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Abstract. We are interested in how regular a transport velocity field must be in order to control Riesz-type
commutators. Estimates for these commutators play a central role in the analysis of the mean-field limit and
fluctuations for systems of particles with pairwise Riesz interactions through modulated energy techniques,
which we start by reviewing. In these applications, the transport field is generated by the limiting PDE or by
its adjoint linearized flow. Relaxing the regularity demanded of the transport field to control the commutator
enlarges the class of limiting densities and fluctuation observables accessible to the method, especially at
scaling-critical regularities.

Our first new result shows that the usual L∞ assumption on the gradient of the velocity field cannot, in
general, be relaxed to a BMO assumption. We construct counterexamples in all dimensions and all Riesz
singularities −2 < s < d, except for the one-dimensional logarithmic endpoint s = 0. At this exceptional
endpoint, such a relaxation is possible, a fact related to the classical Coifman–Rochberg–Weiss commutator
bound for the Hilbert transform. Our second result identifies a trade-off between the singularity of the
interaction potential and the required regularity of the velocity field. Roughly speaking, smoother (less
singular) interactions require stronger velocity control if one wants a commutator estimate in the natural
energy seminorm determined by the potential. We formulate this principle for a broad class of potentials
and show that, in the sub-Coulomb Riesz regime, the velocity regularity appearing in the known commutator
inequality is sharp. Despite these negative findings, we show as our third result that a defective commutator
estimate holds for almost-Lipschitz transport fields. Such a defective estimate, which is a consequence of the
celebrated Brezis–Wainger–Hansson inequality, allows us to prove rates of convergence when the mean-field
density belongs to the scaling-critical Sobolev space.
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This article is dedicated to the memory of Haïm Brezis whose life and work were a great source of
inspiration

1. Introduction

1.1. Mean-field limits

In recent years, the study of mean-field limits for interacting particle systems has seen significant
progress. A basic model is the first-order system1

ẋ t
i =

1

N

∑
1≤ j≤N : j ̸=i

M∇g(x t
i −x t

j )−Vt (x t
i ), i ∈ [N ]. (1)

Here, g is an interaction potential to be specified, and Vt is a (possibly time-dependent) exter-
nal field. M is a d×d matrix with real entries that specifies the type of dynamics, with M = −I
(gradient/dissipative) and M antisymmetric (Hamiltonian/conservative) being the most com-
mon choices. The mean-field limit refers to the convergence as N → ∞ of the empirical mea-
sure

µt
N := 1

N

N∑
i=1

δx t
i

(2)

associated to a solution X t
N := (x t

1, . . . , x t
N ) of the system (1). Assuming the initial points X 0

N are
such that µ0

N converges to a sufficiently regular measure µ0, a formal calculation leads one to
expect that for t > 0, µt

N converges to the solution of the mean-field equation

∂tµ
t = div

(
µt (Vt−M∇g∗µt )

)
. (3)

Convergence of the empirical measure is qualitatively equivalent to propagation of molecular
chaos (see [28,42] and references therein). This latter notion means that if f 0

N (x1, . . . , xN ) =
Law(X 0

N ) is µ0-chaotic (i.e. the k-point marginals f 0
N ;k * (µ0)⊗k as N → ∞ for every fixed k),

then f t
N = Law(X t

N ) is µt -chaotic.
Mean-field limits for systems of the form (1) have a long history, beginning with regular drifts

(typically, Lipschitz) and then progressing to increasingly more singular interactions over the
years. In the interest of brevity, we refer to the introduction of our companion paper [46] for
some guidance to the literature giving a proper review of these developments.

Instead, we focus on the much more recent treatment of singular interactions, model exam-
ples of which are the family of log/Riesz potentials2 given by

g(x) :=
{

1
s |x|−s, s ̸= 0,

− log|x|, s= 0.
(4)

We consider any dimension d ≥ 1 and assume that −2 < s < d. Up to a normalizing constant cd,s,

the potential g is the fundamental solution of the fractional Laplacian (−∆)
d−s

2 = |∇|d−s, i.e.
|∇|d−sg= cd,sδ0. The cases 0 ≤ s< d and −2 < s< 0 are respectively referred to as the singular and
nonsingular regimes because of the behavior of g at the origin. The restriction s > −2 is natural
because the Riesz potential ceases to be conditionally positive definite at s=−2.3 The restriction

1More general dynamics include positive temperature, non-pairwise interactions, non-translation-invariant kernels,
and second-order/kinetic models.

2Since the log case may be understood as the s→ 0 limit of the Riesz case, we always mean the term “Riesz” to include
the log case.

3We say that a kernel k : Rd ×Rd → R is conditionally positive definite (CPD) iff for any signed Borel measure ρ with
zero mass, it holds that

∫
(Rd)2 k(x, y)dρ(x)dρ(y) ≥ 0. When the inequality is strict for any nonzero ρ, k is said to be strictly

CPD (SCPD).
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to the potential regime s< d, in which g is locally integrable, is to exclude the hypersingular case,
which is not of the mean-field type considered in this paper (e.g. see [38,39]). The case s = d−2
corresponds to the classical Coulomb potential from electrostatics/gravitation. Based on this
threshold, it is convenient to call the interaction sub-Coulomb if s < d− 2 and super-Coulomb
if s > d− 2. More generally, long-range interactions of the form (4) play an important role in
physics [24], approximation theory [6], and machine learning [1,35,43,44] — just to name a few
fields. Motivations for considering systems of the form (1) are extensively reviewed in [87].

Mean-field convergence for the full range −2 < s < d has only been resolved in the last
few years: the nonsingular case −2 < s < 0 [80], the sub-Coulomb case s < d− 2, [16,41], the
Coulomb/super-Coulomb case d−2 ≤ s < d [5,17,25,85], and the full singular case 0 ≤ s < d [62].
See also [9,45,67,74] for further extensions incorporating noise. These advances are due in large
part to the modulated energy method, which we review in the next subsection. For a more
thorough review of the method, we refer to the third author’s lecture notes [87, Part 2] and the
second author’s recent survey [72].

1.2. Modulated energy and commutators

Since the empirical measure µt
N associated with the microscopic system (1) is a weak solution of

the mean-field equation (3), a natural approach for showing mean-field convergence is a weak-
strong stability estimate for (3). For Riesz interactions, such stability is conveniently formulated
in terms of the energy-based distance

FN (XN ,µ) := 1

2

∫
(Rd)2\△

g(x − y)d

(
1

N

N∑
i=1

δxi −µ
)
(x)d

(
1

N

N∑
i=1

δxi −µ
)
(y), (5)

where we excise the diagonal △ := {
(x, y) ∈ (Rd)2 : x = y

}
from the domain of integration in order

to remove the infinite self-interaction of each particle. The modulated energy (5) originated in
the study of the statistical mechanics of Coulomb/Riesz gases [64,81–83] and later was used in
the derivation of mean-field dynamics [25,62,85] and following works. In the nonsingular case,
where the diagonal contribution vanishes, the modulated energy coincides with the square of
what is known in the statistics literature as maximum mean discrepancy (MMD) [31–33], a type of
integral probability metric [61]. MMDs for varying choices of kernels are widely used in statistics
and machine learning contexts as distances between probability measures (e.g. see [44,54,59]).
We refer to [87, Chapter 4] for a comprehensive discussion of the modulated energy.

The modulated energy approach to mean-field convergence consists of establishing a Grön-
wall relation for FN (X t

N ,µt ), where X t
N is a solution of the microscopic system (1) and µt is a solu-

tion of the mean-field equation (3). An essential point in this approach is to control the derivative
of FN along a transport v : Rd →Rd, that is

d

dt

∣∣∣∣
t=0

FN
(
(I+ t v)⊕N (XN ), (I+ t v)#µ

)= 1

2

∫
(Rd)2\△

∇g(x − y) · (v(x)− v(y)
)

d(µN −µ)⊗2(x, y), (6)

where for any configuration XN = (x1, . . . , xN ), µN denotes 1
N

∑N
i=1δxi , I : Rd → Rd is the identity

and (I+ t v)⊕N (XN ) := (
x1 + t v(x1), . . . , xN + t v(xN )

)
. For applications to the mean-field limit, v is

the velocity field of the limiting evolution (3). For applications to central limit theorems (CLTs) for
the fluctuations (the next-order description beyond the mean-field limit), v is the gradient of a
test function evolved along the adjoint linearized mean-field flow [18,48]. These inequalities are
at the core of the “transport” approach to fluctuations of canonical Gibbs ensembles [4,55,63,86]
and also appear in the loop (Dyson–Schwinger) equations in the random matrix theory literature,
e.g. [3,7,8]. Higher-order variations of the modulated energy are also important, a point we return
to in Section 5.3.
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The desired control is a functional inequality of the form∣∣(6)
∣∣≤C1

(
FN (XN ,µ)+C2N−α)

, (7)

where α > 0 depends on d and s, C1 > 0 is a constant depending on d,s, v , and C2 > 0 depends
on d,s,µ. In applications, an estimate of the form (7) turns the derivative formula (6) into a
Grönwall- or more generally Osgood-type bound for FN (X t

N ,µt ). The coercivity of the modulated
energy (see, e.g., [46, Proposition 2.15]) then implies that if the initial modulated energy vanishes,
then one obtains the convergence of the empirical measure µt

N to the mean-field density µt with
an explicit rate in negative-order Sobolev distances, locally uniformly in time. The method is
inherently quantitative and, importantly, requires no knowledge of the microscopic dynamics
in terms of individual particle trajectories — information that is difficult to obtain in practice.
As alluded to above, the method works because there is a weak-strong stability principle for the
mean-field equation (3) in the energy distance (see, e.g., [87, Section 6.2.2]).

The form of control (7) was first proved by Leblé and the third author in [55] in the 2D Coulomb
case, then generalized to the super-Coulomb case in [85]. The proof relied on identifying a stress-
energy tensor structure in (6) and using integration by parts. Subsequently, the second author [67]
observed that the expressions (6) may also be viewed as the quadratic form of a commutator,
akin to the famous Calderón commutator [15,21,22,84]. Indeed, ignoring the exclusion of the
diagonal, ∫

(Rd)2

(
v(x)− v(y)

) ·∇g(x − y) f (x)g (y)dx dy = cd,s
〈

f ,
[
v · ,∇|∇|s−d]

g
〉

L2
, (8)

where 〈 · , · 〉L2 denotes the L2 inner product. For this reason, estimates of the form (7) are called
commutator estimates.

This commutator perspective was used by the last two authors and Q. H. Nguyen [62] to show
the desired functional inequality for the full singular regime as well as a broader class of Riesz-
type interactions including Lennard–Jones-type potentials. The argument of [62] has also been
extended to the nonsingular regime [80]. As recognized in [78], the stress-energy and commuta-
tor perspectives are in fact two sides of the same coin. These functional inequalities are crucial
not only for proving CLTs for fluctuations of Riesz gases [55,63,86], but also for deriving mean-
field limits [19,62,66,69,70,78,85] and large deviation principles [45]. They have also been used
to show the joint classical and mean-field limits for quantum systems of particles [29], and the
supercritical mean-field limits of classical [36,58,71,77] and quantum systems of particles [65,68].

Let us also mention that for gradient dynamics at positive temperature (i.e. with Brown-
ian noise in the microscopic dynamics (1)), the modulated energy combines naturally with
the previously used relative entropy [27,34,49,75] in the form of the modulated free energy [9–
11,14,19,75,76], which is well-suited to proving entropic propagation of chaos and can even han-
dle logarithmically attractive interactions [10,11,20]. Commutator estimates play the same es-
sential role in the positive temperature setting.

The main problem for these functional inequalities has been to determine the optimal size of
the additive error, i.e. the exponent α in (7), which a priori depends on d and s. In formulating
optimality, the appropriate comparison is with the minimal size of FN (XN ,µ). When 0 ≤ s < d,

it is known that F(XN ,µ) + log(N∥µ∥L∞ )
2dN 1s=0 ≥ −C∥µ∥

s
d
L∞N

s
d−1 for C = C (d,s) > 0 and this lower

bound is sharp [46,78].4 In controlling the magnitude of (6), one needs a right-hand side which
is also nonnegative. Thus, the best error one may hope for is of size N

s
d−1. When −2 < s < 0, the

modulated energy is nonnegative (it is a squared MMD as mentioned above), and its minimal

4The term
log(N∥µ∥L∞ )

2dN in the s= 0 case is not an additive error like ∥µ∥
s
d
L∞ N

s
d−1, but rather a consequence of the fact

that the right quantity to consider is F(XN ,µ)+ log(N∥µ∥L∞ )
2dN 1s=0.
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value is ∝ N
s
d−1 [47]. Moreover, the functional inequality holds without additive error because

the interaction is nonsingular [80].
Only very recently has the program to show the sharp N

s
d−1 error rate been completed by the

authors and collaborators: first, the Coulomb case [55,71,86], then the entire (super-)Coulomb
case [78], and finally the entire singular Riesz case [46]. The completion of this program has
yielded the sharp rates of convergence for the mean-field limit in the modulated energy distance.
It has also been crucial for studying fluctuations around the mean-field limit in and out of thermal
equilibrium [48,55,63,73,79,86].

Summarizing the state of the art for these commutator estimates is the following theorem,
combining the results of [46,62,74,78,80]. In particular, taking p =∞ in (12), (13) below yields the
announced sharp N

s
d−1 additive error.

To compactify the notation, given a point configuration XN , reference measure µ, and vector
field v , let us write

A1[XN ,µ, v] :=
∫

(Rd)2\△
∇g(x − y) · (v(x)− v(y)

)
d

(
1

N

N∑
i=1

δxi −µ
)⊗2

(x, y). (9)

The subscript 1 indicates that A1 is a first-order variation/commutator, a point whose signifi-
cance will become clearer in Section 5.3.

Theorem 1. Let −2 < s < d. Let µ ∈ L1 ∩Lp for d
d−s < p ≤∞ with

∫
Rd dµ = 1, and associated to µ,

define the length scales

λ := (
N∥µ∥Lp

)− 1
d , (10)

κ := (
N

1
s+1 ∥µ∥Lp

)− 1
d . (11)

When −2 < s≤ 0, assume that
∫

(Rd)2 |g|(x− y)d|µ|⊗2 <∞.5 Let v be a Lipschitz vector field. Then for
any pairwise distinct point configuration XN ∈ (Rd)N , the following hold.
• If s≥ max(0,d−2), then∣∣A1[XN ,µ, v]

∣∣≤C∥∇v∥L∞

(
FN (XN ,µ)− logλ

2N
1s=0 +Cp∥µ∥Lpλ

d(p−1)
p −s

)
(12)

(cf. [78]).
• If 0 ≤ s< d−2, then for any a ∈ (d,d+2),∣∣A1[XN ,µ, v]

∣∣
≤C

(
∥∇v∥L∞ +Ca

∥∥|∇| a
2 v

∥∥
L

2d
a−2

1a>2

)(
FN (XN ,µ)− logλ

2N
1s=0 +Cp∥µ∥Lpλ

d(p−1)
p −s

)
(13)

(cf. [46]), and for any d
d−s−1 < p ≤∞,∣∣A1[XN ,µ, v]

∣∣
≤C

(
∥∇v∥L∞ +∥∥|∇| d−s

2 v
∥∥

L
2d

d−s−2

)(
FN (XN ,µ)+Cp∥µ∥Lpκ

d(p−1)
p −s(1− (logκ)1s=0)

)
(14)

(cf. [62,74]).
• If −2 < s< 0, then∣∣A1[XN ,µ, v]

∣∣≤C
(
∥∇v∥L∞ +∥∥|∇| d−s

2 v
∥∥

L
2d

d−s−2
1s<d−2

)
FN (XN ,µ). (15)

(cf. [80]).
In all cases, the constant C > 0 depends only on d and s, and the constants Ca,Cp > 0 addition-

ally depend on a, p, respectively.

5This condition is to ensure that the modulated energy is finite. When 0 < s < d, it is implied by the assumption that

µ ∈ L1∩Lp for p > d
d−s . When s= 0, it is implied by a logarithmic moment assumption

∫
Rd log

(
1+|x|)d|µ| <∞; and when

−2 < s< 0, it is implied by the moment assumption
∫
Rd |x||s|/2 d|µ| <∞.
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Given a measure ν with density in S(Rd) and
∫
Rd dν = 1, letting f := ν− µ, we can find a

sequence of pairwise distinct point configurations XN such that, as N →∞,

FN (XN ,µ) → 1

2

∫
(Rd)2

g(x − y) f (x) f (y)dx dy = cd,s
2

∥ f ∥2

Ḣ
s−d

2
(16)

and

A1[XN ,µ, v] → 1

2

∫
(Rd)2

∇g(x − y) · (v(x)− v(y)
)

f (x) f (y)dx dy = 1

2

〈
f ,

[
v · ,∇|∇|s−d]

f
〉

L2
. (17)

Thus, a commutator estimate with an additive error involving the singular zero-mass measure
1
N

∑N
i=1δxi −µ implies a commutator estimate without an additive error for the regular zero-

mass measure f . More precisely, Theorem 1 implies the following standard or unrenormalized
commutator estimate (see [62, Proposition 3.1]).

Proposition 2. Let d ≥ 1 and −2 < s < d. Then there exists C > 0, depending only on d and s, such
that for all f , g ∈S(Rd),6 we have∣∣∣∣∫

(Rd)2

(
v(x)− v(y)

) ·∇g(x − y) f (x)g (y)dx dy

∣∣∣∣
≤C

(
∥∇v∥L∞ +∥∥|∇| d−s

2 v
∥∥

L
2d

d−s−2
1s<d−2

)
∥ f ∥

Ḣ
s−d

2
∥g∥

Ḣ
s−d

2
. (18)

It is straightforward to check that the preceding right-hand side scales the same way as the left-
hand side, and that both v terms on the right-hand side scale the same way as well. Moreover,

the presence of the Ḣ
s−d

2 seminorm is natural, given this corresponds to the square root of the
energy associated to g.

In fact, the philosophy of [62,67,78], and to a more implicit degree the works [25,55,85,86],
proceed in the reverse order: first show the unrenormalized commutator estimate of Proposi-
tion 2, then combine it with a renormalization procedure, implemented via charge smearing (i.e.
regularization of the δxi ), to allow for the irregular test measure 1

N

∑N
i=1δxi . It is this renormal-

ization step, which is the most technically involved part of the proof, that leads to the additive
N -dependent errors in the singular case 0 ≤ s < d. For this reason, the estimates (12), (13), (14)
are sometimes referred to as renormalized commutator estimates to distinguish them from the
unrenormalized estimate (18). In the nonsingular case −2 < s < 0, no renormalization is neces-
sary, and one can apply a commutator estimate directly, leading to the absence of additive errors
in (15).

These state-of-the-art commutator estimates are in large part the subject of the second
author’s recent survey [72]. We refer the reader to this work for a more extensive review, in
particular more detailed — yet still concise — outlines of the proofs of these results and the
evolution of techniques behind them.

1.3. Transport regularity

The question we take up in this paper is the optimal regularity assumption for the transport ve-
locity v in the aforementioned commutator estimates. Compared to sharpness of the additive
errors in these estimates, discussed above, this question has received little attention in the liter-
ature. As we explain below, this regularity question is not only for the sake of mathematics, but
is also motivated by applications. In mean-field problems, the transport is precisely the limit-
ing velocity ut = Vt −M∇g∗µt . Thus, every commutator assumption on v becomes a regular-
ity assumption on the solution µt of the limiting PDE. Lowering the regularity demanded of v

6If s = 0, then implicit is the requirement that f and g are zero-mean to avoid the low-frequency divergence in

Ḣ− d
2 (Rd).
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therefore enlarges the class of limiting solutions for which the modulated-energy method yields
quantitative mean-field convergence. The regularity question is equally relevant at next order in
the context of fluctuations, where one applies the same estimates to the adjoint linearized flow.
Lowering the regularity assumptions on v allows for the study of fluctuations around less regular
mean-field solutions. It also allows for a broader, rougher class of test functions to be considered
as observables for statistics of the system.

In this direction, it is natural to ask whether the Lipschitz assumption on v may be weakened
while still preserving the scaling. For example, the space of bounded mean oscillation (BMO) [51]
is a common relaxation of L∞, and one can ask whether ∥∇v∥L∞ may be replaced by ∥∇v∥BMO. It
is also unclear whether, in the sub-Coulomb regime s < d− 2, the additional term of the form∥∥|∇| a

2 v
∥∥

L
2d

a−2
is genuinely necessary and how small the exponent a may be taken (by Sobolev

embedding,
∥∥|∇| a

2 v
∥∥

L
2d

a−2
<∼

∥∥|∇| a′
2 v

∥∥
L

2d
a′−2

for 2(d+1) > a′ ≥ a). Moreover, there is a gap between

our two sub-Coulomb estimates (13), (14). In the former, the N -dependent additive error is sharp
but requires a stronger regularity condition on v (given that a > d by assumption) compared to
the latter, in the N -dependent error is not sharp.

It is a general principle in PDE that if an equation has a scaling invariance, then a nat-
ural function space to study the equation is one that is invariant under the equation’s scal-
ing [53]. Such scaling-critical or scaling-invariant spaces are expected to be thresholds for the
well-posedness/ill-posedness of the equation along with other phenomena, such as finite-time
blowup vs. global existence.

For a,b,c > 0, set µ̃(t , x) := aµ(bt ,cx). When Vt = 0, the reader may check that if µ is a solution
to (3), then µ̃ is also a solution provided that bcd−2−s = a. Fixing b = 1 so that the solution lifespan
is preserved under rescaling, we arrive at the relation a = cd−2−s. We seek (semi)norms that are
invariant under the transformation µ 7→ µ̃.

For 1 ≤ p ≤∞, the reader may check that

∥µ̃∥Lp = cd−s−2− d
p ∥µ∥Lp , (19)

which implies that p = d
d−s−2 is the scaling-critical exponent. It is possible to choose such a p

if and only if s ≤ d−2. In other words, the potential can be at most Coulomb in order for there
to be a critical Lp space. More generally, letting Ẇ a,p denote the homogeneous Bessel potential
(fractional Sobolev) space (e.g. see [89, Section 3.3] or [30, Section 1.3]), we see that

∥µ̃∥Ẇ a,p = cd−s−2+a− d
p ∥µ∥Ẇ a,p , (20)

which shows that Ẇ a,p is a critical space if and only if a = d
p + s+2−d. Other scales of function

spaces, such as Hölder–Zygmund spaces (e.g. see [89, Section 4]), are also interesting to consider
as critical spaces. We will return to this point in the next section.

When µ ∈ Ẇ
d
p +s+2−d,p , for 1 < p <∞, some basic Fourier analysis shows that the associated

mean-field velocity v =M∇g∗µ is in Ẇ
d
p +1,p . Unfortunately, Ẇ

d
p +1,p does not embed into the

homogeneous Lipschitz space Ẇ 1,∞. If f ∈ Ẇ
d
p +1,p , then one only has

∥∇ f ∥BMO ≤C∥ f ∥
Ẇ

d
p +1,p .

Even when s+ 2− d = k is an integer and taking p = ∞, having µ ∈ Ẇ k,∞ does not imply that
v ∈ Ẇ 1,∞. This is problematic because all of the commutator estimates of Theorem 1 feature
∥∇v∥L∞ on the right-hand side. Thus, to show mean-field convergence when the mean-field
density µt belongs to the critical space, it would be desirable to have a commutator estimate with

a regularity assumption that is satisfied when µ ∈ Ẇ
d
p +s+2−d,p .
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1.4. Our contributions

Having laid out the question of interest concerning transport regularity in commutator estimates
for the modulated energy and motivated such inequalities by their role in studying mean-field
and related limits, we come to the new contributions of the present paper. We describe them
here at a high level. Precise statements of our main results (Theorems 3, 5, 8, 10, and Corollary 6)
and detailed comments about the proofs are deferred to Section 2.

Our first contribution is to show that estimate (18) can fail if either of the vector field norms
is weakened (Theorem 3). We also derive necessary conditions for analogous commutator
estimates to hold for a broader class of interaction potentials (Theorem 5). In particular, the
norm controlling v must involve enough derivatives to compensate for the high-frequency
decay of ĝ. This demonstrates a more general principle of regularity trade-off between the
interaction and transport for commutator estimates. All of these results are obtained through
explicit counterexamples. Given that the renormalized commutator estimates of Theorem 1
imply unrenormalized commutator estimates, as explained in Section 1.2, it suffices to show
these counterexamples when 1

N

∑N
i=1δxi −µ is replaced by a zero-mean Schwartz function.

Our second contribution concerns mean-field convergence when the solutionµt of the mean-

field equation belongs to the critical space Ẇ
d
p +s+2−d,p for 1 < p <∞. Provided that p ≤ 2d

d−s−2 ,
one has ∥∥|∇| d−s

2 ut ∥∥
L

2d
d−s−2

<∼∥µt∥
Ẇ

d
p +s+2−d,p .

But, since in general ∇ut is only in BMO when µt ∈ Ẇ
d
p +s+2−d,p , the results described in the

previous paragraph give a negative answer to our earlier question about the possibility of a
commutator estimate holding in this case, regardless of the size of the additive error. That
said, the situation is not completely hopeless. As recognized in [69,70], even in this borderline
regularity case, one can still obtain a Grönwall-type7 estimate for the modulated energy provided
that a defective commutator estimate holds.

More precisely, we say that a defective version holds if there exists a locally integrable function
ρ : [0,∞) → [0,∞), called the defect, such that for all ϵ> 0,∫

(Rd)2\△
(
v(x)− v(y)

) ·∇g(x − y)d

(
1

N

N∑
i=1

δxi −µ
)⊗2

(x, y)

≤ ρ(ϵ)Cv
(
FN (XN ,µ)+CµN−α)+ϵβNγC ′

v

(
FN (XN ,µ)+C ′

µN−α)
, (21)

where α> 0, β,γ≥ 0 and Cv ,C ′
v ,Cµ,C ′

µ > 0 are constants depending on d,s and quantitatively on
norms of v,µ, respectively.

If ρ(ϵ) = O(|logϵ|) as ϵ → 0+, it turns out that a defective commutator estimate suffices to
conclude an estimate for the modulated energy that in turn implies mean-field convergence, at
least up to some time T∗ > 0 which is independent of N , but a priori is smaller than the maximal
time of existence for µt . These works considered only the Coulomb case, where the natural scale-
invariant space is L∞, whose norm is a nonincreasing (conserved when M is antisymmetric)
quantity when Vt = 0. In the present paper, we generalize the results of [69,70] to the entire Riesz
case without any restrictions on the interval of time for which mean-field convergence holds
(Theorem 10). Importantly, in the sub-Coulomb case s < d−2, we show that if the initial mean-

field density µ◦ ∈ L
d

d−s−2 , which is scaling-critical, then, there is a unique global solution to the
mean-field equation (3) which is a (quantitative) mean-field limit of the microscopic system (1).

The main technical result is a new defective commutator estimate (Theorem 8) with a defect
ρ(ϵ) =O

(|logϵ|θ) for θ ∈ (0,1), in contrast to the θ = 1 defect present in [69,70]. This improvement

7More precisely, an estimate in the form of Osgood’s lemma, which is a generalization of Grönwall’s lemma. See [2,
Section 3.1.1].
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is made possible by the celebrated Brezis–Wainger–Hansson inequality [13,37]: if 1 < p < ∞,
1 ≤ q ≤∞, and aq > d, then

∀ f ∈S(Rd), ∥ f ∥L∞ ≤C∥ f ∥
Ẇ

d
p ,p

(
1+ log

p−1
p

(
1+ ∥ f ∥Ẇ a,q

∥ f ∥
Ẇ

d
p ,p

))
, (22)

where C =C (d, p, a, q) > 0. Remark that the exponent p−1
p is sharp; and moreover, no estimate of

the form

∥ f ∥L∞ ≤ ε∥ f ∥
Ẇ

d
p ,p

(
1+ log

p−1
p

(
1+ ∥ f ∥Ẇ a,q

∥ f ∥
Ẇ

d
p ,p

))
+Cε, (23)

for any ε> 0, can hold.
Brezis and Wainger [13, Theorem 1] first proved the estimate (22), which is a generalization of

an earlier d = p = 2 inequality due to Brezis and Gallouët [12]. In the PDE literature, inequalities
of this form are sometimes called Brezis–Gallouët inequalities or logarithmic interpolation.
Independently, Hansson [37] proved an inequality expressed in potential-theoretic language that
is equivalent to (22), and an alternative proof is also given in [26].

The Brezis–Wainger–Hansson inequality is a substitute for the false endpoint Sobolev embed-

ding ∥ f ∥L∞ <∼∥ f ∥
Ẇ

d
p ,p , except when d= p = 1. Although functions in Ẇ

d
p ,p are not bounded, they

are still exponentially integrable in a quantitative sense made precise by the famous Trudinger–
Moser inequality [60,90]. In some sense, the estimate (22) is dual to Trudinger–Moser (see [13,
Theorem A]).

1.5. Notation

Finally, let us review the basic notation used throughout the paper, mostly following the conven-
tions of [46,62,74,78].

Given nonnegative quantities A and B , we write A <∼ B if there exists a constant C > 0,
independent of A and B , such that A ≤ C B . If A <∼ B and B <∼ A, we write A ∼ B . Throughout,
C will denote a generic constant that may change from line to line.
N denotes the natural numbers excluding zero. For N ∈ N, we abbreviate [N ] := {1, . . . , N }.

R+ denotes the positive reals. Given x ∈Rd and r > 0, B(x,r ) and ∂B(x,r ) respectively denote the
ball and sphere centered at x of radius r . Given a function f , we denote its support by supp f .
The notation ∇⊗k f denotes the k-tensor field with components (∂i1 · · ·∂ik f )1≤i1,...,ik≤d. For x ∈R,

〈x〉 := (
1+|x|2)1/2 is the Japanese bracket.

P(Rd) denotes the space of Borel probability measures on Rd. If µ is absolutely continuous
with respect to Lebesgue measure, we shall abuse notation by letting µ denote both the measure
and its Lebesgue density. When the measure is clearly understood to be Lebesgue, we shall simply
write

∫
Rd f instead of

∫
Rd f dx.

We use the notation f̂ or f̂ to denote the Fourier transform f̂ (ξ) := ∫
Rd f (x)e−2πiξ·x dx and let

〈∇〉 and |∇| denote the Fourier multipliers with symbols 〈2πξ〉 and |2πξ|, respectively.
Several function spaces appear in the paper. S(Rd) and S ′(Rd) denote the spaces of Schwartz

functions and tempered distributions, respectively. For s ∈ R and 1 < p <∞, W s,p (Rd) denotes
the inhomogeneous Bessel potential space defined by

W s,p := {
f ∈S ′ : 〈∇〉s f ∈ Lp}

, ∥ f ∥W s,p := ∥∥〈∇〉s f
∥∥

Lp . (24)

When s = k is an integer, W s,p agrees with the usual Sobolev space

W k,p = {
f ∈ Lp : ∇⊗ j f ∈ Lp , 0 ≤ j ≤ k

}
, ∥ f ∥W k,p :=

k∑
j=0

∥∇⊗ j f ∥Lp , (25)
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the latter, of course, making sense for the endpoints p = 1,∞ too. When p = 2, we use the
customary notation W s,2 = H s . The homogeneous Bessel potential space Ẇ s,p (Rd) is defined by

Ẇ s,p := {
f ∈S ′/P : |∇|s f ∈ Lp}

, ∥ f ∥Ẇ s,p := ∥∥|∇|s f
∥∥

Lp , (26)

where P(Rd) denotes the space of polynomials on Rd and S ′/P denotes the quotient space
where we identify any two tempered distributions whose difference is a polynomial. This
identification turns the seminorm ∥·∥Ẇ s,p into a norm. Similarly, for s = k integer, Ẇ s,p agrees
with

Ẇ k,p = {
f ∈S ′/P : ∇⊗k f ∈ Lp}

, ∥ f ∥Ẇ k,p := ∥∇⊗k f ∥Lp . (27)

It is a basic fact that for s ≥ 0, f ∈ W s,p iff f ∈ Lp ∩ Ẇ s,p . For θ > 0, we let Cθ(Rd) denote the
inhomogeneous Hölder–Zygmund space, which for θ ∈ (0,1] is defined by f ∈Cloc such that

∥ f ∥Cθ := ∥ f ∥L∞ + sup
|h|>0

∥∥ f ( · +h)+ f ( · −h)−2 f ( · )∥∥L∞

|h|θ <∞, (28)

and for θ > 1, we inductively define ∥ f ∥Cθ := ∥ f ∥L∞+∥∇ f ∥Cθ−1 . Cθ coincides with the Besov space
Bθ∞,∞, and the norms are equivalent (see [2, Section 2.11]). For noninteger values of θ, it holds
that Cθ =C ⌊θ⌋,{θ}, the space of ⌊θ⌋-times continuously differentiable functions such that the ⌊θ⌋-th
derivative is {θ}-Hölder continuous, which we endow with its usual norm. When θ is an integer,
Cθ is strictly larger than W θ,∞ =Cθ−1,1. The homogeneous Hölder–Zygmund space Ċθ is defined
to be the space of all f ∈Cloc such that

∥ f ∥Ċθ := sup
|h|>0

∥∥ f ( · +h)+ f ( · −h)−2 f ( · )∥∥L∞

|h|θ <∞ (29)

when θ ∈ (0,1] and inductively for θ > 1 as before.
As is customary in the literature, a superscript · denotes the homogeneous space/seminorm.

2. Main results

In this section, we present the precise statements of our main results previously advertised in
Section 1.3 and provide some comments on their proofs.

2.1. BMO inequalities

Our first result demonstrates that, in general, the Lipschitz control on the transport field in (18)
cannot be relaxed to ∥∇v∥BMO. Theorem 3 below shows that, except for the 1D logarithmic
endpoint (d,s) = (1,0), such a replacement is false. When (d,s) = (1,0), the commutator estimate
does in fact hold.

Theorem 3.

(i) Let d ≥ 1 and −2 < s < d with (d,s) ̸= (1,0). For every M > 0, there exist a C∞ compactly
supported vector field v and zero-mean Schwartz functions f and g such that∣∣∣∣∫

(Rd)2

(
v(x)− v(y)

) ·∇g(x − y) f (x)g (y)

∣∣∣∣(
∥∇v∥BMO +∥∥|∇| d−s

2 v
∥∥

L
2d

d−s−2
1s<d−2

)
∥ f ∥

Ḣ
s−d

2
∥g∥

Ḣ
s−d

2

≥ M . (30)

(ii) If (d,s) = (1,0), then there exists C > 0 such that for all v with v ′ ∈ BMO and all f , g ∈ S
with zero mean, we have∣∣∣∣∫

R2

v(x)− v(y)

x − y
f (x)g (y)

∣∣∣∣≤C∥v ′∥BMO∥ f ∥
Ḣ− 1

2
∥g∥

Ḣ− 1
2

. (31)
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Letting H denote the Hilbert transform H f (x) := P.V. 1
π

∫
R

f (y)
y−x dy , (31) is equivalent to∥∥[v, H ]

∥∥
Ḣ−1/2→Ḣ 1/2 <∼∥v ′∥BMO. (32)

Thus, (31) may be viewed as a Sobolev-space Coifman–Rochberg–Weiss-type commutator theo-
rem [23], which in its most elementary form says that

∥∥[v, H ]
∥∥

Lp→Lp <∼∥v∥BMO.
The proofs of Theorem 3(i) and 3(ii) are presented in Sections 3.1 and 3.2, respectively. The first

assertion of the theorem is shown through an explicit counterexample. We construct a velocity
field v with ∇v ∈ BMO and a mild logarithmic singularity at the origin and test against a family of
rescaled, compactly supported, zero-mean functions fr . The commutator grows like loglog(1/r )
as r → 0, while the denominator in (30) remains uniformly bounded, yielding an arbitrarily large
ratio. The proof of the second assertion essentially involves appropriately integrating by parts and
grouping terms into components that can be individually bounded via classical Kenig–Ponce–
Vega-type commutator estimates [52,56].

2.2. Regularity trade-off

The BMO counterexample indicates that the Lipschitz control ∥∇v∥L∞ plays an essential role
in (18), so we do not attempt to weaken it further. Our second main result quantifies the
trade-off between the regularity of the interaction potential and the high-frequency regularity
of the transport field required to control the commutator in the natural energy norm. Since this
phenomenon is not specific to Riesz potentials, we work with a larger class of potentials for which
the interaction energy defines a positive definite form.

Assumption 4 (Admissible interaction potentials). Suppose that g : Rd \ {0} → R satisfies the
following:

(1) g ∈C∞(
Rd \ {0}

)
;

(2) g is radially symmetric8

(3) g is conditionally positive definite (see footnote 3) and ĝ nonincreasing.

Associated to g, we define the energy seminorm

∥ f ∥2
g :=

∫
(Rd)2

g(x − y) f (x) f (y) =
∫
Rd

ĝ| f̂ |2, (33)

which we note is nonnegative (possibly +∞) for zero-mean f . When dealing with inhomoge-
neous potentials, it is convenient to introduce the notation gt (x) := g(x/t ) for t > 0.

Given a function σ : [0,∞) → (0,∞], we denote the Fourier multiplier with symbol σ by
σ(|∇|) f :=F−1

(
σ(|ξ|) f̂ (ξ)

)
. Theorem 5 below shows that if σ grows too slowly relative to ĝ at high

frequency, then the commutator cannot be controlled by the energy norm ∥·∥gt and the velocity
field norm

∥∥σ(|∇|)v
∥∥

Lp .

Theorem 5. Suppose that g satisfies Assumption 4. Fix t > 0 and p ∈ [1,∞]. Assume furthermore
that

r 2ĝ(r ) → 0 as r →∞ (34)

and σ : [0,∞) → [0,∞] satisfies

lim
r→∞

√
ĝ(tr )∥σ∥L∞([r−1,r+1]) = 0, 2 ≤ p ≤∞, (35)

lim
r→∞

√
ĝ(tr ) max

n≤d+1
∥∂n

r σ∥L∞([r−1,r+1]) = 0, 1 ≤ p < 2. (36)

8Throughout the paper, we use radial symmetry to abuse notation by writing g(|x|) = g(x).
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Then for every M ≥ 0, there exist a C∞ vector field v and zero-mean Schwartz functions f , g such
that ∣∣∣∣∫

(Rd)2

(
v(x)− v(y)

) ·∇g(x − y) f (x)g (y)

∣∣∣∣(∥∇v∥L∞ +∥∥σ(|∇|)v
∥∥

Lp

)∥ f ∥gt ∥g∥gt

≥ M . (37)

The decay condition (34) forces a genuine trade-off: without it, one can be in a regime where
a commutator estimate holds with ∥∇v∥L∞ alone. Condition (35) means that on unit-width
frequency shells |ξ| ∼ r , the multiplier σ(r ) grows strictly slower than ĝ(tr )−1/2; and (36) extends
this growth condition to derivatives of σ up to high enough order. Thus, Theorem 5 may be read
as saying that any commutator bound measured in ∥·∥gt forces v to possess at least “as many
derivatives” as are needed to compensate for

√
ĝ at high frequency.

Note that since ĝ is nonincreasing, if (35) holds for some t∗ > 0, then it holds for all t ≥ t∗.
Furthermore, if ĝ(ξ) is comparable to a polynomial in ξ, then if (35) holds for some t > 0, it holds
for any t > 0. When 1 ≤ p < 2, some regularity of the symbol is needed for σ(|∇|)v ∈ Lp , but the
condition (36) can almost certainly be further weakened in terms of the number of derivatives
(cf. the assumptions on the symbol in the Hörmander–Mikhlin multiplier theorem). Lastly,
considering unit-width frequency shells [r − 1,r + 1] is not essential: one could consider shells
of any fixed radius mutatis mutandis.

Specializing Theorem 5 to Riesz potentials g defined by (4), one has ĝ(ξ) ∝ |ξ|s−d. The con-
dition (34) is satisfied if s < d− 2, i.e. g is sub-Coulomb. The condition (35) is equivalent to
supτ∈[r−1,r+1]σ(τ) ≪ |r | d−s

2 as r → ∞. In particular, taking σ(τ) = τ
a
2 , we see that among the

scaling-invariant norms
∥∥|∇| a

2 v
∥∥

Lp with p = 2d
a−2 , the minimal exponent for which the commu-

tator estimate holds is a = d− s. Decreasing a, equivalently increasing p, yields a strictly weaker
norm for which the commutator estimate fails.

Finally, to emphasize this point of regularity trade-off, we note that Theorem 5 implies that v
must be C∞ for the commutator estimate to hold for any interaction potential g with ĝ decaying
super-polynomially. Indeed, if for any n ≥ 0,

∣∣ĝ(ξ)
∣∣ <∼n |ξ|−n , then (37) holds for any σ(|∇|) = |∇|n .

In particular, if ĝ decays sub-exponentially, then by the Paley–Wiener–Schwartz theorem, v must
be at least analytic for a commutator estimate to hold. The regularity requirements are even
more stringent when ĝ has sub-Gaussian decay: if a commutator estimate were to hold, v must
be super-analytic.

We summarize the above described consequences of Theorem 5 with the following corollary.

Corollary 6.

(i) Suppose that g is given by (4) for s< d−2. Then for all 2 < a< d−s and M > 0, there exist a
C∞ vector field v and zero-mean Schwartz functions f and g such that∣∣∣∣∫

(Rd)2

(
v(x)− v(y)

) ·∇g(x − y) f (x)g (y)

∣∣∣∣(
∥∇v∥L∞ +∥∥|∇| a

2 v
∥∥

L
2d

a−2

)
∥ f ∥

Ḣ
s−d

2
∥g∥

Ḣ
s−d

2

≥ M . (38)

(ii) Suppose that g is admissible and ĝ has super-polynomial decay. Then for any n, M , t > 0,
there exist a C∞ vector field v and zero-mean Schwartz functions f and g such that∣∣∣∣∫

(Rd)2

(
v(x)− v(y)

) ·∇g(x − y) f (x)g (y)

∣∣∣∣∥∥〈∇〉n v
∥∥

L1∥ f ∥gt ∥g∥gt

≥ M . (39)
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(iii) Suppose that g is admissible and for some c,m > 0,
∣∣ĝ(ξ)

∣∣ <∼ e−c|ξ|m . Then for any b < ct m

2
and M > 0, there exist a C∞ vector field v and zero-mean Schwartz functions f , g such that∣∣∣∣∫

(Rd)2

(
v(x)− v(y)

) ·∇g(x − y) f (x)g (y)y

∣∣∣∣
∥eb|∇|m v∥L1∥ f ∥gt ∥g∥gt

≥ M . (40)

Remark 7. Suppose g is such that there exists t > 0 so that |x|∣∣∇g(x)
∣∣ <∼ g(x/t ). Such a condition

is obviously satisfied if g is polynomial, exponential, or Gaussian. Then using
∣∣v(x) − v(y)

∣∣ ≤
∥∇v∥L∞ |x − y |, we obtain for f , g ≥ 0 the bound∣∣∣∣∫

(Rd)2

(
v(x)− v(y)

) ·∇g(x − y) f (x)g (y)

∣∣∣∣ <∼∥∇v∥L∞
∫

(Rd)2
g
(

x − y

t

)
f (x)g (y)

<∼∥∇v∥L∞∥ f ∥gt ∥g∥gt .
(41)

This observation shows that under the assumption f , g have a definite sign, only Lipschitz
regularity is needed for a commutator estimate to hold. In light of Corollary 6, a general
commutator estimate for f , g without a definite sign necessarily requires much higher regularity
on v .

The proof of Theorem 5 is given in Section 3.3. We construct v, f , g so that their Fourier sup-
ports sit on a few carefully chosen (and well separated) frequency shells. This forces one contri-
bution to the commutator to be “off-resonant” and therefore small while the other contribution
is “resonant” and stays bounded below. At the same time, the same frequency localization makes
the velocity norm essentially depend on supr∈[k−1,k+1]σ(r ) when 2 ≤ p ≤∞, while ∥ f ∥gt scales
like

√
ĝ(tk); after normalizing by ∥ f ∥gt this produces a factor 1/

√
ĝ(tk) in the final ratio. Letting

k →∞ then produces the desired ratio growth.

2.3. Defective commutator estimates and mean-field convergence

We now come to our last set of results on mean-field convergence when the solution µt of the

mean-field equation (3), for g as in (4), belongs to the critical space Ẇ
d
p +s+2−d,p for 1 < p <∞.

Although the commutator estimate fails when v is not Lipschitz (except for (d,s) = (1,0)) by

Theorem 3(i), as is the case for v = M∇g∗µt when µt ∈ Ẇ
d
p +s+2−d,p , a defective commutator

estimate still holds. This is the content of Theorem 8 below. We exclude the case s = 0 from
the theorem because doing so simplifies the presentation and this case is already covered by the
argument of [69].9

Theorem 8. Assume that −2 < s < d and s ̸= 0. Let v ∈ Ẇ
d
p +1,p for 1 < p < ∞ and µ ∈ L1 with∫

Rd dµ= 1 and
∫

(Rd)2 |g|(x − y)d|µ|⊗2 <∞. Further, assume the following:

(a) if −2 < s≤−1, then
∫
Rd |x||s|−1 d|µ| <∞;

(b) if −1 < s< 0, then
∫
Rd |x|r d|µ| <∞ for some r < |s|

2 ; 10

(c) if −1 ≤ s< d−1, then µ ∈ Lq for some d
d−s−1 < q ≤∞ (q = 1 is allowed if s=−1);

(d) if s≥ d−1, then µ ∈ Ċθ for some θ > s+1−d.11

9Strictly speaking, [69] only considers the case (d,s) = (2,0), but an examination of the argument shows that it applies
to all log cases, replacing L∞ by the appropriate critical space.

10Obviously, by interpolation, if
∫
Rd |x|r

′
d|µ| < ∞ for some r ′ ≥ r

2 , then
∫
Rd |x|r d|µ| < ∞ for any 0 ≤ r ≤ r ′, in

particular for some r < |s|
2 .

11If µ ∈ L1 ∩ Ċθ for some θ > 0, then necessarily µ ∈ Lp for any 1 ≤ p ≤∞ because of the interpolation estimate

∥ f ∥Lp ≤ ∥ f ∥
1− d(p−1)

p(d+θ)

L1 ∥ f ∥
d(p−1)
p(d+θ)

Ċθ
.
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Then for any pairwise distinct configuration XN ∈ (Rd)N and ϵ> 0, the following holds.
• If max(d−2,0) ≤ s< d, then∣∣A1[XN ,µ, v]

∣∣
≤Cp∥v∥

Ẇ
d
p +1,p

(
1+|logϵ|)1− 1

p

(
FN (XN ,µ)+Cq∥µ∥Lqλ

d(q−1)
q −s

)
+C N

2(s+1)
s −1∥v∥Ċ1ϵ

(
FN (XN ,µ)+Cp∥µ∥Lpλ

d(p−1)
p −s

) s+1
s

+ϵ(1+∥µ∥L1

)∥v∥Ċ1

(
Cq∥µ∥

1− (s+1)q
d(q−1)

L1 ∥µ∥
(s+1)q
d(q−1)

Lq +Cθ∥µ∥1− s−d+1
θ

L1

(∥µ∥ s−d+1
θ

Ċθ +ϵd−s−1∥µ∥
s−d+1
θ

L∞
)
1s≥d−1

)
.

• If 0 < s< d−2, then∣∣A1[XN ,µ, v]
∣∣

≤
(
Cp∥v∥

Ẇ
d
p +1,p

(
1+|logϵ|)1− 1

p +Ca
∥∥|∇| a

2 v
∥∥

L
2d

a−2
1a>2

)(
FN (XN ,µ)+Cq∥µ∥Lqλ

d(q−1)
q −s

)
+C N

2(s+1)
s −1∥v∥Ċ1ϵ

(
FN (XN ,µ)+Cp∥µ∥Lpλ

d(p−1)
p −s

) s+1
s

+ϵ(1+∥µ∥L1

)∥v∥Ċ1Cq∥µ∥
1− (s+1)q

d(q−1)

L1 ∥µ∥
(s+1)q
d(q−1)

Lq

or∣∣A1[XN ,µ, v]
∣∣

≤
(
Cp∥v∥

Ẇ
d
p +1,p

(
1+|logϵ|)1− 1

p +C
∥∥|∇| d−s

2 v
∥∥

L
2d

d−s−2

)(
FN (XN ,µ)+Cq∥µ∥Lqκ

d(q−1)
q −s

)
+C N

2(s+1)
s −1∥v∥Ċ1ϵ

(
FN (XN ,µ)+Cp∥µ∥Lpλ

d(p−1)
p −s

) s+1
s

+ϵ(1+∥µ∥L1

)∥v∥Ċ1Cq∥µ∥
1− (s+1)q

d(q−1)

L1 ∥µ∥
(s+1)q
d(q−1)

Lq .

• If −2 < s< 0, then∣∣A1[XN ,µ, v]
∣∣

≤
(
Cp∥v∥

Ẇ
d
p +1,p

(
1+|logϵ|)1− 1

p +C
∥∥|∇| d−s

2 v
∥∥

L
2d

d−s−2

)
FN (XN ,µ)

+
(
Cϑ,ϑ′∥v∥Ċ1ϵ

ϑ′
(∫
Rd
|x||s|−ϑdµ+ (

1+∥µ∥L1

)
F

|s|−ϑ
|s|

N (XN ,µ)

)
+C∥v∥Ċ1ϵ

)
1−1<s<0

+C∥v∥Ċ1ϵ

(∫
Rd
|x||s|−1 dµ+ (

1+∥µ∥L1

)
F

|s|−1
|s|

N (XN ,µ)

)
1−2<s≤−1

+ϵ(1+∥µ∥L1

)∥v∥Ċ1

(∫
Rd
|x||s|−1 dµ+F

|s|−1
|s|

N (XN ,µ)1−2<s≤−1 +Cq∥µ∥
1− (s+1)q

d(q−1)

L1 ∥µ∥
(s+1)q
d(q−1)

Lq 1−1≤s<0

)
.

Above, ϑ ∈ [|s|− r, |s|), 0 < ϑ′ < ϑ, C =C (d,s) > 0 and Cϑ,Cp ,Cq ,Ca ,Cθ > 0 additionally depend on
ϑ, p, q, a,θ, respectively.

Remark 9. The endpoint p =∞ also holds if we replace Ẇ 1,∞ with the Zygmund space Ċ1. The

reader should remember that, per our notation (recall Section 1.5), the limit as p →∞ of Ẇ
d
p +1,p

is not the homogeneous Lipschitz space, but rather the ill-behaved space
{

f ∈ S ′ : 〈∇〉 f ∈ L∞}
,

which does not coincide with the Lipschitz space, and is usually not considered in the harmonic
analysis literature. See Section 5.4 for further comments on this point.

With this defective commutator estimate in hand, one can apply it to v = µt to obtain a
Grönwall-type bound for the modulated energy (a more precise estimate is given during the proof
of Theorem 10 in Section 4.4). This bound implies mean-field convergence provided that the
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initial modulated energy vanishes sufficiently fast as N →∞, an assumption which holds a.s. for
most interesting choices of randomization of the initial particle positions (see Remark 11 below).

Theorem 10. Let d ≥ 1 and −2 < s < d and s ̸= 0. Suppose that for T > 0,
∫ T

0

(
∥Vt∥

Ẇ
d
p +1,p +∥∥|∇| d−s

2 Vt
∥∥

L
2d

d−s−2
1s<d−2

)
dt < ∞. Let µ be a solution to the mean-field equation (3) in

L∞(
[0,T ], P(Rd)∩Ẇ

d
p +s+2−d,p (Rd)

)
for 1 < p ≤ 2d

d−s−2 . Suppose further that
∫
Rd |x| |s|2 dµt <∞ for

every t ∈ [0,T ].12

For q > d
d−s−1 , ϑ ∈ ( |s|

2 , |s|), and 0 <ϑ′ <ϑ, let

E t :=FN (X t
N ,µt )+ sup

t≤τ≤T
ζτ, (42)

where

ζτ := ϵ



(
Cq∥µτ∥Lqλ

d(q−1)
q −s

τ +Cq∥µτ∥
(s+1)q
d(q−1)

Lq 1s<d−1

+C
(
∥µτ∥

s+1−d
s+2−d
Ċs+2−d +ϵd−s−1∥µτ∥

s−d+1
s+2−d
L∞

)
1s≥d−1

)
, max(d−2,0) ≤ s< d,

Cq

(
∥µτ∥Lqκ

d(q−1)
q −s

τ +∥µτ∥
(s+1)q
d(q−1)

Lq

)
, 0 < s< d−2,

Cϑ,ϑ′ϵ
ϑ′−1 ∫

Rd |x||s|−ϑdµτ+C
(
1+Cq∥µτ∥

(s+1)q
d(q−1)

Lq

)
, −1 < s< 0,

C
∫
Rd |x||s|−1 dµτ, −2 < s≤−1,

(43)

and for α,δ> 0,13

ϵ :=
{
δN−1− 2(s+1)

s −α(E 0)−
1
s , 0 < s< d,

N−α, −2 < s< 0.
(44)

There exists a δ > 0 depending only on d,s, p,α,
∫ T

0 ∥µt∥
Ẇ

d
p +s+2−d,p dt , such that for any solu-

tion XN of the microscopic system (1), the following holds for t ∈ [0,T ]:

• if 0 < s< d,

E t ≤CE 0 exp

(∫ t

0
Cp∥ut ′∥

Ẇ
d
p +1,p

(
1+ ∣∣log(δN 1− 2(s+1)

s −α(E 0)−
1
s )

∣∣)1− 1
p

dt ′
)
; (45)

• if −1 < s< 0, then

(E t )
ϑ
|s| ≤ exp

(
Cpϑ

|s|
∫ t

0
∥uτ∥

Ẇ
d
p +1,p

(
1+|log N−α|)1− 1

p dτ

)(
(E 0)

ϑ
|s| + ϑ

|s|
∫ t

0
Cϑ,ϑ′∥ut ′∥Ċ1ϵ

ϑdt ′
)
; (46)

• if −2 < s≤−1, then

(E t )
1
|s| ≤ exp

(
Cp

|s|
∫ t

0
∥uτ∥

Ẇ
d
p +1,p

(
1+|log N−α|)1− 1

p dτ

)(
(E 0)

1
|s| + 1

|s|
∫ t

0
C∥ut ′∥Ċ1ϵdt ′

)
. (47)

Above, C > 0 depends only on d,s, and Cϑ,ϑ′ ,Cq ,Cp additionally depend on (ϑ,ϑ′), q, p, respectively.
In particular, if FN (X 0

N ,µ) = O(N−m) as N →∞, for some m > 0, then µt
N → µt as N →∞ in

H−r (Rd) uniformly on [0,T ] for any r > d
2 .

12This condition ensures that the modulated energy/MMD is finite (see [59, Example 4]) and that all our moment
assumptions in the statement of the theorem are satisfied. Through a Grönwall argument, the reader may check that if
µ0 satisfies this moment condition, then µt does uniformly in [0,T ].

13When 0 < s< d, the definition of ϵ is given implicitly. See the proof of Theorem 10 for why the implicit equation has
a solution.
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Remark 11. A natural way to produce initial point configurations XN such that
∣∣FN (XN ,µ)

∣∣ ≤
C N−m for C ,m > 0 independent of N is by taking XN to be distributed according to a modulated
Gibbs measure (a terminology introduced in [76])

dQN ,β(µ)(XN ) := e−βNFN (XN ,µ) dµ⊗N (XN )

KN ,β(µ)
, KN ,β(µ) :=

∫
(Rd)N

e−βNFN (XN ,µ) dµ⊗N (XN ), (48)

where β ∈ [0,∞] is a parameter, which may be interpreted as inverse temperature. The extreme
β= 0 corresponds to µ-i.i.d. points, while the extreme β=∞ formally corresponds to points that
are uniformly distributed among the set of minimizers of XN 7→ FN (XN ,µ). When β = 0, one
has E

[
FN (XN ,µ)

] =C N−1 and in fact, this scaling holds with high probability. When β=∞, one
has minFN (XN ,µ) = (−1)sgn(s)C N

s
d−1. One can produce scaling laws in N interpolating between

these two extremes by varying β. We refer to [87, Chapter 5] for further details.

Remark 12. There is a large literature on the well-posedness of equations of the form (3). We
refer to the introduction of [85] for some comments in this direction. Here, we briefly mention
that when s< d−2, solutions of the mean-field equation (3) are unique and global for probability

density initial data in the critical space L
d

d−s−2 . This follows from essentially the same argument
as for the Coulomb case s= d−2 with initial density in L∞ (e.g. see [57,88,92]).

Section 4 is devoted to the proofs of Theorems 8 and 10. The defective commutator estimate,
which is the workhorse, proceeds along lines similar to [69,70]. Namely, we mollify the vector
field v at some scale ϵ and apply Theorem 1 with vϵ. We then need to separately estimate the
error term A1[XN ,µ, v − vϵ] in terms of FN (XN ,µ),ϵ, N . Of course, as Theorem 1 requires at least

Lipschitz regularity, which is not satisfied when v ∈ Ẇ
d
p +1,p , we have to pay a price in terms

of divergence as ϵ→ 0 (i.e. the defect). Simply repeating the arguments from [69,70] does not
yield the estimates of Theorem 8, and consequently also not yield Theorem 10. [69] is specific

to the log case, which is well-suited to the log-Lipschitz regularity of vector fields in Ẇ
d
p ,p (more

generally, in the Zygmund space Ċ1). While the cruder argument in [70], devised to handle the
non-logarithmic nature of the Coulomb potential when d ̸= 2, leads to factors ∝ log N in front of
FN (X t

N ,µt ). Such factors are only acceptable if one restricts to short times.
As advertised in Section 1.3, the key new ingredient in our proof is the Brezis–Wainger–

Hansson inequality (22). More precisely, a corollary of (22), obtained through the classical Morrey
argument, is that if 1 < p <∞, then for any f ∈S(Rd),

∀ x, y ∈Rd,
∣∣ f (x)− f (y)

∣∣≤C∥ f ∥
Ẇ

d
p +1,p |x − y |(1+ ∣∣log|x − y |∣∣)1− 1

p , (49)

where C = C (d, p) > 0.14 This inequality may be rephrased as saying L∞∩Ẇ
d
p +1,p embeds into

the log-Lipschitz space Lip(1,−1+ 1
p )

∞,∞ [40,50]. In applying Theorem 1 with vϵ as part of the proof,
we need to quantify the divergence of ∥∇vϵ∥L∞ as ϵ→ 0+. In [69,70], the fact that Ċ1 functions
are log-Lipschitz was used to bound ∥∇vϵ∥L∞ <∼ ∥v∥Ċ1

(
1+|logϵ|). Note that ∥v∥Ċ1 <∼ ∥v∥

Ẇ
d
p +1,p

by Sobolev embedding. The modulus of continuity bound (49) allows us to improve this bound

to ∥∇vϵ∥L∞ <∼∥v∥
Ẇ

d
p +1,p

(
1+|logϵ|)1− 1

p (see Lemma 15). Combining with better estimates for the

mollification error v − vϵ (see Lemma 19), this improvement then yields Theorem 8. We refer to
Section 4.3 for the complete proof.

To obtain the result of mean-field convergence Theorem 10 from Theorem 8, we need to
choose ϵ = ϵt appropriately in a possibly time-dependent fashion. ϵt needs to be sufficiently
small depending on N ,FN (X t

N ,µt ) to compensate for the divergent prefactors of N and the pow-
ers of FN (X t

N ,µt ) with exponent >1 in the estimates of Theorem 8. Thanks to the improvement

14Strictly speaking, [13] shows the inequality with the inhomogeneous Sobolev norm ∥ f ∥
W

d
p +1,p

on the right-hand
side. Replacing f with fλ := f (λ · ) and (x, y) with λ−1(x, y), then letting λ→∞ yields (49).
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(
1+|logϵ|)1− 1

p , this is possible to do and is still suitable for closing the differential inequality for
FN (X t

N ,µt ). We refer to Section 4.4 for the details. At the risk of being repetitive, we emphasize
that if 1− 1

p were replaced by 1, then we would be stuck with the same short-time restriction as
in [70].

Remark 13. The reader should note that Theorems 8 and 10 do not cover the case p =∞ (they
also do not cover p = 1, but this is less relevant). We return to this exception in Section 5.4.

3. Counterexamples

This section is devoted to the proofs of our counterexample results, Theorems 3 and 5. We have
already explained in Section 2.2 how Corollary 6 follows from Theorem 5, so we do not discuss
this result further.

3.1. Proof of Theorem 3(i)

Let χ ∈C∞
c (Rd) such that 0 ≤ χ≤ 1, suppχ⊂ B(0,1/2), and χ≡ 1 on B(0,1/4). Set v := (v1, . . . , vd),

where
v1(x) :=−x1 log

(
log

(
1/|x|))χ(x) and vi (x) := 0, 2 ≤ i ≤ d. (50)

Evidently, v is compactly supported. It can also be made C∞ by convolution with χϵ, for
ϵ= ϵ(r ) > 0, where the parameter r is as below. We omit the implementation of this step.

We claim that v ′ ∈ BMO(R) when d= 1 and ∇⊗dv ∈ L
d

d−1 (Rd) when d≥ 2. Indeed, when d= 1

d

dx

(
−x log

(
log

(
1/|x|)))=− log

(
log

(
1/|x|))+ 1

log
(
1/|x|) ∈ BMO(R), (51)

and thus so is v since multiplication by χ preserves BMO(R). On the other hand, when d ≥ 2 for
all k ≥ 1 there exists Cd,k > 0 such that

∀ |x| ≤ 1

2
,

∣∣∣∇⊗k log
(
log

(
1/|x|))∣∣∣≤ Cd,k

|x|k log
(
1/|x|) . (52)

With the Leibniz rule and the fact that suppχ′ ⊂ B
(
0, 1

4

)c , the preceding estimate implies that

∀ |x| ≤ 1

2
,

∣∣∇⊗dv(x)
∣∣≤ C ′

d,k

|x|d−1 log
(
1/|x|) . (53)

Since χ is supported on B
(
0, 1

2

)
, it follows that∫

Rd
|∇⊗dv | d

d−1 ≤C
∫

B(0,1/2)

1

|x|d−1 log
(
1/|x|) =C

∫ 1/2

0

1

r log(1/r )
d

d−1

<∞, (54)

where in the first equality, we have used a radial coordinate change. By Sobolev embedding, this

also implies that ∇v ∈ BMO(Rd) and |∇| d−s
2 v ∈ L

2d
d−s−2 (Rd) for all −2 < s< d−2.

Next, suppose that f ∈C∞
c (Rd) is a zero-mean function supported in B(0,1/4) such that∫

(Rd)2

∣∣(x − y)1
∣∣2

|x − y |s+2 f (x) f (y) > 0. (55)

Such an f exists since if f is symmetric under permutation of coordinates, then∫
(Rd)2

∣∣(x − y)1
∣∣2

|x − y |s+2 f (x) f (y) = cd,s

∫
Rd
|ξ|s−d−2(|ξ|2 − (d− s)|ξ1|2)∣∣ f̂ (ξ)

∣∣2

= cd,s s
∫
Rd
|ξ|s−d−2|ξ1|2∣∣ f̂ (ξ)

∣∣2.

(56)
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Let fr (x) := r−d f (r−1x) for r > 0, so that∫
(Rd)2

(
v(x)− v(y)

) ·∇g(x − y) fr (x) fr (y)

=
∫

(Rd)2
log

(
log

(
1/|x|)) ∣∣(x − y)1

∣∣2

|x − y |s+2 fr (x) fr (y)+
∫

(Rd)2
log

(
log

(
1/|x|)

log
(
1/|y |)

)
y1(x − y)1

|x − y |s+2 fr (x) fr (y). (57)

Changing coordinates, the first term on the right-hand side of (57) equals

r−s log
(
log(1/r )

)∫
(Rd)2

log
(
log

(
1/|x|)− log(r )

)
log

(
log(1/r )

) ∣∣(x − y)1
∣∣2

|x − y |s+2 f (x) f (y), (58)

while the second term equals

r−s
∫

(Rd)2
log

(
log

(
1/|x|)− log(r )

log
(
1/|y |)− log(r )

)
y1(x − y)1

|x − y |s+2 f (x) f (y). (59)

By the dominated convergence theorem,

lim
r→0

∫
(Rd)2

log
(
log

(
1/|x|)− log(r )

)
log

(
log(1/r )

) ∣∣(x − y)1
∣∣2

|x − y |s+2 f (x) f (y) =
∫

(Rd)2

∣∣(x − y)1
∣∣2

|x − y |s+2 f (x) f (y) (60)

and

lim
r→0

∫
(Rd)2

log

(
log

(
1/|x|)− log(r )

log
(
1/|y |)− log(r )

)
y1(x − y)1

|x − y |s+2 f (x) f (y) = 0. (61)

Combining (57)–(61), we see that there exits C > 0 depending only on d,s, f such that∫
(Rd)2

(
v(x)− v(y)

) ·∇g(x − y) fr (x) fr (y) ≥C−1r−s log
(
log(1/r )

)−Cr−s (62)

for all sufficiently small r .
Since ∥ fr ∥2

Ḣ
s−d

2
= r−s∥ f ∥2

Ḣ
s−d

2
, in total we thus have found that for all sufficiently small r∣∣∣∣∫

(Rd)2

(
v(x)− v(y)

) ·∇g(x − y) fr (x) fr (y)

∣∣∣∣(
∥∇v∥BMO +1s<d−2

∥∥|∇| d−s
2 v

∥∥
L

2d
d−s−2

)
∥ fr ∥2

Ḣ
s−d

2

≥C−1 log
(
log(1/r )

)−C . (63)

Taking r → 0 concludes the claim.

Remark 14. We note that if d= 1 and s= 0, the above counterexample fails since∫
(Rd)2

∣∣(x − y)1
∣∣2

|x − y |2 f (x) f (y) =
(∫
Rd

f

)2

= 0 (64)

for all zero-mean functions f .

3.2. Proof of Theorem 3(ii)

We use an equivalent formulation of (18) for Schwartz functions with Fourier transforms sup-
ported away from 0. If F and G are Schwartz with Fourier transforms supported away from the
origin, then f := |∇|F and g := |∇|G are both Schwartz with Fourier transforms supported away
from the origin. Additionally, since |∇|g= cd,sδ0, it holds that∫

R2

(
v(x)− v(y)

) ·∇g(x − y) f (x)g (y) = c
∫
R

v · (F ′|∇|G +G ′|∇|F )
. (65)

Since ∥F∥
Ḣ

1
2
= cd,s∥ f ∥

Ḣ− 1
2

and similarly for G and g , it suffices to show that there exists C > 0
such that ∣∣∣∣∫

R
v
(
F ′|∇|G +G ′|∇|F )∣∣∣∣≤C∥v ′∥BMO∥F∥Ḣ 1/2∥G∥Ḣ 1/2 (66)

for all F,G ∈S(R) with Fourier support away from the origin.
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To this end, we integrate by parts∫
R

v
(
F ′|∇|G +G ′|∇|F )=−

∫
R

(
v ′(F |∇|G +G|∇|F )+ vF∂x |∇|G + vG∂x |∇|F

)
=−

∫
R

(
v ′(F |∇|G +G|∇|F )−∂x |∇|

1
2 (vG)|∇| 1

2 F −∂x |∇|
1
2 (vF )|∇| 1

2 G
)

=−
∫
R

(
v ′F |∇|G −|∇| 1

2 v ′F |∇| 1
2 G

)
−

∫
R

(
v ′G|∇|F −|∇| 1

2 v ′G|∇| 1
2 F

)
+

∫
(R)

(
v
(|∇| 1

2 F ′|∇| 1
2 G +|∇| 1

2 G ′|∇| 1
2 F

)+3v ′|∇| 1
2 F |∇| 1

2 G
)

+
∫
R

(
T (v,F )|∇| 1

2 G +T (v,G)|∇| 1
2 F

)
,

(67)

where T is the bilinear operator

T (v, H) := ∂x |∇|
1
2 (v H)−|∇| 1

2 v ′H − v |∇| 1
2 H ′− 3

2
v ′|∇| 1

2 H (68)

defined for H ∈S(R).
First, we note that after integrating by parts∫

R
v
(
|∇| 1

2 F ′|∇| 1
2 G +|∇| 1

2 G ′|∇| 1
2 F

)
=−

∫
R

v ′|∇| 1
2 F |∇| 1

2 G . (69)

We can thus split (67) into a sum of three terms defined by

Term1 :=−
∫
R

(
v ′F |∇|G −|∇| 1

2 v ′F |∇| 1
2 G − v ′|∇| 1

2 F |∇| 1
2 G

)
, (70)

Term2 :=−
∫
R

(
v ′G|∇|F −|∇| 1

2 v ′G|∇| 1
2 F − v ′|∇| 1

2 F |∇| 1
2 G

)
, (71)

Term3 :=
∫
R

(
T (v,F )|∇| 1

2 G +T (v,G)|∇| 1
2 F

)
. (72)

We bound each of these terms separately.
We begin with Term1. Integrating by parts, we have that

Term1 =−
∫
R

(
|∇| 1

2 (v ′F )−|∇| 1
2 v ′F − v ′|∇| 1

2 F
)
|∇| 1

2 G . (73)

The expression inside the brackets is a Kenig–Ponce–Vega-type commutator [52], and by [56,
Remark 1.3, (1.7)] with s = 1

2 , f = F , g = v ′, we have that∥∥|∇| 1
2 (v ′F )−|∇| 1

2 v ′F − v ′|∇| 1
2 F

∥∥
L2 ≤C∥v ′∥BMO∥F∥Ḣ 1/2 (74)

for some C > 0. So by Cauchy–Schwarz,

|Term1| ≤C∥v ′∥BMO∥F∥Ḣ 1/2∥G∥Ḣ 1/2 . (75)

Swapping F and G , we can bound Term2 identically.
For Term3, we note that T is a higher-order commutator and by [56, Corollary 1.4(2)] applied

with s = 3
2 , f = H , g = v , As = ∂x |∇| 1

2 , p = 2, s2 = 1, s1 = 1
2 , we obtain∥∥T (v, H)

∥∥
L2 ≤C

∥∥|∇|v∥∥
BMO∥H∥Ḣ 1/2 , (76)

for some C > 0. Note that since the Hilbert transform is bounded on BMO, one may bound∥∥|∇|v∥∥
BMO ≤C∥v ′∥BMO. By Cauchy–Schwarz, it then follows that

|Term3| ≤C∥v ′∥BMO∥F∥Ḣ 1/2∥G∥Ḣ 1/2 . (77)

Combining (75) for Term1,Term2 and (77) for Term3, the proof is complete.
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3.3. Proof of Theorem 5

Letφ be a radially symmetric Schwartz function onRd such that the Fourier transform φ̂ satisifies
0 ≤ φ̂≤ 1, supp φ̂⊂ B(0,1/4), and φ̂≡ 1 on B(0,1/8). Letting e1 := (1,0, . . . ,0) and k > 2, define the
(real) vector field v by

v̂(ξ) := i e1
(
φ̂(ξ+ke1)− φ̂(ξ−ke1)

)
(78)

and (real) functions f , g by

f̂ (ξ) := φ̂(
ξ+ (k +1)e1

)+ φ̂(
ξ− (k +1)e1

)
, (79)

ĝ (ξ) := φ̂(ξ+e1)+ φ̂(ξ−e1). (80)

Clearly, f and g are both Schwartz and have Fourier transforms supported away from 0. We then
note that ∫

(Rd)2

(
v(x)− v(y)

) ·∇g(x − y) f (x)g (y) =
∫
Rd

v ·∇g∗ f g +
∫
Rd

v ·∇g∗ g f . (81)

By Plancherel’s theorem,∫
Rd

v ·∇g∗ f g =
∫

(Rd)2
v̂(ξ1) ·2πi (ξ1 −ξ2)ĝ(ξ1 −ξ2) f̂ (ξ1 −ξ2)ĝ (ξ2). (82)

Unpacking the definitions of v, f and g , the preceding right-hand side is equal to

− ∑
ϵi∈{±1}

ϵ1

∫
(Rd)2

φ̂(ξ1 +ϵ1ke1)e1 · (ξ1 −ξ2)ĝ(ξ1 −ξ2)φ̂
(
ξ1 −ξ2 +ϵ2(k +1)e1

)
φ̂(ξ2 +ϵ3e1)

=− ∑
ϵi∈{±1}

ϵ1

∫
(Rd)2

φ̂(ζ1)φ̂(ζ2)φ̂
(
ζ1 −ζ2 +

(
(ϵ3 +ϵ2)+ (ϵ2 −ϵ1)k

)
e1

)
×e1 ·

(
ζ1 −ζ2 + (ϵ3 −ϵ1k)e1

)
ĝ
(
ζ1 −ζ2 + (ϵ3 −ϵ1k)e1

)
, (83)

where the final equality follows from a change of variables. Since supp φ̂⊂ B(0,1/4), the integrals
in the sum above are only nonzero if∣∣ζ1 −ζ2 +

(
ϵ3 +ϵ2 + (ϵ2 −ϵ1)k

)
e1

∣∣≤ 1

4
(84)

for some ζi in B(0,1/4). Since k > 2, we must have (ϵ1,ϵ2,ϵ3) = ±(1,1,−1). Using symmetry, we
have shown that∫

Rd
v ·∇g∗ f g = 2

∫
(Rd)2

φ̂(ζ1)φ̂(ζ2)φ̂(ζ1 −ζ2)
(
(ζ2 −ζ1) ·e1 +1+k

)
ĝ
(
ζ2 −ζ1 + (1+k)e1

)
. (85)

Since |ζi | ≤ 1
4 on the support of φ̂(ζi ) and ĝ is decreasing by Assumption 4, we may crudely bound

the right-hand side above using Young’s convolution inequality to obtain∣∣∣∣∫
Rd

v ·∇g∗ f g

∣∣∣∣≤C kĝ(k)∥φ̂∥3
L3/2 , (86)

where C > 0 is a constant only depending on d.
By the same reasoning as above,∫
Rd

v ·∇g∗ g f =− ∑
ϵi∈{±1}

ϵ1

∫
(Rd)2

φ̂(ζ1)φ̂(ζ2)φ̂
(
ζ1 −ζ2 +

(
(ϵ2 +ϵ3)+ (ϵ3 −ϵ1)k

)
e1

)
×e1 ·

(
ζ1 −ζ2 +

(
ϵ3 + (ϵ3 −ϵ1)k

)
e1

)
ĝ
(
ζ1 −ζ2 +

(
ϵ3 + (ϵ3 −ϵ1)k

)
e1

)
. (87)

For an integral in the sum on the preceding right-hand side to be nonzero, it must now be the
case that (ϵ1,ϵ2,ϵ3) =±(1,−1,1). Using symmetry, we have thus shown that∫

Rd
v ·∇g∗ g f = 2

∫
(Rd)2

φ̂(ζ1)φ̂(ζ2)φ̂(ζ1 −ζ2)
(
1−e1 · (ζ1 −ζ2)

)
ĝ(ζ2 −ζ1 +e1). (88)
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Since
(
1− e1 · (ζ1 −ζ2)

) ≥ 1
2 and |ζ2 −ζ1 + e1| ≤ 2 on the support of φ̂(ζ1)φ̂(ζ2), we have found the

lower bound ∫
Rd

v ·∇g∗ g f ≥ ĝ(2)
∫

(Rd)2
φ̂(ζ1)φ̂(ζ2)φ̂(ζ1 −ζ2) ≥C−1ĝ(2), (89)

where the last inequality uses that φ̂= 1 on B(0,1/8) and C > 0 only depends on φ.
On the other hand, it is immediate from Plancherel’s theorem and Fourier support considera-

tions that

∥g∥gt
<∼∥φ∥L2 , (90)

∥ f ∥gt
<∼ ĝ(tk)1/2∥φ∥L2 , (91)

for implicit constants depending on d,g, t , while Fourier inversion shows that

∥∇v∥L∞ <∼k∥φ∥L1 . (92)

On the other hand, since supp v̂ ⊂ {
k − 1 ≤ |ξ| ≤ k + 1

}
, we have σ(|ξ|) ≤ supr∈[k−1,k+1]σ(r ) on

supp v̂ . If 2 ≤ p ≤∞, then by the Hausdorff–Young inequality and the Fourier support of v ,∥∥σ(|∇|)v
∥∥

Lp <∼
(

sup
r∈[k−1,k+1]

σ(r )
)
∥φ̂∥

L
p−1

p
, (93)

for any p ∈ [1,∞], with constants depending only on d, p. If 1 ≤ p < 2, then under the assumption
that ∂n

xσ is essentially bounded away from the origin for n ≤ d + 1, it follows from Young’s
inequality that ∥∥σ(|∇|)v

∥∥
Lp <∼ max

n≤d+1
sup

r∈[k−1,k+1]

∣∣∂n
r σ(r )

∣∣∥φ∥Lp . (94)

Combining (86) and (89)–(94), in total we have found that∣∣∣∣∫
(Rd)2

(
v(x)− v(y)

) ·∇g(x − y) f (x)g (y)

∣∣∣∣(∥∇v∥L∞ +∥∥σ(|∇|)v
∥∥

Lp

)∥ f ∥gt ∥g∥gt

≥ C−1 −C kĝ(k)

C
(
k +11≤p<2 maxn≤d+1∥∂n

r σ∥L∞([k−1,k+1]) +12≤p≤∞∥σ∥L∞([k−1,k+1])

)
ĝ(tk)1/2

, (95)

for some C = C (d,s,φ) > 0. By (34), we have that kĝ (k) and kĝ(tk)1/2 vanish as k →∞, while by
hypothesis,

lim
k→∞

(
11≤p<2 max

n≤d+1
∥∂n

r σ∥L∞([k−1,k+1]) +12≤p≤∞∥σ∥L∞([k−1,k+1])

)
ĝ(tk)1/2 = 0. (96)

Taking k →∞ completes the proof.

4. Defective commutator estimates and mean-field convergence

This section is devoted to the results Theorems 8 and 10 advertised in Section 2.3 about defec-
tive commutator estimates and scaling-critical modulated energy estimates, respectively. The re-
mainder of this section is organized as follows. In Section 4.1, we show some preliminary rates of
convergence for mollifiers. In Section 4.2, we recall some properties of the modulated energy that
are useful in the sequel. In Section 4.3, we prove our defective commutator estimate Theorem 8,
which is the primary technical result. Finally, in Section 4.4, we prove Theorem 10.

Some comments on notation. Given µ ∈ Lp , we use throughout this section the notation λ,κ
from (10), (11). When µ=µt , we write λt ,κt to indicate the time dependence.
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4.1. Mollification

Let χ ∈C∞
c (Rd) be an even bump function which is 1 on B

(
0, 1

4

)
, zero outside B(0,1), and satisfies

1 ≥χ≥ 0, and
∫
Rd χdx = 1. Let v : Rd →Rd be a vector field, and set

vϵ(x) := (v ∗χϵ)(x), χϵ(x) := ϵ−dχ(x/ϵ), (97)

where the convolution is performed componentwise. It thus holds that vε is C∞ and

∀ k ≥ 0, ∥∇⊗k vϵ∥L∞ <∼k ϵ
−k∥v∥L∞ . (98)

Additionally, if ∥·∥X is any translation-invariant semi-norm, then we also have ∥vϵ∥X ≤ ∥v∥X .
The purpose of this subsection is to establish estimates for the mollification error v − vϵ as

well as to estimate how the Lipschitz seminorm of vϵ diverges as ϵ→ 0 under certain regularity
assumptions on v . The main result is the following lemma.

Lemma 15. For any integer k ≥ 0 and reals 0 < b ≤ a ≤ 1, there exists a constant C =C (a) > 0 such
that

∥∇⊗k v −∇⊗k vϵ∥L∞ ≤C∥∇⊗k v∥Ċa ϵ
a , (99)

∥∇⊗k v −∇⊗k vϵ∥Ċb ≤C∥∇⊗k v∥Ċa ϵ
a−b . (100)

Suppose that there exists δk > 0 and an increasing function ωk : [0,δk ] → [0,∞) such that∣∣∇⊗k v(x)−∇⊗k v(y)
∣∣≤ωk (|x − y |). Then there is a constant C > 0 such that

∥∇⊗k v −∇⊗k vϵ∥L∞ ≤Cωk (2ϵ), 0 ≤ ϵ≤ δk

2
, (101)

∥∇⊗k vϵ∥L∞ ≤Cϵ−1ωk−1(2ϵ), 0 < ϵ≤ δk−1

2
. (102)

Proof. Observe that since χ is even and
∫
Rd χϵ = 1,

v(x)− vϵ(x) =
∫
Rd

(
v(x)− v(x − y)

)
χϵ(y)dy

=
∫
Rd

(
v(x)− v(x + y)

)
χϵ(−y)dy

=
∫
Rd

(
v(x)− v(x + y)

)
χϵ(y)dy.

(103)

Hence,

v(x)− vϵ(x) = 1

2

∫
Rd

(
2v(x)− v(x − y)− v(x + y)

)
χϵ(y)dy, (104)

which implies that

∥v − vϵ∥L∞ ≤ 1

2

∫
Rd

∥∥∥∥
(
2v( · )− v( · − y)− v( · + y)

)
|y |a

∥∥∥∥
L∞

|y |aχϵ(y)dy

≤ ∥v∥Ċa

2

∫
Rd
|y |aχϵ(y)dy

= ϵa∥v∥Ċa

2

∫
Rd
|y |aχ(y)dy,

(105)

where the penultimate inequality follows the change of variable y/ϵ 7→ y . Replacing v by ∇⊗k v in
the preceding argument, for any k ≥ 0, then yields the desired conclusion (99).

Let 0 < b ≤ a ≤ 1. Using the interpolation estimate ∥·∥Ċθ ≤ ∥·∥t
Ċθ1

∥·∥1−t
Ċθ2

for θ1 ≤ θ ≤ θ2 and

t = θ2−θ
θ2−θ1

, we have

∥v − vϵ∥Ċb ≤ ∥v − vϵ∥
a−b

a
L∞ ∥v − vϵ∥

b
a

Ċa
≤ (

C∥v∥Ċa ϵ
a) a−b

a
(
2∥v∥Ċa

) b
a =C ′∥v∥Ċa ϵ

a−b , (106)

where we have used (99) to obtain the second inequality. Replacing v by ∇⊗k v then yields (100).
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Now suppose that
∣∣v(x)−v(y)

∣∣≤ω(|x−y |) for all |x−y | ≤ δ for an increasingω : [0,δ] → [0,∞).
From the identity (103), it follows that if ϵ≤ δ/2,

∥v − vϵ∥L∞ ≤
∫
Rd
ω(y)χϵ(y)dy =

∫
B(0,2)

ω(ϵy)χ(y)dy ≤ω(2ϵ)
∫

B(0,2)
χ(y)dy, (107)

where we have again made the change of variable y/ϵ 7→ y and used the monotonicity of ω.
Replacing v by ∇⊗k v then yields (101).

Finally, using that ∇χϵ is odd by assumption that χϵ is even, and therefore
∫
Rd ∇χϵ = 0, we have

∇⊗k vϵ(x) =
∫
Rd

(∇⊗k−1v(x − y)−∇⊗k−1v(x)
)⊗∇χϵ(y)dy. (108)

Suppose that
∣∣∇⊗k−1v(x)−∇⊗k−1v(y)

∣∣ ≤ ωk−1(|x − y |) for |x − y | ≤ δk−1, where ωk−1 : [0,δk−1] →
[0,∞) is increasing. Making the change of variable y/ϵ 7→ y ,

∥∇⊗k vϵ∥L∞ ≤ 1

ϵ

∫
Rd

∣∣∇⊗k−1v(x −ϵy)−∇⊗k−1v(x)
∣∣∣∣∇χ(y)

∣∣dy

≤ 1

ϵ

∫
Rd
ωk−1(ϵy)

∣∣∇χ(y)
∣∣dy

≤ ωk−1(2ϵ)

ϵ

∫
Rd

∣∣∇χ(y)
∣∣dy,

(109)

where we use the monotonicity of ωk−1 to obtain the final line. This yields (102) and completes
the proof. □

4.2. Properties of modulated energy

In this subsection, we recall some properties of the modulated energy (5) that are important for
the proofs of Theorems 8 and 10.

The first result is the following proposition taken from [46, Proposition 2.15] in the singular
case 0 ≤ s < d and [59, Example 4] in the nonsingular case −2 < s < 0, which shows the coercivity
of the modulated energy in the sense that it controls a squared negative-order Sobolev norm up

to O
(
N

−1+ sp
d(p−1)

)
error for densities µ ∈ Lp . In particular, this yields that the modulated energy

is almost nonnegative and that vanishing of the modulated energy implies weak convergence of
the empirical measure to the target measure µ.

Proposition 16. Let 0 ≤ s < d and p > d
d−s . There exists a constant C =C (d,s, p) > 0 such that the

following holds: for any µ ∈ L1 ∩Lp with
∫
Rd dµ = 1 and

∫
(Rd)2 |g|(x − y)d|µ|⊗2(x, y) < ∞ if s = 0,

λ≤ 1, and any pairwise distinct configuration XN ∈ (Rd)N , it holds that∥∥∥∥ 1

N

N∑
i=1

δxi −µ
∥∥∥∥2

H−r /2
≤C

(
FN (XN ,µ)+

(
g(λ)+C

)
2N

1s=0 +C
g(λ)

2N
1s>0 +C∥µ∥Lpλ

d(p−1)
p −s

)
, (110)

If −2 < s< 0, then for any µ ∈ L1 with
∫
Rd dµ= 1 and

∫
Rd |g|(x − y)d|µ|⊗2 <∞,

FN (XN ,µ) = cd,s

∥∥∥∥ 1

N

N∑
i=1

δxi −µ
∥∥∥∥2

Ḣ
s−d

2

. (111)

The second result, taken from [46, Corollary 2.14], shows that the modulated energy controls
the small-scale interactions.

Proposition 17. Let p > d
d−s and µ ∈ L1 ∩Lp . Define the nearest-neighbor type distance

ri := 1

4
min

(
min

1≤ j≤N : j ̸=i
|xi −x j |,λ

)
. (112)
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There exists C =C (d,s, p) > 0, such that for every η≤λ,

FN (XN ,µ)+
(
g(η)+C

)
2N

1s=0 +C
g(η)

2N
1s>0 +C∥µ∥Lpη

d(p−1)
p −s ≥


1

2N 2

N∑
i=1

g(4ri ), s> 0,

1

2N 2

N∑
i=1

g(4ri /η), s= 0,

(113)

and

FN (XN ,µ)+
(
g(η)+C

)
2N

1s=0 +C
g(η)

2N
1s>0 +C∥µ∥Lpη

d(p−1)
p −s

≥



1

2C N 2

∑
1≤i ̸= j≤N
|xi−x j |≤η

|xi −x j |−s, s> 0,

1

2C N 2

∑
1≤i ̸= j≤N
|xi−x j |≤η

− log

(
xi −x j

η

)
, s= 0.

(114)

The final result, which is taken from [80] and is an elementary consequence of Hölder’s
inequality and the Fourier representation of Riesz potentials, shows that in the nonsingular case
−2 < s< 0, the modulated energy/squared MMD controls moments of order < |s|/2.

Proposition 18. Suppose that −2 < s< 0, and let 0 < r < |s|
2 . There exists a constant C =C (d,s,r ) >

0 such that for any x0 ∈ Rd, µ ∈ L1 with
∫
Rd dµ= 1 and

∫
(Rd)2 |g|(x − y)d|µ|⊗2 <∞ and XN ∈ (Rd)N ,

it holds that ∫
Rd
|x −x0|r d

(
1

N

N∑
i=1

δxi −µ
)
≤C

(
1+∥µ∥L1

)1− 2r
|s| F

r
|s|
N (XN ,µ). (115)

4.3. Defective commutator estimate

We now combine the functional inequalities of Theorem 1 with the mollification error estimates
from Lemma 15 to obtain a defective commutator estimate in the form of Theorem 8 below.
As commented previously, this weakening of the Lipschitz assumption is necessary in the case

v =M∇g∗µ, where µ belongs to the critical space Ẇ
d
p +s+2−d,p for 1 < p <∞. Below, χϵ and vϵ are

as in the previous subsections.
In what follows, introduce the commutator kernel notation

kv (x, y) :=∇g(x − y) · (v(x)− v(y)
)
. (116)

The proof of Theorem 8 follows similar lines to [69,70]. The main technical ingredient is
Lemma 19 below, which controls the error from replacing v by the mollified vector field vϵ (cf. [69,
Lemma 4.2] and [70, Lemma 4.3]). The proof of the lemma is streamlined in comparison with
previous works, taking advantage of better mollification estimates in Lemma 15 and small-scale
control in Corollary 17. Note that we omit the log case s= 0 in Lemma 19 as this is covered by the
same argument in [69], and the omission simplifies the presentation.

Lemma 19. Assume that −2 < s < d and s ̸= 0. Let v ∈ Ċ1 and µ ∈ L1 with
∫
Rd dµ = 1 and∫

(Rd)2 |g|(x − y)d|µ|⊗2 <∞. Further, assume the following:

(a) if −2 < s≤−1, then
∫
Rd |x||s|−1 d|µ| <∞;

(b) if −1 < s< 0, then
∫
Rd |x|r dµ<∞ for some r < |s|

2 ;
(c) if −1 ≤ s< d−1, then µ ∈ Lp for some d

d−s−1 < p ≤∞ (p = 1 is allowed if s=−1);
(d) if s≥ d−1, then µ ∈ Ċθ for some θ > s+1−d.
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Then for any pairwise distinct configuration XN ∈ (Rd)N and ϵ≥ 0,∣∣∣∣∣
∫

(Rd)2\△
k(v−vϵ)(x, y)d

(
1

N

N∑
i=1

δxi −µ
)⊗2

∣∣∣∣∣
≤C N

2(s+1)
s −1∥v∥Ċ1ϵ

(
FN (XN ,µ)+Cp∥µ∥Lpλ

d(p−1)
p −s

) s+1
s 10<s<d

+
(
Cϑ,ϑ′∥v∥Ċ1ϵ

ϑ′
(∫
Rd
|x||s|−ϑdµ+ (

1+∥µ∥L1

)
F

|s|−ϑ
|s|

N (XN ,µ)

)
+C∥v∥Ċ1ϵ

)
1−1<s<0

+C∥v∥Ċ1ϵ

(∫
Rd
|x||s|−1 dµ+ (

1+∥µ∥L1

)
F

|s|−1
|s|

N (XN ,µ)

)
1−2<s≤−1

+ϵ(1+∥µ∥L1

)∥v∥Ċ1



∫
Rd |x||s|−1 dµ+F

|s|−1
|s|

N (XN ,µ), −2 < s≤−1,

Cq∥µ∥
1− (s+1)q

d(q−1)

L1 ∥µ∥
(s+1)q
d(q−1)

Lq , −1 ≤ s< d−1,

Cθ∥µ∥1− s−d+1
θ

L1 ∥µ∥
s−d+1
θ

Ċθ

+Cθϵ
d−s−1∥µ∥1− s−d+1

θ

L1 ∥µ∥
s−d+1
θ

L∞ , s≥ d−1,

(117)

where ϑ ∈ [|s| − r, |s|), 0 < ϑ′ < ϑ, C = C (d,s) > 0 and Cϑ,ϑ′ ,Cp ,Cθ > 0 additionally depend on
(ϑ,ϑ′), p,θ, respectively.

Before proving Lemma 19, let us show how Theorem 8 follows from it and Theorem 1.

Proof of Theorem 8. Writing v = vϵ+ (v − vϵ) and applying the triangle inequality, we find that∣∣∣∣∣
∫

(Rd)2\△
kv (x, y)d

(
1

N

N∑
i=1

δxi −µ
)⊗2

∣∣∣∣∣
≤

∣∣∣∣∣
∫

(Rd)2\△
kvϵ (x, y)d

(
1

N

N∑
i=1

δxi −µ
)⊗2

∣∣∣∣∣+
∣∣∣∣∣
∫

(Rd)2\△
k(v−vϵ)(x, y)d

(
1

N

N∑
i=1

δxi −µ
)⊗2

∣∣∣∣∣. (118)

Depending on the value of s, we apply the estimates (12), (13), (14), or (15) from Theorem 1 to the
first term on the right-hand side of (118). We use (102) and the modulus of continuity bound (49)
to control

∥∇vϵ∥L∞ ≤C∥v∥
Ẇ

d
p +1,p

(
1+|logϵ|)1− 1

p , (119)

where C =C (d, p) > 0. If v ∈ Ẇ
a
2 , 2d

a−2 , then by commutativity of differentiation and mollification,∥∥|∇| a
2 vϵ

∥∥
L

2d
a−2

≤ ∥∥|∇| a
2 v

∥∥
L

2d
a−2

. (120)

Altogether, we conclude that∣∣∣∣∣
∫

(Rd)2\△
kvϵ (x, y)d

(
1

N

N∑
i=1

δxi −µ
)⊗2

∣∣∣∣∣
≤C∥v∥

Ẇ
d
p +1,p

(
1+|logϵ|)1− 1

p

(
FN (XN ,µ)+Cq∥µ∥Lqλ

d(q−1)
q −s

)
1s≥max(0,d−2)

+C min

((
∥v∥

Ẇ
d
p +1,p

(
1+|logϵ|)1− 1

p +∥∥|∇| a
2 v

∥∥
L

2d
a−2

1a>2

)(
FN (XN ,µ)+Cq∥µ∥Lqλ

d(q−1)
q −s

)
,(

∥v∥
Ẇ

d
p +1,p

(
1+|logϵ|)1− 1

p +∥∥|∇| d−s
2 v

∥∥
L

2d
d−s−2

)(
FN (XN ,µ)+C q̃∥µ∥Lq̃κ

d(q̃−1)
q̃ −s

))
10≤s<d−2

+C
(
∥v∥

Ẇ
d
p +1,p

(
1+|logϵ|)1− 1

p +∥∥|∇| d−s
2 v

∥∥
L

2d
d−s−2

)
FN (XN ,µ)1−2<s<0,

(121)
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for q > d
d−s and q̃ > d

d−s−1 , where λ,κ are as in (10), (11), respectively. Applying (117) to the
second term on the right-hand side of (118) and combining the resulting bound with (121) then
completes the proof. □

We now turn to the proof of Lemma 19.

Proof of Lemma 19. Our starting point is the decomposition∫
(Rd)2\△

k(v−vϵ)(x, y)d

(
1

N

N∑
i=1

δxi −µ
)⊗2

(x, y) =
3∑

j=1
Term j , (122)

where

Term1 = 1

N 2

∑
1≤i ̸= j≤N

k(v−vϵ)(xi , x j ), (123)

Term2 =−2
1

N

N∑
i=1

∫
Rd

k(v−vϵ)(xi , y)dµ(y), (124)

Term3 =
∫
Rd

k(v−vϵ)(x, y)dµ⊗2(x, y). (125)

We separately estimate each of Term1,Term2,Term3.

Term1. For 1 ≤ i ≤ N , let ri be the nearest-neighbor type distance from (112). By (99) with a = 1,
we have the elementary bound

∀ x ̸= y,
∣∣k(v−vϵ)(x, y)

∣∣≤ C∥v∥Ċ1ϵ

|x − y |s+1 . (126)

We now consider cases based on the value of s.
If 0 < s< d, then applying the bound (126) to each summand of Term1,

|Term1| ≤
C∥v∥Ċ1ϵ

N 2

N∑
i=1

∑
j ̸=i

|xi −x j |−s−1

≤ C∥v∥Ċ1ϵ

N

N∑
i=1

r−s−1
i

≤ C∥v∥Ċ1ϵ

N

( N∑
i=1

r−s
i

) s+1
s

≤ C ′(sN 2)
s+1

s ϵ

N

(
FN (XN ,µ)+Cp∥µ∥Lpλ

d(p−1)
p −s

) s+1
s

,

(127)

where the second inequality follows from the definition of ri , the third inequality from the
embedding ∥·∥ℓs+1 ≤ ∥·∥ℓs , and the fourth inequality from Corollary 17. Above, C ,C ′ > 0 depend
only on d,s and d

d−s < p ≤∞. If −2 < s≤−1, then we use 1 > |s|−1 ≥ 0 to instead argue that

|Term1| ≤
C∥v∥Ċ1ϵ

N 2

N∑
i=1

∑
j ̸=i

|xi −x j |−s−1

≤ C∥v∥Ċ1ϵ

N 2

N∑
i=1

∑
j ̸=i

(|xi ||s|−1 +|x j ||s|−1)
≤ 2C∥v∥Ċ1ϵ

N

N∑
i=1

|xi ||s|−1

≤ 2C ′∥v∥Ċ1ϵ

(∫
Rd
|x||s|−1 dµ+ (

1+∥µ∥L1

)1− 2(|s|−1)
|s| F

|s|−1
|s|

N (XN ,µ)

)
,

(128)

where we have used |s|−1 < |s|
2 and Proposition 18 to obtain the final line.
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If −1 < s< 0, then in addition to (126) we observe the bound

∀ |x − y | ≤ 1,
∣∣k(v−vϵ)(x, y)

∣∣≤C∥v∥Ċ1 |x − y |−s(1+ ∣∣log|x − y |∣∣). (129)

which is a consequence of Ċ1 functions being log-Lipschitz (e.g. see [2, Proposition 2.107]).
Interpolating between (126) and (129), we find that for any ϑ ∈ [0,1],

∀ |x − y | ≤ 1,
∣∣k(v−vϵ)(x, y)

∣∣≤C∥v∥Ċ1 |x − y |−s
(

ϵ

|x − y |
)ϑ(

1+ ∣∣log|x − y |∣∣)1−ϑ. (130)

Note that we may discard the log factor up to taking ϑ smaller in the exponent of ϵ. Indeed, for
1 ≥ϑ>ϑ′, we have that

sup
|x−y |≤1

|x − y |ϑ−ϑ′(1+ ∣∣log|x − y |∣∣)1−ϑ′ ≤C ′, (131)

and therefore,

|x − y |−s
(

ϵ

|x − y |
)ϑ′(

1+ ∣∣log|x − y |∣∣)1−ϑ′ = ϵϑ′ |x − y ||s|−ϑ|x − y |ϑ−ϑ′(1+ ∣∣log|x − y |∣∣)1−ϑ′

≤C ′ϵϑ
′ |x − y ||s|−ϑ.

(132)

Hence, choosing 0 < ϑ′ < ϑ < 1 so that r ≥ |s| −ϑ > 0, which translates to |s| − r ≤ ϑ < |s|, and
arguing similarly to the previous case,

|Term1| ≤ 1

N 2

N∑
i=1

∑
j :|xi−x j |≤1

∣∣k(v−vϵ)(x, y)
∣∣+ 1

N 2

N∑
i=1

∑
j :|xi−x j |>1

∣∣k(v−vϵ)(x, y)
∣∣

≤ C∥v∥Ċ1ϵ
ϑ′

N

N∑
i=1

|xi ||s|−ϑ+C∥v∥Ċ1ϵ

≤C∥v∥Ċ1ϵ
ϑ′

(∫
Rd
|x||s|−ϑdµ+ (

1+∥µ∥L1

)1− 2(|s|−ϑ)
|s| F

|s|−ϑ
|s|

N (XN ,µ)

)
+C∥v∥Ċ1ϵ.

(133)

Combining the bounds (127), (128), (133) for 0 < s< d, −2 < s≤−1, and−1 < s< 0, respectively,
we conclude

|Term1|

≤ C (N 2)
s+1

s ϵ

N

(
FN (XN ,µ)+Cp∥µ∥Lpλ

d(p−1)
p −s

) s+1
s 10<s<d

+C∥v∥Ċ1ϵ

(∫
Rd
|x||s|−1 dµ+ (

1+∥µ∥L1

)1− 2(|s|−1)
|s| F

|s|−1
|s|

N (XN ,µ)

)
1−2<s≤−1

+
(
Cϑ,ϑ′∥v∥Ċ1ϵ

ϑ′
(∫
Rd
|x||s|−ϑdµ+ (

1+∥µ∥L1

)1− 2(|s|−ϑ)
|s| F

|s|−ϑ
|s|

N (XN ,µ)

)
+C∥v∥Ċ1ϵ

)
1−1<s<0,

(134)

where C =C (d,s) > 0 and Cϑ,ϑ′ > 0 additionally depends on ϑ,ϑ′.

Term2. Unpacking the definition of k(v−vϵ),∫
Rd

k(v−vϵ)( · , y)dµ(y) = (v − vϵ) ·∇hµ+divh(v−vϵ)µ, (135)

where h f := g∗ f . For the first term on the right-hand side, we crudely bound∥∥(v − vϵ) ·∇hµ
∥∥

L∞ ≤ ∥v − vϵ∥L∞∥∇hµ∥L∞

≤ ∥v∥Ċ1ϵ

Cq∥µ∥
1− (s+1)q

d(q−1)

L1 ∥µ∥
(s+1)q
d(q−1)

Lq , −1 ≤ s< d−1,

Cθ∥µ∥1− s−d+1
θ

L1 ∥µ∥
s−d+1
θ

Ċθ , s≥ d−1,

(136)
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for q > d
d−s−1 (q ≥ 1 if s=−1) and θ > s+1−d, where in the final inequality, we have used (99) and

the interpolation estimate

∥∇h f ∥L∞ ≤

Cq∥ f ∥1− (s+1)q
d(q−1)

L1 ∥ f ∥
(s+1)q
d(q−1)

Lq , −1 ≤ s< d−1,

Cθ∥ f ∥1− s−d+1
θ

L1 ∥ f ∥
s−d+1
θ

Ċθ , s≥ d−1.
(137)

For the second term on the right-hand side of (135), we again use the interpolation esti-
mate (137) and Hölder’s inequality to obtain∥∥divh(v−vϵ)µ∥∥

L∞

≤

Cq
∥∥(v − vϵ)µ

∥∥1− (s+1)q
d(q−1)

L1

∥∥(v − vϵ)µ
∥∥ (s+1)q

d(q−1)

Lq , −1 ≤ s< d−1,

Cθ

∥∥(v − vϵ)µ
∥∥1− s−d+1

θ

L1

∥∥(v − vϵ)µ
∥∥ s−d+1

θ

Ċθ , s≥ d−1,

≤
Cq∥v − vϵ∥L∞∥µ∥1− (s+1)q

d(q−1)

L1 ∥µ∥
(s+1)q
d(q−1)

Lq , −1 ≤ s< d−1,

Cθ

(∥v − vϵ∥L∞∥µ∥L1

)1− s−d+1
θ

(∥v − vϵ∥L∞∥µ∥Ċθ +∥v − vϵ∥Ċθ∥µ∥L∞
) s−d+1

θ , s≥ d−1,

≤
CqCϵ∥v∥Ċ1∥µ∥

1− (s+1)q
d(q−1)

L1 ∥µ∥
(s+1)q
d(q−1)

Lq , −1 ≤ s< d−1,

Cθ

(
Cϵ∥v∥Ċ1∥µ∥L1

)1− s−d+1
θ

(
Cϵ∥v∥Ċ1∥µ∥Ċθ +C ′

θ
∥v∥Ċ1ϵ

1−θ∥µ∥L∞
) s−d+1

θ , s≥ d−1,

(138)

where we have also used the algebra property of Hölder–Zygmund spaces.
If −2 < s<−1, then we instead use (126) to bound∫

Rd

∣∣k(v−vϵ)(x, y)
∣∣d|µ|(y) ≤Cϵ∥v∥Ċ1

∫
Rd
|x − y |−s−1 d|µ|(y). (139)

Using Proposition 18 with x0 = y

1

N

N∑
i=1

∫
Rd
|xi − y ||s|−1 d|µ|(y)

≤C
∫
Rd

(∫
Rd
|x − y ||s|−1 dµ+ (

1+∥µ∥L1

)1− 2(|s|−1)
|s| F

|s|−1
|s|

N (XN ,µ)

)
d|µ|(y)

≤C ′∥µ∥L1

(∫
Rd
|x||s|−1 d|µ|+ (

1+∥µ∥L1

)1− 2(|s|−1)
|s| F

|s|−1
|s|

N (XN ,µ)

)
.

(140)

Hence,

1

N

N∑
i=1

∫
Rd

∣∣k(v−vϵ)(xi , y)
∣∣d|µ|(y)

≤C ′′ϵ∥v∥Ċ1∥µ∥L1

(∫
Rd
|x||s|−1 d|µ|+ (

1+∥µ∥L1

)1− 2(|s|−1)
|s| F

|s|−1
|s|

N (XN ,µ)

)
. (141)

Combining the estimates (135), (136), (138), (141), simplifying and relabeling constants, we
conclude that

|Term2| ≤ ϵ∥v∥Ċ1


∥µ∥L1

(∫
Rd |x||s|−1 dµ+ (

1+∥µ∥L1

) 2
|s| F

|s|−1
|s|

N (XN ,µ)
)
, −2 < s<−1,

Cq∥µ∥
1− (s+1)q

d(q−1)

L1 ∥µ∥
(s+1)q
d(q−1)

Lq , −1 ≤ s< d−1,

Cθ∥µ∥1− s−d+1
θ

L1 ∥µ∥
s−d+1
θ

Ċθ +Cθϵ
d−s−1∥µ∥1− s−d+1

θ

L1 ∥µ∥
s−d+1
θ

L∞ , s≥ d−1,

(142)

for q > d
d−s−1 (q ≥ 1 if s=−1) and θ > s+1−d.
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Term3. Unpacking the definition of k(v−vϵ) and desymmetrizing,

Term3 =
∫
Rd

(v − vϵ) ·∇hµdµ, (143)

and by Hölder’s inequality,∣∣∣∣∫
Rd

(v − vϵ) ·∇hµdµ

∣∣∣∣≤ ∥v − vϵ∥L∞∥∇hµ∥L∞∥µ∥L1 . (144)

Using the estimate (136), we conclude that

|Term3| ≤ ϵ∥v∥Ċ1∥µ∥L1

Cq∥µ∥
1− (s+1)q

d(q−1)

L1 ∥µ∥
(s+1)q
d(q−1)

Lq , −1 ≤ s< d−1,

Cθ∥µ∥1− s−d+1
θ

L1 ∥µ∥
s−d+1
θ

Ċθ , s≥ d−1,
(145)

for q > d
d−s−1 and θ > s+1−d.

If −2 < s<−1, then we instead argue similarly to Term2 to obtain

|Term3| ≤Cϵ∥v∥Ċ1∥µ∥L1

∫
Rd
|x||s|−1 dµ. (146)

Combining the estimates (145), (146), we conclude that

|Term3| ≤ ϵ∥v∥Ċ1∥µ∥L1


∫
Rd |x||s|−1 dµ, −2 <−s<−1,

Cq∥µ∥
1− (s+1)q

d(q−1)

L1 ∥µ∥
(s+1)q
d(q−1)

Lq , −1 ≤ s< d−1,

Cθ∥µ∥1− s−d+1
θ

L1 ∥µ∥
s−d+1
θ

Ċθ , s≥ d−1,

(147)

for q > d
d−s−1 and θ > s+1−d.

Conclusion of proof. Combining the estimates (134), (142), (147) for Term1,Term2,Term3, re-
spectively, we arrive at∣∣∣∣∣

∫
(Rd)2\△

k(v−vϵ)(x, y)d

(
1

N

N∑
i=1

δxi −µ
)⊗2

∣∣∣∣∣
≤ C (N 2)

s+1
s ∥v∥Ċ1ϵ

N

(
FN (XN ,µ)+Cp∥µ∥Lpλ

d(p−1)
p −s

) s+1
s 10<s<d

+C∥v∥Ċ1ϵ
(
1+∥µ∥L1

) 2
|s|

(∫
Rd
|x||s|−1 dµ+F

|s|−1
|s|

N (XN ,µ)

)
1−2<s≤−1

+Cϑ,ϑ′∥v∥Ċ1

(
ϵϑ

′
(∫
Rd
|x||s|−ϑdµ+ (

1+∥µ∥L1

) 2ϑ
|s| F

|s|−ϑ
|s|

N (XN ,µ)

)
+ϵ

)
1−1<s<0

+ϵ∥µ∥L1∥v∥Ċ1


C

(∫
Rd |x||s|−1 dµ+ (

1+∥µ∥L1

) 2
|s| F

|s|−1
|s|

N (XN ,µ)
)
, −2 < s≤−1,

Cq∥µ∥
1− (s+1)q

d(q−1)

L1 ∥µ∥
(s+1)q
d(q−1)

Lq , −1 ≤ s< d−1,

Cθ∥µ∥1− s−d+1
θ

L1 ∥µ∥
s−d+1
θ

Ċθ +Cθϵ
d−s−1∥µ∥1− s−d+1

θ

L1 ∥µ∥
s−d+1
θ

L∞ , s≥ d−1,

(148)

for ϑ ∈ [|s|− r, |s|), 0 < ϑ′ < ϑ, p > d
d−s , q > d

d−s−1 , and θ > s+1−d. The constant C depends only
on d,s, while the constants Cϑ,ϑ′ ,Cp ,Cq ,Cθ additionally depend on (ϑ,ϑ′), p, q,θ, respectively.
Comparing this inequality to the statement of the lemma, we see that the proof is complete. □
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4.4. Mean-field convergence

Using the defective commutator estimate of Theorem 8, we now show convergence of the
empirical measure for the mean-field particle dynamics (1) to a (necessarily unique) solution
of the limiting PDE (3) in the modulated energy distance. This proves Theorem 10. In contrast
to previous works (cf. [78, Theorem 1.5] and [46, Theorem 1.5]), the rate of convergence is not
the optimal O(N

s
d−1) rate. This is not surprising giving we have to pay a price for relaxing the

assumption that the mean-field vector field is Lipschitz.
To close a differential inequality for FN (X t

N ,µt ), which is the key step of the theorem, we will
use the following generalization of the Grönwall–Bellman inequality.

Lemma 20. Let a ≥ 0. Suppose that C1,C2 : [0,T ] → [0,∞) are locally integrable, and x : [0,T ] →
[0,∞) is absolutely continuous with

ẋ t ≤C t
1(x t )a +C t

2x t , a.e. on [0,T ]. (149)

If a > 1, set I t := (a − 1)
∫ t

0 C s
1e(a−1)

∫ s
0 Cτ

2 dτds. If T∗ is defined as the maximal time such that
I T∗ ≤ (x0)1−a , then

∀ t < T∗, x t ≤ e
∫ t

0 C s
2 ds((x0)1−a − I t )− 1

a−1 . (150)

If a ≤ 1, then

∀ t ≤ T, (x t )1−a ≤ (x0)1−ae(1−a)
∫ t

0 Cτ
2 dτ+ (1−a)

∫ t

0
C s

1e(1−a)
∫ t

s Cτ
2 dτds. (151)

Proof. For the assertion (150), set z t := e−
∫ t

0 C s
2 ds x t , which satisfies

ż t ≤ e−
∫ t

0 C s
2 dsC t

1(x t )a =C t
1e(a−1)

∫ t
0 C s

2 ds (z t )a . (152)

Now let w t := (z t )1−a , which is well-defined by our assumption x t ≥ 0. Since 1−a < 0,

ẇ t = (1−a)(z t )−a ż t ≥ (1−a)C t
1e(a−1)

∫ t
0 C s

2 ds . (153)

Integrating both sides from 0 to t and then rearranging completes the proof.
For the assertion (151), set y t := (z t )1−a , which satisfies the differential inequality

ẏ t ≤ (1−a)C t
1 + (1−a)C t

2 y t . (154)

Multiplying both sides of the preceding inequality by e−(1−a)
∫ t

0 C s
2 ds , rearranging, then integrating

yields the desired conclusion. □

With this lemma in hand, we turn to the proof of Theorem 10.

Proof of Theorem 10. The second assertion concerning convergence in H−r for r > d
2 follows

immediately from the first assertion and Proposition 16. Therefore, we concentrate on the
modulated energy.

Recall from [85, Lemma 2.1] or [75, Lemma 3.6] that FN (X t
N ,µt ) satisfies the differential

inequality

d

dt
FN (X t

N ,µt ) ≤
∫

(Rd)2\△
∇g(x − y) · (ut (x)−ut (y)

)
d

(
1

N

N∑
i=1

δx t
i
−µt

)⊗2

, (155)

where ut := Vt −M∇g∗µt . To make the presentation more digestible, let us break the argument
into cases based on whether s is (super-)Coulomb, sub-Coulomb, or nonsingular.
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Case 1: s≥ d−2. Note that d
p + s+2−d ≥ d

p , with strict inequality if s > d−2, and so by Sobolev
embedding,

∥µt∥Lq ≤C∥µt∥
d(q−1)
q(s+2)

Ẇ
d
p +s+2−d,p

, (q,s) ̸= (∞,d−2), (156)

∥ut∥
Ẇ

d
p +1.p ≤ ∥Vt∥

Ẇ
d
p +1,p+C |M|∥µt∥

Ẇ
d
p +s+2−d,p , (157)

∥µt∥Ċs+2−d ≤C∥µt∥
Ẇ

d
p +s+2−d,p . (158)

For a.e. t , we apply Theorem 8 with v = ut , q <∞ if s= d−2 and q =∞ if s≥ d−2, and θ = s+2−d
if s≥ d−1, to obtain

d

dt
FN (X t

N ,µt )

≤Cp∥ut∥
Ẇ

d
p +1,p

(
1+|logϵt |

)1− 1
p

(
FN (X t

N ,µt )+Cq∥µt∥Lqλ
d(q−1)

q −s
t

)
+C N

2(s+1)
s −1ϵt∥ut∥Ċ1

(
FN (X t

N ,µt )+Cq∥µt∥Lqλ
d(q−1)

q −s
t

) s+1
s

+ϵt∥ut∥Ċ1

(
Cq∥µt∥

(s+1)q
d(q−1)

Lq 1s<d−1 +Cθ

(
∥µt∥

s−d+1
θ

Ċθ +ϵd−s−1
t ∥µt∥

s−d+1
θ

L∞
)
1s≥d−1

)
,

(159)

where ϵt is to be chosen momentarily and λt corresponds to (10) with µ=µt . Letting

E t :=FN (X t
N ,µt )+ sup

t≤τ≤T
ϵτ

(
Cq∥µτ∥Lqλ

d(q−1)
q −s

τ +Cq∥µτ∥
(s+1)q
d(q−1)

Lq 1s<d−1

+Cθ

(
∥µτ∥

s−d+1
θ

Ċθ +ϵd−s−1
τ ∥µτ∥

s−d+1
θ

L∞
)
1s≥d−1

)
,

it follows from the inequality (159) that

d

dt
E t ≤C t

1(E t )
s+1

s +C t
2E

t , (160)

where

C t
1 :=C N

2(s+1)
s −1ϵt∥ut∥Ċ1 , (161)

C t
2 :=Cp∥ut∥

Ẇ
d
p +1,p

(
1+|logϵt |

)1− 1
p . (162)

Appealing to (150) with a = s+1
s , we obtain

∀ 0 ≤ t < T∗, E t ≤ exp

(∫ t

0
Cp∥ut ′∥

Ẇ
d
p +1,p

(
1+|logϵt ′ |

)1− 1
p dt ′

)

×
(
(E 0)−

1
s − 1

s

∫ t

0
N

2(s+1)
s −1ϵt ′∥ut ′∥Ċ1 e

1
s
∫ t ′

0 Cp∥ut ′′∥
Ẇ

1+ 1
p ,p (1+|logϵt ′′ |)

1− 1
p dt ′′

dt ′
)−s

. (163)

We have quite a bit of freedom to choose ϵt to obtain a satisfactory estimate. For example,

choose ϵ = ϵt (i.e. time-independent) to satisfy the implicit equation ϵ = δN 1− 2(s+1)
s −α(E 0)−

1
s for

δ,α> 0 fixed. This is possible to do because unpacking the definition of E 0, the implicit equation
for ϵ may be rewritten as

ϵs
(
FN (X 0

N ,µ0)+ϵ sup
0≤τ≤T

(
Cq∥µτ∥Lqλ

d(q−1)
q −s

τ +Cq∥µτ∥
(s+1)q
d(q−1)

Lq 1s<d−1

+Cθ

(
∥µτ∥

s−d+1
θ

Ċθ +ϵd−s−1∥µτ∥
s−d+1
θ

L∞
)
1s≥d−1

))
= (

δN 1− 2(s+1)
s −α)s. (164)

The left-hand side, which is a continuous function of ϵ, tends to zero as ϵ→ 0 and to ∞ as ϵ→∞.
So, a solution exists by the intermediate value theorem.
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With this choice for ϵt ,

1

s

∫ t

0
N

2(s+1)
s −1ϵ∥ut ′∥Ċ1 exp

(
1

s

∫ t ′

0
Cp∥ut ′′∥

Ẇ
1+ 1

p ,p

(
1+|logϵ|)1− 1

p dt ′′
)

dt ′

≤ δN−α(E 0)−
1
s

s

∫ T

0
∥ut ′∥Ċ1 exp

(
1

s

∫ T

0
Cp∥ut ′′∥

Ẇ
1+ 1

p ,p

(
1+ ∣∣log(N 1− 2(s+1)

s −αδ)
∣∣+ ∣∣∣1

s logE 0
∣∣∣)1− 1

p
)
.

As 1− 1
p < 1, and for any constant C > 0, r eC(1+|logr |)1− 1

p → 0 as r → 0+, we see that we can choose

δ> 0 sufficiently small depending only on d,s, p,α,
∫ T

0 ∥ut ′′∥
Ẇ

1+ d
p ,p dt ′′,

∣∣FN (X 0
N ,µ0)

∣∣ such that for

every 0 ≤ t ≤ T ,

(E 0)−
1
s − 1

s

∫ t

0
N

2(s+1)
s −1ϵ∥ut ′∥Ċ1 e

1
s
∫ t ′

0 Cp∥ut ′′∥
Ẇ

1+ 1
p ,p (1+|logϵ|)1− 1

p dt ′′
dt ′ ≥ 1

2
(E 0)−

1
s , (165)

which allows us to upgrade the bound (163) to

∀ 0 ≤ t ≤ T, E t ≤ 2sE 0 exp

(∫ t

0
Cp∥ut ′∥

Ẇ
d
p +1,p

(
1+ ∣∣log(δN 1− 2(s+1)

s −α(E 0)−
1
s )

∣∣)1− 1
p

dt ′
)
. (166)

Evidently, the preceding right-hand side vanishes as N → ∞ provided that for any C > 0,∣∣FN (X 0
N ,µ0)

∣∣eC |log N |1−
1
p → 0 as N →∞ (e.g. F(X 0

N ,µ0) = O(N−r ) for some r > 0). This completes
the argument in the (super-)Coulomb case.

Case 2: 0 < s< d−2. We divide further into two cases based on the value of p in the assumption

that µt ∈ Ẇ
d
p +s+2−d,p .

If p < 2d
d−2 , then we may choose an exponent r satisfying min(2, p) ≤ r < 2d

d−2 so that letting
a= 2

(d
r +1

)
, we have a ∈ (d,d+2) and∥∥|∇| a

2 ut ∥∥
L

2d
a−2

≤ ∥∥|∇| a
2 Vt ∥∥

L
2d

a−2
+C |M|∥∥|∇| a

2 +s+1−dµt ∥∥
L

2d
a−2

= ∥∥|∇| a
2 Vt ∥∥

L
2d

a−2
+C |M|∥∥|∇| d

r +s+2−dµt ∥∥
Lr

≤ ∥∥|∇| a
2 Vt ∥∥

L
2d

a−2
+C ′|M|∥∥|∇| d

p +s+2−d
µt ∥∥

Lp ,

(167)

where the final inequality is by Sobolev embedding. Recycling notation, let

E t :=FN (X t
N ,µt )+ sup

t≤τ≤T
ϵτ

(
Cq∥µτ∥Lqλ

d(q−1)
q −s

τ +Cq∥µτ∥
(s+1)q
d(q−1)

Lq

)
. (168)

Applying Theorem 8, we have that (160) holds with C t
1,C t

2 as in (161), (162), respectively. Repeat-
ing the argument from the d−2 ≤ s< d case then completes the proof.

If p ≥ 2d
d−2 , then we cannot necessarily control the term

∥∥|∇| a
2 ut

∥∥
L

2d
a−2

, for a ∈ (d,d+ 2), by

∥µt∥
Ẇ

d
p +s+2−d,p and instead have to use the suboptimal estimate only requiring

∥∥|∇| d−s
2 ut

∥∥
L

2d
d−s−2

.

Indeed, if r ≤ 2d
d−s−2 , then by Sobolev embedding,∥∥|∇| d−s

2 ut ∥∥
L

2d
d−s−2

≤ ∥∥|∇| d−s
2 Vt ∥∥

L
2d

d−s−2
+C

∥∥|∇| d
r +1M∇g∗µt ∥∥

Lr

≤ ∥∥|∇| d−s
2 Vt ∥∥

L
2d

d−s−2
+C ′|M|∥µt∥

Ẇ
d
r +s+2−d,r

≤ ∥∥|∇| d−s
2 Vt ∥∥

L
2d

d−s−2
+C ′|M|∥µt∥

L
d

d−s−2
.

(169)

Since 2d
d−2 ≤ p ≤ 2d

d−s−2 , we are done. Redefining

E t :=FN (X t
N ,µt )+ sup

t≤τ≤T
ϵτCq

(
∥µτ∥Lqκ

d(q−1)
q −s

τ +∥µτ∥
(s+1)q
d(q−1)

Lq

)
, (170)
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the inequality (160) holds with C t
1,C t

2 as before, and repeating the same reasoning completes the
proof.

Case 3: −2 < s< 0. We divide into two cases based on the value of s.
If −2 < s≤−1, then we redefine

E t :=FN (X t
N ,µt )+ sup

t≤τ≤T
Cϵτ

∫
Rd
|x||s|−1 dµτ, (171)

and we see from Theorem 8 that E t obeys the differential inequality,

d

dt
E t ≤C t

1(E t )
|s|−1
|s| +C t

2E
t , (172)

where C t
2 is as above, but now C t

1 :=C∥ut∥Ċ1ϵt . Applying (151) with a = |s|−1
|s| , we obtain

∀ t ≤ T, (E t )
1
|s| ≤ (E 0)

1
|s| exp

(
1

|s|
∫ t

0
Cτ

2 dτ

)
+ 1

|s|
∫ t

0
C t ′

1 exp

(
1

|s|
∫ t

t ′
Cτ

2 dτ

)
dt ′. (173)

For any α> 0, we can choose ϵτ = N−α, and it follows that the preceding right-hand side tends to

zero as N →∞ provided that for some A > 0,
∣∣FN (X 0

N ,µ0)
∣∣ 1
|s| e A(1+log N )

1− 1
p → 0 as N →∞.

If −1 < s< 0, then we instead let

E t :=FN (X t
N ,µt )+ sup

t≤τ≤T

(
Cϑ,ϑ′ϵ

ϑ′
τ

∫
Rd
|x||s|−ϑdµτ+Cϵτ

(
1+Cq∥µτ∥

(s+1)q
d(q−1)

Lq

))
, (174)

and we see from Theorem 8 that E t obeys the differential inequality,

d

dt
E t ≤C t

1(E t )
|s|−ϑ
|s| +C t

2E
t , (175)

where C t
2 is as above, but now C t

1 :=Cϑ∥ut∥Ċ1ϵ
ϑ
t . Applying (151) with a = |s|−ϑ

|s| , we find that

∀ t ≤ T, (E t )
ϑ
|s| ≤ (E 0)

ϑ
|s| exp

(
ϑ

|s|
∫ t

0
Cτ

2 dτ

)
+ ϑ

|s|
∫ t

0
C t ′

1 exp

(
ϑ

|s|
∫ t

t ′
Cτ

2 dτ

)
dt ′. (176)

Choosing ϵτ = N−α then concludes the argument. With this last case, the proof of the theorem is
complete. □

5. Remaining questions and open problems

We conclude the paper by discussing a few questions that have been so far unaddressed and
posing several open problems concerning transport-commutator functional inequalities, the
regularity of the transport, and the regularity of the mean-field density. We hope that this
discussion will inspire future research on the subject.

5.1. Optimal sub-Coulomb transport regularity

As we noted in Section 1, there is an unfortunate gap between the two sub-Coulomb commutator
estimates (13), (14) in Theorem 1. In the latter, the rate in N is suboptimal, but the transport
regularity

∥∥|∇| d−s
2 v

∥∥
L

2d
d−s−2

is expected to be optimal in light of Corollary 6(i). While in the former,

the rate in N is optimal, but the transport regularity
∥∥|∇| a

2 v
∥∥

L
2d

a−2
1a>2 for a ∈ (d,d+2), although

scaling the same way as
∥∥|∇| d−s

2 v
∥∥

L
2d

d−s−2
, is stronger by Sobolev embedding and we believe

suboptimal.
The first problem we pose is to show a commutator estimate which has both the sharp

error N
s
d−1 and the believed sharp transport regularity

∥∥|∇| d−s
2 v

∥∥
L

2d
d−s−2

when 0 ≤ s < d − 2.
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The dependence
∥∥|∇| a

2 v
∥∥

L
2d

a−2
, for any a ∈ (d,d + 2), is an artifact of our passing through an

intermediate commutator estimate for Bessel potentials in the proof of Theorem 8. We expect
the latter to be the optimal regularity dependence even with the sharp N

s
d−1 error, but it does not

seem obtainable with our current proof. The solution to this problem likely requires devising a
different renormalization argument compared to [46,62], given this part of the proof is the source
of the issue. As the latter cited work is the only one that gives sharp errors, let us explain more
why its approach does not seem amenable to obtaining the optimal transport regularity.

The starting point for the argument of [46] is a “wavelet-type” representation of the Riesz
potential g as an average of approximate identities, which may be truncated at small scale η≥ 0
to obtain

∀ x ̸= 0, gη(x) := cφ,d,s

∫ ∞

η
td−sφt (x)

dt

t
, (177)

where φ is any sufficiently nice radial function with nonnegative Fourier transform, φt (x) :=
t−dφ(x/t ), and cφ,d,s depends on φ,d,s. Given suitable assumptions on φ (see [46, Lemma 2.2]),
gη enjoys a number of nice properties. For instance, gη is bounded for η> 0, gη ≤ g, gη is positive
definite, and g− gη decays rapidly at scale η outside the ball B(0,η). In the log case s = 0, the
integral has to be renormalized at large scales to obtain a convergent expression.

The main technical result [46, Corollary 3.2] is a commutator estimate for the truncated
potential, ∣∣∣∣∫

(Rd)2

(
v(x)− v(y)

) ·∇gη(x − y) f (x) f (y)

∣∣∣∣≤C (v)
∫

(Rd)2
gη(x − y) f (x) f (y). (178)

This is achieved by using the representation (177) and scaling invariance to reduce the problem to
proving the estimate with gη replaced byφ. Takingφ to be the Bessel potential φ̂(ξ) = 〈2πξ〉−a with
a ∈ (d,d+2), this then holds as a consequence of Kato–Ponce-type commutator estimates for the
inhomogeneous Fourier multiplier 〈∇〉a (the availability of such estimates motivates our choice
of φ), but with a norm on v of the form

∥∥|∇|a/2v
∥∥

L
2d

a−2
. The upper bound on a is not important to

us, as we would like to take a= d− s. The lower bound is natural given a> d is necessary for φ to
be bounded, which in turn is needed for the truncated potential gη to be bounded.

Theorem 5 suggests that approaches based on an intermediate kernelφwith fast Fourier decay
necessarily result in an estimate with a suboptimal regularity requirement for v . The question
thus remains whether (178) can be established directly, i.e. without relying on an intermediate
commutator estimate for the potential φ.

5.2. Localizability

Another important question is the localizability of commutator estimates. To illustrate what we
mean, consider the Coulomb case s= d−2. Integrating by parts, one has the electric reformulation
of the energy ∫

(Rd)2
g(x − y) f (x) f (y) = 1

cd,s

∫
Rd
|∇h f |2, (179)

where h f := g∗ f . Evidently, this latter quantity may be localized to any domainΩ⊂Rd. Exploiting
the stress-energy tensor structure the commutator possesses when s= d−2, one has the localized
commutator estimate∣∣∣∣∫

(Rd)2

(
v(x)− v(y)

) ·∇g(x − y) f (x) f (y)

∣∣∣∣≤C∥∇v∥L∞
∫

supp v
|∇h f |2. (180)

This argument can also be extended to s> d−2, as well as to higher-order commutator estimates
and their renormalized variants [55,78,86]. Such localized estimates are important for applica-
tions to CLTs for the fluctuations of Riesz gases at mesoscales (e.g. see [87, Part 3]).
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The case of a local version of the (renormalized) commutator estimate is open for the sub-
Coulomb range, where the commutator no longer has the same stress-energy tensor structure as
is crucial to the argument in [78]. Moreover, the proofs in [46,62] are not suitable for localized
estimates given their reliance on intermediary nonlocal commutator estimates.

In the (sub-Coulomb) “local” case s = d− 2k, for integer k ≥ 2, where g is the fundamental
solution of (−∆)k , one can still reformulate the energy,∫

(Rd)2
g(x − y) f (x) f (y) = 1

cd,s

∫
Rd
|∇⊗k h f |2, (181)

where the electric field ∇h f is replaced by the k-tensor field ∇⊗k h f , and evidently, the latter
quantity in (181) may be localized as before. Preliminary calculations indicate that there is
a “higher-order” stress-energy tensor structure to the commutator in this case, which may be
exploited through integration by parts to prove an unrenormalized commutator estimate. That
said, the optimal regularity dependence for v remains to be determined. In the nonlocal case
s ̸= d−2k, this reasoning can likely be adapted using the generalization of the Caffarelli–Silvestre
extension for higher powers of the fractional Laplacian [91], analogous to the relation between
the Coulomb case d−2 and the super-Coulomb case s> d−2.

What is less straightforward and the crux of the problem is finding a suitable renormalization
scheme with which to combine the unrenormalized localized commutator estimate to obtain a
localized version of the estimate (13) or (14). The two renormalization schemes available for the
sub-Coulomb case, the averaging scheme in [62] and the potential truncation scheme in [46],
do not seem suited to this task. The former will not produce sharp errors in N , while the latter
cannot obviously be combined with the localized electric formulation described above.

5.3. Higher-order estimates

So far, we have only considered first-order commutator estimates corresponding to the first vari-
ation (6) of the modulated energy. Also of interest are the higher-order variations corresponding
to n ≥ 2 in

dn

dt n

∣∣∣∣
t=0

FN
(
(I+ t v)⊕N (XN ), (I+ t v)#µ

)
= 1

2

∫
(Rd)2\△

∇⊗ng(x − y) :
(
v(x)− v(y)

)⊗n d(µN −µ)⊗2

=: An[XN ,µ, v],
(182)

where I+ t v, (I+ t v)⊕N are as in Section 1.2 and : denotes the inner product between tensors. As
in the first-order case, one seeks to control these quantities by Cv (FN (XN ,µ)+CµN−α), and we
call such control a higher-order commutator estimate.

Second-order (i.e. n = 2) estimates are important for the aforementioned transport method for
studying the fluctuations of Coulomb/Riesz gases, as well as for deriving mean-field limits with
multiplicative noise [67]. Estimates beyond second order are also useful, allowing to obtain finer
estimates on the fluctuations of Riesz gases to treat a broader class of interactions [63] and also
to compute the asymptotics of n-th order cumulants [73].

Higher-order commutator estimates were first shown at second order in [55,67] for the d = 2
Coulomb case, then in [86] for the general Coulomb case (but with an estimate that is suboptimal
in its dependence on FN ), and later in [62,80] for the full range −2 < s < d, as well as for more
general Riesz-type interactions. The approach of [62] yields higher-order estimates, but these are
generally not sharp in their additive error. In contrast, the estimates from [86] are sharp but only
to second order for the d = 2 Coulomb case. More importantly, their proof is quite intricate and
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not evidently generalizable to higher order. In [78], sharp localized estimates were shown at all
orders for the (super-)Coulomb case by means of a delicate induction argument.

Although it is somewhat orthogonal to our focus on transport regularity, given its importance
for studying fluctuations around the mean-field limit, we start by posing the problem of a sharp
estimate for higher-order commutators in the sub-Coulomb case s < d−2. The aforementioned
work [46] by the authors proves a sharp first-order estimate, but it is not clear how to extend
the method of that paper to n ≥ 2. Desymmetrizing (182) and writing in terms of iterated
commutators entails difficulties of considering commutators of commutators, not too mention
the algebraic complexity as n increases. Moreover, the approach to higher orders in [62] via
integrating by parts to throw derivatives onto the commutator kernel is not obviously compatible
with the renormalization scheme in [46].

Even for the (super)Coulomb case, where a sharp localized estimate at any order has been
shown by the last two authors in [78], the transport regularity assumptions are not fully satisfac-
tory, and this issue is intimately linked to the regularity theory for commutators, first initiated
in that work. To illustrate what we mean, we recall some facts from [78]. So as to focus on the
main ideas, we limit the discussion to the Coulomb case, but we note that everything may be
generalized to the super-Coulomb case.

Fixing a vector field v and given a test function f , let κ(n), f be the n-th order commutator
defined by

κ(n), f (x) :=
∫
Rd

∇⊗ng(x − y) :
(
v(x)− v(y)

)⊗n d f (y). (183)

κ(n), f obeys the PDE (see [78, Section 4.1] for the calculation)

−∆κ(n), f = cd,s(−1)n
∑
σ∈Sn

∂iσ1
v i1 · · ·∂iσn

v in f −n∂i
(
∂i v ·ν(n−1), f )

−n∂i v ·∂iν
(n−1), f +n(n −1)(∂i v)⊗2 :µ(n−2), f , (184)

where Sn denotes the symmetric group on [n] and a repeated index denotes summation over
that index. On the right-hand side, ν is a vector field on Rd that “morally” is like ∇κ(n), f , while µ
(not to be confused with the mean-field density) is a symmetric matrix field on Rd that morally
is like ∇⊗2κ(n), f (see [78, (4.12), (4.14)], respectively, for the precise definitions). The right-hand
side of (184) is good because it only depends on lower-order (i.e. n −1, n −2) commutators.

We believe that the right-hand side of (184) can be written in divergence form involving terms
built from products of the components of∇v andν(m) for m ≤ n−1. More precisely, we conjecture

−∆κ(n), f =−n div
(∇v iν

(n−1), f
i

)+ n∑
k=1

Ck,n

∑
σ∈Sk+1

(−1)|σ|∂iσ(k+1)

(
∂iσ(1) v i1 · · ·∂iσ(k) v ikν

(n−k), f
ik+1

)
, (185)

where Ck,n are certain combinatorial coefficients and |σ| denotes the signature of the permuta-
tion σ. By testing (185) against hw := g∗w , using that∫

(Rd)2

(
v(x)− v(y)

) ·∇g(x − y) f (x)g (y) = 1

cd,s

∫
Rd

(−∆)κ(n), f hg , (186)

and reversing the product rule, one arrives at a stress-energy tensor structure to the higher-order
commutators. If such an identity (185) holds and one has a bound∫

Rd
|ν(m), f |2 ≤Cm

(∥∇v∥L∞
)2m

∫
supp∇v

|∇h f |2, m ≤ n −1, (187)

then it follows immediately from integration by parts and Cauchy–Schwarz that∫
Rd
|∇κ(n), f |2 ≤Cn

(∥∇v∥L∞
)2n

∫
supp∇v

|∇h f |2. (188)

Since the ν’s obey a recursion in terms of the ∇κ’s (see [78, (4.13)]), the estimate (188) implies
that (187) holds for m = n and by induction, the estimates (188), (187) hold for any integer n ≥ 1.
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Unfortunately, we were only able to prove the identity (185) for n ≤ 2 (see [78, Section 4.3]),
and the computation is already quite involved once n = 2. If we stick with the non-divergence
form of the right-hand side of (184), then we encounter terms that have a factor of κ(n), f . For
example, ∫

Rd
κ(n), f ∂i v ·∂iν

(n−1), f =−
∫
Rd
∂iκ

(n), f ∂i v ·ν(n−1), f −
∫
Rd
κ(n), f ∂2

i v ·ν(n−1), f . (189)

One cannot simply use Cauchy–Schwarz on the second term on the right-hand side, as in general,
there is no way to control

∫
supp∇v |κ(n), f |2 by

∫
supp∇v |∇κ(n), f |2. However, if one’s primary interest

is in localized estimates, then there is a way out of this issue by exploiting the localization from
the start. Since −∆κ(n), f has zero average, we may equivalently test the equation (184) against
κ(n), f −κ(n), f , whereκ(n), f denotes the average in a ball B containing the support of v . The strategy
is to integrate by parts and use Cauchy–Schwarz as before, setting up an induction argument for
estimates satisfied by κ(m), f ,ν(m), f ,µ(m), f (see [78, Lemma 4.4]). Crucially, the Lebesgue measure
on B satisfies a Poincaré inequality, which allows to control

∫
B |κ(n), f −κ(n), f |2 by

∫
B |∇κ(n), f |2.

Although this approach requires a bound for ∥∇⊗2v∥L∞ , which is a stronger demand than the
Lipschitz requirement that would follow if (185) holds, this is still sufficient for applications, such
as to CLTs for linear statistics of Coulomb/Riesz gases. Nevertheless, improving the regularity to
∥∇v∥L∞ would allow one to consider rougher test functions in this application, not to mention
the aesthetic motivation for an estimate that is uniform in the localization.

5.4. Scaling-critical mean-field convergence for p =∞
The last question we consider concerns Theorems 8 and 10 in the excluded case p =∞. The case
p = 1 is also excluded, but this is not particularly relevant because the critical space Ẇ s+2,1 never
corresponds to a nonincreasing/conserved quantity, unlike L∞, which is scaling-critical in the
Coulomb case.

First, the reader should recall from Remark 9 that per our notation (see Section 1.5), the limit

of the space Ẇ
d
p +s+2−d,p as p →∞ is the space{

f ∈S ′(Rd) :
∥∥〈∇〉s+2−d f

∥∥
L∞ <∞

}
. (190)

This space is not well-behaved from a harmonic analysis perspective in terms of singular integral
operators/Fourier multipliers being bounded on it, and a more natural L∞-type space is the
homogeneous Hölder–Zygmund space Ċs+2−d, which is well-behaved. In particular, we have∥∥M∇g∗µ∥∥

Ċ1 <∼|M|∥µ∥Ċs+2−d . (191)

If s= d−2 (i.e. Coulomb), then Ċ0 should be understood as the homogeneous Besov space Ḃ 0∞,∞,
into which L∞ embeds.

One can still prove a defective commutator estimate like Theorem 8 when the vector field

v ∈ Ċ1, but the divergent prefactor
(
1+|logϵ|)1− 1

p that comes from estimating ∥∇vϵ∥L∞ is replaced
by 1 + |logϵ|. In the log case s = 0, this factor 1 + |logϵ| is still sufficient to prove a version
of Theorem 10 (see [69, Proposition 1.8]) by essentially taking ϵ = ϵt to be comparable to the
modulated energy FN (X t

N ,µt ) and using that r |logr | satisfies the conditions of the Osgood
lemma. Importantly, in estimating the mollification error v − vϵ (specifically, Term1 in the proof
of Lemma 19), the log-Lipschitz regularity of v allows one to bound for |xi −x j | ≤ 1

2 ,∣∣∣∇g(xi −x j ) · ((v − vϵ)(xi )− (v − vϵ)(x j )
)∣∣∣≤C∥v∥Ċ1

∣∣log|xi −x j |
∣∣

|xi −x j |s
=C∥v∥Ċ1g(xi −x j ). (192)

This relation is, of course, only true in the log case. When 0 < s < d, one has the leftover factor∣∣log|xi − x j |
∣∣. In the proof of [70, Proposition 4.1], this extra log factor is handled by controlling
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the minimal distance between points by the N -particle energy. Taking ϵ∝ N−α for large enough
α> 0 then allows one to close a Grönwall relation, but only for short times depending on the size
of the initial modulated energy. The reason is that one encounters the quantity N−βeC t |log N−α|,
for some β > 0, which only vanishes as N →∞ if t is small enough (independently of N ). Even
replacing this part of the argument with that used to estimate Term1 in Lemma 19 would not

suffice if we only had bound ∥∇vϵ∥L∞ <∼
(
1+ |logϵ|). The prefactor N

2(s+1)
s −1ϵ on the right-hand

side of (117) when 0 < s < d again requires our taking ϵ <∼ N−α for large enough α, and we
would run into the same short-time issue as before. Thus, what is essential is having the control
∥∇vϵ∥L∞ <∼

(
1 + |logϵ|)θ for θ ∈ (0,1), which is made possible by the stronger assumption that

v ∈ Ẇ
d
p +1,p .

To date, mean-field convergence under the assumption that the limiting density µ ∈ L∞
t L∞

x
has only been shown to hold on some interval of time [0,T∗], despite the fact that solutions
of the mean-field equation are global. Removing this short-time restriction, which we think is
purely technical, is an important open problem. More generally, it would be desirable to show
convergence without any short-time restriction in the super-Coulomb case when µ ∈ L∞

t Ċs+2−d
x .
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