In this subsection, we recall some properties of the modulated energy (5) that are important for
the proofs of Theorems 8 and 10.

The first result is the following proposition taken from [46, Proposition 2.15] in the singular
case 0 <s < d and [59, Example 4] in the nonsingular case —2 < s < 0, which shows the coercivity
of the modulated energy in the sense that it controls a squared negative-order Sobolev norm up
to O(N_1+W’1U) error for densities y € LP. In particular, this yields that the modulated energy
is almost nonnegative and that vanishing of the modulated energy implies weak convergence of
the empirical measure to the target measure p.

Proposition 16. Let0<s<dandp > ﬁ. There exists a constant C = C(d,s, p) > 0 such that the
following holds: for any € L' 0 LP with fpadp =1 and [igay>1gl(x — y)d|ul®*(x, y) < 0o if s = 0,
A =1, and any pairwise distinct configuration Xy € RN, it holds that

1N 2 (s +C) g) dp-n
— Y Oy — <C|Fny(Xp, 1+ C=—1 C Ar , 110
”N; xi —H . ( N(Xn, 1) + IN s=0t+ N s>0t+ ”IJ"LP ( )
If-2<s<0, then forany u € L' with [ga du =1 and [palgl(x — ) dlul®? < oo,
1 N 2
FNXN, ) =Cas|< 20— | .- (111)
Nig BT

The second result, taken from [46, Corollary 2.14], shows that the modulated energy controls
the small-scale interactions.

Proposition 17. Letp > ﬁ and e L' N LP. Define the nearest-neighbor type distance

1
r-::—min( min x-—x-,/l). 112
"y 1sjsN:j¢i|’ il (112)
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There exists C = C(d,s, p) > 0, such that for everyn < A,

— g‘,
g(dry), s>0,
2N2 &

g(n)+c g( ) d(p-1)
FN(XN,,U)+%15:0 CZ]T\If 15>0+C||,U||LP7} P 52 1 i (113)
— ) glr;/n), s=0,
2N? i=1 l
and
g(m +C () s
FN(XN,m+%gﬂw%lpwcuuum z
1
— Z |Xi—x]'|_s s>0,
2CN? 1<i#j<N
[x;—xjl=n (114)
>
- 1 Xi—Xj
st 2, o) e=0
1<i#j<N n
lxi—xjl<n

The final result, which is taken from [80] and is an elementary consequence of Holder’s
inequality and the Fourier representation of Riesz potentials, shows that in the nonsingular case
—2 < s <0, the modulated energy/squared MMD controls moments of order < |s|/2.

Proposition 18. Suppose that -2 <s<0,andlet0<r < ';' There exists a constant C = C(d,s, r) >

0 such that for any xo € R, p € L' with [padu =1 and Jray21gl(x— y)d|ul®? < co and Xy € RN,
it holds that

/Rdlx—xolrd( Z6x )<C1+||,U||L1) 'Sr‘Fﬁ(XN,u). (115)

4.3. Defective commutator estimate

We now combine the functional inequalities of Theorem 1 with the mollification error estimates
from Lemma 15 to obtain a defective commutator estimate in the form of Theorem 8 below.
As commented previously, this weakening of the Lipschitz assumption is necessary in the case
v =MVg * u, where u belongs to the critical space W%+S+2_d’p for 1 < p < oco. Below, y. and v, are
as in the previous subsections.

In what follows, introduce the commutator kernel notation

ky(x,y) = Vgx—y) - (v(x) - v(p). (116)

The proof of Theorem 8 follows similar lines to [69,70]. The main technical ingredient is
Lemma 19 below, which controls the error from replacing v by the mollified vector field v, (cf. [69,
Lemma 4.2] and [70, Lemma 4.3]). The proof of the lemma is streamlined in comparison with
previous works, taking advantage of better mollification estimates in Lemma 15 and small-scale
control in Corollary 17. Note that we omit the log case s = 0 in Lemma 19 as this is covered by the
same argument in [69], and the omission simplifies the presentation.

Lemma 19. Assume that -2 <s<d ands #0. Let ve C' and p € L' with [padp =1 and
f(Rd)z lgl(x = y) d|u|®? < co. Further, assume the following:

(@) if —2<s<-1, then fRdeUS' Ld|u| < oo;

(b) if —-1<s<0, then [palx|" du < oo for somer < ';',

(0 if -1<s<d-1, thenpeLP forsome z—— d 1 <p=oo(p=1isallowedifs=-1);

(d) ifs=d-1, thenuECHforsomeH>s+l d
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Then for any pairwise distinct configuration Xy € ®RHN ande =0,

1 N ®2
kw-vy (%, )d(— Ox; — )
‘f(md)Z\A w-v LY NZ’ x K

2(s

< ON*E e POt + Gl d ™5 %) Ly

-9
+|Coglvlicre’ (fRd|x|‘S‘ Oyt (14 Dl )F (XN,u))+C||v||Cle)1 1<s<0

|s|-1
+C||v||cle(Ld|x|‘S“1du+(1+ el 1) F (XN,u))l_ng_l
Sl g4 B o
Jralx® = dp+F 7 (X, ), 2<s<-1,
és+l)q c(iSJrl)q
C @ e ~1<s<d-1,
+€(1+ ”H”]})"UHCH q”ﬂ”lLl s ”/J'”s »
Collull Nl
des—1 1_5*2“’1 sngrl
+Coe® Mgl 7 Ml s=d-1,

where 9 € [Isl -, ISI), 0<9 <9 C=C(d,s)>0and Co,0',Cp, Cy > 0 additionally depend on
(9,9, p,0, respectively.

Before proving Lemma 19, let us show how Theorem 8 follows from it and Theorem 1.

Proof of Theorem 8. Writing v = v, + (v — v¢) and applying the triangle inequality, we find that

N

1 ®2
ky(x, )d(— Oy — )
‘/(‘Rd)Z\A v,y NZ x; M

i=1

1 N ®2 1 N ®2

ky, (x, )d(— Ox;, — ) f kw-vy) (x, )d(— Ox; — ) .
,/(‘[Red)Z\A ve\ X, Y Nz:Zi x; —H ®H2A w-ve) X%, Y Nz:Zi x; —H

Depending on the value of s, we apply the estimates (12), (13), (14), or (15) from Theorem 1 to the
first term on the right-hand side of (118). We use (102) and the modulus of continuity bound (49)
to control

=< + (118)

_1
IVvellio < Cll 4., (1+llogel) 77, (119)

where C=C(d,p)>0.1fve Wi'ﬁ, then by commutativity of differentiation and mollification,
IIVI2ve|| 20 <[IVIZ0] 24 (120)
La-2 La-2

Altogether, we conclude that

1 N ®2
ky, (x, )d(— Ox, — )
j(Rd)z\AV nd[§ Lon-w

1-1 d@-y ¢
1+[logel)' 7 (Fy(Xn, 1)+ Calplad T~ Jlszmastod—2)

<Clll/ll

+1p(
711
+Cmin((||v|| g.,(1+llogel)! n+|||V|2y” 20 Tao (P (X, W+ Colllgd T ),
_ (121)
G-1)
(11 4.0, (1+ Hogel)" v )(FN(XN,WanuquKT 5))1055«”

[1+|log6| F’+“|V| 2 v|| S )FN(XN;/J)I—2<5<0;

+1p

(I
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for g > ;= and g > d 7> Where A,x are as in (10), (11), respectively. Applying (117) to the
second term on the right-hand side of (118) and combining the resulting bound with (121) then
completes the proof. O

We now turn to the proof of Lemma 19.

Proof of Lemma 19. Our starting point is the decomposition

1 N ®2 3
k- (x, )d(— Oy, — ) (x,y) =) Termji, (122)
ﬁRd)Z\A w-ve) X, Y NiZZI xi T H y ]; J
where
1

Termi=— 3 Kw-u)(xi, X)), (123)

1<i#j<N

1 N
Te =-2— ky— i yd , 124
ermy Ni:ZI o K=o (i, ) du(y) (124)
Terms :fRd kw-ve) (%, ) du® (x, ). (125)

We separately estimate each of Term;, Termy, Terms.

Term;. For 1 <i < N, let r; be the nearest-neighbor type distance from (112). By (99) with a =1,
we have the elementary bound

Cllvlige

Vxzy, |kp-v(xy)|< (126)

| x— y|s+1 :
We now consider cases based on the value of s.
If 0 < s < d, then applying the bound (126) to each summand of Term;,

DIDMEESTIN !

i=1j#i

Cl V||01€

|Term; | < N2

e N
< Cl I;\Ucle Z ri—s—l
=l s+l (127)
C||V||C'1€( N )T
s——— ()
U
Fn(Xn, )+ CplluliLr AP

_C6NYFe ( n—l)_s)%’

where the second inequality follows from the definition of r;, the third inequality from the
embedding || - || js+1 < || - |l s, and the fourth inequality from Corollary 17. Above, C,C’ > 0 depend
only ond,s and & <p<soo.If-2<s<-1,thenweusel>|s|—1=0 to instead argue that

Clvligie -
[Term; | < ——C'° ZZI xi— x|
N? i= 1]#1
C||V|| ne N
i= l]#l (128)
2C||v||cle

Z| 1S
2(ls|-1) |s|—-1

S2C’||y||c~1€(fd|x||5|—1d[,t+(1+||u||L1) T F ISl XN, ) |,
R

where we have used |s| -1 < 'Sl and Proposition 18 to obtain the final line.
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If -1 <s <0, then in addition to (126) we observe the bound
Vix=yl<1, |kw-vo | <Clvlglx—yl =1+ [loglx—yl|). (129)

which is a consequence of C! functions being log-Lipschitz (e.g. see [2, Proposition 2.107]).
Interpolating between (126) and (129), we find that for any 9 € [0, 1],

9
_ € )
Vix=yl<1, |k (x| <Cllvlislx—yl S(W) (1+|loglx— y||)1 ) (130)
Note that we may discard the log factor up to taking 9 smaller in the exponent of €. Indeed, for
1=9> 9, we have that
sup Ix—ylﬁ_"c)’(1+|10g|x—y||)1719/ <C, (131)
[x—yl=1
and therefore,

1()/ / / i
|x—yl*s(|x‘iy|) (1+ [loglx= i)™ =€ Lo = y1* =y (14 flogle -y
< C’eﬂ/lx—yllslfﬂ-

Hence, choosing 0 < 9’ < 9 < 1 so that r = |s| — 9 > 0, which translates to |s| — r < 9 < |s|, and
arguing similarly to the previous case,

|Terrn1| == Z Z |k(’/ Ve) ('x y)| +—= 2 Z Z |k(V_VE)(x’y)|

i= lj\xl x]|<l i=1j:|x;— x]|>1
Cllvlgie”
-9
=— 31l 4 Clvl e (133)
i=1

2(s|-9) Isl=9

sCnv||c1eﬂ'(Ad|x|'s"ﬂdu+(1+||u||L1)1‘ TOFyT (X, )|+ Cllvligre.

Combining the bounds (127), (128), (133) for0 <s<d, -2 <s < —1,and —1 < s < 0, respectively,
we conclude

|Term, |
s+1
C(N*)s e dp-n oy =t
< PN + Colllpd 7 ) 7 Toced
N
_20sl-y  Isl=1
+cnvnc-le(fw|x|'5'*1du+(1+||u||L1)1 SR (XN,u))l_kss_l (134)

2(s|-9) Isl=9

/ _2(
[Comtutee{ [0 au (1) F R 0t

+Cl U||C'1€)1—1<s<0,
where C = C(d,s) > 0 and Cy o > 0 additionally depends on 9,9’
Term,. Unpacking the definition of k(,—y,),
fRd Kw—ve) (-, 1) du(y) = (= ve) - VR + div RV VK, (135)

where h/ := g % f. For the first term on the right-hand side, we crudely bound

| =ve) V| oo < 10— vl 1o IV I ] oo

(s+1)q (s+1)gq

~dg-1 dig-1
- CqII,UIIL1 Ty, -1ss<d-1, (136)
=lvle s=d+1 o

AR

C¢9||,Lt||L1 ||,Lt||C-9 , s=d-1,
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464
for g > df‘:fl (g=1ifs=-1) and 0 > s+1—d, where in the final inequality, we have used (99) and
the interpolation estimate
_((js+1)q z(jSHm
Cal fIl, " VISl ™", —1ss<d-1,
19 e =4 S J Wi (137)

1—s=d+l
C9||f||L1 0 ||f||c.,69 , s=d-1.
For the second term on the right-hand side of (135), we again use the interpolation esti-

mate (137) and Hélder’s inequality to obtain

[[divR®=POH||
(s+1)q (s+1)gq
-l 1zscann

1_
Colw-voul,,

= "~ s=d+1 s=d+1
Collw=vomly, " |w=vanuly,” . s=d-1,
-1<s<d-1, (138)

_(stDg (s+1)q
d(g-1) d(g-1)
< ) Callv=velz=lipl,, g™
- l_s—d+1 s—d+1
Collv=vellzollpll ) ™ 0 (lv=vellzollllgo + v = vellgollptllzee) 7, s=d -1,
1— (s+1)gq (s+1)gq
d(g-1) d(g-1)
< ) CqCellvligullpll, sy -lss<d-1,
- 1—s=d+1 , 1-0 s—d+1
Co(Celvligiliplp) ™ 7 (Cellvlignllplige + Colivligre lplle) 0, s=d-1,

where we have also used the algebra property of Hélder-Zygmund spaces.
If -2 <s < -1, then we instead use (126) to bound
(139)

f [kw—ve (6, Y| dipl () < Cenvnc-lf lx— yI75" 1 dlul ().
Rd Rd

Using Proposition 18 with xp = y

1Y Isl-1
— o |
Ni:Zlf[Rdlxl yl Ll ()
_2(sl-1
scf U lx— IS dp+ (T4 fllp) '~
Rd \JRd

2(IsI-1)

|s|-1
< C'lul URd'x"slfld'“' (L4 lplp) T (XN,u)).

Is|—-1
Fy (XN,u))dlyl(y)
(140)

Hence,

1 N
" [s|-1 1 20sl=1 |s‘\s—|1
<C ellvllclllullLl(fRdlxl digl+ (1 +lplp) ™ ® Fy (szy;u)). 141)

Combining the estimates (135), (136), (138), (141), simplifying and relabeling constants, we

conclude that
2 ls-1
el 2 (fdecl'S"1 dp+ (L+ [l ) =T F (XN,u)), —2<s<-1,
T - 1_((js+1)1q és+1)lq
| ermzl_ellvllcl Cq”IJ“Ll (67*)”“”1;1*)’ —155<d—1, (142)
s—d+1 s—d+1 d 1 l_sfceHl sfg+l
+Coe™ >l luljo » s=d-1,

1-
Collpl, ° II,UIIC,(,‘C’

forq>d_d?(qzlifs:—l)and0>s+1—d.
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Terms. Unpacking the definition of k(,-,,) and desymmetrizing,
Terms = fd(v— ve) - VhH dy, (143)
R

and by Hoélder’s inequality,

URd(V— ve)  Vh*dp| < [[v = vell = IVR¥ |l oo [l pll 1. (144)
Using the estimate (136), we conclude that
_ ((js+1)q ((js+1)q
Callpll , “T Npllfs™?, —1<s<d-1,
ITerms| < ell vl lulp 4 ~0H L, HL (145)

1-=—=—=
Collpllyy * Nullsy’  s=zd-1,

for g > d_d? and 6 >s+1-d.
If -2 <s < -1, then we instead argue similarly to Term; to obtain

|Terms| < Ce|lvll o1 Il el 1 fR e dp. (146)

Combining the estimates (145), (146), we conclude that

JpalxS=1dy, —2<-s< -1,
_ (s+D)g (s+1)q
Terms| < ellvlieillpln g Collull, “lulpy ™, -1<s<d-1, (147)
1_57d+1 s—d+1
CH”lJ”Ll g ”l"t”ceg ) Szd_lr
for g > d—g—l and 0 >s+1-d.

Conclusion of proof. Combining the estimates (134), (142), (147) for Term;, Term,, Termg, re-
spectively, we arrive at

1 N 82
k- (x, )d(— Ox; — )
f(Rd)Z\A w-ve) 0 Y Nizzl i~k

s+1
C(NY)S |vllpre dp-n st
= (Fn Ot 0+ Collallrd 7 ) Tocsed

Is|-1
Il

2 _
+Cllvligre(L+lIplp)® (fRd|x|'5' Ydu+F (XN,u))l_z«s_l

, 29 Is|=9
+ C’a,ﬁ,” UllCl (61() (\A‘Qd |x||s|_1() d'u+ (1 + ”'UHLI) Is] Fjvls‘ (XN,IJ)) +€)1_1<5<0 (148)
2 sl
C(Jfuslel® = dp+ (14 Nt p ) F T (X, ), —2<s=-1,
1- (s+1)g (s+1)g
+elpllplivlis Cqllul, dig-1 ”u"z;q—n’ “1<s<d-1,

s—d+1 s—d+1 s—d+1 s—d+1

1—s=d+l s=d+l 1—s=d+l s=d+l
d—s-1
Collull,y * el +Coe®™ Ml * lpld ) s=d-1,

forde[lsl-rlsl),0<9' <9, p> ﬁ, q> ﬁ, and 0 >s+1—d. The constant C depends only
on d,s, while the constants Cy g/, Cp, C4, Cy additionally depend on (9,9'), p, q,6, respectively.
Comparing this inequality to the statement of the lemma, we see that the proofis complete. [
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4.4. Mean-field convergence

Using the defective commutator estimate of Theorem 8, we now show convergence of the
empirical measure for the mean-field particle dynamics (1) to a (necessarily unique) solution
of the limiting PDE (3) in the modulated energy distance. This proves Theorem 10. In contrast
to previous works (cf. [78, Theorem 1.5] and [46, Theorem 1.5]), the rate of convergence is not
the optimal O(N d71) rate. This is not surprising giving we have to pay a price for relaxing the
assumption that the mean-field vector field is Lipschitz.

To close a differential inequality for F (X ]ﬁ,, uh), which is the key step of the theorem, we will
use the following generalization of the Gronwall-Bellman inequality.

Lemma 20. Let a = 0. Suppose that Cy,C,: [0, T]1 — [0,00) are locally integrable, and x: [0, T] —
[0,00) is absolutely continuous with

i =Cl(xH*+Cixt, ae. onlo,TI. (149)

Ifa>1,serI' = (a—1) [ Ce @V G ds. If T, is defined as the maximal time such that
I < (x%)174, then
N 1
Vi<T,, x'<ehGds(0)l-a_jt) @ (150)

Ifa<1, then
t
Vi<T, (x1)'7%<(x0)l9et-ak Cidry - a)f Ciel-@ ki G g (151)
0

t
Proof. For the assertion (150), set z' := e~ Jo G245 x* which satisfies

zt < e*f()tC;dSCII(xt)ﬂ — Clte(afl)fongds(zt)a. (152)
Now let w' := (z")!~%, which is well-defined by our assumption x’ = 0. Since 1 —a <0,
W= (1-a)(z") " = (1-a)Clel@ Do Cids, (153)

Integrating both sides from 0 to ¢ and then rearranging completes the proof.
For the assertion (151), set y' := (z* )1=2 which satisfies the differential inequality

yi<(l-aCl+0-aCly'. (154)
Multiplying both sides of the preceding inequality by e~ =% Jy C3ds , rearranging, then integrating
yields the desired conclusion. O

With this lemma in hand, we turn to the proof of Theorem 10.

Proof of Theorem 10. The second assertion concerning convergence in H~" for r > g follows
immediately from the first assertion and Proposition 16. Therefore, we concentrate on the
modulated energy.

Recall from [85, Lemma 2.1] or [75, Lemma 3.6] that Fxy (X}, ,ut) satisfies the differential
inequality

d 1Y ®2
—Fn(X5,uh) Sf Vg(x—y)-(ut(x)—ur(y))d(ﬁZéx;—u”) , (155)
i=1 '

dr (RI)2\A

where u’ := V! —MVg = u’. To make the presentation more digestible, let us break the argument
into cases based on whether s is (super-) Coulomb, sub-Coulomb, or nonsingular.
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Case 1: s =d —2. Note that % +s+2-d= %, with strict inequality if s > d — 2, and so by Sobolev
embedding,

d(g-1)
I lze < Cll'l ‘T“;” g, @9 #(00,d-2), (156)
Il g, < IV ,Hp+C|M|||u [P (157)
18 N gsre-a <IN g s g, (158)

For a.e. t, we apply Theorem 8 with v = u?, g <ooifs=d-2and g = coifs>=d-2,and § =s+2-d
ifs=d -1, to obtain

FX,
dr N(N,u)

-1 t ot t da-b) g
<Colu'll g, (1+ ogedl) 7 (Fu (X u) + Collu“lzad, 7 )
s+1

dg-n_ st
+CNT*16t||u’I|c'1(FN(va»ﬂt)+Cq||’~‘t“LMf ) 159

(s+1)g +
d(g-1) 1
+edu ||C1(cq||u 57 Lo + oI 17+ M 1 1)

where ¢; is to be chosen momentarily and A; corresponds to (10) with u = u’. Letting

71) (s+1)g

d(
&' =Fn(Xf,u") + sup er(c,,nu lpady & S+ Cqllp Iy Locd1

t<t<T

+ d 1 s—d+1
+C9(||u Iy +er 'l od )lszd—l),

it follows from the inequality (159) that

d—é“"<cl(£‘) Cle, (160)
where
cl= edulllp, (161)
c2 =Collufl g, (1+loge:)' 7. (162)
Appealing to (150) with a = ==, we obtain

/ _1
Yost<T,, é”sexp(/ Cpllu’ ||,g+1yp(1+|log€tr|)l pdt

// —S

s+ f Collut"| (1+\loge u\)
((50) S——f NS e ! e ©T e ' df'| . 163)

We have quite a bit of freedom to choose €; to obtain a satisfactory estimate. For example,
choose € = ¢; (i.e. time-independent) to satisfy the implicit equation € = 6N1_@_“(c§’0)_é for
8, a > 0 fixed. This is possible to do because unpacking the definition of £, the implicit equation
for e may be rewritten as

d( —1) (s+1)q
(FN(X 1) +¢€ sup (qulu lral, +Cq||,LtT||zy_D lscd-1
0<t<T
s=d+1 _2(s+D) _
+ColTl ety )lszdfl))=(61\rl =) a6y

The left-hand side, which is a continuous function of ¢, tends to zero as € — 0 and to co as € — co.
So, a solution exists by the intermediate value theorem.
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With this choice for ¢;,
2(s+1) ’ 1 t " 1-1
f N=s “lelut ||C~1exp(gfO Cpllu' ”W“%"”(lﬂloge') pdt”)dt’

SN(EYs (T 1T !
<— u 51 € - Cyllu
[ e xp(sf0 ol

1
C(l+|logr\)17?

1-1
1+|log(N1‘@‘“6)|+Elog§0|) p).

—0asr — 0%, we see that we can choose
a,dr", |F v (X%, u®)| such that for
d,

As1-— % < 1, and for any constant C >0, re
6 > 0 sufficiently small depending onlyon d,s, p, «, fOT Il u!” II

L1+
W
every0=¢=<T,

! 1
1 /5 Cpllu'| 1+ (l+|10g€|)

1 [0 26+ / 1
(o@")‘i—gf NS Teulge t’zi(o@")‘%, (165)
0

which allows us to upgrade the bound (163) to

)75)

YO<t<T, @@”<2S£’°exp(f Cpllu' || +1p(1+|1og(6 ) ’”dt’). (166)

Evidently, the precedlng right-hand side Vanlshes as N — oo provided that for any C > 0,

|Fn (X3 1 )|eC”°gN| K 0as N — oo (e.g. F(X%, u°%) = O(N~") for some r > 0). This completes
the argument in the (super-)Coulomb case.

Case 2: 0 <s <d—2. We divide further into two cases based on the value of p in the assumption
that u’ e W%+S+2_d P

Ifp< d 2, then we may choose an exponent r satisfying min(2,p) < r < d > so that letting
a —Z(r +1), we have a€ (d,d +2) and

9120 | 2o, < NIVIEVE] 2q +CMIJIVIES* T o
_ 2 e+ %+s+2—dut”Lr (167)
1913V 2o, +Ciual] v
< [IVIEV/| g +CMIIVIE 0],

where the final inequality is by Sobolev embedding. Recycling notation, let
(s+1)q

1)
&' = Fy(Xl,u')+ sup er(cqnu oAy T %4 ™ 5 "), (168)

t<t<T

Applying Theorem 8, we have that (160) holds with C{,C} as in (161), (162), respectively. Repeat-
ing the argument from the d — 2 < s < d case then completes the proof
Ifp= ﬁ, then we cannot necessarily control the term |||V|2 utn 2d for a e (d d+2), by

llee || 9 ieiady and instead have to use the suboptimal estimate only requiring [[|V] " u” | T
Ld-s-2

Indeed ifr= d — 2, then by Sobolev embedding,

L

V1% ] o = IVIFV| e +Cl1V17 Vg 5

<[Ivi*v || 2 +CIMINEN g e, (169)
= HIVI ZV! || S +C' M| || -
Since d2d2 =Spsg —st—z’ we are done. Redefining
dig-1 _ és+1)q
&' =Fn(Xp, 1)+ sup ETCq(”[JT"LqKT q +|I,u [ u 1)), (170)

t<t<T
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the inequality (160) holds with C{, C} as before, and repeating the same reasoning completes the
proof.

Case 3: —2 <s < 0. We divide into two cases based on the value of s.
If -2 <s< -1, then we redefine

&= Fn(XE, ') + sup Ce,]nlxﬂﬂ_ldur, (171)
t<t<T Rd
and we see from Theorem 8 that &’ obeys the differential inequality,
d Isl-1
agkcmﬂwﬂ+@£2 (172)
where C/ is as above, but now C{ := C||u' || s1€;. Applying (151) with a = \s|\—|1 , we obtain
1 1 1
VEST, (E9F < (@0 exp(ﬁf o) g f (g f ciar)ar.  am)
0 s s
For any a > 0, we can choose ¢; = N~™¢, and it follows that the precedlng right-hand side tends to
zero as N — oo provided that for some A >0, |FN( oM 0) B eA(”l"gN) ﬁ —0as N — oo.
If -1 <s <0, then we instead let
(s+1)gq
EV=FnXL,uh)+ sup (q9 g€l f |x|'1=? dp” + Cer(l +Cqllp 5" )) (174)
t<t<T

and we see from Theorem 8 that &’ obeys the differential inequality,
d Isi=8
—gt <Cl(&H & +Clér, (175)

\S\ ’

where C/ is as above, but now C{ := Cy| utllclet Applying (151) with a = we find that

VisT, (&' )|s\ < (&% exp(lﬁlf C; dr) +Efo Clt’ exp(%/ C; dr)dt’. (176)
t/

Choosing €; = N~% then concludes the argument. With this last case, the proof of the theorem is
complete. O

5. Remaining questions and open problems

We conclude the paper by discussing a few questions that have been so far unaddressed and
posing several open problems concerning transport-commutator functional inequalities, the
regularity of the transport, and the regularity of the mean-field density. We hope that this
discussion will inspire future research on the subject.

5.1. Optimal sub-Coulomb transport regularity

Aswe noted in Section 1, there is an unfortunate gap between the two sub-Coulomb commutator

estimates (13),d (14) in Theorem 1. In the latter, the rate in N is suboptimal, but the transport

regularity [[|V|Z v ||Ld 24 is expected to be optimal in light of Corollary 6(i). While in the former,
—s-2

the rate in N is optimal, but the transport regularity “ IVI% l/“ 24 1,5, for a € (d,d + 2), although

scaling the same way as |||V| z vn S is stronger by Sobolev embedding and we believe

suboptimal.
The ﬁrst problem we pose is to show a commutator estlrnate which has both the sharp
error N4~ and the believed sharp transport regularity “IVI 2 v|| 24 when 0 <s<d-2.
—s-2
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The dependence ||[VI3v| ., for any a € (d,d +2), is an artifact of our passing through an
intermediate commutatorL(;;%imate for Bessel potentials in the proof of Theorem 8. We expect
the latter to be the optimal regularity dependence even with the sharp N a1 error, but it does not
seem obtainable with our current proof. The solution to this problem likely requires devising a
different renormalization argument compared to [46,62], given this part of the proofis the source
of the issue. As the latter cited work is the only one that gives sharp errors, let us explain more
why its approach does not seem amenable to obtaining the optimal transport regularity.

The starting point for the argument of [46] is a “wavelet-type” representation of the Riesz
potential g as an average of approximate identities, which may be truncated at small scale = 0
to obtain

o d-s dr
Vx#0, gp(x):=cypds t th(X)T, 177)
n

where ¢ is any sufficiently nice radial function with nonnegative Fourier transform, ¢,(x) :=
t~9¢(x/1), and Cp,d,s depends on ¢, d,s. Given suitable assumptions on ¢ (see [46, Lemma 2.2]),
g, enjoys a number of nice properties. For instance, g, is bounded for n > 0, g, < g, g;, is positive
definite, and g — g; decays rapidly at scale n outside the ball B(0,n). In the log case s = 0, the
integral has to be renormalized at large scales to obtain a convergent expression.

The main technical result [46, Corollary 3.2] is a commutator estimate for the truncated
potential,

f (v(x) —v()-Vegn(x-NFROF () SC(v)[ gn(x—fX)fW. (178)
(Rd)z (Rd)Z

This is achieved by using the representation (177) and scaling invariance to reduce the problem to
proving the estimate with g; replaced by ¢. Taking ¢ to be the Bessel potential G(&) = (2m&)~2 with
a € (d,d +2), this then holds as a consequence of Kato—Ponce-type commutator estimates for the
inhomogeneous Fourier multiplier (V)? (the availability of such estimates motivates our choice
of ¢), but with a norm on v of the form |[|V]*2v| 24 - The upper bound on a is not important to
us, as we would like to take a = d —s. The lower bound is natural given a > d is necessary for ¢ to
be bounded, which in turn is needed for the truncated potential g;, to be bounded.

Theorem 5 suggests that approaches based on an intermediate kernel ¢ with fast Fourier decay
necessarily result in an estimate with a suboptimal regularity requirement for v. The question
thus remains whether (178) can be established directly, i.e. without relying on an intermediate
commutator estimate for the potential ¢.

5.2. Localizability

Another important question is the localizability of commutator estimates. To illustrate what we
mean, consider the Coulomb case s = d—2. Integrating by parts, one has the electric reformulation
of the energy

1
f( oy gx—- WX f(y) = o fR ) \Vh/ 2, 179)
,S

where i/ := g+ f. Evidently, this latter quantity may be localized to any domain Q c RY. Exploiting
the stress-energy tensor structure the commutator possesses when s = d—2, one has the localized

commutator estimate
f (v(x) - v(y)-Vex -y ) f(y) SCHVUHL‘X’f IVR/ 2. (180)
(Rd)? supp v

This argument can also be extended to s > d — 2, as well as to higher-order commutator estimates
and their renormalized variants [55,78,86]. Such localized estimates are important for applica-
tions to CLTs for the fluctuations of Riesz gases at mesoscales (e.g. see [87, Part 3]).
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The case of a local version of the (renormalized) commutator estimate is open for the sub-
Coulomb range, where the commutator no longer has the same stress-energy tensor structure as
is crucial to the argument in [78]. Moreover, the proofs in [46,62] are not suitable for localized
estimates given their reliance on intermediary nonlocal commutator estimates.

In the (sub-Coulomb) “local” case s = d — 2k, for integer k = 2, where g is the fundamental
solution of (~A)¥, one can still reformulate the energy,

1
f(Rd)zg(x—y)f(x)f(y) = afRdW@khfﬁ, (181)
S

where the electric field Vi/ is replaced by the k-tensor field V®*h/, and evidently, the latter
quantity in (181) may be localized as before. Preliminary calculations indicate that there is
a “higher-order” stress-energy tensor structure to the commutator in this case, which may be
exploited through integration by parts to prove an unrenormalized commutator estimate. That
said, the optimal regularity dependence for v remains to be determined. In the nonlocal case
s #d — 2k, this reasoning can likely be adapted using the generalization of the Caffarelli-Silvestre
extension for higher powers of the fractional Laplacian [91], analogous to the relation between
the Coulomb case d — 2 and the super-Coulomb case s >d —-2.

What is less straightforward and the crux of the problem is finding a suitable renormalization
scheme with which to combine the unrenormalized localized commutator estimate to obtain a
localized version of the estimate (13) or (14). The two renormalization schemes available for the
sub-Coulomb case, the averaging scheme in [62] and the potential truncation scheme in [46],
do not seem suited to this task. The former will not produce sharp errors in N, while the latter
cannot obviously be combined with the localized electric formulation described above.

5.3. Higher-order estimates
So far, we have only considered first-order commutator estimates corresponding to the first vari-

ation (6) of the modulated energy. Also of interest are the higher-order variations corresponding
ton=2in

a eN
de tZOFN((ﬂ"' 1)V (XN), I+ tv)#p)
1
= — v®n _ . _ ®nd _ ®2
2/(Rd)2\A gx-y):(vx)-v(y) " dun - w 182
::An[XN,/J, y],

where [+ tv, (1+ tv)®" are as in Section 1.2 and : denotes the inner product between tensors. As
in the first-order case, one seeks to control these quantities by C, (Fn (X, ) + C,N™%), and we
call such control a higher-order commutator estimate.

Second-order (i.e. n = 2) estimates are important for the aforementioned transport method for
studying the fluctuations of Coulomb/Riesz gases, as well as for deriving mean-field limits with
multiplicative noise [67]. Estimates beyond second order are also useful, allowing to obtain finer
estimates on the fluctuations of Riesz gases to treat a broader class of interactions [63] and also
to compute the asymptotics of n-th order cumulants [73].

Higher-order commutator estimates were first shown at second order in [55,67] for the d = 2
Coulomb case, then in [86] for the general Coulomb case (but with an estimate that is suboptimal
in its dependence on Fy), and later in [62,80] for the full range —2 < s < d, as well as for more
general Riesz-type interactions. The approach of [62] yields higher-order estimates, but these are
generally not sharp in their additive error. In contrast, the estimates from [86] are sharp but only
to second order for the d = 2 Coulomb case. More importantly, their proof is quite intricate and
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not evidently generalizable to higher order. In [78], sharp localized estimates were shown at all
orders for the (super-)Coulomb case by means of a delicate induction argument.

Although it is somewhat orthogonal to our focus on transport regularity, given its importance
for studying fluctuations around the mean-field limit, we start by posing the problem of a sharp
estimate for higher-order commutators in the sub-Coulomb case s < d —2. The aforementioned
work [46] by the authors proves a sharp first-order estimate, but it is not clear how to extend
the method of that paper to n = 2. Desymmetrizing (182) and writing in terms of iterated
commutators entails difficulties of considering commutators of commutators, not too mention
the algebraic complexity as n increases. Moreover, the approach to higher orders in [62] via
integrating by parts to throw derivatives onto the commutator kernel is not obviously compatible
with the renormalization scheme in [46].

Even for the (super)Coulomb case, where a sharp localized estimate at any order has been
shown by the last two authors in [78], the transport regularity assumptions are not fully satisfac-
tory, and this issue is intimately linked to the regularity theory for commutators, first initiated
in that work. To illustrate what we mean, we recall some facts from [78]. So as to focus on the
main ideas, we limit the discussion to the Coulomb case, but we note that everything may be
generalized to the super-Coulomb case.

Fixing a vector field v and given a test function f, let x"""/ be the n-th order commutator
defined by

K= [ vglem ) s (000 -0)" df ). (183)
xmf obeys the PDE (see [78, Section 4.1] for the calculation)

~Ak =g (D" Y By, v 0y, v f = 10 (00 v
o€S, —no; v-aiv("_l)’f +n(n-1)(0; )2 p(”_z)’f, (184)

where S,, denotes the symmetric group on [n] and a repeated index denotes summation over
that index. On the right-hand side, v is a vector field on RY that “morally” is like V", while p
(not to be confused with the mean-field density) is a symmetric matrix field on R? that morally
is like VE2x (" (see [78, (4.12), (4.14)], respectively, for the precise definitions). The right-hand
side of (184) is good because it only depends on lower-order (i.e. n — 1, n — 2) commutators.

We believe that the right-hand side of (184) can be written in divergence form involving terms
built from products of the components of Vv and v\ for m < n—1. More precisely, we conjecture

n
. i (n=1), i i (n—k),
—Ax S = —I’lle(VUlVE.n )f) + Z Cr.n Z (—1)'U'aia(km (aia(l)v” 0y piky (" )f), (185)
k=1

Tk+1
0€Sk11

where Cy ; are certain combinatorial coefficients and |o| denotes the signature of the permuta-
tion o. By testing (185) against k" := g * w, using that

1
‘/(‘Rd)z(v(x) - U(y)) Vg(x_J’)f(x)g(J/) = ;ﬁ;d (—A)K(n)'fhg’ (186)
S

and reversing the product rule, one arrives at a stress-energy tensor structure to the higher-order
commutators. If such an identity (185) holds and one has a bound

f |v(m”f|2scm(||vV||Loo)2’”f VAP, m<n-1, (187)
Rd supp Vv

then it follows immediately from integration by parts and Cauchy-Schwarz that
[ < coivuis) [ onfe, (188)
Rd supp Vv

Since the v’s obey a recursion in terms of the Vk’s (see [78, (4.13)]), the estimate (188) implies
that (187) holds for m = n and by induction, the estimates (188), (187) hold for any integer n = 1.
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Unfortunately, we were only able to prove the identity (185) for n < 2 (see [78, Section 4.3]),
and the computation is already quite involved once n = 2. If we stick with the non-divergence
form of the right-hand side of (184), then we encounter terms that have a factor of x™f. For
example,

fd k"I 3v-0;v S = _fd 0ix"™ oy — g K gy (189)
R R R

One cannot simply use Cauchy-Schwarz on the second term on the right-hand side, as in general,
there is no way to control fsuppvylk(”)’f 12 by fsupvaIVK(”)'f |2. However, if one’s primary interest
is in localized estimates, then there is a way out of this issue by exploiting the localization from
the start. Since —Ax"”/ has zero average, we may equivalently test the equation (184) against
kW .S where "/ denotes the average in a ball B containing the support of v. The strategy
is to integrate by parts and use Cauchy-Schwarz as before, setting up an induction argument for
estimates satisfied by k"/, v/ (M f (see [78, Lemma 4.4]). Crucially, the Lebesgue measure
on B satisfies a Poincaré inequality, which allows to control [k "/ — &/ |2 by [,|VxDf 2,

Although this approach requires a bound for || V®2y| 10, which is a stronger demand than the
Lipschitz requirement that would follow if (185) holds, this is still sufficient for applications, such
as to CLTs for linear statistics of Coulomb/Riesz gases. Nevertheless, improving the regularity to
[IVv]lr~ would allow one to consider rougher test functions in this application, not to mention
the aesthetic motivation for an estimate that is uniform in the localization.

5.4. Scaling-critical mean-field convergence for p = co

The last question we consider concerns Theorems 8 and 10 in the excluded case p = co. The case
p = 1is also excluded, but this is not particularly relevant because the critical space W*>! never
corresponds to a nonincreasing/conserved quantity, unlike L>°, which is scaling-critical in the
Coulomb case.

First, the reader should recall from Remark 9 that per our notation (see Section 1.5), the limit

i > +s+2—d,p

d
of the space W» as p — oo is the space

{res'®: (=% 9f] 1 <oo}. (190)

This space is not well-behaved from a harmonic analysis perspective in terms of singular integral
operators/Fourier multipliers being bounded on it, and a more natural L*°-type space is the
homogeneous Holder-Zygmund space C5*2~9, which is well-behaved. In particular, we have

IMVg * pl| o1 < IMIll goraa.- (191)
0

If s=d -2 (i.e. Coulomb), then C° should be understood as the homogeneous Besov space BY, ..,

into which L* embeds.

One can still prove a defective commutatO}r estimate like Theorem 8 when the vector field
ve(l, butthe divergent prefactor [1 + |loge|)1_ » that comes from estimating ||V ve || 1 is replaced
by 1+ |loge|l. In the log case s = 0, this factor 1 + |loge] is still sufficient to prove a version
of Theorem 10 (see [69, Proposition 1.8]) by essentially taking € = €; to be comparable to the
modulated energy Fy(X%,u") and using that r|logr| satisfies the conditions of the Osgood
lemma. Importantly, in estimating the mollification error v — v, (specifically, Term; in the proof
of Lemma 19), the log-Lipschitz regularity of v allows one to bound for |x; — x;| < %,

[loglx; — xjl|

[Vgxi = ) (0= v (xi) = (= v ()| < Cllvllen =Clvllpglei—x).  (192)

lx; — xj1®
This relation is, of course, only true in the log case. When 0 < s < d, one has the leftover factor
|log|x,~ - Xjl | In the proof of [70, Proposition 4.1], this extra log factor is handled by controlling
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the minimal distance between points by the N-particle energy. Taking € x N~ for large enough
a > 0 then allows one to close a Gronwall relation, but only for short times depending on the size
of the initial modulated energy. The reason is that one encounters the quantity N~ C?llogN -,
for some f > 0, which only vanishes as N — oo if ¢ is small enough (independently of N). Even
replacing this part of the argument with that used to estimate Term; in Lemma 19 would not
suffice if we only had bound [[Vvell 1~ < (1 + [logel). The prefactor N -1¢ on the right-hand
side of (117) when 0 < s < d again requires our taking € < N~ for large enough «, and we
would run into the same short-time issue as before. Thus, what is essential is having the control
IVvellzo s (1 + |loge|)6 for 0 € (0,1), which is made possible by the stronger assumption that

veWwrh?,

To date, mean-field convergence under the assumption that the limiting density y € LLY
has only been shown to hold on some interval of time [0, T.], despite the fact that solutions
of the mean-field equation are global. Removing this short-time restriction, which we think is
purely technical, is an important open problem. More generally, it would be desirable to show
convergence without any short-time restriction in the super-Coulomb case when p € L‘;OC;*Z“’.
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