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Introduction

This work investigates the long-time behavior of an implicit-in-time finite-volume discretization
for a nonlinear kinetic reaction model describing two interacting species in one-dimensional
position-velocity phase space. We focus on the following system introduced in [33]:

0:fi+vocfi=x1—-p2f1, 1)
0rfotv0sfo=x2—p1f2 )

where f1 and f, denote the phase-space densities of two chemical reactants, A and B. These
species are produced by the decomposition of a third substance C (whose density is assumed to
be constant) with nonnegative velocity profiles y; and y», and can also recombine to form C,
thus leaving the system. The functions f; and f, depend on time ¢ = 0, position x € T (the one-
dimensional torus), and velocity v € R. The reaction probability depends on the spatial density
of the reaction partner, defined by

ok (t,x) ::ffk(t,x, v)dv, k=1,2. 3)
i
The system (1)-(2) is complemented with the initial condition
[Ox0) = ") 20,  f(0,x,0) = f"(x,v) 20. (4)

Since the chemical reaction is assumed to be reversible, we impose the compatibility condition
Jr&1 — x2)dv = 0. Moreover, we make the following standard assumptions on the velocity pro-
files yx, which are given positive functions of v. For k = 1,2, we require

f)(kdvzl, vakdv:O, Dk::fvz)(kdv<oo, Qk::fv4)(kdv<oo. (5)
R R R R

In [25], additional linear relaxation terms of the form py yx — fx, k = 1,2 were introduced to model
thermalization effects relevant in semiconductor physics. While such relaxation terms could also
be included within our analysis, the present work focuses on the nonlinear reaction terms in (1)—
(2), which are sufficient to establish exponential convergence toward equilibrium.

Under these assumptions, the model satisfies a natural conservation property reflecting the
reversible nature of the chemical reaction:

d
—f (fi—fo)dvdx=0.
TxR

dt
This motivates the introduction of the unique constant p* > 0 such that
. . 1
n_ fn dvdleTI( °°——), (6)
fwr xR( 1 2 ) Y o

and of the corresponding equilibrium state F® = ( e f2°°)T, depending only on velocity, de-
fined by

P =nw, 200 =03 x), )
with p§° = p* and p5° = 1/p*.

The exponential convergence to equilibrium for the solution of (1)—(2) was first established
in [33]. This result relies on a perturbative approach around equilibrium: a hypocoercivity result
for the linearized system is first obtained in a weighted L? framework, following the method
of [20], and then extended to the nonlinear system through the propagation of L* bounds.
More recently, the authors of [25] removed the small-perturbation assumption by exploiting the
nonlinear Boltzmann entropy of the system, allowing the treatment of more general initial data
that satisfy weaker conditions relative to the equilibrium.

Motivated by these developments, we observed that the Boltzmann entropy H(F) of the solu-
tion to the numerical scheme studied in [6] — for which exponential convergence to equilibrium
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Figure 1. Comparison between the exponential decay of the relative Boltzmann entropy H and of the weighted
12 distance to equilibrium for the numerical scheme studied in [6].

was proven in a perturbative framework — also exhibits exponential decay in time (see Figure 1).
The goal of the present work is to provide a rigorous proof of this decay by adapting the approach
of [25] to the discrete setting. This extends our previous results to initial data that are not neces-
sarily close to equilibrium, requiring only suitable L* bounds relative to the equilibrium profiles.
The long-time dynamics of (1)-(2) results from the interplay between the transport opera-
tor v 0y and the reaction term, which induces a mixing effect in phase space. Under spatial peri-
odic boundary conditions, this mixing drives the system toward the position-independent equi-
librium F*°. The study of the long-time asymptotics in kinetic equations is a classical topic, dat-
ing back to the seminal work [32] on hypoellipticity for linear operators. Early results on the as-
ymptotic behavior of kinetic equations were obtained in [3]. More recently, for a broad class of
collision operators [10,20,30,31], it has been shown that, in a suitable norm, solutions converge
exponentially fast toward equilibrium: there exist constants ¥ > 0 and C > 1 such that

[F(@0) - F®] 4 < CJF" - F2 o™, (8)

for an appropriate Hilbert space & . This property is known as hypocoercivity, following [36],
whereas the special case C = 1 corresponds to the classical notion of coercivity.

Building on the general framework of hypocoercivity, the seminal work [20] introduced a
robust and versatile method to establish exponential convergence to equilibrium. The core
idea is to construct a modified entropy functional, equivalent to a weighted L?-norm, for which
exponential decay can be proven. This approach has since been successfully applied in a variety
of kinetic contexts, including chemotaxis models [14], the fractional Fokker-Planck equation [9],
the Vlasov-Fokker-Planck equation [11,12], and the Vlasov-Poisson-Fokker—Planck system [1].
Extension to control problems in plasma theory, using refined estimates on the trajectories of the
solutions, was also considered in [18].

More recently, in [25], the authors adapted this strategy to the nonlinear framework. Indeed,
instead of relying on the evolution of a weighted L?-norm, they construct a modified entropy
functional directly from the nonlinear Boltzmann entropy, which can be shown to decay expo-
nentially. Under an L*° assumption on the initial data relative to the equilibrium profiles, the log-
arithmic terms appearing in the Boltzmann entropy can be carefully linearized, thereby quanti-
fying the distance to equilibrium in the standard weighted L?-norm.

The entropy-based and hypocoercive frameworks developed at the continuous level have also
inspired a broad range of studies on their discrete counterparts, aiming to understand how
numerical schemes reproduce long-time asymptotics. Over the past decades, the long-time
behavior of discretizations of macroscopic models has been extensively studied using energy-
based techniques. These methods rely on preserving the entropic structure of the continuous
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equations at the discrete level [4,13,16,28]. Among them, the ¢-entropy method has proven to
be a particularly robust tool for analyzing asymptotic behavior [17,26]. The use of ¢-entropies
was later extended to linear kinetic equations, such as the Fokker-Planck equation [19] and the
linear relaxation model [24], demonstrating the effectiveness of nonlinear techniques in deriving
quantitative convergence rates toward equilibrium.

These ideas naturally extend to the discretization of kinetic equations, allowing numerical
schemes to accurately capture long-time asymptotics. Early developments in this direction fo-
cused on the Kolmogorov equation, where collisions are modelled by a Laplacian in velocity.
A finite-difference scheme was analyzed in [34], while finite-element approaches were investi-
gated in [22,27]. These discrete hypocoercivity results led to the design of an efficient stabiliza-
tion strategy for finite-element methods, as developed in [21]. The original H'-hypocoercivity
framework “a la Villani” [36] was first adapted to the discrete setting through finite-difference
discretizations of the kinetic Fokker-Planck equation [23]. Subsequently, the robust weighted L?
approach of [20] was extended to various discrete schemes for linear kinetic models. A discrete
hypocoercivity property was first established for finite-volume discretizations of the Fokker—
Planck and linear BGK equations in [5], and later generalized to the nonlinear model (1)-(2)
within a perturbative regime in [6]. Long-time asymptotics for a finite-volume scheme of the
fractional Fokker-Planck equation were also studied in [2]. Finally, this methodology has been
applied to collisional Vlasov equations — both with external potentials and for the linearized
Vlasov—Poisson system — via spectral decompositions based on Hermite polynomials [7,8]. We
also mention the recent work [29], which employs a fully spectral phase-space decomposition
with a linearized BGK operator preserving the first three moments in an unbounded domain with
a confining potential. This approach follows the analysis of [15], where convergence toward spe-
cific macroscopic modes (both stationary and time-periodic) was rigorously established.

Outline of the paper. Section 1 recalls the main arguments of the continuous analysis, reformu-
lated in a form suitable for the discrete framework. Section 2 introduces the numerical scheme,
together with its discrete maximum principle and an existence result. The maximum principle
follows from a monotonicity property of the chosen upwind numerical fluxes. Finally, Section 3
establishes the exponential convergence of the discrete solution toward equilibrium by adapting
the continuous proof. In this section, we focus on the specific challenges introduced by the dis-
cretization — such as the treatment of additional terms, the lack of a discrete chain rule, and the
impact of time discretization — while the algebraic computations from the continuous setting
carry over directly and require only a brief discussion.

1. The continuous setting

This work builds on and extends our previous contribution [6]. In particular, it relies on the
recent work [25], adopting a fully nonlinear approach rather than relying on a linearization of the
model. For clarity and readability, we present here a condensed version of the proof from [25],
reformulated in a way that facilitates its adaptation to the discrete setting.

First of all, let us recall the global existence result and maximum principle estimates stated
in [25, Theorem 1].

Proposition 1 (Global existence and maximum principle). Under assumptions (5) on i, we
further assume that the initial data F™ satisfies forallxe T, veR,

pmx1(v) < fil(x, v) < pamx1 (), 9)
P2V < fil(x, v) < prlx2(v), (10)

with constants 0 < py, < pp < 00.
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Then there exists a unique global solution F of (1)—(2) such that forallxeT,veR, t=0,
pmx1(v) = filt,x,v) < pmy1(v), 1y
P x2) < fo(t,x,0) < pjl x2 (). (12)

1.1. Notations and functional setting

We now introduce the notations and functional framework that will be used throughout the
analysis, providing the tools needed to handle both the continuous and discrete settings.
The decay towards equilibrium will be estimated quantitatively in the following weighted
L? space
& = [*(T xR, dxdv/ f{°) x L*(T xR, dxdv/ f5°),
endowed with the scalar product
f18&1 | 28
SONG
The corresponding norm is denoted by || - ||
We also introduce the space

)dxdv, VE=(fi,f)", G=(g1,8) €Z.

L*(T,dx/p$°) x L(T,dx/ p$°),

equipped with the scalar product (-,-), and the associated norm | - || x.
We define the orthogonal projection onto the velocity equilibrium by

I1F := (p X 1),
P22
where py is defined by (3).
To study the convergence of F(f) toward F* as t goes to oo, we introduce the deviation
F(t) := F(t) - F* and rewrite the system (1)-(2) as
0ifi+vocfi=x1—p2fi, (13)

0o+ v0xfo=x2—p1fo (14)

1.2. Moment dynamics and estimates

To analyze the long-time behavior of the system, it is useful to consider its macroscopic quan-
tities [20]. These moments capture essential features of the dynamics and play a key role in es-
tablishing coercivity properties. We now define these moments and provide corresponding esti-

mates with respect to the norm | - ||. The moments of F = ( fi, fz)T are defined as
Pr=(p1,02) ", Withpk=fRfde, (15)
Jei=U1J2)7, With]szRkadV» (16)
Sp:=(S1,S82) ", with sk:fR(uz—Dk)fkdu, (17

Dy being the second-order moment of y, defined in (5). Let us remark that with these notations,
p=pp=pg-p~, T=Jp=Jp,  S:=Sp=Sp

By multiplying (13) and (14) by (1,v)" and integrating with respect to v, we get the following

moment equations for F:

~ ~ 1
0:p+0,)= (1—)0102)(1), (18)
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and

0:J1+0xS1+D10xp1=—p2 ), (19)
01J2+0xS2 + D20xp2 = —p1 o (20)

The following lemma provides estimates, which are essential for controlling the macroscopic
contributions in the subsequent hypocoercivity analysis.

Lemma 2 (Moments estimates). Under assumptions (5), the moments satisfy the following
estimates:

181 = ITIF]), (©3))
Tl = ITellx < C | I - IDE|, (22)
ISllx = ISEllx < Co || (I - IDE, (23)

where the constants are given by

C1 = vmax(D1, Dy), (24)

Cz = \/max(Qi - D2,Qz ~ D). (25)

Proof. We start by proving (21). Using the definition of IT and the first property in (5), one has

~ 2 =12
||nﬁ||2=f o), pzre) ]dxdv:/
TxR TxR

1107 X205
Now for (22), we have by definition

=[5l o]
= — dv| dx.
ITell% > P vak v| dx

Tk=1,2

ﬁ%oﬂgl N ﬁﬁic)z
L7 03

] dxdv = |13

Using the second property in (5), we get

[ R—

_ 2
< (/ Mdy)(f szkdl/)'
R Xk R

which yields the result using the definition of Dy given in (5).
Finally, for (23), we have by definition

1 2
IS¢l = ¥ TE(IR(VZ—Dk)fkdv) dx.

Now, using the definition of Dy, we have [ (v? = D) prxxdv =0, which gives
2

VXk 2
(Z—D)d) (f(Z—D)(— )—d)
URU K) fiedv A K (fi P o dv

_ 2
- (f(UZ—Dk)ZXkdU)(f (fe—Pixi) dv),
R R Xk

yielding the result using properties (5) of y-. d
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1.3. Boltzmann entropy dissipation

We define the relative Boltzmann entropy of F = (f1, o) | with respect to the equilibrium F*® =
(e f)"
HE)= Y f (fk[log(][—go) -1] +f,§°) dvdx. 26)
k=129 TxR k
The first step of the analysis is to establish the following microscopic coercivity property, which
provides dissipation a priori solely in the velocity variable.

Lemma 3 (Microscopic coercivity). Let (5) hold and let F = (fi, )7 be the solution to the
system (1)—(2) with initial data F™ = (f}", m) € &X. Then forevery t =0,

d
—HF)=-2(F) <0, 27
a4z ) ) 27
where the dissipation is defined by
2(F) ::f (fif)- Xlxz)log(ﬁfz )dudu dx. (28)
TxR?
Proof. Since F = (fl,fz)T satisfies (1)-(2), we have
d
—H(F) = f 0 filog(fi! fi°)dvdx
dr k=1,2

sz R(_Vaxfl +x1—p2/1)log(fi/ f°)dvdx

# [ (0o e pr ) loglfol f57) dud
TxR

Performing an integration by parts with respect to x and using the periodic boundary conditions,
we remark that the transport terms vanish:

—f vaxfklog(fk/f,‘c’o)dvdx:f v fi0x(log(fi/ f£°)) dvdx
TxR TxR
:f vOyfrdvdx
TxR

=0.

It remains to treat the relaxation terms. To do so, we double the velocity variables using that
JrX,dv' =1and pi = [ frdv"

j;Tx[R

dvdx

(Xl—szl)log( £ )+(7(2—p1f2)10g( & )

dv' dvdx.

[(Wz S iog( b )+ (et — i 2 1og( )

By reversing the integratlon variables v and v’ in the second term, we get

d

—H(F) = [ xs— fifs) dv'dvdx,
T xR2

VAN 00 /00
T log(mé) log(p7"p3")

which concludes the proof using that p{°p5° = 1. g

We also require the following technical result to establish exponential convergence toward
equilibrium. It connects the dissipation to the nonlinear reaction terms in the moment equa-
tions (19)-(20), as well as to the dissipation in the direction of I —II, which corresponds to dissi-
pation in the velocity variable.
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Lemma 4. Under assumptions (5) and (9)—(10), the dissipation term defined by (28) satisfies
DF) 2 Cs|[1- p1p2|| 727, + Ca|| 4 -~ IDE|]?, (29)
where C3 = pp/ pas and Cy = (0! par) (05° + p‘z’o)_1 min(p ,, p3;)?.

Proof. Using Taylor expansion, we have

log(ﬁ—g) =

fl?z,(flfz/—xlx’z)»

where f/lfz’ € (min(fi f5, x1x5), max(fif,, x1x5)). In particular f/lfz’ < (pm/pm) X1 X5, by assump-
tions (9)-(10), and it yields

’ 12
@(F)zp—mf Mdv’dydx:: p_mg(F)‘ (30)
oM JTxR? X1X2 om
Moreover, using that
1
S

and [, )(;Cdv’ =1, we remark that

1 ’ ’
(p§°+pg°)£(F)=f — Md dudx+f fflfz 612 4y
T<k 5 22 R

([P ) [ar)

Then, thanks to the Cauchy-Schwarz inequality, we get

_ f 1
k1=1,2JTxR pc])cOXk
k#l

(o +pX)EM® = Y. fvu@p = [/ fef] = xixy) dv’ dvdx
k,1=1,2J T
k#1 ¥
= ) f (fip1—x1)* dvdx
k1 TxR P Xk
P

=3 f [o1(fi = oxx) — xx (1 - prop)]* dvdx.
k,i=1,2JTxR PkX
oy

Noticing that the cross term in the expansion of the square satisfies

1
fMR e p1(fi—prxK)xk(1—prp)dvdx =0,

we obtain
(b +p2)e® = 3 f (07 e = prx)* + x5 (1 - prpp?) dvdyx
k=12 TxR P Xk
k#l
1
= oopl(fk PkXk) dde+(T,o T.o)f(l p1p2)*dx
k=12 TR [} P P2
k#l
= min(p ., p37)? f (fk prx)? dvdx + (p5°+ o)1 - plpangm,
ki=1,2

k#l
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where we have used p? = p?, and p3 = p,? in the last inequality. Finally, by definition of I —IT and
since F* belongs to the nullspace of I —II, we get

(05°+ p5°)E () = min(p,m, p3)2 (| (I~ IDF||* + (05° + 05°) |1 = p1p2 | F2 1)
= min(pm, pu1) | (= TDF|* + (05 + p5°) 1 - o102 121y

which concludes the proof by combining this estimate with (30). U

1.4. Nonlinear hypocoercivity

With the microscopic and macroscopic estimates established in the previous subsections, we are
now in a position to state the main hypocoercivity result given in [25]. This theorem quantifies the
exponential convergence of the solution toward equilibrium, combining the velocity dissipation
and the macroscopic coercivity into a unified nonlinear estimate.

Theorem 5. Under assumftions (5), there exist two constants C = 1 and x > 0 such that for all
initial data F™ = (fi», fi")" € & fulfilling (9)~(10), the solution F = (f1, f2)7 of (1)~(2) satisfies

[E(H) - F°|| < C|F" - F®||e™" Vi=0. 31

In order to prove Theorem 5, we introduce a modified entropy functional, following the
approach of [20,25]:

I'(1):=HF) +6(J,0:®) , (32)

where ® = ((pl,(pg)T, with each ¢ solving the Poisson equation

_axx(Pk = ﬁk! [ﬂ¢k d-x = O, k = 1’2, (33)

and d > 0 is a small parameter to be fixed later. The additional term in (32) is designed to explicitly
recover dissipation in the spatial variable, reflecting the mixing effect induced by the transport
operator.

We begin with key estimates on ® that will be used to control the additional term in the
modified entropy I'(#).

Lemma 6. The function ® satisfies forall t = 0
[0x®]|, < C5ITIF], (34)
locox@]|, = Cif| - E| + Co][1=prp2 12y, 85
where Cs is the Poincaré constant of T and Cg = Cs/p{° + p5°.

Proof. The first estimate is obtained by using the Poisson equation (33), applying the Poincaré
inequality and equality (21):

[0x®|2 = (®, -0, @), = (®,5), < D5l < C5]| 0D ITIF|.

For the second estimate, we differentiate the Poisson equation with respect to time and use the
continuity equation (18) to get

[0:0:®|% = (3,®,~0,:05,®), = (3,®,0,5),

= <6t<l>,—6xT+ 1 —p1pz)(i)>x.
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An integration by parts on the first term and the Cauchy-Schwarz inequality give

lo:0.@% = (0:0.0.7), + (0:@,01- Plpz)(}»x

I (36)
7 —p1p2
<|[0:0x®@| My + 10D ( ) .
[0: 0@ ITlx+ 10, @I 1-pupa) .
Using that p{°p5° = 1, we have
1-prp2)|* _( 1 1 2
=|l—=+—=]|| - 2dx = (p°+pS°) 1 - .

(1—p1pz) . (p‘f" p‘;")fv( P1p2) (o5 o)1 = P12y
Using this together with the Poincaré inequality on the second term of (36), and the estimate (22)
on the first term of (36) finally gives the result. O

Using the L* bounds (11)-(12) on F together with the moment estimates, we show that, for
6 > 0 sufficiently small, the modified entropy I'(¢) defines a norm equivalent to || - .

Lemma 7 (Equivalent norm). There is 61 > 0 such that for all 6 € (0,8,), there are positive
constants 0 < cs < Cs such that if F e & satisfies (11)-(12), one has

o||F0|° <T(0) < G5 |[F 0 |)*.
Proof. We first treat the Boltzmann part of I'. Applying a Taylor expansion to the function

§— ¢(log(¢/ f2°) - 1) + £,
there exists ¢ € (min(f, f°), max(fx, f°)) such that

00 (o.0) 1 00
fillog(fel £%) =11+ £ = 3= (fe= £
Since f° = x,xp% and given the bounds (11)-(12) on f, it holds

Pm roo PM o
i <&i=—hH"
p 7! p !

1 1
<& < >,
pMp§°f2 ? pmpZ“’f2
We then have
_ ro0)2 _ ro0)2
H(F)=f (fl I ) +(f2 /2 ) dvdx
TxR 281 262
1 2 P 1 2PMPY
< -(A-f7 +-(fo—-f° dvdx
Joala 0 s g e

1 p<f0 oo | ngn2
< —max|—,pmp5 |IFI
2 Om
= CylFI”.
Proceeding in the same way for the lower bound, we obtain
1 . (P ~ ~
H(F) 2 —mm(—l,pmp;”)nFu2 = cyl|F|.
2 pM
We now treat the second term of I':

|(7,0:®) | < [T 0@, < C: || (I - E| G5 ITTF| < C; C5 112

This finally gives the expected result with ¢s = ¢y — 6§ C1Cs and Cs = Cpy + 6C; Cs. One concludes
the proof by choosing 6 > 0 such that cs > 0, thatis 6 <8, := Cy/(C1Cs). O

Combining Lemmas 4 and 7, one can then establish the proof of Theorem 5.
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Proof of Theorem 5. Using the microscopic coercivity (27), we have

d d -
5I0= -2(F) +5a<]'ax®>x’

We start by studying the second term. Using the continuity equations (19)-(20), one has
d ~
Eﬁ,axmx =(0.,0:®) +(J,0,0x®@) =T+ To+ T3+ Ty,

where

Ty = —<6x§,0xd>>x,
Dy 5x51) >
T = ~ )a q) )
2 <(D2 0x02) " /x

21
T3:=— 0, P
v==((pe o),
Ty = (f,ataxd))x.
The term T can be easily controlled with moment estimates (21) and (23):
IT11=[(S,05:®@) | = |—(S,P) .| = ISI<1Blx = Co || (I - IDE|| |TIF].

The term T» provides the macroscopic coercivity. Indeed, using an integration by parts and the
Poisson equation (33), we get

Dy ~
T,=— —5 {00k 0xPk) 21
k=12 PR
Dy
Tw(pk,axxﬁbkh‘z(m
k= 12 k

<-min(Dy,D,) 11513
= —min(Dy, D) || ITF|°.
In the terms T3 and Ty, nonlinear contributions appear. These will be controlled on the one hand

by the Boltzmann entropy dissipation (microscopic coercivity), and on the other hand by the L*
bounds on F. Using the Cauchy-Schwarz inequality, we have

10211)
T3] < 0,P| ..
Il (Pl]z x“ * ”x
From the L* bounds on F, we deduce that
Pm<PLSPM, Py <P2=Pm>

which yields

2
s
”(Plfz = 1I(;02]1) X (01/2)* dx
Pnt P
s—mszdx+—f]2dx
o ! ps S
< maX(p;},pM)2 ITel2
< max(p,, pM) CZH(I H)FH
and finally, using also (34),
| T3] < max(p},; , pm) C1 Cs || (I - IDF|| | TTE].
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Let us now turn to the estimate of 7;. Thanks to the Cauchy-Schwarz inequality and using
estimates (22) and (35), we write

| Tal < [Tlx[|0; 0. @],
=G|~ [ €1 |4 ~IF| + G 1~ p1p2 2
< G}~ IDF|* + €1 o | (1 = IDF] |1~ 12| o
Using the Young inequality on the second term of the right-hand side, we get

(or3 2 1
Tl < C%(l + 2 @ = + 21 - o1z,

If we now recombine all the terms, and use estimate (29) of the dissipation 2 (F), we obtain

d 0 2 2 Cg =112
STO=(Co= )l =prpaliagy - (cr-ocE{1+ 52 Jlu- |

—&min(Dy, Dy) ITTE||” + (C, + max(p,, , om) C1 Cs) || (I - IDE | |TIF.

If & > 0 is chosen sufficiently small, we obtain two constants Kz > 0 and K > 0 such that
d ~ 2 = 2
rraCh K5 |E|" + K[| 1 = pr1p2] 72, <0,

and we can conclude by using Lemma 7. g

2. The discrete setting

In this section, we recall the numerical scheme introduced in [6]. As discussed therein, the
use of monotone numerical fluxes is crucial to ensure a discrete maximum principle. In [6],
Lax-Friedrichs fluxes were employed, as they are well suited for extending the hypocoercivity
framework to the discrete setting. However, these fluxes do not appear to dissipate the Boltzmann
entropy — at least no rigorous proof of such a property is available — making them unsuitable
for the present analysis. We therefore consider upwind fluxes, which are both monotone and, as
will be shown below, compatible with the Boltzmann entropy structure.

2.1. Notations

Before introducing the numerical scheme, we fix the notations and describe the underlying mesh.
2.1.1. Mesh

Since implementing a numerical scheme on an unbounded domain is not feasible in practice,
we first restrict the velocity domain to a bounded and symmetric interval [-v*, v*]. We consider
adiscretization of [-v*, v*] composed of 2L control volumes, arranged symmetrically around the
origin. Let v j+l denote the 2L + 1 interface points, indexed by j € ¢ :={-L,..., L}, so that

=—v", v1=0, v, 1=-V.

i+3 j-3

U—L+% V]ZO,,L

D=

For simplicity, we assume that the velocity grid is uniform, namely that each cell 7; = (v -1Vl )
has the same length Av. Denoting by v; the midpoint of the cell ¥}, we also have v; = —v_;; for
allj=1,...,L
In the position variable, we consider a uniform discretization of the torus T into N control
volumes
X = (xl-_%,xH%), ie #:=7INZ,
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of constant length Ax. Once again, uniformity of the mesh is assumed for clarity, although the
analysis extends to non-uniform meshes. As in [5], we further impose that N is odd, which in
particular ensures the validity of a discrete Poincaré inequality on the torus for the centered
discrete derivative operator.

Finally, the control volumes in phase space are defined by

Kijlze%ix7/j, Y (i,j)eFx ¥,

and the mesh size is given by A = (Ax, Av).
In addition, we denote by At > 0 the time step used for the discrete time integration.

2.1.2. Discrete velocity profiles

We now define discrete versions of the velocity profiles yi. Our goal is to ensure that these
discrete functions satisfy discrete counterparts of assumptions (5), which play a crucial role and
are repeatedly used throughout the continuous analysis.

For k = 1,2, we consider discrete values (y, iljes € R that satisfy the following discrete
counterparts of assumptions (5)

Xkj>00 Xkj=Xk-j+1, YVji=1..,L

Z Avxk,jzl,
= (37)
0< D, <D} < Dy <oo, Qr = Qp < oo,

where
Dy = Z Avlvil xey, Q= Z Avlvjl* xi,j = Z Avv3lv;l? xk,,
jes jes jes

and D, Dy, Qy are universal constants. Typically, we define yy, i = cavXk(v;) and compute cay

in such a way that the mass of (y, ;) j is 1. Note also that the symmetry properties imply
Z Avvjxg,j=0. (38)
jesg

2.1.3. Discrete functional setting

To reproduce at the discrete level the functional framework used in the continuous analysis,
we now introduce discrete counterparts of the weighted L? scalar products and of the associated
norms for both microscopic and macroscopic quantities.

For discrete microscopic quantities F = (fl,ij,fz,ij)iTj and G = (glv,-j,gz,ij)iTj, we define the
discrete weighted L? scalar product by

(39)

Nij8uij | f2ij82ij
(F,G)a= ), AxAv( ot o |
G, )edx g 1/ Py
and denote by | -|la the associated norm. For macroscopic quantities U = (uy,;, ugyi)iTe 4 and
T . . ) .
W= (wy,i, wa,;) ;c.9» We also define a discrete weighted scalar product in position (-, ) x as

(W), =) Ax (40)

i€y

( Uiy, Uiz )
Pt Pyt
with || - [[a,x the associated norm.

Due to our choices of discretization, we need to define several discrete gradients in position.

Given a macroscopic quantity u = (u;)je.#, we define:
« the discrete centered gradient D¢u € R given by
_ Uiv1 — Ui

(D;M)l—T Vl‘€ﬂ;
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« the discrete downstream gradient Dy u € R given by
Uj— Ui
(Dyu); = =2 yieg;
Ax
o the discrete upstream gradient D} u € R given by
u u;
(Dfu),="—" viey.
Ax
It is straightforward to see that these discrete gradients satisfy the following properties:

1
E(D;+D;) =D{, DiD,=D;D;. (€3))

By convention, we assume that these discrete differentiation operators act componentwise on
vector-valued quantities. In particular, for a discrete quantity U = (Uy, Uz) T, we set

DiU= (D;UI,D;UZ)T, for * € {c,+,-}.

Using the definition of the discrete gradients and the periodic boundary conditions, we immedi-
ately have the following algebraic properties.

Lemma 8. For all discrete macroscopic quantities U and W, it holds

(DSU,W), , = (U, DEW), , (42)
(DyU,W), . =—(U,D;W), , (43)
((Dx Dy + DyDy)U,W),  =—-4(D;U,D{W), _, (44)
Ax[| DU, , < I0lax- (45)

Let us also recall the discrete Poincaré inequality on the torus (see for example [5, Lemma 6]
for a proof of this result).

Lemma 9 (Discrete Poincaré inequality on the torus). Assume that the number of points N used
in the spatial discretization of the torus is odd. Then, there is a constant Cp > 0 independent of Ax
such that for all U = (uy ;, ug,,-);j satisfying ¥ jc.o Axug; =0, k=1,2,

10182 = Cp | DXU| -
Note that in the above lemma, the constant Cp approaches % whereas in the continuous case

the Poincaré constant is % This discrepancy arises from the specific choice of the centered
discrete gradient, and we refer the reader to [5] for a detailed discussion.

2.2. Definition of the numerical scheme

The numerical scheme used to approximate (1)-(2) is based on a fully implicit finite-volume
discretization in the phase space. More precisely, at each time step " = nAt and for each Control
volume K;;, the solution is approximated by F}; = ( i fz’,’ij)T. The initial datum FI" = (fin, m)
is discretized as

k’f AxAyf ¢ (xvydxde, V(Q,))eIx g, k=12

Integrating (1)—(2) over each cell Ki ;j and applying a fully implicit time discretization leads to the
following scheme: foralln=0,i€ ., j€ ¢,

fn+1 fn 1
L,ij Lij agn+l _ gn+l n+l en+l
* i1 L) T 46
At AxAv( i+3,] l—%,]) X1Lj = Poi Jijij (46)
L=ty
J 2ij n+1 n+l \ _ n+l pn+l
At AxAv((gH%,j_(gi—%,j) P, le] 47)
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with the discrete densities
e Z Av il k=12 (48)

We consider upwind fluxes, which are deﬁned by

— + -
.?l’i i Av(vj flij+v; f11?i+1,j)r (49)
— + -
Cgl’: i Av(vj flij+v; fz’}m,j), (50)

where
a* =max(a,0) = (lal + a)/2,

a” =min(a,0) = (|al - a)/2.

Remark that the scheme (46)-(47) clearly satisfies the discrete mass conservation of the
difference f — fo:

Z AXAU(flr,tij_]02’,1l'j): Z AxAU(flt] 21]) Vnz0.

(i,))edx ¢ (i,j)edx ¢

Then, as in the continuous setting, we define p°* > 0 as the unique constant such that

My:= ), AxAv(fll] 2”) |1r|( ) (51)

(i,))esx & peo*

In particular, we take

Mo+ /M2 +4|T|
00, * — .

SIT] (52)

o
It is clear that F?? = (7 L,ij’ fz ij ) defined by

fll] _pl’ XL fZ'o'ci)yj*:p;oy*XZvj’ Vi, eI =g, (53)

with p‘f"’* =p°* and p; 90* =1/p°*, is an equilibrium for the scheme (46)—(47).
As in [6, Theorem 3], it is possible to establish the existence of a solution to the numerical
scheme (46)—(47), as well as a discrete maximum principle.

Theorem 10. Assume that the discrete velocity profiles satisfy (37), and that there exist constants
0<pm=pm<oosuchthatforalliec ¥,jec ¢,

Pm%l,jfflif}jSPMXLj, (54)

PV X2 S [1j < P X2j- (55)
Then the scheme (46)—(47) admits a solution (flr,lij’fzr,lij)ieﬂ,jej,nzo satisfying foralli€ %, je ¢
andn =0,

PmxLj < fiij < PMAL)> (56)

Pr X2 = f3ij S P X2 57)

The proof follows the approach in [6], with the Lax-Friedrichs fluxes replaced by the upwind
ones. It proceeds in two steps: first, existence is shown for a truncated version of the scheme;
second, one proves that any solution to this truncated scheme automatically satisfies the L™
bounds (56)—(57), and therefore also solves the original scheme. This result relies on the mono-
tonicity of the fluxes, a property verified by the upwind discretization (60)-(61). A detailed proof
is provided in Appendix A.
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Now, since we want to study the convergence of (F;’j)n,i' j to (F‘l.’j.”*)i, j» we introduce the
deviation ﬁ;?j = an - F°.‘."* and rewrite the scheme (46)—(47) as

Fn+l _ Fn
fll] fl,ij+ 1

gntl +1 +1 pn+l
At AxAy(giZ%j g:ln ) Xl] pgz flnz] ’ (58)
BH-Ry
]2 gntl 1 1 pn+l
At * AxAv((giT% j _gin+ )=xej- PI’J{ fznl+] (59)

where the numerical fluxes Jl o1 and Eﬁ - are defined by (49) and (50), replacing fi by fi.

In [6], the discrete hypocoercmty of the ?hneanzed system associated with (1)-(2), discretized
using Lax—Friedrichs fluxes, was studied. The central-flux-plus-viscosity formulation of these
fluxes proved particularly convenient, as it allowed one to clearly distinguish the discrete ana-
logues of the continuous terms from the additional contributions arising solely from numerical
viscosity. Following this formalism, the upwind fluxes can be equivalently written as

fll +f11+1] [vjl

o J ! =it

gi'i;’jzAv(v]f (f11+1] flz]) (60)
fgnl'""fZHlj Vil ~

Z 1] Y A

(girl+§']:Av(yf 2 T (21+1j f21]) (61)

This representation highlights the decomposition into a centered term and a stabilizing numeri-
cal diffusion, in direct analogy with the Lax-Friedrichs formulation.

2.3. Definition and estimates of the discrete moments

We now introduce the discrete moments, derive their evolution equations, and establish the
corresponding estimates.

Forn=0,ie.£and k=1,2,let

]I’:,l ZAUU]fk” = ZAU DA fkl] (62)
jes jes

and remember that p? ki s defined by (48).

We further define the following “skewed” discrete moments, which will appear in the discrete
moments equations as viscous terms. Forn=0,i€ .# and k=1,2,

=) Avlvilfil, SYEE ) Avwlvilfi (63)
jes jes

In the following, we use the vectorial notations:

s,n S,n

0 _ |1 n Li n _ St sn_ (i s _ [S1
.= T, .= 1, S. .= , = nl, Sy = . 64
v (pzz- S Y R

To lighten the notations, the moments of the deviation F = F — F* are denoted by

T —Q sn FS,n S,n ., asS,n
pFl i Ig,i‘_ I, S%l,i'_ S, o= SE=S8T
Let us now define the discrete counterpart of the projectlon ITas
P1,i X1,j
(IT°F); ( ) (65)
T oo x2j

Using the equivalent formulation (60)—(61) of the upwind fluxes, the discrete moment equa-
tions are easily derived by multiplying the scheme (58)—(59) by (1, v j)T and summing over the
velocity index j.
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Lemma 11 (Moments schemes). The discrete moments satisfy the following schemes: foralln = 0,

ied,
~n+1 n
n+l _ G B A o 1
% + (DT, = SH(DE Dy + D DT, = (1 —pﬁlPZ}l)(l)' (66)
g )
MA—[U+(D’C‘S{Z+1)i+D1A(D’C‘ﬁfH)i_%((D;D;JFD;D;)S?"HL

~n+1Fn+l
Z—PZi ]{l,l y (67)
Tn+1 _ Fn+l
]2,1' ]2,1'

g ~ Ax _ _ N
A7 + (Dfésgﬂ)i +D2A (D)Ccpznﬂ)i _ 7((D;EDX +DxD;)SZ'nH)'

1

=—ppi Tt (68)

Similarly as in the continuous setting, the discrete moments of the deviation F = F—F> can be
estimated using purely algebraic properties.

Lemma 12 (Discrete moments estimates). The discrete moments satisfy the following estimates
forallt=0:

18" 115, = ITI2F" ] . (69)
7050 = Cr l2=THE" |, (70)
18"l = G5 [T -TINE"| , (71)
7" s, = CTIE" | 5 (72)
18", = C3 (T =TIME"| , (73)

where the constants are given by:

Cy =+/max{Dy, Ds}, (74)

G = \/mﬂ{@—ﬁz, Q2 -D2%}, (75)

C; =/max{Q1, Q}. (76)

The proof of this lemma is obtained with the same algebraic manipulations as in the proof of
Lemma 2, relying on the symmetry properties of the velocity mesh and of the discrete equilibrium
profiles (37)-(38). The only additional step consists in estimating the new skewed moments,
which can be handled using similar arguments.

Proof. We obtain estimate (72) thanks to definition (63) and the Cauchy-Schwarz inequality:

- 1 o VIET)

P = — Ax( Avl|vilfl.. )

= o B S A
(fl'fl-ﬂz)

< Z % Z Ax(z Avv?xk,j)(z Av

k=12 P iey \jeg jeg Xk,j

< max(Dy, Ds) ||Fn||2A

Estimate (73) is a consequence of the following relation (due to symmetry):

Z Av Uj|vj|Xk,j =0.
jes
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Indeed, one has:

2
”SsnnAx 2 ZAx ZAV”ﬂVﬂfkl}
o
k.

k=12ies jeg
1 2
Z ZAx oo*(z Avvjlvjl (fk,] sz)(k]))
k=1,2ies Py jeg
ax{Qr, Q2} | -IHF" 3. O

3. Discrete nonlinear hypocoercivity

In this section, we adapt the proof of Section 1 to the discrete setting. Since algebraic manipula-
tions directly carry over to the discrete setting, we shall focus on the main challenges induced by
the discretization.

The discrete analog of the relative Boltzmann entropy is defined as

flc i

=3 ZAxAv(fk”(lo ( f) 1)+ o ) 77)
k=1,21,j

First, we introduce the discrete counterpart of Lemma 3.

Lemma 13 (Discrete microscopic coercivity). Under assumptions (37) and (54)—(55), let F =
(F;ij)ij be solution to the scheme (46)—(47). Then for every n =0,

Hn+1 _ Hn C* _ _
2 T _@n+1 _ _4||Fn+1 _FnHZA’ (78)
At At
where
i Flim
Q" = Y AxAV (X1 ixem— flftij]fzf’im)log( Xllj;zm ) (79)
(i,j,meg x g2 e

and

Cy =

00, *
LPm mln(p1
2pm oM

For the purely algebraic manipulations carried out in the continuous setting, the transposi-
tion to the discrete level is straightforward. The main difference arises from the absence of a dis-
crete chain rule, which forces us to rely instead on the concavity of the logarithm function. More
precisely, the remainder term in the first-order Taylor expansion of s — log(s) has a definite sign,
which we exploit to obtain the desired estimate. This yields the second term in (78), correspond-
ing to an additional numerical dissipation. Furthermore, this extra dissipation originates purely
from the time discretization and is of order At; hence, it vanishes in the continuous-time limit
At —0.

ypgo’*pm)'

Proof. By definition, we have

H"™ ' —g"=Y Y AxAv

k=1,21,j

st o 721 )=t {7 ) 1 )|

Fork=1,2,forallic.#, j € ¢, we can write

fn:rl f ;
fkn:r]l( (fkw’]) 1) .fkl](log( k]) 1)
n+1

Jrei
= (1251 = i g 5

flél:rjl fkl] n+l
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Using a Taylor expansion, the second term of the right-hand side can be written as

flgij(log(fkn:rjl)_IOg(leij)):flgi] (flfjjl fl?,i]) (flf:r]l f]?,ij)z’

fkl]

with fr,;; € (min(f7; i fk":r]l) ax(fl!; i f,fl*]l)) We thus have

2(fk Frij)?

Y1 feij

1 1 k,i ] 1 2

H g = Y Axbv(fI - £ o ( f)—z Y Y axav =L (prd - e Y 80)
k=1,21,j k=1,21,j kl

The first term is analog to its continuous counterpart, and is rewritten using the numerical
scheme (46)-(47), yielding

fnl+1
Y Y AxAv f]:’:fjl_fk”)bg(fk ] )
k=121

n+1

Hi
= AtZ(—(giT; —9{?’;) +AxAV(x1,j pgjlflnzl))log(f},jﬂ)
1] ”

n+1
f2 ij

+AtZ(_(<§iT1 gn+1)+AxAv()(2] 01, ,le] ))log(f ) (81)

The transport terms are handled in the same way for both species. We therefore focus on the first
one. Using a discrete integration by parts on i, one has

fn+l
n+1 n+l1 Lij
At = Zij(ng, gif%,j)l()g(fﬁj*)

o (tog(£"5h ;) - Log(£)

= ¥ avvifiiflog(£h ;) - og(A)

i€d,j>0
. fn+l .
+ ) AV”Jf1,i+1,j(108(f1z+1]) IOg(fl.u))-
i€d,j<0
Then, by concavity of s — log(s), we have
fn+1 n+1 n+l _ rn+l
ne1dLiv1,j T JLij ne1l L+ i
Ars Y Mvuifil =t Y M
ieds,j>0 f1 ij ied,j<0 f1 i+1,]

=<0,

where we have used the periodic boundary conditions in the physical space to conclude. The
reaction terms in (81) are then handled in the same way as in the continuous setting, since their
treatment involves only algebraic manipulations. One then obtains

n+l1

Y Y AxAv( k":']l—f,:fij)log(f;g)S—At@””.
k=1,21i,j )

For the second term of the right-hand side 21“\(80), we use the uniform-in-time L*° bounds of
fk”l.j. These bounds immediately transfer to f,;;, from which we obtain

flnij > PmX1 _ Pm 1 fznij Xme_pm 1

G~ omn? 4’ U pmxi pmxe

and finally the expected result (78). O
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By directly adapting the arguments used in the continuous setting to the discrete framework,
we obtain the following discrete analogue of Lemma 4. It relates the discrete dissipation to
the nonlinear reaction terms appearing in the discrete moment equation (66), as well as to the
dissipation in the velocity variable.

Lemma 14. Under assumptions (37) and (54)—(55), the dissipation term defined by (79) satisfies
foralln=0

2" 2 G |1=pip} o + Co |- IE" I, (82)
where CZ = pp/py and C} = (pm! pa) (077" + p‘;""")*1 min(pm, p3;)°.
We are now ready to state the full discrete hypocoercivity result.

Theorem 15. Under assumptions (37) and (54)—(55), and assuming that the number of points N
of the spatial discretization is odd, there exist constants C = 1 and x > 0, which do not depend on
the discretization parameters, such that

[~ F°* ||, < C|F" —F®* | ,e™*" vn=o0. (83)

In order to prove this result, we introduce the discrete modified entropy functional

"= H"+5(7",DS@"), . +-— Y Ax((DS®"), - (D@ ™),)%, (84)

19
27t iy
where ®” = (¢7, (pgl)T, (¢r,1)ic.s being solution to the discrete Poisson equation

-DSDSL = Prir ) AxdL;=0, k=12, 85)
ied
and § > 0 is a small parameter to be chosen later. For an odd number of points N, existence
and uniqueness of ®” satisfying (85) is guaranteed (see [5]). The third term in (84) arises from
the choice of a fully implicit time discretization and is consistent with zero in the limit At — 0.
This term, similarly to the additional numerical dissipation identified in Lemma 13, serves to
compensate for the lack of a discrete chain rule, which necessitates to control the corresponding
remainder terms.
Analogously to the continuous setting, it is straightforward to show that the discrete modified
entropy I defines a norm equivalent to |F”||%, as stated in the following lemma from [5].

Lemma 16 (Equivalent norm). There is 6* > 0 such that for all 6 € (0,6%), there are positive
constants 0 < cs < Cs such that if " satisfies (11)-(12), one has

o ||F"|)* <1 < G5 || F" %

We also have the following estimates on (Q?)ie ¢. They are obtained as in the continuous
setting, using discrete integration by parts and the Poincaré inequality recalled in Lemma 9,
although the upwind fluxes give rise to additional terms that must be controlled.

Lemma 17. One has foralln=0,

| Di@"y = Cp TF"|

N (86)
D@t - DE@ | = Ad{cy U= IFT ]+ G 1= p 05 gy + G IF™1],), @7

where Cp is the discrete Poincaré constant of Lemma 9, Cy is defined by (74) and

C7:=Cp\/p]" + 037" (88)
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Proof. Estimate (86) can be proven exactly in the same way as (34), by using the discrete Poisson
equation (85), applying the discrete Poincaré inequality (Lemma 9) and equality (69).
Regarding estimate (87), we obtain it by taking the difference of the scheme (85) at times n and
n+1and using Lemma 11:
“D)ccq)nﬂ _ D)ch)n ”i,x — <(Dn+1 _ (I)", _D)CCD)CC((I)IZ+1 _ q)n»A,x
— ((Dn+l _ q)”’ﬁn"'l _ ﬁn>A,x

. 1
— At<(l)n+1 —(I)n,—D)CC]rH'l + (1 _p{z+1p£1+1) (1)>A
)X
Ax ~
+At<d>"+1 -o", 7(D;D; +D;D;)JS'”“>

Ax

Using the discrete integration by parts (42) and (44), we get
||D;(I)n+1 _ DJch)n”ZA,x — At(DJCC(I)nH _ D}ccq)n’“]'nﬂ _ZAxD)ch,nJrl)A‘x
1
+At<(I)n+1 _ (I)n, (1 _piHlpéHl) ( )> .
1 Ax

Now, thanks to the Cauchy-Schwarz inequality, estimate (45) and the discrete Poincaré inequal-
ity, we obtain

| i@~ D{@" |5 < Ar| D@ — DL@" | | 17! |5, + 282 DT

+Arf@m -0 \or 4o 1= 0T 0p oy
= At D@ = DL [y (T 50+ 217 5.0
+C7[1-pi " o3 ||L2(1]'))’

which concludes the proof thanks to estimates (70) and (72). O

Proof of Theorem 15. We adapt the proof of Theorem 5 to the discrete setting. For the sake of
clarity, the terms are numbered as follows: discrete counterparts of the continuous terms retain
the same numbering (for instance, 77 becomes TIA), while additional terms arising from the time
and space discretizations are denoted by RA, RZA, and so on.

Using the microscopic coercivity (78), we have

"% < _Argh+! — CZ ”ﬁn+1 _’F'n”i +5(<Tn+l,D;q)n+l>A,x _ Gn’DJCC(I)n>A,x)

X ax (Do), - (Dfe"), )’ - (b5e”), - (D" ) )], @9

L0
2At
Let us start with the term corresponding to the discrete counterpart of % J,0,®)
<‘]‘n+1yD)cC(Dn+1>A’x _ <“]'n’D;q)n>A’x = (! _Tn’chq’n+l>A,x + T4A +R1A,
where
) = (71, DS - Dfar),
RA = <anD)Cc‘I’nH>A,x _ GnJrl’D)cC(DnJrl)A,x n GnHercq’nM,x _ Gn’DJch)nMx'
Using the scheme (67)-(68) for J, we can rewrite

=T, Ds@" ) = TR+ T + T3 + RY,
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where

TP = -At(DSS™ !, DS@™ ),
DADC‘Z‘)’IH-I

A 1

T =_At<(D1AD§ﬁ}1+1)rD§(D"+ >Ax,
A ~n+1]n+1 e il

TS - At<(~n+1]n+l) Dxd) > ’

Ax

AtAx

2

Let us first deal with the residual term RIA. Reorganizing the terms and integrating by parts, we
have

Ry = ——((DyDy + D Dy)Sg*, Di@™ ), .

n n+1 n+1 n
( D @ D @ >Ax
— <D§In+l _D)Cc] ’(Dn+1 _(Dn>A,x'

The next step is to replace the discrete space derivatives of J using the scheme (66), which yields
R® = RY, + R, + R, with

13
Rf\=- Z Ax(p n+1 -2p; +ﬁin_l)((p?+l -07),
zeJ
R}, = zj ax[((DiD; + Dz DF) " -T1) (@1 - @),
1€
Riy= Z Ax(p T ol - ol 05 ) (@] — @)

ied
As in [6], we combine the term RIA1 with the last line of (89) using the auxiliary equation (85), an
integration by parts, and the identity —a(a — b) = —(a® - b*)/2 - (a - b)*/2, with a = (D§(®@"*! -
@")); and b= (DS(®" - ®"1)),, therefore yielding
1 2 -1\ \2 A
57 L Ax[((Dg™),; ~ (Dg@"),)* - (D5@"), ~ (DS@" ™), )] + Riy <.
ied

Let us now turn to the estimates of RIA2 and RIA3 These terms will be bounded in terms of
|| F1_Fn || »» which will ultimately be controlled by the additional dissipation term appearing in
the microscopic coercivity estimate (78).

First of all, we apply two integrations by parts and use the auxiliary scheme (85) to obtain

RIAZ_ZAxZ Ax(*s n+l _ sn)(Dch((DrHl (I)n))i
ied

— —2Ax Z Ax(Vs n+l _3s, n)(ﬁn+1 ﬁ?)
ies

Using the moments estimates (69) and (72), and assuming without loss of generality that Ax <1,
we finally get

IRS| < 2AxCy ||F ! —F"|]3 <2C7 |F" - B3, (90)
Using the Cauchy-Schwarz inequality, we obtain
|3l < o7 o5+t ~ P?PSHLZ(T) ot - (I)n”A,x‘ D

We treat the first factor by linearizing and using the L° bounds:

||pn+1 n+1 _ping“iz(m ”pn+1 n+l _pz) +p! (p111+1 pii ||iz(1ﬂ
<z(pM||p"“ o513+ 2o = 0 )
-2 oo* n+1

<2max(03,05”", 0 07 ) lPE = PR30
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from which we deduce

lo1 02" =105 2y = i IF" = F" 5,

-2 ,00,%

with Cj = 2max(ppr§°’*,pm p7>"). Now, for the second factor of (91), remark that by the
Poincaré inequality and an integration by parts,

Jort-@"|} < G |D5 (@™ @)},
<-Cp(@""' - @",D{D5(@" - ")), .
Using now the auxiliary scheme (85) and the Cauchy-Schwarz inequality, we get
||(Dn+1 _ (I)n”ZA,x < Clg)(q)nﬂ —(I)n,ﬁ”+1 _ﬁn>A,x
<Cplo™ -, 8" =p" |50
from which we obtain
@™t -0 < Ch[B" =p" |y = Ch[F" —F"|.
Finally, we get
IR = G 3 [F1 - F[2 92)

The rest of the proof follows the same steps as in the continuous setting, with the additional
task of controlling the numerical viscosity. The terms T2, for k = 1,2,3 correspond respectively
to the discrete counterparts of the continuous terms Ty, and are handled in exactly the same
manner, yielding

T2 < ArCH (- TF | JF

T2 < —Armin(D,, D) [ T2 1|3,

T = ArGy |- IIE | JAE
with C§ =max(p;,;', pm) C; Cp.

The term RzA arises from the numerical viscosity introduced by the upwind fluxes. It can be
estimated by combining (45) with the discrete moment estimates (69) and (73), which yields
R} <20C5 - TF | JE
Gathering all these estimates, we conclude that
+At(Cy +Cy +2C5) (T -TINE" | |JTAE .

Finally, the term T4A is the discrete counterpart of the term Ty. Using the Cauchy-Schwarz
inequality and estimates (70) and (87), we have

T = AHCH - TF™ Aty G 0 ~TF | 1= 1 93 |y
FAUCH |- [

Then, using Young’s inequality, we have for n > 0 (which will be chosen conveniently later)
some constants Cy, > 0 and C;, such that

T3 < MGy | (= TIE™ 14 ArClo 1= o 05 oy + Afg [E"* 4
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By collecting the estimates of all the terms, we obtain
1T < —Ar@™! - C} |[F™! |3 — At min(D,, D,) | TAF** 1|3
+At8(C +Cq +2C3) || (T -TIHE™ | [TAF |,
+AL8 Gyl = TNE 3+ A8 Co |1 - i 05 2y
o[BS +25 G [E B + o Gy G - F
Now;, using that
JE R = L - E
and Lemma 14, we finally get
I -1 < (G -6 (207 + G Cp)) [F -
_6At(min(21,22) — g) ||1'[Aﬁn+1 HZA
+0AL(Cy +Cq +2C3) | (- TIHF™ | I,
—At(cg —5(0,, + g)) (- E 5
—At(C5 -8CH) 1 - 5t ”izm-
First, we fixn > 0 in such a way that the second term of the right-hand side is nonpositive, namely
n<2min(D,,D,). Second, we also assume that 0 < § < o, with
G 6 G )
2C +C;C2 ' Cyy' Cy+ni2)

8 :min(

ensuring that the first and the last two terms are nonpositive.
With such an 7 and 6, we now have

rn+1 _rn _ . _ _ _
T < oa [IOF 3~ (65— baa)| 0 =T F™ [ + s - IE™ | IOF ),
with @; = min(D,,D,) -1/2, ay = C; +1/2, and a3 = C; + Cg +2C; . If we choose § < §; with
Cia
61 < 26—1’
as +aia
we then get
1“"“—1“" 6@1 A=n+l 12 1 « Aon+l2
—; =5 ITFT =S (C —dan [ -THEH,
from which we conclude the proof using Lemma 16. 0
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Appendix A. Proof of the existence and maximum principle

To prove Theorem 10, we follow the lines of [6, Theorem 3], adapted to the upwind fluxes. Let us
first introduce the following truncated version of the scheme (46)—(47):

n+1 n
fl,ij _fl,ij+ 1

1 1 —n+1rn+l
At neay T, ~ T ) = -y S (93)
fzn;"l _ fn . 1 B
L] 2)ij n+l _ cpn+l \ _ . _ =n+lgrn+l
IR T VA R A g S O

with the upwind fluxes (49)—(50), and where the truncated quantities are defined by

pmxy,j if fiij < PmX1j
f_l,ij =1 fuij it pmx1,j < fij <pmxL) (95)
pmxj i fiij=pmxj
and
B paixz; i faij <oy X2
foij={ feij  ifpyx2 S faij < Pl X2 (96)
Om X2y i foij = P X2,j-
The corresponding truncated densities are then given by
Pri= 2 Avfip D= ), Avfy; Vi€
jes jes
The proof of the existence of solutions to (93)-(94) relies on the following result which is proven
for example in [35, Lemma 1.4, Chapter II].

Lemma 18. Let X be a finite dimensional Hilbert space with scalar product {-,-) x and associated
norm| -l x. Let P: X — X be a continuous mapping such that(P(f), f)X >0 forallé € X such that
I€llx = k for some fixed k > 0. Then there exists £y € X such that ||yl x < k and P(¢) = 0.

We apply this result with X = ([RE(ZLJr”N)2 where for F= (fi,f2)' € Xand G = (g1,8) " € X, we
set

<F)G>X = <f11g1> + <f2yg2>y
(-,-) being the classical Euclidean dot product on R?“+*DN_ Then, let us define
p. (fl) . (AxAv(fLij — ) ATy =Ty ) - AxAvAL(p, —532,,.]_”_1',.].) ’
P AxAv(foij - fzf’ij) + AI(QH%J - éﬁi_%,j) - AxAvAL(x1,j — pl,ifz,ij)
where & and ¥ are the numerical fluxes (60)-(61) computed with f1 ;; and f>;;. We shall show

that
(P(F),F), >0, forallF= (fi, f2) " such that |F|x = k,

where k is taken large enough. Indeed, this scalar product splits into three terms,
(P(F),F>X = A1+ Az + Az,
where
A= ) AXAU((fl,ij — ) fij+ (i - fz',lij)ﬁ,if)’
(i,))eFx ¢

A=At ) ((gné,j ~Fi1 i+ (G _(gi—%,j)fz,ij)’
(i, ))eFx g

Ag==0t Y AeAU((ng = Poi i) i + (K2 = Pife) o)
(i,j)egx ¢
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Using the relation a(a — b) = (a® — b*)/2 one gets
1
Ar= S (IEI% — IF"1%)- 97)

Focusing on the first species, by definition of the numerical fluxes, one can use similar computa-
tions as in the proof of Lemma 13. In particular, using (49), a discrete integration by parts and the
periodic boundary conditions, one obtains

Z(gn%,j _gif%,j)fl.ij = —Zgn%,j(fl,iﬂ.j _fl,ij)
ij

i,j
=— Y Avvfiij(fij - fij)

i€4,j>0
= > Avvifiin,(fiisni - hif)  (98)
i€d,j<0
1
> EZAV vi((f,i)* = (fie1,))%)
i,j
=0.

Now, by assumptions (37), the velocity profiles are bounded:
31C, >0 suchthat Vje ¢, 0=<yx1;,x2,;=Cy.
Then, by definition of the truncated quantities, there exists a constant C > 0 such that
X1, = P21l <C and |x2,;=pyif2:j]<C.
Applying the Cauchy-Schwarz inequality on A3, one gets
Az = —-AtC|Flx. 99)
Combining (97), (98) and (99) yields the estimate

1
(P(P),F)y = E(IIFH%( —IF"I%) - A¢CIIF| x.

The right-hand side is a second order polynomial in |F| x with a positive leading coefficient.
Since ||F"| x is a constant in this context, there exists k > 0 such that if | F|| x = k then

(P(F),F) >0.
Finally, applying Lemma 18, one obtains existence of F"*! such that P(F*™!) = 0, therefore
ensuring existence of a solution to the truncated scheme (93)-(94).
Lemma19. If ( fl',’l. L fz’fi ])lTE g jeg satisfies the estimates (56)—(57), then any solution

n+l pn+1\T
(fl,ij Ja,ij )iey,jej

to the truncated scheme (93)—(94) also satisfies these estimates.
Proof. Let us focus on proving that any solution to the nonlinear truncated scheme (93)-(94)
satisfies
1
flr,l;r] ZPmX1,j-
We start by setting (i, j) € £ x _# such that

1 _ . 1
A% _Pm?(l,j—(k’ll)gglxj(ffljl —PmX11)- (100)

Our aim is now to show that this quantity is nonnegative. To this end, we multiply the equation
in (93) corresponding to the fixed pair (i, j) by

(5 =pmrn,j)” =min(0, A% —pmx1 ;) <O0. (101)
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It yields an expression of the form B; = By + B3 where

Bl AxAv(fI";']l flnij)(fl ij meI,j)i’

By==A(F1 =T (A - e g)

By =AtAxAv(y1, - pg:rl ;17]1)(]01”;}1 Pmx1j) -

Starting with By, we add and subtract p;; ¥1,; to obtain

B = AxAu((f1 = emxni) = (A —pmxl,j))(f{,‘,-*jl ~PmXLj) -

Then, under the hypothesis that f1 satisfies the bounds (56), and using the definition (101) of
the negative part,

B >AxAu(f1 5 Pm%l,j)(f{ffjl—pmllyf)_ =0. (102)
Next, we turn our attention to Bs. We need to consider two cases:
. iffl”;r]1 = pm)1,;j then B3 =0;
¢ else, by definition of the truncated quantities (95) and (96), one has f ! ” = pmx1,j and
since the discrete velocity profiles have unit mass, ' < p;,'. Therefore,

—n+1Fn+l Pm _
X1,j=Py; fl,ijZXI,j__p x1,j=0.
m

As aresult, one gets
B; <0. (103)
Finally, the sign of B; relies on the monotonicity of the numerical flux. More precisely, let us

consider a monotone numerical flux in a general two-point approximation form:

n+1 n+l ren+l
gH ]_(p](fll] 1,i+1,j)’

where a — ¢;(a,-) is assumed to be nondecreasingand b— ¢ (-, b) is assumed to be nonincreas-
ing. Then, the balance of fluxes at cell &; rewrites as
n+1 n+l _ n+l en+l n+l en+l n+l en+l n+1 n+1
gH_ gl 1 (p](flz] 1,i+1,j) (flz] flz])+(p](f1l] flz]) (flz 1,j’ fll]) (104)
2 JJ ]

From our choice (100) of the pair (i, j), we deduce that

R =pmxni < [ —pmxrn, ¥VkDedx g,

+1<

i 1. Consequently, due to the monotonicity of

therefore in particular, for every k € .#, f1 1%

the function ¢, it yields
By <0. (105)

Gathering (102), (103) and (105) into B; = B + Bs, and using the monotonicity of the upwind
fluxes, we get that B; < 0, and consequently that

T =pma,j 0.
Lastly, since we chose (i, j) satisfying (100),
fll]—PmXI,j, V(l)])Eij

The remaining bounds can then be obtained following the same steps. U

Proof of Theorem 10. We proceed by induction on n. The case n = 0 is satisfied by assumption.
Suppose now that there exists ( fI”, fzn)-r satisfying the bounds (56) and (57). Then, we showed
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the existence of (f/"*!, fz"“)T solution to the truncated scheme (93)-(94), which satisfies (56)
and (57) according to Lemma 19. But then, we have

ﬁn+1 :f1n+1’ ]Tszrl :f2n+1’ (106)

p—1n+1 :pil+1’ p—2n+1 :p51+1, (107)
meaning that [ fln+1 , f2”+1)T isindeed a solution to the original nonlinear scheme (46)—(47), which
concludes the proof. O
References

[1] L. Addala, J. Dolbeault, X. Li and M. L. Tayeb, “L?-hypocoercivity and large time asymp-
totics of the linearized Vlasov-Poisson-Fokker-Planck system”, J. Stat. Phys. 184 (2021),
no. 1, article no. 4 (34 pages).

[2] N. Ayi, M. Herda, H. Hivert and I. Tristani, “On a structure-preserving numerical method
for fractional Fokker-Planck equations”, Math. Comput. 92 (2023), no. 340, pp. 635-693.

[3] A.Bensoussan, J.-L. Lions and G. C. Papanicolaou, “Boundary layers and homogenization
of transport processes”’, Publ. Res. Inst. Math. Sci. 15 (1979), no. 1, pp. 53-157.

[4] M. Bessemoulin-Chatard and E Filbet, “A finite volume scheme for nonlinear degenerate
parabolic equations”, SIAM J. Sci. Comput. 34 (2012), no. 5, B559-B583.

[5] M. Bessemoulin-Chatard, M. Herda and T. Rey, “Hypocoercivity and diffusion limit of a
finite volume scheme for linear kinetic equations”, Math. Comput. 89 (2020), no. 323,
pp. 1093-1133.

[6] M. Bessemoulin-Chatard, T. Laidin and T. Rey, “Discrete hypocoercivity for a nonlinear
kinetic reaction model”, IMA J. Numer. Anal. 45 (2025), no. 4, pp. 2204-2247.

[71 A. Blaustein and E Filbet, “A structure and asymptotic preserving scheme for the Vlasov—
Poisson-Fokker-Planck model”, J. Comput. Phys. 498 (2024), article no. 112693.

[8] A. Blaustein and E Filbet, “On a discrete framework of hypocoercivity for kinetic equa-
tions”, Math. Comput. 93 (2024), no. 345, pp. 163-202.

[9]1 E.Bouin,]J. Dolbeault, L. Lafleche and C. Schmeiser, “Fractional hypocoercivity”, Commun.
Math. Phys. 390 (2022), pp. 1369-1411.

[10] E. Bouin, J. Dolbeault, S. Mischler, C. Mouhot and C. Schmeiser, “Hypocoercivity without
confinement”, Pure Appl. Anal. 2 (2020), no. 2, pp. 203-232.

[11] E.Bouin, J. Dolbeault and L. Ziviani, “1.2 hypocoercivity methods for kinetic Fokker-Planck
equations with factorised Gibbs states”, in Kolmogorov operators and their applications (S.
Menozzi, A. Pascucci and S. Polidoro, eds.), Springer INdAM Series, vol. 56, Springer, 2024,
pp. 23-56.

[12] E. Bouin and L. Ziviani, “Convergence to a non-explicit steady state in non-factorized
kinetic Fokker—Planck equations with (very) weak velocity confinements”, 2025. Online at
https://arxiv.org/abs/2510.12331.

[13] M. Burger, J. A. Carrillo and M.-T. Wolfram, “A mixed finite element method for nonlinear
diffusion equations”, Kinet. Relat. Models 3 (2010), no. 1, pp. 59-83.

[14] V. Calvez, G. Raoul and C. Schmeiser, “Confinement by biased velocity jumps: aggregation
of Escherichia coli”, Kinet. Relat. Models 8 (2015), no. 4, pp. 651-666.

[15] K. Carrapatoso, J. Dolbeault, E Hérau, S. Mischler, C. Mouhot and C. Schmeiser, “Special
macroscopic modes and hypocoercivity”, J. Eur. Math. Soc. 28 (2026), no. 4, pp. 1597-1659.

[16] C. Chainais-Hillairet and E Filbet, “Asymptotic behaviour of a finite-volume scheme for the
transient drift-diffusion model”, IMA J. Numer. Anal. 27 (2007), no. 4, pp. 689-716.


https://arxiv.org/abs/2510.12331

(17]

(18]

(19]

(20]

(21]

(22]

(23]

(24]

(25]

(26]

(27]

(28]

[29]

(30]

(31]

(32]

(33]

(34]

Marianne Bessemoulin-Chatard, Tino Laidin and Thomas Rey 663

C. Chainais-Hillairet and M. Herda, “Large-time behaviour of a family of finite volume
schemes for boundary-driven convection-diffusion equations”, IMA J. Numer. Anal. 40
(2020), no. 4, pp. 2473-2505.

H. Dietert, E Hérau, H. Hutridurga and C. Mouhot, “Trajectorial hypocoercivity and appli-
cation to control theory”, in Séminaire Laurent Schwartz — Equations aux dérivées par-
tielles et applications. Année 2021-2022, Institut des Hautes FEtudes Scientifiques, 2021-
2022. Exposé. No. VIII (10 pages).

J. Dolbeault and X. Li, “Phi-Entropies: convexity, coercivity and hypocoercivity for Fokker—
Planck and kinetic Fokker—Planck equations”, Math. Models Methods Appl. Sci. 28 (2018),
no. 13, pp. 2637-2666.

J. Dolbeault, C. Mouhot and C. Schmeiser, “Hypocoercivity for linear kinetic equations
conserving mass”, Trans. Am. Math. Soc. 367 (2015), no. 6, pp. 3807-3828.

Z. Dong, E. H. Georgoulis and P. J. Herbert, “A hypocoercivity-exploiting stabilized finite
element method for Kolmogorov equation”, SIAM J. Numer. Anal. 63 (2025), no. 3, pp. 1105—
1127.

Z. Dong, E. H. Georgoulis and P. J. Herbert, “Asymptotic numerical hypocoercivity of the
space-time discontinuous Galerkin method for Kolmogorov equation”, 2025. Online at
https://arxiv.org/abs/2505.19222.

G. Dujardin, E Hérau and P. Lafitte, “Coercivity, hypocoercivity, exponential time decay and
simulations for discrete Fokker—Planck equations”, Numer. Math. 144 (2020), no. 3, pp. 615—
697.

J. Evans, “Hypocoercivity in Phi-entropy for the linear relaxation Boltzmann equation on
the torus”, SIAM J. Math. Anal. 53 (2021), no. 2, pp. 1357-1378.

G. Favre, M. Pirner and C. Schmeiser, “Hypocoercivity and reaction-diffusion limit for a
nonlinear generation-recombination model”, Arch. Ration. Mech. Anal. 247 (2023), no. 4,
article no. 72 (15 pages).

E Filbet and M. Herda, “A finite volume scheme for boundary-driven convection-diffusion
equations with relative entropy structure”, Numer. Math. 137 (2017), no. 3, pp. 535-577.

E. H. Georgoulis, “Hypocoercivity-compatible finite element methods for the long-time
computation of Kolmogorov’s equation”, SIAM J. Numer. Anal. 59 (2021), no. 1, pp. 173-
194.

L. Gosse and G. Toscani, “Identification of asymptotic decay to self-similarity for one-
dimensional filtration equations”, SIAM J. Numer. Anal. 43 (2006), no. 6, pp. 2590-2606.

B. Grosse, “Fully spectral scheme for the linear BGK equation on the whole space”, 2025.
Online at https://arxiv.org/abs/2502.14396.

E Hérau, “Introduction to hypocoercive methods and applications for simple linear in-
homogeneous kinetic models”, in Lectures on the analysis of nonlinear partial differential
equations (J.-Y. Chemin, E Lin and P. Zhang, eds.), Morningside Lectures in Mathematics,
vol. 5, International Press, 2017, pp. 119-147.

F Hérau and E Nier, “Isotropic hypoellipticity and trend to the equilibrium for the Fokker—
Planck equation with high degree potential”, Arch. Ration. Mech. Anal. 171 (2004), no. 2,
pp. 151-218.

L. Hérmander, “Hypoelliptic second order differential equations”, Acta Math. 119 (1967),
pp. 147-171.

L. Neumann and C. Schmeiser, “A kinetic reaction model: decay to equilibrium and macro-
scopic limit”, Kinet. Relat. Models 9 (2016), no. 3, pp. 571-585.

A. Porretta and E. Zuazua, “Numerical hypocoercivity for the Kolmogorov equation”, Math.
Comput. 86 (2017), no. 303, pp. 97-119.


https://arxiv.org/abs/2505.19222
https://arxiv.org/abs/2502.14396

664 Marianne Bessemoulin-Chatard, Tino Laidin and Thomas Rey

[35] R. M. Temam, Navier-Stokes equations. Theory and numerical analysis, Studies in Mathe-
matics and its Applications, vol. 2, Elsevier, 1984.

[36] C. Villani, Hypocoercivity, Memoirs of the American Mathematical Society, vol. 950, Amer-
ican Mathematical Society, 2009.



	Introduction
	1. The continuous setting
	1.1. Notations and functional setting
	1.2. Moment dynamics and estimates
	1.3. Boltzmann entropy dissipation
	1.4. Nonlinear hypocoercivity

	2. The discrete setting
	2.1. Notations
	2.1.1. Mesh
	2.1.2. Discrete velocity profiles
	2.1.3. Discrete functional setting

	2.2. Definition of the numerical scheme
	2.3. Definition and estimates of the discrete moments

	3. Discrete nonlinear hypocoercivity
	Acknowledgments
	Declaration of interests
	Appendix A. Proof of the existence and maximum principle
	References

