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Introduction

A flag variety is a smooth projective homogeneous variety G/B, where G is a simple algebraic
group over the complex numbers C and B is a Borel subgroup of G. Let T be the maximal torus
of G in B and W the Weyl group of G. The Bruhat decomposition G/B =|_|,yeyw BwB/B provides
a cell decomposition of G/B. Indeed, BwB/B is isomorphic to an affine space C/) where ¢(w)
denotes the Coxeter length of w. The Schubert variety X, is the closure of the cell BwB/B in the
flag variety G/ B, and X, is called toric if it is a toric variety with respect to the torus 7. It is known

ISSN (electronic): 1778-3569 https://comptes-rendus.academie-sciences.fr/mathematique/


https://doi.org/10.5802/crmath.838
https://orcid.org/0000-0002-2089-0878
https://orcid.org/0000-0002-4484-0090
https://orcid.org/0000-0003-1958-0087
mailto:eunjeong.lee@chungbuk.ac.kr
mailto:mikiyamsd@gmail.com
mailto:seonjeongpark@jj.ac.kr
https://comptes-rendus.academie-sciences.fr/mathematique/

502 Eunjeong Lee, Mikiya Masuda and Seonjeong Park

that X, is toric if and only if w is a product of distinct simple reflections (see [8,12]). This implies
that a toric Schubert variety X,, is smooth; in fact, X,, is a Bott manifold that is the total space of
an iterated CP!-bundle over a point.

In this paper, we associate to an edge-labeled digraph %,, a toric Schubert variety X, and
prove the following.

Theorem 1 (Theorem 18). Let W and W' be the Weyl groups of simple algebraic groups G and G,
respectively. Then toric Schubert varieties X,, (w € W) and X,y (w' € W') are isomorphic as
varieties if and only if 9,, and 4,, are isomorphic as edge-labeled digraphs.

The edge-labeled digraph ¥,, is defined as follows. Take a reduced expression s;, s;, - -+ s;,, of w
as a product of simple reflections s; in W, where i1, iy,..., i, are mutually distinct. Then the
vertex set of 4, is {i1,..., i}, and there is a directed edge (i}, ix) between two vertices in ¢, if
and only if j > k and the (i}, i) entry Cij g in the Cartan matrix of G is nonzero. We label the
directed edge by the integer —Cijip» which is 1, 2, or 3. Therefore, the underlying graph of ¢4,
is an induced subgraph of the Dynkin diagram of G, with a multiple edge (if any) replaced by
a single edge. All directed edges of ¢,, are labeled 1, except when the underlying edge of the
Dynkin diagram is multiple and the directed edge is oriented in the same direction as the arrow
on the Dynkin diagram. In that case, the label is 2 for a double edge, and 3 for a triple edge. If
the orientation is opposite to the Dynkin-diagram arrow, then its label is 1. (See, for instance,
Table 4.) Here, we notice that ¢,, is independent of the choice of reduced expression of w (see
Remark 16).

A smooth projective variety X is called Fano (respectively, weak Fano) if the anticanonical
divisor — Ky is ample (respectively, nef and big). In birational geometry, the Fano and weak Fano
conditions encode the positivity of the anticanonical divisor —Kx. Such positivity properties
play a fundamental role in the birational classification of projective varieties and single out
particularly rigid and well-behaved families. The next theorem shows that the edge-labeled
digraph %,, is also useful for determining whether the toric Schubert variety X,, is Fano or weak
Fano.

Theorem 2 (Theorem 19). A foric Schubert variety X,, is Fano (respectively, weak Fano) if and
only if every vertex of 4, has indegree at most 1 (respectively, 2).

An element of the Weyl group W is called a Coxeter element if it is a product of the simple
reflections, each appearing exactly once. When w € W is a Coxeter element, the underlying graph
of 4,, agrees with the Dynkin diagram of G with a multiple edge (if any) replaced by a single edge.
We enumerate the isomorphism classes of (weak) Fano toric Schubert varieties X,, for Coxeter
elements w in each Lie type (see Table 3).

We also discuss whether a toric Schubert variety X, is determined by its integral cohomology
ring H* (X; Z), in other words, whether %,, can be recovered from H* (X,,; 7).

Theorem 3 (Theorem 32). The edge-labeled digraph 4,, can be recovered (up to isomorphism)
from the cohomology ring H* (Xy,; Z) if all edge labels of %,, are1.

Combining Theorem 3 with Theorem 1, we obtain the following corollary.

Corollary 4. Let W and W' be the Weyl groups of simple algebraic groups G and G' of simply-
laced type (i.e. type A, D, or E). Then toric Schubert varieties X,, (w € W) and X,, (W' € W') are
isomorphic as varieties if and only if H* (X,,; Z) and H* (X,,; Z) are isomorphic as graded rings.

Remark 5. The assumption in Theorem 3 cannot be weakened as is seen in the following
examples with simple reflections numbered as in Table 1.
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(1) When G is of type G, there are two Coxeter elements w, w’ and both ¢,, and ¢,/ consist of
two vertices with a directed edge but one has label 1 while the other has label 3. However,
the cohomology rings H* (X,,;Z) and H* (X,,,;Z) are isomorphic. Indeed, if F, denotes the
Hirzebruch surface indexed by a nonnegative integer a, then X, and X, are F) and F3. As is
well-known, F, and F,, are isomorphic if and only if a = @', and H* (F,;Z) and H* (F,; Z) are
isomorphic as graded rings (more strongly, F, and F,, are diffeomorphic) if and only if a = a’
(mod 2).

(2) When G is of type C3, ¥, s, consists of two vertices with no edge and %, ;, consists of two
vertices and a directed edge with label 2. On the other hand, Xj, 5, and X, s, are isomorphic to
Fp and F, respectively, so their integral cohomology rings are isomorphic. We obtain a similar
observation when G is of type B3 or F4. The toric Schubert variety X, in type B3 or Fy is
isomorphic to the Hirzebruch surface F» while Xj, g, is isomorphic to Fj.

(3) When G is of type F4, the cohomology rings of toric Schubert varieties X5, ¢,s5, and X, s, s, s,
are isomorphic but X, s, and Xj, s, 5,5, are not isomorphic as varieties (see Remark 35).

As mentioned in Remark 5, not all toric Schubert varieties are distinguished as varieties by
their integral cohomology rings. However, they are distinguished by their integral cohomol-
ogy rings as smooth manifolds. Indeed, toric Schubert varieties are Bott manifolds, and it is
known that Bott manifolds are distinguished by their integral cohomology rings up to diffeomor-
phism (see [4]). Related to this, it is asked and studied in [16] whether smooth (not necessarily
toric) Schubert varieties are distinguished by their integral cohomology rings up to diffeomor-
phism or homeomorphism.

This paper is organized as follows. As mentioned above, toric Schubert varieties are Bott
manifolds. In Section 1, we review fans of Bott manifolds and recall a criterion for determining
when they are Fano or weak Fano. In Section 2, we associate the edge-labeled digraph ¥, to
a toric Schubert variety X,, and prove Theorems 1 and 2. Using Theorem 1, we enumerate the
isomorphism classes of (Fano or weak Fano) toric Schubert varieties in Section 3. In Section 4,
we prove Theorem 3 using a presentation of H*(X,,;Z) as a graded ring with generators and
relations.

1. Preliminaries: toric Schubert varieties and Bott manifolds

In this section, we recall the classification of toric Schubert varieties and describe them in terms
of Bott manifolds. To do so, we first review Bott manifolds, which are smooth projective toric
varieties. Moreover, we recall criteria for the Fano and weak Fano properties of Bott manifolds.

1.1. Toric Schubert varieties

Let G be a simple algebraic group over C of rank r, let B be a Borel subgroup, and let T be a
maximal torus of G contained in B. We denote by W the Weyl group of G. A flag variety is the
homogeneous space G/B, which is a smooth projective variety. When G is of type A with rank
n—1, the flag variety G/B is diffeomorphic to

Fin)={{0lcVicVoc---cV,=C")| dimc V; =iforalli=1,...,n},
where each V; is a linear subspace of C”. Moreover, the Weyl group is the symmetric group &,
on the set [n] :={1,...,n}.
The Weyl group W of G is generated by simple reflections s; for i = 1,...,r, so each element
w € W can be expressed as a product of generators:

W = S8j; Sip " Si,-
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Table 1. Dynkin diagrams for finite types.

P Dynkin diagram
A (r=1) o—o0o—0 o——o0
1 2 3 r—1 r
B, (r=2) o——o0 O———O0=—=>—=0
1 2 r-2 r—1 r
C,(r=3) o—o0 oO————0—=<—o0
1 2 r—2 r—1 r
r—1
D, (r=4) o——o0
1 2 r-3 r—2
-
02
Es o ‘o)
1 3 4 5 6
02
E; o 0
1 3 4 5 6 7
02
Es o 0
1 3 4 5 6 7 8
Fy4 oO—O0—>—0—0
1 2 3 4
G2 1 2

If m is minimal among all such expressions for w, then m is called the (Coxeter) length of w
and we write £(w) = m. Moreover, we call the word s;, s;, -+ 5;,, a reduced decomposition for w.
An expression s;, S, -+ S;,, provides a string (iy, iz,..., i) in [r]™, and we call it a word. A word
(i1,82,...,im) is reduced if the corresponding expression s;, s;, -+ s;,, is reduced. In Table 1, we
provide Dynkin diagrams for finite types. In this manuscript, we use the ordering on the simple
roots as in the table following [10].

The left multiplication of T on G induces an action of T on G/B. Then there is a bijective
correspondence between the T-fixed point set (G/B)” and the Weyl group W of G, and we denote
by wB the fixed point in G/B corresponding to w € W. For w € W, the Schubert variety X,, is a
subvariety of G/B defined by the (Zariski) closure of BwB/B < G/B. A Schubert variety is T-
invariant and has complex dimension ¢(w).

Considering a reduced decomposition for w € W, one can decide whether the Schubert
variety X, is toric or not with respect to the torus action T as follows.

Theorem 6 (see [8,12]). For w € W, the following statements are equivalent:

(1) Xy is a toric variety (with respect to the T -action);
(2) Xy is a smooth toric variety (with respect to the T -action);
(3) some (equivalently, any) reduced expression for w consists of distinct simple reflections.
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Example 7. There are six elements in the Weyl group &3 of type A,. For each w € G3, we display
whether the corresponding Schubert variety X, is toric or not and the length ¢(w) = dim¢ X, in
the following table:

w e S1 $2 $182 $281 $18281
Xy is toric yes yes yes yes yes no
l(w) 0 1 1 2 2 3

Example 8. The Weyl group Wg, of type B; is given by Wg, = (s1, 52 ’ (51)%2 =(52)% = (s152)% = e).
There are eight elements in Wg,, and five of them produce toric Schubert varieties:

w e S1 $2 S182 $281 S18281 $28182 $1828182
Xy is toric yes yes yes yes yes no no no
f(w) 0 1 1 2 2 3 3 4

When G is of type A;,_1, the fan of a toric Schubert variety X, is the same as the normal fan of
a polytope
Qu = Conv{(v'(1),..., v (m) eR" | v = w}.

Here, we compare two elements v, w € W with respect to the Bruhat order, that is, if w =
Siy -+ 8j, is a reduced expression, then v < w if and only if there exists a reduced expression
V= Sij Sig, e Siy, with 1 < j; <--- < j; < k. To consider the fan of a toric Schubert variety X,

in general Lie types, we recall [9, Section 3.7] and [13, Section 4.3].

Theorem 9 ([13, Theorem 4.23]). Let w = s;,---s;,, be a reduced decomposition for w € W.
Assume that iy,...,i are distinct. Then the fan of the toric Schubert variety X,, is isomorphic
to the fan in R™ whose primitive ray generators are the 2m column vectors of the following matrix.
A subset of these column vectors spans a cone if and only if it does not contain both the k-th column
of the left m x m submatrix and the k-th column of the right m x m submatrix forany k =1,...,m:

10 - 0|/-1 0 - 0
) €8]
_Cij,ik
0o 0 - 1 -1

where the (j, k) entry for m = j > k = 1 in the right submatrix above is —c;, i, and the integers cp,q
are Cartan integers. Therefore, if we denote the 2m ray vectors in the above matrix from left to right
byvi,,..., Vi, ,Wi,...,W; , then
Vi + Wi, = ) (=i i )Vi; )
j>k
fork=1,...,m.

We briefly explain how to obtain Theorem 9. Suppose that w = s;, -+ s;,, is a reduced decom-
position for w € W consisting of distinct simple reflections. Then the Schubert variety X,, is
isomorphic to the Bott-Samelson variety corresponding to the word (iy,...,1,;). Here, a Bott—
Samelson variety is a smooth projective variety that can be understood as the total space of an
iterated CP!-bundle whose bundle structure is decided by the decomposition (iy, ..., i;;). More-
over, such a Bott-Samelson variety is also toric and its fan structure is described in the paper by
Grossberg and Karshon (see [9, Section 3.7]).
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We call the right m x m submatrix in (1) the reduced characteristic matrix. Recall that the
Cartan integers c;, ; can be read directly from the Dynkin diagram as follows:

(.)—(). O:>:O O$O
i J i J i J
cij=-1 cij=-2 ci,j=-3
cji=-1 cji=-1 cji=-1

Here, we note that an arrow on the Dynkin diagram represents the relative lengths of two simple
roots. Indeed, an arrow points to the shorter of two roots. (Hence, one can also consider an arrow
as an inequality comparing the length of two roots.) In the above diagrams with multiple edges,
we have |a;[l > ||| for two simple roots a; and a; associated with the vertices i and j in the
Dynkin diagram.

Example 10. Suppose that G is of type As. Let w = s351545552. Then the reduced characteristic
matrix in (1) is given as follows:

-10 0 0 O
0-10 00
1 0-10 0
0 01-10
1 1 0 0 -1

Since (i1, io, i3, i4, i5) = (3,1,4,5,2), the column vectors above are wz, w1, w4, W5, w, from the left.
Therefore we have

V3+W3 =Vyg+Vy, Vi +W; =V, V4 + Wy = Vg, Vs + W5 =0, vy +wo =0.

Example 11. Suppose that G is of type B,. As computed in Example 8, there are five toric
Schubert varieties. Considering toric Schubert varieties of dimension 2, we obtain the reduced
characteristic matrices in (1) as follows:

S182 $281
-10 -1 0
1 -1 2 -1
For w = s15,, the (2,1)-entry of the reduced characteristic matrix is —c;, ;, = —¢21 = —=(-1) = 1.
Moreover, for w = sys1, the (2,1)-entry of the reduced characteristic matrix is —c;,,;, = —¢12 =
—(=2) = 2. Therefore,
V] +Wp =V, vo+wy =0
in the former case and
Vo + Wy = 2v, vi+w; =0

in the latter case.

1.2. Fano or weak Fano toric varieties

There is a combinatorial way to determine whether a smooth projective toric variety is Fano or
weak Fano. We say that a smooth projective variety X is Fano (respectively, weak Fano) if the
anticanonical divisor —Ky is ample (respectively, nef and big). For a fan X, a subset R of the
primitive ray vectors is called a primitive collection of X if

Cone(R)¢X~ but Cone(R\{u})eX foreveryueR.
We denote by PC(X) the set of primitive collections of X.
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Example 12. For the toric Schubert variety X,, in Theorem 9, the primitive ray vectors of the
fan X of X,, are the column vectors C := {v;,,...,v;,,W;,,...,w;, } in (1). Then

PC(Z) = {{vi,, w; .} | k=1,...,m} 3)

because a subset of C forms a cone if and only if it does not contain both v;_and w;, for each k
as mentioned in Theorem 9.

For a primitive collection R = {u], ..., u/’é}, we get either u] +--- +uj, = 0 or there exists a unique
cone o of positive dimension such that u} +---+ u’g is in the interior of 0. If the sum u} +--- + u;
is in the interior of o, then

u) 4 u) = apug e agug, (4)
where uy, ..., us are the primitive generators of o and ay, ..., as are positive integers. We call (4) a
primitive relation, and the degree deg R of a primitive collection R is defined to be

3 ! I _
ifu) +---+u, =0,

degR = { ¢ (5)

¢ —(a;+---+as) otherwise.

Batyrev [1] provided a criterion for a smooth projective toric variety to be Fano or weak Fano.

Proposition 13 ([1, Proposition 2.3.6]). A smooth projective toric variety X is Fano (respectively,
weak Fano) if and only if degR > 0 (respectively, degR = 0) for every primitive collection R of the
fanZ of X.

A smooth compact toric variety is called a Bott manifold if it is isomorphic to the total space
of a Bott tower that is an iterated CP'-bundle starting with a point, where each CP!-bundle is
the projectivization of the Whitney sum of two complex line bundles. It is known that a smooth
compact toric variety X is a Bott manifold if and only if the fan X of X has primitive collections
PC(2) of the form in (3). Theorem 9 says that a toric Schubert variety is a Bott manifold. We refer
the reader to [9] for Bott towers, and to [14] for details on Bott manifolds.

2. Toric Schubert varieties and directed graphs

In this section, we associate an edge-labeled digraph ¢,, to a toric Schubert variety X, and prove
that two toric Schubert varieties are isomorphic as varieties if and only if the associated edge-
labeled digraphs are isomorphic (Theorem 18). We also give a simple criterion for determining
when X, is Fano or weak Fano in terms of ¢4,,,.

As before, let W be the Weyl group of a simple algebraic group G of rank r and sy,..., s, the
simple reflections in W. Suppose that a Schubert variety X,, (w € W) is toric. Then simple
reflections in a reduced decomposition w = s;, ---s;,, for w are mutually distinct by Theorem 6.

Definition 14. For a reduced expression w = sj, ---5;
an edge-labeled digraph 4,, as follows:

o V(9w) ={i1,...,im};

* (ij,ix) € E(Yw) ifandonly ifc;;i #0 forl<sk<j=m.
Note that 1 < —c¢;; i, < 3 if ¢i;i, # 0. We assign the positive integer —c;, i, to the directed
edge (i}, ix) € E(4y). When we draw 4,,, we omit the label 1 for simplicity.

with distinct simple reflections, we define

m

Example 15.
(1) Let G be of type A. For w = $3515384 = $2535184 = S2535451 and w' = $3548281 = $3528481 =
$352 5154, we have

90=D—D— @ I=-O—D—D—@
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For w" = $18528485 = 81848285 = 8518548582 = 84818285 = §4815582 = §48581 52, %wu is not connected

and is given by:

(2) Let G be of type C3. For w = 515253 and w' = s353;, we have

(3) Let Gbe of type Dy. For w = 52515354 = $25351 54 = $253545] = S251 5453 = S25451 53 = S2545351, We

have

We say that two edge-labeled digraphs are isomorphic if there is a bijection between their
vertices preserving directed edges and labels on the edges. For example, ¢,, and ¥, in Exam-
ple 15(1) are isomorphic but those in Example 15(2) are not isomorphic as edge-labeled digraphs
although they are isomorphic as digraphs.

Remark 16. Suppose that ¢;,;,,, = 0 for some k € [m —1], i.e. s;, and s;,,, commute. Then
replacing the factor s;, s;.,, in the reduced decomposition w = s;, ---s;,, by s;,,, s;, is called a
2-move. Since w is toric, every reduced decomposition uses each simple reflection at most once,
so no braid moves of length = 3 can occur. Therefore, by the Word Property [3, Theorem 3.3.1],
any two reduced decompositions are related by a sequence of 2-moves. This implies that the
edge-labeled digraph %, does not depend on the choice of the reduced decomposition for w.

Let G be a simple algebraic group. We say an edge-labeled digraph ¥ is an induced subgraph
of the Dynkin diagram of G if the underlying graph of ¢ is an induced subgraph of the Dynkin
diagram of G, and the edge labels match with the Cartan integers, that is, for each directed edge
(p, q) € E(9), the label ¢y, 4 is assigned. For instance, in type Cj, the first two graphs are induced
while the last is not:

O—@ 0@ O—O—06
Proposition 17. Let G be a simple algebraic group. An edge-labeled digraph ¢ is an induced
subgraph of the Dynkin diagram of G if and only if 9 = 4,, for some w € W defining a toric

Schubert variety. In particular, the underlying graph of 4 is the Dynkin diagram of G if and only
if 9 =49, for a Coxeter element w.

Proof. Suppose that w € W defines a toric Schubert variety. By definition, ¥,, is an induced
subgraph of the Dynkin diagram of G.

For the opposite direction, suppose that ¢ is an induced subgraph of the Dynkin diagram of G
with the induced labeling of vertices. We construct a word for w by iteratively removing sinks.

Recall that a vertex i is a sink if there is no directed edge of ¢ emanating from i. Let i} be
the smallest sink of 4. Let ¢, be the induced subgraph obtained from ¢ by deleting i}, and let
ip be the smallest sink of ¢;. Continuing this process, we obtain a sequence iy,..., i, where
m= |V(‘£)|. Set

W = Si; Siy " " Sip,-

We claim that %, = 4.
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First, by construction, we have V(¥,,) = {ij, ..., i} = V(¥). Next we compare directed edges.
Fix 1 < k < j < m. By definition of 4,,, there is a directed edge (ij,ix) in 9, if and only if Ci,ix #0,
i.e., the vertices i; and iy are adjacent in the Dynkin diagram of G.

On the other hand, since ¢ is an induced subgraph of the Dynkin diagram, adjacency in the
Dynkin diagram is equivalent to adjacency in the underlying graph of ¢. Moreover, because iy
is a sink in ¥}._, there is no directed edge in %;_; leaving i). In particular, for every j > k with
¢i;, i, # 0, the only possible orientation of the edge between i; and iy in ¢, is toward i, i.e., it
must be the directed edge (i}, i). Since ¥ is obtained from %._; by adding back the previously
removed vertices iy, ..., i1, the orientation of the edge between i; and i} remains (i}, i) in ¢ as
well.

Therefore, for every pair 1 < k < j < m we have:

c,-j,l-k;éo < ijand ii are adjacent in the Dynkin diagram <= (i}, ix) € E(¥).

This is exactly the edge rule for ¢,,, and the labels also agree because both ¢4 and ¥,, label the
directed edge (i}, ix) by —¢i;,i,- Hence Gy =9%.

Finally, the underlying graph of ¢ is the Dynkin diagram of G if and only if V() is the full set
of vertices of the Dynkin diagram, i.e., {i1,...,in} =11,...,r}. Inthat case w = s;, -+ 5;, is a product
of all simple reflections, hence a Coxeter element. Conversely, if w is a Coxeter element defining a
toric Schubert variety, then V' ($%,,) contains all simple reflections, so the underlying graph of ¢4,,
is the Dynkin diagram of G. O

The edge-labeled digraph ¢4, has the same information as the primitive relations in (2).
Indeed, ¥, can be obtained from the primitive relations in (2) if we take a directed edge (i}, ix)
whenever ¢;;,;, in (2) is nonzero and put the label —¢;, ;. on it. Conversely, it is clear that the
primitive relations in (2) can be obtained from %,, through this correspondence.

Theorem 18. Let W and W' be the Weyl groups of simple algebraic groups G and G', respectively.
Then the toric Schubert varieties X, (w € W) and X, (w' € W') are isomorphic as varieties if and
only if 4,, and 94,, are isomorphic as edge-labeled digraphs.

Proof. Note that two smooth complete toric varieties are isomorphic as varieties if and only if
they are also isomorphic as toric varieties (see [2]). This is because the automorphism group
Aut(X) of a smooth complete toric variety X is linear algebraic and the algebraic torus acting
on X is a maximal torus of X (see [15, Section 3.4] and references therein). Hence, it is enough to
prove that X, and X, are isomorphic as toric varieties if and only if ¢,, and ¢, are isomorphic
as edge-labeled digraphs.

First, we prove the “only if” part. Suppose that X, and X, are isomorphic as varieties. Then
there is an isomorphism ¢ from the fan X of X,, to the fan X’ of X,,/. Let

/ / / /
m
Vi, oo, Vi, W, .o, Wiy} and Ve Vi W, W (6)

be the ray generators (i.e., column vectors of the matrix in (1)) of the fans ¥ and X', respectively.
(Within this proof, for notational simplicity, we index the vectors by 1,...,m instead of using
i1,...,im.) Since the isomorphism ¢ preserves the primitive collections, there exists a bijection
f: [m] — [m] such that

{0, 9w} = V) Wr} (Y ke [m). @)
Therefore,
PV +Wi) = (Vi) + (W) = v}(k) +W’f(k) = p;k)(—ci;,i}(k))‘/p (8)

while sending the identity in (2) by ¢, we obtain

PWE+WR) = ) (=Ciy i, )P v)). €)
Jj>k
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It follows from (8) and (9) that

2 (e Vo= 2 (e i)ew)). (10)
p>f(k) j>k
Here, p(v;) = v’f(j) orw G by (7).

When Cijip # 0, we c{aim that the latter case does not occur. Assume on the contrary that there
exist indices such that ¢;; ;, # 0 and ¢(v;) = w () Take j such that f(j) is minimal among such
indices. Comparing the f(j)-th entries of both sides in (10), we obtain a contradiction. This is
because the vector ij(j) has —1 on the f(j)-th entry and —Ci}iy # 0, so the vector on the right-
hand side of (10) has a negative component while all components of the vector on the left-hand
side of (10) are nonnegative. Thus (10) implies

/
p%k)(_ci;,,i}(k))vlp = j;c(_cij,ik)vf(j)‘

Since v}, ...,v}, are linearly independent, we obtain

{f]Jj>k cipi 70} ={p | p> k), c;r i

Plrw 7 0}'
Therefore, if we have an edge (i}, ix) in %, with label —Cijyir then we have f(j) > f(k) with
_ o gy . e
Cily il = Cigiie Hence, we have an edge (i Uy L 5 withlabel —¢;; ;, in the graph ¢,,/. Therefore,
the bijection f: [m] — [m] provides an isomorphism from ¥,, to ¢, as edge-labeled digraphs.
Now we prove the “if” part. Suppose that ¥,, and ¢, are isomorphic as edge-labeled digraphs.

Then there is a bijection f: [m] — [m] which satisfies

Ciji = Ci}(j)’i,f(k) foralllsk<j<m. (11

We shall observe that the linear automorphism ¢ of R defined by ¢(v;) = v}(j) for j € [m]
provides an isomorphism from the fan X to the fan X'. First we note

QW) =Wy, (Y ke lm). (12)

Indeed, (10) holds by (11) and it follows from (2) and (10) that we have
PVE) + pWi) = (Vi +wy)

=j§€(—6ij,ik)<ﬂ(vj)

F> i)
o /
= Ve TWr:-

/
( Ci}(j),i}(k))vf(j)

Since @(vg) = v}( o by definition of ¢, the identity above implies (12) as we desired. Any maximal
cone in ¥ is spanned by uy,...,u,, where u denotes either v or w, and the same is true for ¥'.
Therefore, ¢ sends maximal cones in T to those in X’ bijectively. This means that ¢ is an

isomorphism from X to X'. Hence X,, and X, are isomorphic as toric varieties. g

The edge-labeled digraph ¥%,, encodes all the geometrical information of the toric Schubert
variety X, by Theorem 18. We shall give a simple criterion for when X, is (weak) Fano in terms
of ¢,,. For each vertex iy of 4, (where k € [m]), we define the indegree deg (iy) of i) to be the
sum of labels of the edges going into iy:

deg ()= ) (=Cipi) = ) (=Cipip)- (13)
(i,ix)€E(Gw) j>k

Similarly, the outdegree deg™ (iy) of iy is defined to be the sum of labels of the edges going out i:

deg" (i)=Y, (=cipi) = ) (=Cijip)-
(i, i;)€E(Gw) j<k
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The degree of iy is defined to be the sum of the indegree and outdegree:
deg(iz) = deg (i) +deg™ (iy).

Theorem 19. A toric Schubert variety X,, is Fano (respectively, weak Fano) if and only if every
vertex of 4., has indegree at most 1 (respectively, 2).

Proof. Let{v;,...,v;,,w;,...,w;, } be the column vectors of the matrixin (1). Then the primitive
collections of the fan of X, are {v;,,w;, } for k =1,...,m and the primitive relations are
Vi + Wi, = ) (=Cij i )Vi;-
Jj>k
Therefore, it follows from (5) that the degree of the primitive collection {v;,,w; } is given by
degiv, wi,} =2— ) (=ci; ;) =2 —deg (ig),
j>k
where the latter equality follows from (13). Thus, the theorem follows from Proposition 13. U

In type A, the edge-labeled digraph %,, is a union of directed path graphs whose all edges have
label 1. Therefore, we have the following.

Corollary 20. In Type A, any toric Schubert variety X,, is weak Fano. Moreover, it is Fano if and
only if 4,, has no sink other than leaves.

Using the graph %,,, one can also determine whether the toric variety X,, decomposes as a
product of lower-dimensional toric Schubert varieties.

Proposition 21. Let w € W. Suppose that a reduced expression of w consists of distinct simple
reflections, so that Xy, is a toric Schubert variety. Let 4,...,%9x be the connected components of
the edge-labeled digraph 94,,. Then X, is isomorphic to the product of the toric Schubert varieties
corresponding to 4, ..., 9.

Proof. Let w =s;, ---s;, be areduced expression with mutually distinct simple reflections. Write
V(4 =V(G)u---uV(¥9) and set m,, = |V(<£V)| for 1 < v < k. To prove the proposition, recall
from [7, Proposition 3.1.14] that the fan of a product of toric varieties is the product of the fans of
the factors.

As afirst step, we use the connected components of ¢, to identify the factors. If p € V(%) and
q € V(¥,) with u # v, then there is no edge between p and g in the underlying graph of ¢,,,. Since
%y is an induced subgraph of the Dynkin diagram, this implies c,,; = ¢4,p = 0, hence s, and s,
commute. Therefore, by applying a sequence of 2-moves, we may reorder the reduced expression
so that it is a concatenation

w=wb... 0w (14)

where each w® is the product of the simple reflections whose indices lie in V(%,). Notice that
a choice of reduced decomposition does not change X,, and it does not change the fan up to a
lattice automorphism.

By Theorem 9, the fan of X, is described by the matrix in (1). The right m x m block of that
matrix has (j, k)-entry —Ci}iy for j > k. Considering the reduced decomposition in (14), the index
set {1,...,m} is partitioned into consecutive blocks of sizes m;,..., m, and for u # v we have
Cp,q =0 whenever p € V(¥,) and g € V(%,). Hence, all off-block entries in the right block vanish,
so the matrix in (1) becomes block diagonal with k blocks, each block being exactly the matrix
associated to w). Consequently, after applying an appropriate lattice isomorphism, the fan =,
of X, is the product fan

ZwEZm XXX
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under the identification R™ = R @ --- & R". Therefore, by [7, Proposition 3.1.14], we obtain a
toric isomorphism X,, = X0 x---x X, . Since ¥4, = ¥, for each v by construction, the factors
are precisely the toric Schubert varieties corresponding to %, ..., %. O

3. Enumeration of toric Schubert varieties

As discussed in Section 2, the graph ¥, encodes fruitful geometric information about a toric
Schubert variety X,,. In this section, we enumerate the isomorphism classes of Fano or weak
Fano toric Schubert varieties using ¢,, in Proposition 24.

Let G be a simple algebraic group of rank r with Cartan matrix C = (¢;,j)1<i,j<r. A bijection
0: [r] — [r]is called a Dynkin diagram automorphism if

Co),0(j) = Ci,j
holdsforall i, j. For each Lie type, we recall from [10, Section 12.2] the group I" of Dynkin diagram
automorphisms in Table 2. Note that except for D4, the only nontrivial automorphism group

is Z». When a generator 0 €T is realized by conjugation in W, i.e., when there exists x € W such
that xsix‘1 = sg(;) for all i € [r], we display one such element x in the third column of the table.

Table 2. Dynkin diagram automorphisms.

Type T X
A, Zs (r=2) wy
B,,C, 1
D, {63 =4 i odd
Zy (r>4)
Es 2> wo
E, 1
Eg 1
Fy 1
G, 1

An element of W is called a Coxeter element if it can be written as a product of all simple
reflections sy, ..., sr. Let Coxy denote the set of all Coxeter elements in W. Using Theorem 18, we
obtain the following result.

Proposition 22, Let W be the Weyl group of a simple algebraic group G. Let w, w' € Coxy. The
following statements are equivalent:

(1) Xy = X, as varieties;
(2) Yy =9, asedge-labeled digraphs.

If GisoftypeA, D, (r odd), or Eg, then the above statements are equivalent to the following:
3) w=worw =wywwy.
Remark 23. The statement (3) implies the statement (1) in Proposition 22 for any (not necessarily

toric) Schubert variety (see [16]). When G is of type A, we consider the composition o of the two
isomorphisms 7, p of GL,(C) defined by

TA) =AY p(A) = wyAwy.
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Since both 7 and p send the upper triangular Borel subgroup B to the lower triangular Borel sub-
group, their composition o preserves B and hence induces a variety automorphism of GL, (C)/B.
Since 7 fixes permutation matrices, we have o(BwB) = Bo(w)B = BwywwyB, which implies
o(Xy) = Xwoww0~

Recall that for a Coxeter element w € Coxy, the underlying graph of ¢,, is the same as the
Dynkin diagram of W. Accordingly, by Theorem 18, the number of isomorphism classes of toric
Schubert varieties given by Coxyy is the same as that of orientations and the edge labels of the
Dynkin diagram of W.

Proposition 24. For each simple algebraic group G, the number of isomorphism classes of Fano or
weak Fano toric Schubert varieties in G/ B given by Coxeter elements is displayed in Table 3.

Table 3. The cardinalities of the isomorphism classes of toric Schubert varieties given by Coxeter elements.

Type #{Xw | we Coxw}/~ weak Fano Fano
A 2r=2 when r iseven and r = 2 272 z
' 272427 when r isodd and r = 3 212427 %1
2r-1 when r =2 or3 2r-1
B, <{7x2' when risevenand r =4 7x2 4 1
7x2"4 427 whenrisoddand r =5 7x2' 4427
4 when r =3 3 2
C, <7x2r* whenrisevenandr=4 <{5x2’ 5
7x2"44+27 whenrisoddandr =5 5x27 4427 %1
4 ifr=4 3 2
D, 3 . 4
3.2"" otherwise 5.2" r—1
Eg 20 17 4
E, 26 56 7
Eg 27 112 8
Fa 28 6 2
Gy 2 1 1

Before providing a proof, we recall some terminology on (labeled) digraphs. We say that a
vertex k is a sink if deg* (k) = 0, and a source if deg™ (k) = 0. For instance, for the digraph ¥4, in
Example 15(1), the vertices 1 and 4 are sources, 2 is a sink, and the sink set is {2}. Moreover, if a
sink has indegree 1, we call it a leaf. For instance, 1 is a leaf in the graph ¥%,, in Example 15(2).

Proof of Proposition 24. We provide proof by analyzing directed Dynkin diagrams case-by-case.
We will use the numbering of the vertices in Table 1. We consider the simply laced cases first and
then treat non-simply laced cases.

Before proceeding, we explain the strategy. By Proposition 22, the enumeration reduces to
counting orientations up to Dynkin diagram automorphisms.

Type A. For type A, since there are at most two edges at each vertex, any toric Schubert variety is
weak Fano by Theorem 19.
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We enumerate the isomorphism classes depending on the parity of the rank r. When r is even,
consider any orientation on the corresponding Dynkin diagram, which is a path graph having
r vertices. The involution on the Dynkin diagram does not preserve the orientation. Therefore,
the involution on the Dynkin diagram provides an involution on the set {X,, | w € Coxy } of toric
Schubert varieties, and this involution has no fixed element. Since there are r — 1 edges, the
number of isomorphism classes is 2" ~1/2 = 2772,

When r is odd, there exist orientations which are fixed by the involution on the Dynkin
diagram. In fact, a directed path graph ¢ on [r] is fixed by the involution if and only if

(i,i+DE€EY) < (-i+Lr-i)eE) foranyl=<is< .

-1

Therefore, the number of orientations fixed by the involution is 27, Hence, the number of
r—=1

orientations that are not fixed by the involution is 2’~! =272 . Accordingly, the number of

isomorphism classes is

@ 1-27)2+27 =272 127

Now we enumerate the isomorphism classes of Fano toric Schubert varieties in {X,, | we
Coxw }. By Theorem 19, we consider orientations, where each vertex has at most one incoming
edge. Since the underlying graph is a path graph, any sink is a leaf of the graph. Indeed,
an internal sink on a path would have two incident edges, both directed toward it, and hence
indegree 2, contradicting the Fano condition. Consider the following possibilities.

(1) The sink setis {1, r}: there is a unique source, and it can be any one of the vertices 2,...,r - 1;
once the source is chosen, the orientation is forced. Considering the involution reversing the

path, there are %1 orientations when r is odd; % — 1 orientations when r is even.

(2) The sink set is {1}: the vertex r must be a source, and there is a unique orientation having a
source at r and sink at 1. Moreover, this is isomorphic to the orientation having a source at 1

and a sink at r.

The above list exhausts all Fano orientations up to the Dynkin diagram involution since the sink
set {r} is the involution image of sink set {1}, and no other sink configurations are possible under

the indegree < 1 condition on a path. Therefore, we have %1 +1= ’T“ orientations satisfying the

Fano condition (up to isomorphism) when r is odd; 5 —1+1 =  orientations satisfying the Fano

condition (up to isomorphism) when r is even. This proves the claim.

Type D. For type D,, when r = 4, we have the four directed Dynkin diagrams up to isomorphism:

R

maximum of deg™ (k) 3

When r > 4, the Dynkin subgraph consisting of vertices 1,..., 7 — 2 contributes 2"~ orientations,
and the two leaf edges incident to r —2 contribute 3 possibilities up to the diagram automorphism
swapping r —1 and r (both edges oriented into r —2, both oriented out of r —2, or one in/one out).
Accordingly, we have 2" x 3 directed Dynkin diagrams up to isomorphism.

To enumerate Fano or weak Fano toric Schubert varieties, we consider directions on the
Dynkin diagram of type D,. By Theorem 19, to enumerate Fano toric Schubert varieties, it is
enough to consider orientations in which each vertex has at most one incoming edge. Accord-
ingly, any sink is a leaf of the graph and there should be at least two sinks. Indeed, an internal
sink would force indegree = 2, and if there were only one sink then the trivalent vertex r —2 would
necessarily have at least two incoming edges, violating the Fano indegree < 1 condition. Consider
the following possibilities:
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(1) the sink set is {1, r}: there is only one orientation satisfying the Fano condition; in this
case, the vertex r — 1 is the unique source;

(2) thesinksetis {1, —1}: there is only one orientation satisfying the Fano condition; in this
case, the vertex r is the unique source;

(3) the sink setis {r — 1, r}: there is only one orientation satisfying the Fano condition; in this
case, the vertex 1 is the unique source;

(4) thesinksetis{l,r—1,r}: there are r — 3 orientations satisfying the Fano condition; indeed,
each of the vertices 2,...,r —2 can be a source.

Since the orientations in (1) and (2) yield isomorphic digraphs (via the Dynkin diagram automor-
phism swapping the two leaf vertices r and r—1), we have 1+1+r—3 = r—1 orientations satisfying
the Fano condition (up to isomorphism).

Now we enumerate weak Fano toric Schubert varieties. There is only one trivalent vertex in
the graph and because of Theorem 19, it is enough to consider the orientations such that the
indegree of the trivalent vertex r —2 is at most 2. Indeed, since all edge labels are 1 and every
other vertex has degree < 2, those vertices automatically have indegree < 2, so the only potential
obstruction is the condition deg™ (r—2) < 2. Considering the orientations on the emanating edges
of the vertex r — 2, there are 2% — 1 = 7 allowed orientations of the three incident edges (excluding
the case deg™ (r —2) = 3), and modulo the symmetry swapping r — 1 and r these fall into five
isomorphism types:

Lo

deg (r-2)

Since there is no condition on the r —4 edges in the path subgraph on the vertices 1,...,r -3,
there are 5-27~* orientations satisfying weak Fano condition.

Type E. For type Eg, the longest element wy provides a Dynkin diagram involution. Since the
Dynkin diagram of Eg can be constructed by adding one more edge to the middle vertex in the
Dynkin diagram of type As, the number of isomorphism classes is the same as twice that of As.
This is because once an orientation on the As-subdiagram is fixed up to the involution, there are
two choices for the orientation of the additional edge attached to the branching vertex. Therefore,
we obtain 2 x 10 = 20. For types E7 and Eg, there does not exist a nontrivial Dynkin diagram
automorphism. Accordingly, there are 2° (respectively, 27) isomorphism classes in type E; (re-
spectively, Eg).

To enumerate (weak) Fano toric Schubert varieties in type E,, we consider (weak) Fano in
type A,_ first and then see how many choices of orientations there are for the extra edge attached
to the vertex 4. The extra edge contributes two choices of orientations exactly when the vertex 4
is the unique source in the A,_; orientation; otherwise its direction must point outward the
vertex 4. For instance, for type Eg, there are three Fano toric Schubert varieties in type As, where
they are distinguished by the position of the source. Now we look at the orientation on the extra
edge of Eg. If the source is the middle point, that is the vertex 4, then both orientations are fine
but otherwise the orientation will be unique. Therefore we obtain 2 + 1 + 1 orientations satisfying
Fano condition for Type Eg. A similar observation will work for E; and Eg. Indeed, for r = 7,8,
an orientation satisfying the Fano condition in type A,_; has only one source. In fact, there is
a unique source and it can be any of the vertices [r] \ {4} on the A,_;-subgraph. Moreover, the
Dynkin diagram automorphism on A,_; does not induce that on E,. Therefore, we have r —2 + 2
orientations satisfying the Fano condition for type E,. Here, r — 2 orientations are induced from
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that on A,_; which do not have the source on the vertex 4; and two orientations coming from
that on A,_; which has the source on the vertex 4.

Now we consider weak Fano toric Schubert varieties. For type Eg, we consider orientations
in type As. There are ten different orientations in type As (up to isomorphism). We have the
following three possibilities by looking at the middle vertex (which corresponds to the vertex 4
in EB)I

? ? ?
| | |
“ 0---0—3b—30---0 0---0—3%—0--0 O---0—b—30--0
# of orientati
of orientations s 3 3

(up to isomorphism)

If the middle vertex is a sink, then we have only one choice for the orientation of the additional
edge to be weak Fano but otherwise, both orientations are fine. Indeed, if the vertex 4 already has
indegree 2 in the A5 orientation, then the extra edge must point outward to keep indegree < 2;
otherwise either direction works. Accordingly, we have 4 x2+3+3 x 2 = 17 orientations satisfying
the weak Fano condition on type Eg (up to isomorphism).

Now we consider E, for r = 7,8. Considering three edges emanating from the vertex 4, there
are 23 — 1 = 7 orientations such that the vertex 4 has at most 2 indegree. Since there are no other
conditions on the remaining r — 4 edges, we have 7 x 2"~ orientations satisfying the weak Fano
condition on type E, for r =7,8.

For the other Lie types, we use the following observation. Suppose that the Dynkin diagram
has a double or triple edge of the following form:

C O O O
i j i j

From the definition of the edge labeling on the graph ¢,, and the definition of the Cartan integers,
s;j appears ahead of s; in the reduced word of w if and only if the corresponding edge in the
graph %, has the label —¢; ;.

Type B. We have the label 2 on the edge (r — 1, r) on the graph ¥,,, if s, appears before s,_; in the
reduced expression of w. In this case, we have deg™ (r) = 2:

2
r-1——r

Otherwise, we have label 1 on the edge (r,r — 1), so deg (r) =0 and deg (r—1) = 1. Whenr =2,
there are two toric Schubert varieties which are weak Fano and one of which is Fano. When r = 3,
there are four toric Schubert varieties which are weak Fano and one of which is Fano. Now we
assume r = 4.

We first enumerate the isomorphism classes of toric Schubert varieties.

(1) If we have the edge (r — 1,7), then there are 2”2 different digraphs up to isomorphism.
(2) If we have the edge (r,r — 1), then the vertex r should be a source. We consider the following
two cases separately.
(a) If the first vertex (with label 1 in the Dynkin diagram) is a sink, then 273 digraphs are
all different. Indeed, if the vertex 1 is required to be a sink, then the edge (2,1) is forced.
Hence, there is no nontrivial diagram symmetry identifying distinct orientations.
(b) If the first vertex (with label 1 in the Dynkin diagram) is a source, then the number of
isomorphism classes of the directed graphs is the same as that of the directed graphs of
Lie type A,_».
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By adding all possible cases above, we obtain that if r is even and r = 4, then the number of
isomorphism classes is 7 x 2" ~4.if r is odd and r = 5, then the number of isomorphism classes is
7x2r 4427

Moreover, we note that all orientations provide weak Fano toric Schubert varieties. To enumer-
ate the isomorphism classes of Fano toric Schubert varieties, we consider the directed Dynkin di-
agrams which do not have label 2, that is, we have the edge (r,r — 1) in ¢,,. Since r is a source
and (under the indegree < 1 condition) any sink must be a leaf, the only possible sink is ver-
tex 1, which forces the unique orientation 1 < 2 — --- — r —1 — r. Indeed, the Coxeter element
§182 -+ Sy provides a Fano toric Schubert variety.

Type C. We have the label 2 on the edge (r,r — 1) if s,_; appears before s, in the reduced
expression of w. Otherwise, we have the edge (r — 1,r) with label 1. Therefore, we obtain the
same number of isomorphism classes in a similar way to the case of type B,. When r = 3, there
are four toric Schubert varieties, three of which are weak Fano and two of which are Fano. Now
we assume r = 4.

If the graph ¢,, has the edge (r, r — 1) with label 2 and the edge (r —2,r — 1), then r — 1 is a sink
withdeg (r—-1)=1+2=3:

2

r—2 r—1 r

Therefore, any completion of the remaining edges necessarily violates the weak Fano condition
deg™ (k) < 2 for any vertex k € [r]. The number of such orientations is 2" —3. Since all the other
orientations provide weak Fano, we obtain the number of isomorphism classes of weak Fano
toric Schubert varieties as in Table 3.

Recall that X, is Fano if and only if deg™ (k) < 1 for any vertex k € [r]. Therefore, for X,,
to be Fano, there is no edge with label 2 in the graph %,, and no sink on the internal vertices
{2,...,7 —1}. Accordingly, the vertex r should be a sink and there exists only one source. Then the
problem reduces to the same path-orientation counting as in the type A case. Enumerating such

r+1

orientations, we obtain - orientations when r is odd; % orientations when r is even.

Type F4. There are eight directed Dynkin diagrams and we display the value max{deg™ (k)} in
Table 4. Accordingly, there are six isomorphism classes of weak Fano toric Schubert varieties, and
two isomorphism classes of Fano toric Schubert varieties.

Table 4. Coxeter elements and corresponding directed Dynkin diagrams in type F4.

w $1528384 §2815354 515258453

G 1——2¢—3¢—4 1—2¢—3¢—4 1—2—3—14
maximum of deg™ (k) 1 2 1

w $92815453 $1538284 §38281 84

G 1—2¢—3—14 1%2$3%4 1H2$3%4
maximum of deg™ (k) 2 3 3

w 51545382 54535281

G 1%2$3H4 1H2$3H4

maximum of deg™ (k)

2

2
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Type G2. There are two directed Dynkin diagrams corresponding to two Coxeter elements:

S182 $2381

3
1—2 1—2

One provides a Fano toric Schubert variety and the other is not weak Fano. This completes the
proof. g

4. The cohomology ring distinguishes toric Schubert varieties for simply-laced types

Throughout this section, we assume that X, is a toric Schubert variety. We consider those X,,
for which all edges in ¥,, are labeled by 1. This family includes every toric Schubert variety in
G/B for a simple algebraic group G of simply-laced type. We show that for each toric Schubert
variety X,, in the family above, the edge-labeled digraph %,, is recovered (up to isomorphism)
from the cohomology ring H* (X,,; Z).

For the sake of simplicity, we define the following two sets.

E,(j)={k| (k, j) € E&w)},
EL()={k|(j,k) € E&Gw)}.

That is, E, (j) corresponds to the set of inward edges to j, and E},(j) corresponds to the set of
outward edges from j in the digraph ¥,,,.

Lemma 25. Let X, be a toric Schubert variety in G/B. Assume that all edges in 94,, are labeled
by 1. Then the cohomology ring H* (Xy,) can be described in terms of the graph 4,,. If we further
assume w € Coxyy, then

j=1.., r) )

H*(Xy) = Z[xl,...,xr]/(xf—xj > xk
ke E ()
Proof. Let w=s;, ---s;,. Applying Jurkiewicz’s theorem to Theorem 9 (see [11]), we have
Z Ci j,ikJ’k)
k<j
where ¢;;,;, is a Cartan integer. Since we assume that all the edges in ¢,, are labeled by 1, the

Cartan integer ¢;; ;, is either 0 or —1. Moreover, Cijip =1 if and only if the vertices i; and iy are
adjacent in the digraph 4,,. Hence, by changing y; — x;; foreach j =1,...,m, we get

wherer is the rank of G.

H*(Xw)=Z[y1,---yym]/(.}’§+y]' j=1,...,m),

H*(Xy) = Z[xj,, ..., Xi,,] /(xl?j —xi; ) X |j= lm) (15)
(i,i)€EGy)
If w € Coxyy, then m is the rank of G, and this proves the lemma. O

Remark 26. From the presentation of H*(X,,) in (15), we obtain the following decomposition
property. Since the defining ideal

2 . .
Xi, = Xi; Z Xi,
(ij,iEE @)

jzl,...,m)

depends only on the edge set E(¥%,,), if 4,, is disconnected and admits a decomposition

(gw Z(gw(l) I_I--'I_I(gw(p),
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into connected components, then the defining ideal decomposes as the sum of the ideals
corresponding to these components. It follows that

H*(X,) = H* (X,m)®-® H* (Xym).
We demonstrate Lemma 25 in the following example.
Example 27. Suppose that w = s351545552575g € Wp,,. Then the digraph ¥, is given as follows:

O——@———©

By Lemma 25, we obtain that the cohomology ring H*(X,,) is the truncated polynomial ring
Z[x1,..., X5, X7, Xg]/ Z, where the ideal .# is the sum ¢’ + .#”, with ¢’ generated by

x%, x%—xz(x3+x1), x§, xf—x4x3, xé—X5x4,
and .#" generated by
x%, XEZ; — XgX7.
Therefore,
H*(Xy) 2 Z[xy,...,x5]/ S ® Z[x7, x8]/ F"
=H"(X,m) e H" (X,®),

where wWV = s35, 545552, W@ = 5755, and w = wV w®?.

We notice that in Example 27, xl? =0 in the cohomology ring H*(X,,) ifand onlyifi =1, 3, or 7.
On the other hand, the sinks of the digraph ¢,, are 1, 3, and 7. We will see that this observation
holds in general.

An element z € H?(X,,) is primitive if z cannot be divisible by an integer greater than 1 and
is called square-zero if z2 =01in H*(X,). From the ring presentation in Lemma 25, we see that
x; is a square-zero primitive element if the vertex i is a sink of ¢,,. There are more square-zero
primitive elements in H?(X,,). For simplicity, we set

aj:= Z xp forj=1,...,m. (16)
keE}, (j)
Hence if j is a sink, then a; = 0; otherwise it is the sum of at most three x;’s.

Lemma 28. Let X,, be a toric Schubert variety in G/ B. Assume that all the edges in 4,, are labeled
by 1. A square-zero primitive element in H(X,,) is of the form up to sign:

Xj or 22Xk — Xj,
where j is a sink of 4,,. Moreover, the latter occurs only when E}}, (k) = {j}.

Proof. We first notice that x2 = 0 in the cohomology ring H* (X,,) if and only if j is a sink of the
digraph ¢,,. By [5, Corollary 2.1], a square-zero primitive element is of the following form up to
sign: )

xk—éak or 2Xp — Qg

for some k with ai = 0, where the former case occurs when ay is divisible by 2 and the latter
occurs otherwise. In our case, @y is divisible by 2 only when aj = 0 (equivalently, k is a sink). If
ay # 0, then ai = 0 only when ay equals x; for a sink j of %, that is, E} (k) = {j} for a sink j
of 4,,. This completes the lemma. O

Since the mod 2 reduction of the elements in Lemma 28 is x;, we can find all sinks of ¥4,, by
looking at square-zero primitive elements in H2(X,,).

Following [6, Section 6], we call an element a € H?(X,,; Z) (possibly a = 0) an eigenelement if
there exists x € H2(X,,; Z») such that

¥*=ax, x#0, and x#a.
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Moreover, we call such x an eigenvector associated to a. We define E(a) as the set of elements x
with x? = ax (x may be 0 or @) for an eigenelement a, which is called the eigenspace associated
to a. In fact, E(a) forms a vector space because we are working over Z,. We denote by E(a) the
quotient of E(a) by the one-dimensional subspace (@) spanned by & and call E(a) the reduced
eigenspace associated with a. Note that eigenelements, eigenspaces, and reduced eigenspaces
are preserved under a cohomology ring isomorphism. For an eigenelement a € H?(X,,;Z5), we
define its multiplicity to be the dimension of E(a).

Lemma 29 ([6, Lemma 6.2]). Let X,, be a toric Schubert variety in G/ B. Assume that all the edges
in%,, are labeled by 1. The eigenelements are a ’s (regarded as elements over Z,) and the reduced
eigenspace E(a) is spanned by x;'s for each eigenelement aj = a.

We see an example for nonzero eigenelements and their eigenspaces.

Example 30. Let G be of type Dg and w = sg5554 52 51 535657 S9. Then we have:

()

©,

Then ayx = a5 =ag =0, a1 = X2, A3 = X2 + X4, X4 = X5, Ag = X5, A7 = X + Xg, and ag = x7. Hence,
for nonzero eigenelements of H?(X,,; Z»), their eigenspaces are given as follows:

a (#0) E(@) dimE(a)

X2 (X1, X2) 1
Xo+Xq (X3,X2+ X4) 1
X5 (X4, X5, X6) 2
Xe + Xg <X7,x6+Xg> 1
X7 (X7, X9) 1

By Lemma 29 and the definition of «;, any eigenelement « is the element aj = ¥ ¢c g+ () Xk for
some j. Hence, a; is one of the following four forms:

0, Xk Xi+ Xk, Xi+ Xk + Xp,

where i, j, k, ¢ are pairwise distinct. In the following lemma, we describe the eigenspace E(a) in
each case.

Lemma 31. Let X, be a toric Schubert variety in G/ B. Assume that all the edges in 4, are labeled
by 1. Then for each eigenelement «, the following hold:

(1) ifa=0, then E(a) = (x| k is a sink);

(2) ifa = xy, then

E(a) = {x; | E;,(i) = {k});

(3) ifa=x;+xi withi#k, then E(a) = (x;), where E;, (j) = {i, k};

(4) ifa = x; + xp + x¢ with pairwise distinct i, k, ¢, then E(a) = (x;), where E;,(j) = {i, k, ¢}.
Therefore, if a is nonzero, then we get 1 < dim E(a) < 3.

Proof. Since « is of the form aj = } eg+ (j) Xk, we prove the lemma according to the cardinality
of ES,(j).



Eunjeong Lee, Mikiya Masuda and Seonjeong Park 521

Case 1: Suppose that |E},(j)| = 0. Then j is a sink, and a; = 0. Hence, we get
E(aj) = E(aj) = (x| k is a sink).

Hence, dim E(0) is the number of sinks in %, .
Case 2: Suppose that |E},(j)| = 1. Then a; = xi, where j # k. If E},(i) = {k}, then a; = x;;
otherwise, a; # xi. Therefore, we obtain

E(xp) = (x; | By, (D) = {k}).

Therefore, 1 < dim E(x;) < deg™ (k) < 3.

Case 3: Suppose that \E;, (j)| = 2. Then a; = x; + xi, where i, j, k are pairwise distinct. If
E,(j) = @, then j is a source; otherwise, j is a trivalent vertex of ¢,,. In any case,
E(aj) = (xj,x; + x) and E(a;) = (x;).

Case 4: Suppose that |E:'U(j)| =3. Then a; = x; + xx + x¢, where i, j, k, ¢ are pairwise distinct.
Then j is a trivalent vertex, and it is a source. Furthermore, E(a;) = (xj, X; + Xi + x¢) and
E(aj) ={xj). O

Note that, as we saw in Lemma 31(1) and (2), the same a; may occur for different indices j;
nevertheless, when counted with their indices, the total number of eigenelements is exactly the
number of vertices of 4,,.

Theorem 32. Let X,, be a toric Schubert variety in G/B. The edge-labeled digraph %4,, can be
recovered (up to isomorphism) from the cohomology ring H* (Xy,; Z) if all the labels in%,, are 1.

Recall that for a toric Schubert variety X, in G/B for a simple Lie group of type A, D, or E,
every edge in ¢,, is labeled by 1. Hence we get the following result.

Corollary 33. Let W and W' be the Weyl groups of simple Lie groups G and G' of type A, D, or E.
Let w and w' be elements in W and W', respectively. The following statements are equivalent:

(1) H*(Xy;Z) = H*(X,;2) as graded rings;

(2) Yy =%, asdigraphs.

Remark 34. Richmond and Slofstra [16] studied a relation between isomorphism classes of
(not necessarily toric) Schubert varieties and their cohomology rings. Indeed, they proved that
two Schubert varieties are isomorphic (as algebraic varieties) if and only if there is a graded
cohomology ring isomorphism preserving the Schubert bases. Here, for a toric Schubert variety
of dimension m, the cohomology classes {x;, ---x;, | 1 < i; <++- < iy < m} form the Schubert basis
in terms of the cohomology ring presentation in Lemma 25.

Remark 35. As mentioned in Remark 5, the assumption in Theorem 32 cannot be weakened.
In this remark, we consider the cohomology rings of two toric Schubert varieties X;;,s,5, and
X, 515455 of type F4. The cohomology rings are given as follows:

H* (Xsy5p5,50) = Z1x1, X2, X3, %41 / (X% — X1 X2, X5 — 22023, X5, X5 — X3X4),
H* (Xsuis05) 2 Z1y1y2, V3 ¥4l /(U1 = V12, V30 V5 = Y2Ys = Yayas V3)-

The graded ring homomorphism given by ¢(x1) = y3 — y2 — y1, (x2) = —=y2 — ya, @(x3) = =),
¢(x4) = —y2 + y1 provides the graded ring isomorphism between two cohomology rings because
POG —X1%0) = Y5~ yays—Yaya PO —2XX3) =~ Y5 + Vi,

P(x5) =15, (xj = X3x4) = Y] = J1Y2.

However, two toric varieties are not isomorphic as proved in Proposition 22 (see Table 4 for the
corresponding directed Dynkin diagrams).
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Since a directed graph ¥, has at most one trivalent vertex, we divide the proof of Theorem 32
into two cases according to whether ¢,, has a trivalent vertex. We first treat the case with no
trivalent vertex and then the case with exactly one trivalent vertex. Because the essential idea
already appears in type A, we begin with an example of type A to illustrate the argument. We
then prove the case without a trivalent vertex. After that, we give an example of type D to indicate
the additional issues caused by the presence of a trivalent vertex, and finally complete the proof
in the general case.

We begin with an example of type A, in which the directed graph has no trivalent vertex. This
simple case already exhibits the essential mechanism of the proof.

Example 36. Let G be of type A and w = $9510 555455575351 5253. Then we have:

Note that a1 = a5 = ag = 0 and

az = X1, as = X2 + Xy, Qg = X5, Qg = X5, a7 = Xg, ag = X7 + Xy, Q10 = Xg.
Now we recover ¢, from H* (X,,) by the following three steps.

Step 1. We define the Z,-vector spaces V1,..., V}o using eigenelements ay, ..., a19:
(x]') if aj=0,

V= .
E(aj) otherwise.

Then the spaces V;’s are given as follows:

Vi =<(x), Vo =(x1, X2), V3 = (X3, X2 + X4, Vi = (X4, X5, X6), Vs = (x5),

Vo =(x4,X5,%6),  Va=A(xp,x7), Va=(xg,x7+x9), Vo={(x9), Vio = (%9, X10)-
We draw a graph whose vertices are labeled by V1, ..., Vi in the following Steps 2 and 3.

Step 2. We find a connected component starting from V;, Vs, and Vg, which are one-
dimensional. First, for each j = 1,5,9, we find a space V with dim(V nV;) = 1, and then draw
a directed edge V — V;. Then we get:

Vi<V, Vy— V5 — Vg, Vo < Vo.

Then V3, V4, Vs, and Vyg are the sources in the current graph. Next, for each source Vj, we find
a space V not yet contained in the current graph satisfying dim(V' n V;) = 1. Then V; and Vg are
the same, and V; N V; = V5N V7 = (x5). We choose one of V; and Vg, and the draw a directed
edge from V to the chosen source. Note that any choice produces isomorphic graphs, so the
construction is well defined up to isomorphism. In the following we choose V. Then we get:

Vi<V, Vio V- VsV, Vo < V1o.

Let # be the set of spaces V; that are not contained in any connected component in the current
graph, and let . be the set of sources in the current graph. Then #Z = {V3,V3} and & =
{Va, Vs, V7, V1o}. In this case, there is no more pair of V € Z and V' € .# such that dim(V n V') = 1.

Now we use a new rule to connect the components constructed in Step 2 by means of the
remaining spaces.

Step 3. Let £ be the set of leaves of the connected components in the graph constructed in
Step 2, viewed as an undirected graph. We have £ = {V1,,, V5, V7, Vo, Vip}. Then for each
Vi = E(a;) € #, we can choose V), and V; in &£ minimal with respect to inclusion such that
aj €V, +V,. Indeed, since az = xp + x4 € V2 + Vg and ag = x7 + x9 € V7 + Vg < V7 + V1o, we choose
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V2 and Vs for V3, and we choose V7 and Vg for Vg. Then we draw the directed edges V; — V), and
Vj — V. The resulting graph is:

ViV V= Vg — Vs Vo = V7 — Vg — Vo — TV,
which is isomorphic to the graph ¥, as a directed graph.

Now we prove Theorem 32 when there is no trivalent vertex.

Proof of Theorem 32 in the absence of a trivalent vertex. Assume %,, has no trivalent vertex.
We recover the graph ¥%,, from the cohomology ring H*(X,,) in three steps. In Step 1, we
determine the vertex set. In Step 2, we first recover the sinks, and then iteratively recover all
vertices except for the sources that are not leaves. In Step 3, we recover the source vertices that
are not leaves, which completes the reconstruction of ¢4,,,.

For simplicity, we first prove the result for w € Coxyy, and then treat the general case.

Step 1. Foreach j=1,...,r, we define a Z,-vector space V; by

(x]') if aj=0,
V= .
E(aj) otherwise.

In Steps 2 and 3, we construct a directed graph with vertices Vj,..., V; using the following
statements, which are obtained from Lemma 31.

(1) V; cVj, which occurs only when i is a sink and Ej (j) = {i};
(2) dim(V; nV}) =1, which occurs only when ES () =1i};
(3) a; € V4 + Vp, which occurs when E;, (i) = {a, b}.

Step 2. For each index j with a; = 0, we construct a connected component as follows. Fix such
a j and initialize the directed graph with the vertex V;. First, we find a space satisfying the
following:

(J1) aspace V satisfies dim(V nV;) = 1.

For such a space V, we draw a directed edge V — V;. Let . be the set of sources of the directed
graph constructed so far.

Next, we incorporate the remaining spaces one by one. Given a space V not yet contained
in the current graph, if there exists a source V, € ¥ such that dim(V nV,) = 1, we choose one
such V, and draw a directed edge V — V,,. We then update the set . of sources and continue. We
repeat this process until no unused space V has a one-dimensional intersection with any source
in&.

If the choice of V, is not unique (which may occur when V,; = V,; for distinct indices), any
choice produces isomorphic graphs, so the construction is well defined up to isomorphism.

At this stage, the resulting connected component is a path, and there are three possible
forms by

(xj) — E(@j+1) < — Elaj+p),
—_—— —_———
=(xj, Xj+1) =(Xj+p-1,Xj+p)
E@j-qg) —---— Elaj-1) —(xj),
—_—— ———
=(Xj—q) Xj-q+1) =(xj-1,X;j)
E(@j-q) = E(@j-g+1) = -+ — E(aj-1) = (xj) — E(ajs1) — - — E(@jrp-1) — E(@j+p),
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where
E(aj-1) =E(aj+1) = E(xj) ={Xj-1,Xj, Xj+1),
E(@jri-1) = (Xjrs-1,Xj4p) for2=<r<p,
B(aj-s41) ={Xj-5, Xj_s+1) for2=<s<gq.

(Note that the multiplicity of the eigenelement x; is two and the last two identities above make
sense when p=2, g =2.)

If the graph obtained in this step is connected, then it is the desired graph and the construction
is complete. Otherwise, some spaces have not yet been incorporated, and we proceed to the next
step, where we use a new rule to connect the components constructed in Step 2 by means of the
remaining spaces.

Step 3. Let Z be the set of subspaces V; that are not contained in any connected component
constructed in Step 2. Let £ be the set of leaves of those connected components, viewed as an
undirected graph. Then every space V; € Z satisfies the following statement:
(J2) for V; = E(aj) € Z, there exist V), V; € £ such thataj € V), + V.

We choose V), V,; € £ minimal with respect to inclusion, and then we draw directed edges
Vj — Vp and V; — V. In some cases, the choice of V), and Vj; is not uniquely determined. This
occurs when V), = V), for distinct indices p and p'. In this situation, we have Ej, (p) = E,;,(p’) = {s}
for some s, and hence p and p’ are symmetric neighbors of s. Consequently, either choice leads
to the same resulting graph, and the construction is completed.

It remains to explain why it suffices to treat the case where w is a Coxeter element. For a
general element w = s;, ---s;,, the associated graph %,, may be disconnected, and the indices
are given by iy, ..., i, rather than 1,..., m. However, by Remark 26, the cohomology ring H* (X,)
decomposes as the tensor product of the cohomology rings associated with the connected
components of ¢,,. Therefore, the reconstruction problem reduces to the connected case,
namely the case where w is a Coxeter element. The same argument as above then applies on
each connected component, with j replaced by i;. g

We now discuss the modifications needed when %, has a trivalent vertex. If the outdegree of
the trivalent vertex is at most one, then the reconstruction proceeds by repeating Step 2 exactly
as in the case with no trivalent vertex. If the outdegree is two, then after Step 3 has been carried
out, one can return to Step 2 and continue the reconstruction. If the trivalent vertex is a source,
then the argument is analogous to Step 3, although a new rule is needed to handle the trivalent
vertex. The following example of type E illustrates the case where Step 2 must be applied again
after Step 3.

Example 37. Let G be of type E7 and w = 5752515354 5556. Then we have:

_ () () )
G =D ——0—E—6E6—0
Then a1 = az = a7 =0and a3z = x1, @4 = X + X3, A5 = X3, Ag = X5 + X7.

Step 1. The spaces V;’s are given as follows:
Vi =<{x), Vo =({x2), Va=(x1,%3),  Va={(x2+x3,X4),
Vs ={x4,x5), Vo=Ax5+x7,%6),  V7=(x7).
Step 2. We obtain the following connected components:
V3, Va, Vz.
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Step 3. We have Z = {Vy, V5, V5} and £ = {V, V,, V3, V7). Since a4 € V, + V3, we combine the
connected components obtained from Step 2, we get the following graph:

V2
1
VieVs <V vz
Unlike in the case with no trivalent vertex, for the spaces V5 and Vy in £, there is no pair

Vp, V4 € &£ satistying (J2). Nevertheless, Vj satisfies dim(V4 n V5) = 1, so the criterion from Step 2
still applies.

Step 4. From the condition V4 N V5 = (x4), we draw a directed edge from V5 to V4. Then, we get
the following graph:
V2
!
VIV =V Vs Vz
Finally, Vg satisfies that ag € V5 + V7, so we can apply the criterion from Step 3 again. We draw the
directed edges Vs — V5 and Vg — V7, which recover the graph 4,,:

V2

!
ViV —Vy—=Vs —Vg— 1

Let us prove Theorem 32 when there is a trivalent vertex.

Proof of Theorem 32 in the presence of a trivalent vertex. Now we assume that ¢,, has a triva-
lent vertex. As in the case without a trivalent vertex, it is enough to prove when w is a Coxeter el-
ement. Then the arguments in Steps 1 and 2 remain unchanged. We will modify Step 3 by adding
one more criterion and add Step 4, which repeats Steps 2 and 3.

We remark that if the trivalent vertex is already recovered after Step 2, then its outdegree is
necessarily at most 1. Indeed, this happens only when the trivalent vertex itself is a sink, or when
there is a sink in the branch determined by the outward edge from the trivalent vertex.

Step 3. As before, we begin with the sets 2 and £, where Z is the set of subspaces V; that are
not contained in any connected component constructed in Step 2, and Z is the set of leaves of
those connected components viewed as an undirected graph. Now we add another criterion as
follows:

(J3) for V; = E(a;) € Z, there exist V), Vg, V; € £ such that aj € V), + Vg + V.

Note that there exists a space V; € % satisfying (J3) only when the trivalent vertex of %4, is a
source. Then each V; € # satisfies (J.), (J3), or neither. Hence, we divide £ into three subsets:

%1 ={V; € Z | V; satisfies neither (J») nor (J3)},
R, ={Vj € R | V; satisfies ()},
%3 ={Vj € & | V; satisfies (J3)}.

Case 1: Assume that the trivalent vertex has outdegree at most 1. Then both %, = %3 = @, and
the graph ¢, can be recovered under the same procedures as in Step 3 for the case with
no trivalent vertex.

Case 2: Assume that the trivalent vertex is a source. In this situation, 2; = @ and %3 is a
singleton, say %3 = {V}. Then we can choose V), V,;, V; minimal with respect to
inclusion. If such a choice is not unique, we choose one of them and draw the directed
edges V — V,, V— V;, and V — V;.. As in the case with (J.), either choice leads to the
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same resulting graph. For each V € %5, we draw the two directed edges as in the case
with no trivalent vertex. Then we can recover the graph ¢,,,.

Case 3: Assume that the trivalent vertex has outdegree 2. In this case, #; # @ and %3 = ¢. If
%y # ¢, then we proceed with Step 3 as in the case with no trivalent vertex, and then go
to Step 4.

Note that each space in %, satisfies (J1) or (J2).

Step 4. Let 7 be the set of V;’s contained in some connected component of the graph obtained
from Step 3’. Since one of the connected components contains the vertex Vj, corresponding to
the trivalent vertex recovered in Step 3’, Case 3, there exists a unique subspace V, = E(a,) € %1
such that dim(V, nV;) =1 or @, € V, + V. for some V, € 7. We distinguish two cases according to
the structure of E;, (a).

Case 1: Assume a, € V}, + V, for some V, € 7. We choose such spaces V;, and V., minimal with
respect to inclusion. If such a choice is not unique, we choose one of them and draw
Va — Vp and V, — V.. As before, either choice leads to the same resulting graph. This
situation corresponds to %) = {V,}, and the resulting graph is the desired one.

Case 2: Assume dim(V, N V}) = 1. In this case, we draw a directed edge V, — V}, as in Step 2.
We then continue this procedure as in Step 2, successively attaching spaces whose
intersections are one-dimensional. This process terminates either when all remaining
spaces have been incorporated, or when a configuration of the form satisfying (J»)
appears. In the latter case, we apply Step 3 once, and the construction is complete.

This completes the proof. O

Remark 38. We cannot extend Theorem 32 to other Lie types by simply following the steps
considered in its proof. For a simple Lie group G of type B;, the cohomology ring H* (X,,s,) is
isomorphic to Z[x, y] / (x?, yz). Hence, there are two primitive square-zero elements x and y. This
produces a graph consisting of two vertices with no edges by following the steps in the proof of
Theorem 32. However, the digraph %, , consists of two vertices and a directed edge with label 2.
This failure occurs because the procedure relies solely on the cohomology ring data and cannot
detect nontrivial edge labels such as the label 2.
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