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Introduction
Machine learning algorithms often involve penalized regression problems of the form
n
in Y (Lh(x) - yi)* + AlR|%.

Here (xj, yi)1<i<n is a dataset where x; belong to some set X and y; € R, 1 € R, is a penalty
coefficient, ./ is a Hilbert space of real-valued functions on X, and L is a linear operator from #
into & (X,R), the space of real-valued functions on X. When ./ is a reproducing kernel Hilbert
space (RKHS), it turns out that the solution lives in a finite-dimensional space, a famous result
known as “representer theorem” [1,14,17].
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A key property to prove this result is the generalized “reproducing property”
VxeX, IL(x) € A s.t. ¥ he A, Lh(x) = (h,L(x)). 1)

Note that, when L(x) exists, it is necessarily unique. Notice that in the particular case when L
has its values in # and admits an adjoint L*, we simply have L(x) = L*(K(x,-)). When L is the
identity operator, we have L(x) = K(x,-) where K is the kernel associated to /2,

VxeX,Vhe#: hx) ={hK(x,),

which is the original reproducing property of RKHS [1]. This immediately extends to finite linear
combinations, i.e. when L has the form

q
Lfx) =) a;f(vix)),
i=1

where a; € R and v;(x) € X. In that case, L(x) = 2?21 a; K (ui (x), ) However, the generalization
to more complex operators such as derivative or integral operators is not straightforward as it
involves a passage to the limit (see Section 1).

This question naturally arises in machine learning problems where the function to be learned
is known to satisfy linear constraints. Typical examples include learning functions with pre-
scribed mean or approximating solutions of linear partial differential equations from data [10]. In
such settings, observations involve linear operators acting on the unknown function rather than
pointwise evaluations, making the generalized reproducing property (1) a key theoretical tool.

In this paper, we consider a broad class of operators corresponding to limits of linear combi-
nations and we give a necessary and sufficient condition on K for (1) to hold under the assump-
tion that (1) remains true when passing to the limit. This allows us to revisit the reproducing
properties in RKHS for derivative and integral operators. Firstly, we focus on the derivative oper-
ator, and show that the reproducing property holds if the cross derivative of the kernel exists and
is continuous on the diagonal of X x X. Thereby we retrieve the result presented in [13,15] by a
different approach. We prove that this condition is less restrictive than the well-known C? class
condition [6,18] and we exhibit a counterexample.

Secondly, we consider the mean embedding in RKHS within the frame of (improper) Riemann
integrals. We prove that it is properly defined if the kernel is absolutely integrable. This is similar
to the result of [2,4,12] obtained for Lebesgue integrals. Then, we go a step further and show
that, under the same condition, the reproducing property holds, which does not seem to be
reported in the literature. We show that it is less restrictive than the condition that x — /K (x, x)
is integrable [7,11] and we exhibit a counterexample.

1. Reproducing property for linear operators

A RKHS # is a Hilbert space of real-valued functions defined on a set X such that for all x € X,
the evaluation .2 3 h — h(x) is continuous. Giving a RKHS is equivalent to giving a positive
semidefinite function, or kernel, K. The link between . and K is given by the reproducing
property:

Vied,VxeX: fx)=(fKx")),-
This implies, by choosing f = K(y,-), that K(x,y) = (K(x,-),K(y,")) 4, forall x,y € X.

1.1. Main result

Before stating our main result in Theorem 4, we first recall the definition of so-called combination
of composition operators, introduced in [9].
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Definition 1. Let v: X — X be an arbitrary function. The composition operator T,, with func-
tion v, is defined by:
Ty: & — FXR), Ty(f)=fou.

We call a combination of composition operators with functions v; and weightsa; eR forl<i<gq
the operator:

q
L=) a;Ty,.
i=1
The class of combination of composition operators on functions on € is denoted €€ (F).

Let L = Z?ZlaiTvi € €€(H#). Notice that for all x € X, Lf(x) = Z?Zlaif(vi(x)). Thus,
the linear form # > f — Lf(x) is continuous as a linear combination of evaluations of ..
Following [3, Section 4.4], we will denote by L(x) € A its representer, i.e. the unique element
of A verifying

Lf(x)={f, L(x)). )
We have explicitly

_ q
Lx) = ) aiK(vi(x),). 3)
i=1
Mind that L(x) # L(K(x,")) = Z?:l aiK(x,vi(+)).
The class €6 (#) is limited to finite linear combinations. We now define a natural extension
of this class by considering its closure with respect to pointwise convergence.

Definition 2. We define the class of operators
€ (H) = {L: 70— FOCR) 13 (Ly)nen € €A s.t. Lf) = Tim Lu(f) ¥ fe Jﬁ}
where the limit is in the pointwise sense.

If Le € (A), writing L, = Z?;’l ainTy,, (where g, eN,a; , € R, v; , € (X, X)), we have for all
feAandall xeX,

qdn
L) = Him 3 ainf(vin(x).
i=1

As an example, when X = R, the class € (#) includes derivative and integral operators:

« if the functions of / are differentiable, the derivative operator L: f — f’ is written
as limy,—. o0 Ly, where Ly, = nTy,, — nTy,,, with vz 4: x — x + % and v;,,: x — x; here
Ln(x) = nK(v2,n(x),+) = nK (v1,,(x),*);

« if the functions of . are continuous, the averaging operator L: f — x~! fox f()dt (with
L(f)(0) = f(0)) is written as lim,— oo L, where L, = X" 1T, with v; ,: x — Lx; here
Lo =X, 5K (vin(0),").

We now recall the Loeve criterion for convergence of sequences in Hilbert spaces.

Proposition 3 (Loéve criterion). Let A be a Hilbert space with inner product {-,-). Let (h,) pen
be a sequence of /. The following statements are equivalent:

(i) (hy)nen converges in A5

(ii) the double sequence ((hp, h)) has a finite limit as n, m tend to +oo.

n,meN

In the whole paper the convergence of double sequences (u;,;)n,men — such as the one
appearing in (ii), is in the uniform sense (also known as Pringsheim sense [16]): if c is its limit,
Ve>0,InpeN, VY n,m=ng, luy;,—cl<e.
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Proof. The proofcanbe foundin [5, Section 3.5] when # is a space of square-integrable random
variables. For completeness, we recall here the main arguments.

The direct sense (i) = (ii) is obvious by continuity of the scalar product.

Let us now prove (ii) = (i). Denote by ¢ the limit of ((hy, hn)) when n, m tend to infinity. We
have, forall n,meN,

1720 = hnll* = Ry Bn) + (B, i = 24 R, ). (4)
This implies that || h;, — by, |2 = c+c—2c=0when n,m — +oo. This proves that (k) is a Cauchy
sequence, and thus converges in /. O

For all operator L and for all function F: X x X — R denote
LF: XxX—R, (x,5)— L(F(-,»)x),
and
L'F:XxX—R, (x,y)— L(F(x,"))y).
Notice that with these notations, for all x, y € X we have (L’ F)(-,y) = L(F(-,y)) and (L F)(x,") =
L(F(x,-)). We will also simply write L/ L" instead of Lo L.

Theorem 4. Let /¢ be a RKHS with kernel K. Let (L) nen be a sequence of €6 (F€). We denote by
L, (x) € /€ the representer of the linear form /€ 3 f — L, f(x) (see (2)). The following conditions
are equivalent:

() (L4LhK(x, X)), COnverges when n, m tend to +oo for all x € X;
(i) (I:l(x))neN converges in /€ for all x € X.

In that case, denote L(x) := limnﬁ+oof;(x) e . Then, forall f € A, L,f converges pointwise.
Define the operator L € €(A) by Lf (x) = limy,_ 00 L f(x) (for all f € #, x € X). Then, for all
x € X the mapping /€ 3 f — Lf(x) is continuous and the reproducing property holds:

VxeX,YfeA: Lfx)={fLx).
Finally, |L(0)|* = LL" K(x, ).

Proof. Let x € X. We first prove that

(Ln(x), L (%)) = LE L, K (x, x). 5)
Let y € X. Denote F,, = L’ K. Using the definition (2) of L,,(y) (with f = K(x,-)), we have
Fin(x,) = (LinK(x,)) (1) = (K(x,2), Lm (1)) = Lin (1) (0). (6)

Thus, Fp,(-,y) = f;n(y) by uniqueness. Similarly, noting that F,, (-, y) € # and using the defini-
tion (2) of L,,(x) (with f = Fy,(+, ), we have
LEFn(x,9) = (LnFn (-, ) (0) = (Em (-, ), La(2)). (7

Finally, we get L L K (x,y) = (LA,;(y),f,;(x)), which gives (5) when y = x.
From Equation (5), by the Loeve criterion (Proposition 3), the sequence L, (x) converges in the
Hilbert space # for all x € X if and only if

n}}iirgooLflL;nK(x, X)
exists at each point x € X. This proves that (i) and (ii) are equivalent.
Suppose now that (i) or (ii) are verified and denote L(x) = limy— 4o Ly (x) € 7. Writing the
equality (2) defining L, (x), for a given f € #° and x € X,
Laf(x) =(f,Ly(x)),

and taking the limit when 7 tends to infinity, we obtain that L, f (x) converges. Denoting by L f (x)
its limit, we thus have:

Lf(x)={f, L(x)).
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This ensures that the mapping . > f — Lf(x) is continuous.
Finally, by taking the limit in (5), we get:

IZo | = L1 K (x, ).

Indeed, let F = L' K and x, y € X. By taking the limit in (6), we get F(-,y) = Z(y) € #. Then, taking
the limit in (7), we obtain L F(x, y) = (F(-,¥), L(x)), or equivalently,

(L(x), L) = L' L"K(x, y). O

2. Derivative reproducing property

The reproducing property for the derivative operator has been extensively studied in the litera-
ture under various conditions. For example, in [18], this result is established for Mercer kernels
of class C?. A weaker condition is given in [13, Section 2] and [15, Corollary 4.36], namely that
the cross derivative 05 K_ exists and is continuous on X x X. In what follows, we obtain a simi-
lar result, demanding t]he continuity at the neighborhood of the diagonal of X x X, by following a
different route with the class of compositions of operators. We argue that the continuity assump-
tion, sometimes omitted [5,8], is important when the RKHS is not supposed a priori to contain
differentiable functions.

Theorem 5. Let / be a RKHS of real-valued functlons defined on a non-empty open set X C R,
with reproducing kernel K. IfK is of class C' and a)‘z é; exists and is continuous on a neighborhood

of the diagonal, then:

(a) foralleX, o (x ) isin A, and || (x )|| axlaxz (x,x);
(b) all functions of JC are dlﬁ”erentzable, the mapping 7€ 3 f — f'(x) is continuous, and the
derivative reproducing property holds:

0K
VxeX,Vfes: f'(x)=<f,6—xl(x,-)>.

We will need the well-known fact that convergence in / implies pointwise convergence
(see [3]).

Lemma6. Let A a RKHS on X with kernel K, and let (hy)xex be a family of functions of /€. If for
some xg € X, hy converges in /€ when x — Xy, then hy converges pointwise to the same limit.

Proof. Let hy, € A be the limit of i, when x — xy. Let y € X. By the reproducing property and
the Cauchy-Schwarz inequality,

|12 (1) = hoo ()] = [{ By = ooy K(y,))| < 1 = ool | K (3, ) |-
The result follows. g

Proof of Theorem 5. Suppose that K is of class C' and 63 ;; exists and is continuous on a

neighborhood of the diagonal.
Let (1) be areal-valued sequence converging to 0 as n tends to infinity with u,, # 0V neN.
Let n € N and x € X and consider the operator L, € €6 (#°) defined by

T, - T,
L,= %, where vy, (£)=t+u,, via()="t
n
We have
+uy) - —
La(H) () = M = (£, Tn (),
with K+ upm)—K(x,)
Ly(x)= .

Un



554 Fatima-Zahrae El-Boukkouri, Josselin Garnier and Olivier Roustant

Notice that
Kx+up,x+uy)— KX+ u,x)—Kx,x+ u,)+K(x,X)

LOLT K(x,x) =
nLmK(x, x) .

2 . . . . . .
As ag—;; exists and is continuous on a neighborhood of the diagonal, the function («/,v") —

a o 0 5 (Xt u', x+v') is continuous on a neighborhood of (0,0). This justifies that there exists 79 € N
such that for all n, m = ny,
um _0°K / ’ 13
(x+u,x+v)du'dv
0o Jo )
LOLT K(x,x) = 0x10%2 ,
UpUm

which can be obtained by two successive integrations with respect to #’ and v’ respectlvely As

63 é; is continuous at (x, x), then for a given € > 0, there exists r > 0 such that forall u/, v' € [-r, 7],

°K et ul x4 0 0°K
X+u,x+v)—
6)616)62 le 0)62
As the sequence (u;) converges to 0, there exists Ny € N, such that for all n = Ny, u, € [-r,7].

Then for all n, m = max(ng, Np),

(x,x)| <e.

LYLT K(x,x) -

(x x)| =<

f /um axlaxz(x+u x+v) - axax (x,x)|du/dv’ 3
<e.

UnUm

This implies that (LfngnK (x, x)) .. CONVErges when n, m tend to +oo to 61(?%:2 (x,x).
Then using Theorem 4, we conclude that (f; (x))neN converges in /. Denoting by L(x) its
limit, we have by Lemma 6,

a—K(x )=L(x)
6x1 )= A

As the limit of f (x) does not depend on the sequence u;, we can conclude that

converges in # when ¢ tends to 0 to 61(1 (x,-).
To conclude the proof of (a), let us show that
0K ) 2 %K )
—(x,)|| = X, X).
dxl 0)61 6)(,'2
From Theorem 4, for all f € A, L, f converges pointwise, and with Lf (x) = lim,,—.4cc L, f (x), we
have

Kx+t,)-K(x,)
t

12| = L’ L'K(x, x).
Recall that (L4 L], K(x, X)), m converges to a o a 5 (X, X) when n,m tend to +oo. In particular,

(L[ L} K(x,x)) converges to 3 x26 & (X,x) when n tends to +co. This implies that LYL'K(x,x) =
(x, x). And thus,

6x1 axz
2 2

= (x,x).
X

It remains to show (b). Let f € /# and x € X. We know that (x -)is in . We have

fx+n-fx) K(x+t,')—K(x,‘)
¢ _<f’ t >

converges to aK (x,-) in # when f tends to 0, we obtain that f is differentiable

As K(x+t,-'):K(x, )
at x and oK
1100 =(f, 5 ).

This implies that the mapping # 3 f — f'(x) is contlnuous. d
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Remark 7. Theorem 5 implies that if Y is a centered second-order random process with covari-
ance function K, then Y is everywhere differentiable in quadratic mean (q.m.), the second-order
3K

2
cross derivative 63%:2 exists everywhere and cov(Y'(s), Y'(1)) = Fxom, (5 1) [8I.

Remark 8. It may be not sufficient to assume only the existence of the cross derivative on the
diagonal (without assuming its continuity on a neighborhood of the diagonal). Indeed, in the
proof of Theorem 5, we can write

K(x+up, X+um)—K(x+up,x) _ Kxx+um)-Kx,x)

LYLT K(x,x) = fm tm :
Un

which leads to the fact that lim,— ;oo lim;;— 100 Lf,Lan (x, x) exists. Here, the limit is taken se-
quentially firstly in m and secondly in n. This does not imply that the limit of this double se-
quence exists when n, m tend to infinity, which is required by the Loéve criterion (Proposition 3).
Finally, notice that the continuity of the cross derivative can be omitted if one assumes in
addition from the outset that all functions in # are differentiable, as proved in [2, Lemma 4].

Theorem 5 gives a sufficient condition on K for a derivative reproducing property to hold,
namely the existence of the cross-derivative and its continuity on a neighborhood of the diagonal.
This is less restrictive than the C? condition on K found in the literature. Indeed, the following

o . 2 . . .
example exhibits a kernel K that is not of class C? but such that 6}‘31 éi@ exists and is continuous.

Example 9 (Non-C? kernel with finite cross derivative). Consider the function:

xtsin(L) ifx#0,
ﬁR_m’ﬂm% () ifx#
ifx=0.
We notice that f is twice differentiable on (—oco,0) and (0,00). For x € R\{0}, the first and second
derivatives are: ) )
f(x) =4x° sin(—) —x? cos(—)
X X
and
" 5 . (1 1 (1
f(x) =12x"sin| — | —6xcos| — | —sin| —|.
X X X
Observe that

4gin(1

— f(0) x"sin(s 1

f-fO) _ (HZﬁ“%J’
X X

which proves that f is differentiable at x = 0 with f'(0) = 0. Similarly,

FO-7o = MC) = (4x2 sin(l) —xcos(l)),
X X

X X

which shows that f is twice differentiable at x = 0 with f”(0) = 0. We conclude that f is twice
differentiable on R, with the second derivative given by:

1) = {12x2 sin(1) —6xcos(L) —sin(L) ifx#0,

x x x

0 if x=0.

However, " has no limit at 0, due to the term sin( %), which means that f is not C2.
Now, consider the rank-one kernel K:

K:RxR— R, K(x,y)=fx)fH.
K is not of class C? since for all y € R, the function x — ‘?:Tlf(x, ) = f"(x) f(p) is not continuous
1

- 2 . .
at x = 0. Nevertheless, the cross derivative agl_asz(x’ ) = f'(x) f'(y) exists for all x,y € R and is
continuous.
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3. Mean embedding in RKHS

In this subsection, we consider a random variable X defined on X c R with probability density
function p and a RKHS # of real-valued functions defined on X with kernel K. We seek to
establish the minimal condition under which there exists a function u, € A satisfying:

Ex-pf(X)={f up), VY [fe.
The function u,, is called the mean embedding of p.
Fukumizu et al. (7] proved that p,, exists if Ex..,v/K(X,X) < oo in the sense of the Lebesgue
integral. However, the function u,, exists under a less restrictive condition as we will demonstrate.
In what follows, our results will use the integral in the Riemann sense. To demonstrate it, we
will need to use some notions related to the improper Riemann integral [19].

Definition 10 (Admissible set). AsetE c R4 is admissible ifitis bounded and its boundary OE has
Lebesgue measure zero. The integral of a function f over E is defined as:

ff(x) dx=ff(x) Tg(x)dx,
E I

w_here] is some interval in R? (i.e. a set of the form {x eR? 4 < x;p < b, i= 1,...,d}, for
a'<b'eR)suchthatEc].

If the integral on the right-hand side of this equality exists, then we say that f is Riemann
integrable over E. Lebesgue’s criterion [19, Section 11.1.2, Theorem 1] for the existence of
the Riemann integral over an interval implies that a function f: E — R is integrable over an
admissible set E if and only if it is bounded and continuous at almost all points of E [19,
Section 11.2.2, Theorem 1].

Definition 11 (Exhaustion). An exhaustion of a set E RY isa sequence of admissible sets (Es) seN
such that:
E;cEgy1cE forallseN,

and

Cs

E;=E.
1

A
1l

The notion of exhaustion defines the improper integral over a set E c R,

Definition 12 (Riemann improper integral). Let (E;)sen be an exhaustion of the set E and
suppose the function f: E — R is Riemann integrable on the E; for all s € N. If the sequence
J; g, [ (x)dx converges and has a limit independent of the choice of the exhaustion, then f admits
an improper integral over E defined by

ff(x)dx: limf fx)dx.
E §—00 E;

Proposition 13 (Comparison test for improper integrals, [19]). Let f and g be functions defined
on E and integrable over exactly the same admissible subsets of E, and suppose |f| < g on E. If
the improper integral [}; g(x) dx exists, then the improper integrals [i;| f(x)|dx and [}, f(x)dx also
exist.

Using improper integrals, we now establish the condition for the existence of the mean
embedding y), in # when X is not necessarily an interval. Note that X can be unbounded and K
can be unbounded.

Theorem 14. Let # be a RKHS of real-valued functions defined on X, with reproducing kernel K.
Assume that K and p are continuous almost everywhere and locally bounded on X x X and X
respectively, i.e. K (resp. p) is bounded on all bounded subsets of X x X (resp. X). Assume that
the Riemann improper integral fXxX|K(x, y)|p(x)p(y) dxdy exists. Then:
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(1) the mean embedding p,: X3 x — [, K(x,y)p(y)dy exists and is in #; moreover, | 11, 12 =

Jxxx K%, y)p(x)p(y) dxdy;

(2) for all function f € J, the function x — f(x)p(x) admits an improper integral on X
and the mapping 7€ 3 f — Ex-p[f(X)] = [y f(x)p(x) dx is continuous; furthermore, the
reproducing property holds:

Ve, Ex-p[fX)]=(f pp)-

Proof. Let (Es)secn be an exhaustion of X. For all s € N, as E; is bounded, there exists an interval I
in R such that for all f € A,

ff(x)p(x)dx=ff(x)ﬂES(x)p(x)dx.

Let s € Nand consider for all n € N*, a partition (1/S Wosisn of the interval IS composed of n nodes.
Suppose that the mesh of this partition A, deﬁned as 1, =max;<j< n(v ) converges to 0
as n tends to co. Let n € N* and consider the following operator in %ﬂﬁ(if),

lln

n
Lon= Z (vf,n - vf—l,n)p(vg,n)ﬂEx(U;,n)TUfn'
i=1 ’
Thus, by (3),
n
VxeX, Loax)=) ,-vi, Jpwi g KW ).
i=1

From now on, as Ly, f (x) and Ly »(x) do not depend on x, we will omit x and simply write Lg,, f
and Ly ;.
Notice that for all n,m e N*, and all x € X,

n
Lﬁ,nLg,mK(x’ x) = X‘i Z (VL n- VL 1, n)p(vl n)( jom j—l,m)p(l};,m)ﬂEsXEs(V?,n’ V;,m)K(Uf,n' vjs',m)‘
i=1j=
From the assumptions on K and p, the function (x,y) — K(x,y)p(x)p(y) is continuous and
bounded on the bounded set Eg x E;. Then, by [19, Section 11.2.2, Theorem 1] the Riemann
integral ffExxEs K, y)p(x)p(y)dxdy exists. As the function x,y — K(x,y)p(x) p(y) Vg, xE, (X, ¥)
is continuous almost everywhere on the interval I;, the double sum above converges as
n,m tend to +oo to f[ «1, K(%, ) p(0) p(Y) UEsx B, (x, y) dx dy, which is equal by Definition 10 to
J; ExE, Kx, Y )px)p») dxd y. Then usmg Theorem 4 on the sequence (Ls, ;) nen, We conclude that
(LS n)nen converges in /. Denote by LS its limit. Furthermore, for all f € A, L;, f converges
pointwise with respect to n, and we denote L, f =lim,—.o Ls,, f. Finally (still by Theorem 4),

YV fes, Lsf=(f Ls. ®)

For all x € X, the function y — K(x, y) p(y) is continuous almost everywhere and bounded on the
bounded set E. Thus, it is Riemann integrable on Es [19, Section 11.2.2, Theorem 1]. Then, for
all xe X,

n
Ls(x) = lim Zl(va" — Vi1, P} )E (V] K], ) :fE K(x, y)p(y)dy.
1= S

Thus, by Lemma 6,
E=LKuwmw®. 9)

From (8), we obtain that for all f € A,

n
Lsf = ,}E{}oz(“f,n - U;—l,n)p(yz?,n)ﬂEs(Vf,n)f(yis,n) =(fo Ls).
i=1
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As this limit does not depend on the subdivision (v;.Y W)0=i<n, neN, this implies that all functions
of A are p-integrable on E; and,

Y f e, fE fOp)dx=(f, L.
In particular, for ¢ € N, choosing f = ft (which is in /) and using (9), we have

(o) = fE ( fE K(x,y)pep(y) dy) dx.

By the same argument used above, the Riemann integral [ Exg, KX, ) p(x)p(y) dxdy exists. By
Fubini’s theorem for Riemann integrals [19, Section 11.4], we have

(To T = f

Egx

K, y)p(x)p(y)dxdy. (10)
t

Let us show that when s, ¢ tend to +oco, (Ly,L;) converges to Jxxx Kx, »px)p(y)dxdy. Let
s,$teN, as x,y — |K(x, y)|p(x)p(y) is integrable on X x X and using Proposition 13 with
fx,y) = K, ) px) p(0) Ixxx\E;xE, (%, ¥) and g(x,y) = |K(x,y)|p(x)p(y) for all x,y € X, then
Sxooxg e, KO p)p(y)dxdy and [, g g, | K6 1) |p(x)p(y)dxdy exist. Let us denote
I(s, 1) =fEstt K, y)px)p(y)dxdy andI=fXxXK(x,y)p(x)p(y) dxdy. We then have,

|I(s,)-1| =

f K(x,y)p(x)p(y)dxdy '
XxX\EsxEy
< f |KCx, )| po p(y) dxdy
XXX\ESXE[
_ fx Ko plpeop() dxdy - fE |[K(x, p)[p(x)p() dxdy.

sxEy
As above, since Enin(s,1) X Emins,n) € Es % E¢, Proposition 13 implies that

f |K(x,y)|p(x)p(y)dxdy
Emin(s,1) X Emin(s,0)
exists and

[1(s, 1)~ 1| Sf IK(x,y)Ip(x)p<y)dxdy—f |K(x, )| px)p(y) dxdy.

XxX Emin(s,/) X Emins,

As (Es x Eg)sen is an exhaustion of X x X, [ 5 |K(xy)|p(x)p(y)dxdy converges
to fXXX|K(x,y)|p(x)p(y) dxdy as st tend to +oo. Thus, I(s,f) = (Ls,L;) converges to I =
Jxxx K, ») p(x)p(y)dxdy as s, t tend to +oo.

By applying Loéve criterion (Proposition 3) to the sequence (’LVS) seN, we conclude that (f;)
converges in /. Let u, denote its limit. Notice that for all x € X, we have

Hp(x) = lim fE K(x,)p(»dy.

Thus, for all x € X, the sequence (, £, K y)py) dy) converges as s tends to +oo and its limit does
not depend on the exhaustion (Es). This implies that fx K(x,y)p(y)dy is finite for all x € Z', and
by Lemma 6, we deduce that

Hp =f K, y)py)dy.
X

To conclude the proof of (1), recall that I(s,#) — I as s and ¢ tend to +oco. This implies that
I(s,s) — I when s tends to +oco. As L; converges in ./ to p,, we conclude that

i l? = fx K ppLop(y) dady.
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It remains to prove (2). Let f € /. From the proof of (1), we have
fE f@p@dx=(f,Ly).

As (fs) converges in /€ to p,, when s tends to +oo, we obtain that ( f E, fX)px) dx) converges to
{f,up) as s tends to +oo. As the limit does not depend on the chosen exhaustion, we conclude
that fp admits an improper integral on X and,

fxf(x)p(x) dx ={f, up).
This implies that the mapping .# > f — [ f(x)p(x)dx is continuous. O

Remark 15. Theorem 14 contains two statements. The first one, (1), is that the function
Up: X3 x— [, K(x,y)p(y)dy exists and belongs to #. This result is the analogue for improper
Riemann integrals of that established for Lebesgue integrals (see [2, Proposition 2.3] and [12]).
Under the same condition, we further demonstrate in (2) that the reproducing property holds,
with a less restrictive condition than in [7,11], as we will show in Proposition 16. Notice that (2) is
not simply deduced from (1) by continuity of the scalar product in . since the interchange of
limit and integral is not guaranteed in general.

Proposition 16. Let # be a RKHS of real-valued function defined on X, with reproducing kernel K.
Assume that K and p are continuous almost everywhere and locally bounded on X x X. If the
standard variation [ vVK(x,x) p(x) dx exists, then [[y |K (x, y)| px)p(y)dxdy is also finite.

Proof. Let (E;) be an exhaustion of X. Recall that K(x,y) = <K(x,‘),K(y,~)>Jf for all x,y € X.
Using Cauchy-Schwarz inequality, we then obtain:

/E . |K(x, )| px)p(y)dxdy < i VK(x,x)px) Ky, y) p(y) dxdy.

n*En

Since E, x E, is an admissible subset of X x X, applying Fubini’s theorem for Riemann integrals
(cf. [19, Section 11.4]) gives:

fE . \/K(x,x)p(x)\/K(y,y)p(y)dxdy:fE fE VK(x,x)px)v/K(y,y)p(y)dxdy
n n n n 2
:(f \/m;a(x)dx).
Ep

Thus, if [y VK (x, x) p(x) dx is finite, it follows that ffXXX|K(x, ¥) | p(x)p(y)dxdy is also finite. [J

The minimal requirement for the existence of the mean embedding u, is that
[xxx|Kx, »)|p(x)p(y)dxdy is finite. This is weaker than the criterion found in the litera-
ture that requires [, vK(x, x)p(x)dx to be finite, as shown by the previous proposition. Note,
however, that the (almost sure) continuity of the kernel is also required in Theorem 14, which is a
mild assumption. Finally, the following example exhibits a kernel K for which [, vK(x, x) p(x) dx
is not finite but such that [fy, «|K(x,)|p(x)p(y)dxdy is finite.

Example 17 (Kernel with non-finite standard deviation and well-defined mean embedding).
Letp: x— éﬂ r=1 and let us consider the following function:

K: [1,00) % [1,00) — R, K(x,y)=xye &",

It is a positive semidefinite kernel as it is the covariance function of the process xZ(x) where
Z is a stationary process with mean zero and Gaussian covariance function exp(—(x — y)?). The
standard deviation is clearly infinite:
+00
1

Ex-p[ VKX, X)] =f %dxz +00.
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Let us now show that I := [, »|K(x, y)|p(x) p(y) dxdy exists.

As the function x,y — K(x,y)p(x)p(y) is positive, it is enough to prove that for only one
specific exhaustion (E,) of the set [1,00), the sequence I, := ffE% K(x,y)p(x)p(y)dxdy converges
to I. Indeed, the positivity guarantees that the result will then be valid for all exhaustions [19,
Section 11.6, Proposition 1]. Here, we choose E;, = [1, n].

To compute I, let us split the cubic domain E,, x E,, into two triangles:

n pn n pn n py
I, :[ Le*(x*y)z dxdy=f f Le’(’“’y)2 dxdy+f Le*(’“y)2 dxdy.
v hoxy vy oxy v hoxy

Using the symmetry of the integrand, we can see that the two terms are equal, and thus

n n 1 2
I, :2f f —e " dxdy.
1 Jy Xy

Now let us apply the change of variables T: R? 3 (x,y) — (w = x—y,¥). As for all x, y € R,

l<sy<sn and y<x<n = 0Osw<sn-1 and l<sysn-uw,

n-1 pn—-w 1 5
In:2f [ ———e W dydw.
0 1 yw+y)

Now, for all w € [0, n — 1], we have
n—-w 1 I’l*Wl 1
o= [t gy [ Ly
1 yw+y) 1 y y

n—1 5 +00 5
Inszf e W dwst e Wdw=+7.
0 0

Finally, the sequence (1) ,>1, which is monotonically increasing, is bounded. Hence it converges
as n — +oo. Therefore, [f; .2 |K(x, y)\p(x)p(y) dxdy is finite, even though Ex-,[vK(X,X)] is
not finite.

we have

Therefore,
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