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Avant-propos / Foreword
Géométrie algébrique / Algebraic geometry

Géométrie algébrique complexe, en mémoire de Jean-Pierre Demailly
| Complex algebraic geometry, in memory of Jean-Pierre Demailly

Géométrie algébrique complexe, en mémoire
de Jean-Pierre Demailly : Avant-propos

Complex algebraic geometry, in memory of Jean-Pierre
Demailly: Foreword

Claire Voisin ¢

% CNRS, Institut de Mathématiques de Jussieu-Paris rive gauche, France
The English version is available after the French version

Demailly est un spécialiste d’analyse et de géométrie algébrique complexes. Son ceuvre s’ins-
crit dans une grande tradition mathématique, remontant a Riemann, qui étudie les variétés al-
gébriques sur le corps des nombres complexes sous 'angle de la géométrie différentielle com-
plexe et leur applique des méthodes qui peuvent étre tres analytiques. Par exemple, Hodge dé-
veloppa la théorie des formes harmoniques et I'appliqua aux variétés kdhlériennes compactes,
produisant le fameux théoreme de décomposition de Hodge, qui reste de nos jours 'énoncé le
plus qualitatif dont on dispose concernant la topologie des variétés algébriques projectives sur
les nombres complexes. Il fut suivi de peu par Kodaira et son magnifique théoreme de plonge-
ment, donnant la généralisation optimale du théoréeme de plongement de Riemann pour les sur-
faces de Riemann compactes. Demailly s’inscrit dans cette tradition et plusieurs de ses contribu-
tions majeures sont liées aux travaux de Kodaira qu’elles généralisent d'une facon spectaculaire
et extrémement importante pour la géométrie algébrique moderne.

Demailly appartient aussi a 'école de Lelong, qui utilise 'analyse pour étudier des objets
beaucoup moins, voire pas du tout, réguliers, a savoir des courants au lieu de formes différen-
tielles. On sait que les fonctions holomorphes sur une variété complexe compacte connexe sont
constantes. On leur substitue donc des sections holomorphes de fibrés en droites holomorphes,
le quotient de deux telles sections fournissant une fonction méromorphe. C’est la « positivité » de
ce fibré en droites qui garantit I'existence de telles sections non identiquement nulles. Mais de
quelle notion de positivité s’agit-il? Dans le théoréme de Kodaira, la positivité est donnée par le
choix d'une métrique de classe C* sur le fibré en droites, telle que la forme de Chern, ou courbure
de la connexion de Chern associée, soit positive dans le sens le plus fort possible, c’est-a-dire soit
une forme de Kidhler. La conclusion est alors que le fibré en droites est ample, ce qui est aussi la
plus forte notion de positivité pour un fibré en droites dont on dispose en géométrie algébrique.
Demailly a utilisé la théorie et 'analyse des courants de courbure associés a des métriques moins
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régulieres et cela lui a permis d’introduire et caractériser des notions moins restrictives de po-
sitivité, telles que la pseudo-effectivité, pour les fibrés en droites. C’est via les estimées L? a la
Hormander qu’il caractérise la pseudo-effectivité. En combinant ce type de techniques avec la
résolution d’équation de Monge-Ampere a second membre singulier, il a également été un pion-
nier sur le probléme de la grande amplitude effective, ot1 'on demande quelles puissances ten-
sorielles d'un fibré en droites ample possedent suffisamment de sections pour fournir un plon-
gement dans I’espace projectif.

Une variété complexe ou algébrique lisse posséde toujours au moins un fibré en droites
holomorphe, a savoir son fibré canonique (qui peut étre trivial). La géométrie birationnelle dans
sa forme moderne étudie les propriétés du fibré canonique. C’est un fait remarquable que les
formes pluricanoniques des variétés projectives lisses sont contravariantes sous les applications
rationnelles dominantes entre variétés de méme dimension. L'une des grandes conjectures du
domaine est qu'une variété projective lisse est uniréglée, c’est-a-dire couverte par une famille
de courbes rationnelles (ou surfaces de Riemann de genre 0), si et seulement si elle ne possede
aucune forme pluricanonique non nulle (le « seulement si» étant facile). Dans le magnifique
article The pseudo-effective cone of a compact Kihler manifold and varieties of negative Kodaira
dimension [1], Boucksom, Demailly, Paun et Peternell montrent qu'une variété projective lisse
est uniréglée si et seulement si son fibré canonique n’est pas pseudo-effectif, ce qui est une
condition plus forte que '’annulation des plurigenres, mais I'énoncé constitue néanmoins un pas
important vers cette conjecture. Cet article fournit aussi une caractérisation duale (dans !'esprit
de Moishezon—Nakai) extrémement intéressante du cone des diviseurs pseudo-effectifs.

Une autre contribution majeure de Demailly est 'article Numerical characterization of the
Kéihler cone of a compact Kéihler manifold [2] écrit avec Paun, ou ils démontrent un superbe
résultat généralisant le critere de Moishezon-Nakai pour I'amplitude des fibrés en droites. Le
critere de Moishezon-Nakai dit qu'un fibré en droites est ample s’il est de degré strictement
positif sur toutes les courbes contenues dans la variété et plus généralement, les puissances de
sa forme de courbure (ou premiere classe de Chern) sont d’intégrale strictement positive sur tout
fermé algébrique (ou analytique) de la variété. Le théoréme de Demailly-Paun étend ce résultat
ala positivité des classes de formes fermées de type (1, 1) sur une variété kdhlérienne compacte.
Dans ce cas, la variété peut ne contenir aucune sous-variété complexe propre, mais leur résultat
est que le cone des classes (1, 1) positives est une composante connexe du cone déterminé par la
positivité de toutes ces intégrales.

Demailly est également un leader en analyse complexe et il fait partie des rares mathémati-
ciens dont I’ceuvre a une grande influence scientifique dans plusieurs domaines. Son école, 'en-
semble de ses étudiants et leurs orientations mathématiques, témoignent largement de cette ou-
verture. La raison pour laquelle je n’ai mentionné ci-dessus que certains de ses résultats liés a
la géométrie complexe (algébrique ou kdhlérienne) est non seulement le fait que je ne suis pas
moi-méme compétente dans la partie « analyse complexe », mais aussi que le présent volume
rassemble des articles relevant pour la plupart de la géométrie algébrique complexe. Un autre
volume en hommage a Demailly, d’inspiration plus analytique, sera publié au PAMQ.

Jean-Pierre Demailly était un grand scientifique inspiré a la fois par 'analyse et la géométrie.
11 laisse une ceuvre magnifique d’'un impact considérable. Ce volume qui lui est consacré célebre
la partie de son ceuvre touchant la géométrie algébrique et rend hommage a une personnalité
exceptionnelle a tous points de vue.

Claire Voisin
CNRS, IMJ-PRG
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English version

Demailly’s work is mainly devoted to complex analysis and algebraic geometry. It follows a
great mathematical tradition, going back to Riemann, where algebraic varieties over the field of
complex numbers are studied via complex differential geometry, using methods from analysis.
For example, Hodge developped the theory of harmonic forms and applied it to compact Kahler
manifolds, proving the famous Hodge decomposition theorem, which is still today the most
qualitative theorem concerning the topology of projective algebraic varieties over the field of
complex numbers. Soon after, Kodaira proved his magnificent embedding theorem, establishing
the optimal generalization in higher dimension of the Riemann embedding theorem for compact
Riemann surfaces. Demailly continues this tradition and several of his major contributions,
which are related to the work of Kodaira, generalize it in a spectacular and extremely important
way for modern algebraic geometry.

Demailly also belongs to the Lelong school, where analysis is used to study objects with
very low regularity, namely currents instead of differential forms. It is known that holomorphic
functions on a compact connected complex manifold are constant. We thus use as a substitute
holomorphic sections of holomorphic line bundles, the quotient of two such sections being a
meromorphic function. The “positivity” of this line bundle guarantees the existence of such
nonzero sections. The question is “which notion of positivity do we use ?”. In the Kodaira theorem,
positivity is given by the choice of a C* metric on the line bundle, such that the Chern form,
or curvature of the associated Chern connection, is positive in the strongest possible sense,
namely is a Kéhler form. The conclusion then is that the line bundle is ample, which is also
the strongest positivity notion for a line bundle that appears in algebraic geometry. Demailly
used the theory and the analysis of curvature currents associated to less regular metrics and
this led him to introduce and characterize less restrictive notions of positivity, such as pseudo-
effectivity, for line bundles. He succeeded characterizing pseudo-effectivity via L? estimates a
la Hérmander. Combining this type of technics with the resolution of singular Monge-Ampere
equations, he obtained pioneering results on the problem of effective very ampleness, where one
asks which powers of an ample line bundle have enough global sections to provide an embedding
in projective space.

A complex manifold or smooth algebraic variety always carries at least one holomorphic (al-
gebraic) line bundle, namely its canonical bundle (which can be trivial). Modern birational geo-
metry studies the properties of the canonical bundle. It is a remarkable fact that pluricanonical
forms on smooth projective varieties are contravariant under the dominant rational maps bet-
ween varieties of the same dimension. A big conjecture in the field is that a smooth projective
variety is uniruled, that is swept-out by a family of rational curves (or genus 0 Riemann surfaces),
if and only if it has no nonzero pluricanonical form (the “only if” being easy). In the superb article
The pseudo-effective cone of a compact Kdhler manifold and varieties of negative Kodaira dimen-
sion [1], Boucksom, Demailly, Pdun and Peternell prove that a smooth projective variety is uniru-
led if and only if its canonical bundle is not pseudo-effective, a condition which is stronger than
the vanishing of the plurigenera, but the statement is nevertheless an important step towards
the conjecture. This paper also provides a very interesting dual characterization (in the spirit of
Moishezon—-Nakai) of the cone of pseudo-effective divisors.

Another major contribution of Demailly is the paper Numerical characterization of the Kéhler
cone of a compact Kéhler manifold [2], written with Paun, where they prove a superb result ge-
neralizing the Moishezon-Nakai criterion for the ampleness of the line bundle. The Moishezon—
Nakai criterion says that a line bundle an a smooth projective variety is ample if has strictly po-
sitive degree on all curves contained in the variety and more generally, the powers of its curva-
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ture form (or first Chern class) have strictly positive integral on any closed algebraic (or analytic)
subset of the variety. The Demailly-Paun theorem extends this result to the positivity of classes
of closed forms of type (1,1) on a compact Kdhler manifold. In this case, the manifold may not
contain any proper closed analytic subset, but their result is that the cone of positive (1, 1)-classes
is a connected component of the cone determined by the positivity of all these integrals.

Demailly is also a leader in complex analysis and he is one of the few mathematicians whose
work is greatly influential in several areas. His school, his students and their mathematical
orientations, illustrate this breadth. The reason why I mentioned above only his results related
to complex geometry (algebraic or Kdhler) is not only the fact that I am not myself competent in
the analytic aspects of his work, but also that mots papers presented in this volume are related
to complex algebraic geometry. Another volume dedicated to Demailly, with more emphasis on
analysis, will be published in PAMQ.

Jean-Pierre Demailly was a great scientist inspired both by analysis and geometry. His mathe-
matical work is splendid and highly influential. This volume dedicated to him emphasizes the
algebrogeometric aspects of his work and honors an exceptional personality.

Claire Voisin
CNRS, IMJ-PRG
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Non-Archimedean Green’s functions and
Zariski decompositions
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To the memory of Jean-Pierre Demailly, with admiration

Abstract. We study the non-Archimedean Monge-Ampeére equation on a smooth projective variety over a
discretely or trivially valued field. First, we give an example of a Green’s function, associated to a divisorial
valuation, which is not Q-PL (i.e. not a model function in the discretely valued case). Second, we produce
an example of a function whose Monge-Ampére measure is a finite atomic measure supported in a dual
complex, but which is not invariant under the retraction associated to any snc model. This answers a question
by Burgos Gil etal. in the negative. Our examples are based on geometric constructions by Cutkosky and
Lesieutre, and arise via base change from Green’s functions over a trivially valued field; this theory allows us
to efficiently encode the Zariski decomposition of a pseudoeffective numerical class.

Résumé. Nous étudions I'équation de Monge-Ampere non-archimédienne sur une variété projective lisse
sur un corps de valuation discréte ou triviale. Tout d’abord, nous donnons un exemple de fonction de Green,
associée a une valuation divisorielle, qui n’est pas Q-PL (i.e. pas une fonction modeéle, dans le cas de valuation
discrete). Ensuite, nous produisons un exemple de fonction dont la mesure de Monge—Ampere est a support
dans un complexe dual, mais qui n’est invariante par la rétraction associée a aucun modele snc. Ceci répond
négativement a une question de Burgos Gil et al. Nos exemples sont basés sur des constructions géométriques
de Cutkosky et Lesieutre, et sont produits par changement de base a partir de fonctions de Green sur un corps
trivialement valué ; cette théorie nous permet d’encoder de facon efficace la décomposition de Zariski de
toute classe pseudo-effective.

Funding. The second author was partially supported by NSF grants DMS-1900025 and DMS-2154380.
Manuscript received 31 March 2023, accepted 28 September 2023.
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Introduction

In the seminal paper [43], Yau studied the Monge-Ampeére equation
(+ddp)" = p (MA)

on a compact n-dimensional Kdhler manifold (X,w), where p is a smooth, strictly positive
measure on X of mass [w", and ¢ a smooth function on X such that the (1,1)-form w + dd®¢
is positive. Yau proved that there exists a smooth solution ¢, unique up to a constant. If w is a
rational class, say w = ¢; (L) for an ample line bundle L, then ¢ can be viewed as a positive metric
on L, and (w + dd®g)" its the curvature measure.

As observed by Kontsevich, Soibelman, and Tschinkel [31, 32], when studying degenerating
1-parameter families of Kdhler manifolds, it can be fruitful to use non-Archimedean geometry in
the sense of Berkovich over the field C((®@)) of complex Laurent series. In this context, a Monge—
Ampeére operator was introduced by Chambert-Loir [19], and a version of (MA) was solved by
the authors and Favre [11]; see below. Uniqueness of solutions was proved earlier by Yuan and
Zhang [44].

Now, the method in [11] is variational in nature, inspired by [4] in the complex case. It has the
advantage of being able to deal with more general measures p, but the drawback of providing less
regularity information on the solution. In fact, [11] only gives a continuous solution, and is thus
closer in spirit to the work of Kotodziej [30] than to [43].

It is therefore interesting to ask whether we can say more about the regularity of ¢ in (MA), at
least for special measures pu. In the non-Archimedean setting, there are many possible regularity
notions; to describe the one we are focusing on, we first need to make the non-Archimedean
version of (MA) more precise, following [10, 11].

Let X be a smooth projective variety over K = C((®)) of dimension n. Consider a simple normal
crossing (snc) model & of X, over the valuation ring K° = C[[@]l. The dual complex Ay embeds
in the Berkovich analytification X", and there is a continuous retraction pg : X®" — Ag.

A semipositive closed (1,1)-form on X?" in the sense of loc. cit. is represented by a nef relative
numerical class w € N' (% / Spec K°) for some snc model 2. We assume that the image [w] of
in N!(X) is ample. In this case, there is a natural space CPSH (w) = CPSH(X, w) of continuous w-
plurisubharmonic (psh) functions, and a Monge-Ampeére operator taking a function ¢ € CPSH(w)
to a positive Radon measure ¢ — (w+dd ¢)” on X" of mass [w]"; see also [20] for a local theory.
When [w] is rational, so that [w] = ¢; (L) for an ample (Q-)line bundle L on X, we can view any
¢ € CPSH(w) as a semipositive continuous metric on L?", with curvature measure (w + dd®¢p)”.

Asin [11], let us normalize the Monge-Ampeére operator and write

MAy, () := g (@ +dd )"

The main result in [11] is that if y is a Radon probability measure on X2" supported in some
dual complex, then there exists ¢ € CPSH(w), unique up to an additive real constant, such that
MA,, (¢) = p. More precisely, this was proved assuming that X is defined over an algebraic
curve, an assumption that was later removed in [18]. Here we want to study whether for special
measures (i, the solution is regular in some sense.

We first consider the class of piecewise linear (PL) functions. A function ¢ € CO(xamy js (@-)PL
if it is associated to a vertical Q-divisor on some snc model, and PL functions are also known as
model functions. The set PL(X) of PL functions is a dense Q-linear subspace of C°(X"), and it is
closed under taking finite maxima and minima.

If ¢ € PL(X) n CPSH(w), then the measure p = MA,,(¢) is a rational divisorial measure, i.e.
a rational convex combination of Dirac masses at divisorial valuations. For example, when
[w] = ¢1 (L) is rational, the space PL(X) N CPSH(w) can be identified with the space of semipositive
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model metrics on L2", represented by a nef model £ of L, and MA,, (¢) can be computed in terms
of intersection numbers of Z.

Assuming w rational, one may ask whether, conversely, the solution to MA,, (¢) = u, with g a
rational divisorial measure, is necessarily PL. Here we focus on the case when u = dy is a Dirac
measure, where x € X4V s a divisorial valuation. In this case, it was proved in [11] that the
solution ¢, € CPSH(w) to the Monge-Ampére equation

MA, (px) = Ox, Px(x)=0 (%)
is the Green’s function of x, given by ¢, = sup{y € CPSH(w) | y(x) < 0}.

Theorem A. Assume that w is a rational semipositive closed (1,1)-form with [w] ample, and that
x € XW is a divisorial valuation. Let @x € CPSH(w) be the Green's function satisfying (x) above.
Then:

(i) indimension 1, ¢ € PL(X);
(i) in dimension = 2, it may happen that ¢ ¢ PL(X).

Writing [w] = ¢;(L), Theorem A says that the metric on L?" corresponding to ¢, is a model
metric in dimension 1, but not necessarily in dimension 2 and higher. This answers a question
in [11], see Remark 8.8 in loc. cit.

Here (i) is well known, for example from the work of Thuillier [42]; see Section 8.5. As for (ii),
we present one example where X is an abelian surface, and another one where X = P3; see
Examples 99 and 100.

We will discuss the structure of these examples shortly, but mention here that they are both
R-PL, i.e. they belong to the smallest R-linear subspace RPL(X) of CO(xam containing PL(X)
and stable under max and min. The question then arises whether also in higher dimension, the
solution ¢ to (x) is R-PL for any divisorial valuation x. While we don’t have a counterexample to
this exact question (with w rational, but see Example 67), we prove that the situation can be quite
complicated in dimensions three and higher.

Namely, let us say that a function ¢ € C°(X®") is invariant under retraction if ¢ = ¢ o pg for
some (and hence any sufficiently high) snc model &'. For example, a function on X" is R-PL iff it
is invariant under retraction and its restriction to any dual complex Ag is R-PL in the sense that
it is affine on the cells of some subdivision of Ag- into real simplices.

If ¢ € CPSH(w) is invariant under retraction, say ¢ = ¢o pg, then the Monge-Ampeére measure
MA,, (¢) is supported in Ag . However, if i is supported in Ag, then the solution ¢ to MA, () = 1
may not satisfy ¢ = ¢ o pg, see [25, Appendix A]. Still, one may ask whether ¢ is invariant under
retraction, that is, ¢ = @ o pg- for any sufficiently high snc model Z”, see Question 2 in loc. cit.. A
version of this question (see Remark 77) in the context of Calabi-Yau varieties plays a key role in
the recent work of Yang Li [36], see also [1, 28, 37]. Our next result provides a negative answer in
general.

Theorem B. Let X = [P’%, with K = C(®@)), and let w be the closed (1,1)-form associated to the
numerical class of ©0(1) on P3 .. Then there exists ¢ € CPSH(w) such thatMA,, (@) has finite support
in some dual complex, but ¢ is not invariant under retraction. In particular, ¢ ¢ RPL(X).

Let us now say more about the examples underlying Theorem B and Theorem A (ii). They all
arise in the isotrivial case, when the variety X over K is the base change of a smooth projective
variety Y over C, and the (1,1)-form w is defined by the pullback of an ample numerical class
0 € NY(Y) to the trivial (snc) model Ygo of X = Y. In this case, we can draw on the global
pluripotential theory over a trivially valued field developed in [13], a theory which interacts
well with algebro-geometric notions such as diminished base loci and Zariski decompositions
of pseudoeffective classes.
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Specifically, given a smooth projective complex variety Y, and an ample numerical class
0 € N1(Y), we have a convex set CPSH(0) = CPSH(Y, 0) < C°(Y?™) of continuous 6-psh functions,
where Y?" now denotes the Berkovich analytification of Y with respect to the trivial absolute
value on C. A divisorial valuation on Y is of the form v = tordg, where t € Qsg and Ec Y’ is
a prime divisor on a smooth projective variety Y’ with a proper birational morphism Y’ — Y.
When instead ¢ € R, we say that v is a real divisorial valuation. If £ c Y?" is a finite set of real
divisorial valuations, then we consider the Green’s function of Z, defined as

s :=sup{p € CPSH(Y,0) | ¢|5 < 0}.

By [13], ¢ € CPSH(Y, 0), and the Monge-Ampeére measure of ¢y is supported in Z.

The base change X = Y¢(g) — Y induces a surjective map n: X?" — Y3", and this map admits
a canonical section o: Y — X" called Gauss extension, and whose image consists of all C*-
invariant points in X2". For any ¢ € CPSH(Y,0) we have n*¢ € CPSH(X, w), and

MA,, (T* ) = 0, MAg ().

In particular, if v € Y4V then ¥ @y is the Green's function for x := o (v) € X4 Agboth 7* and
o* preserve the classes of Q-PL and R-PL functions, we see that in order to prove Theorem A (ii),
it suffices to find a surface Y and v € Y, such that ¢, := ¢, is not Q-PL.

Further, to prove Theorem B, it suffices to find a finite set X of real divisorial valuations on
Y = IP% such that 7* @y fails to be invariant under retraction. Indeed, the Gauss extension map
o takes real divisorial valuations to Abhyankar valuations, and these are exactly the ones that
lie in a dual complex. We then use the following criterion. Define the center of any function
¢ € PSH(Y,0) by

Zy () := cyl{yp <supy},

where cy: Y2" — Y is the center map, see Section 3. We show that if 7% ¢ is invariant under
retraction, then Zy (¢) c Y is a strict Zariski closed subset, see Corollary 97. It therefore suffices
to find a Green’s function ¢z whose center is Zariski dense.

Our analysis of the Green’s functions ¢y is based on a relation between 8-psh functions and
families of b-divisors. Namely, we can pick a proper birational morphism p: Y’ — Y, with Y’
smooth, prime divisors E; < Y, and ¢; € Rxg, such that ¥ = {C;I ordg;}. If weset D:=}; cl.’lE,-,
then we can express s in terms of the b-divisorial Zariski decomposition of the numerical
class p*6 — A[D], for A € (—oo, Apsetl, where Apser € R is the largest A such that this class is
pseudoeffective (psef), see Theorem 57. The analysis of the Zariski decomposition of a psef class
0 in terms of 8-psh functions is of independent interest.

Let us first consider the case of dimension two. The Zariski decomposition of p*0 — AD is then
an R-PL function of A, and this implies that the Green’s function ¢s is R-PL. On the other hand,
s need not be Q-PL. In fact, we prove in Theorem 60 that ¢s is Q-PL iff the pseudoeffective
threshold /lpsef is a rational number. To prove Theorem A(ii), it therefore suffices to find a
divisorial valuation v on a surface Y such that Apef is irrational, and such examples can be found
with Y an abelian surface, and v = ordg for a prime divisor E on Y.

Using a geometric construction by Cutkosky [21], we also give an example of a divisorial
valuation v on Y = P3 such that ¢, is R-PL but not Q-PL for § = ¢ (G(1)), see Example 65. Being R-
PL, this example is invariant under retraction. As explained above, in order to prove Theorem B,
it suffices to find X such that the center cy (¢x) is a Zariski dense subset of Y. Using the notation
above, we show that the center contains the image on Y of the diminished base locus of the
pseudoeffective class p*0 — Apset[ D] on Y’. We can then use a construction of Lesieutre [35], who
showed thatif Y =P3,0 = ¢;(@(1)),and p: Y’ — Y is the blowup at nine very general points, then
there exists an effective R-divisor D on Y’ supported on the exceptional locus on p, such that the
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diminished base locus of p*6 — D is Zariski dense. If we write D = Z?:l ¢;E;, then we can take
2 ={c;'ordg,}.

Structure of the paper

The article is organized as follows. In Section 1 we recall some facts from birational geometry
and pluripotential theory over a trivially valued field. This is used in Section 2 to relate 8-psh
functions and suitable families of b-divisors, after which we study the center of a 8-psh function
in Section 3. In Section 4 we define the extremal function Vy € PSH(6) associated to a psef class:
by evaluating this function at divisorial valuations we recover the minimal vanishing order of
0 along a valuation. The extremal function is also closely related to various notions of Zariski
decomposition of a psef class, as explored in Section 5. After all this, we are finally ready to study
Green’s functions in Section 6 and Section 7. Finally, in Section 8 and Section 9 we turn to the
discretely valued case and prove Theorems A and B.

Notation and conventions

A variety over a field F is a geometrically integral F-scheme of finite type. We use the abbrevia-
tions usc for “upper semicontinuous”, Isc for “lower semicontinuous”, and iff for “if and only if”.
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1. Preliminaries

Throughout the paper (except in Section 8) X denotes a smooth projective variety over an
algebraically closed field k of characteristic 0.

1.1. Positivity of numerical classes and base loci

We denote by N'(X) the (finite dimensional) vector space of numerical equivalence classes
6 = [D] of R-divisors D on X. It contains the following convex cones, corresponding to various
positivity notions for numerical classes:
o the pseudoeffective cone Psef(X), defined as the closed cone generated by all classes of
effective divisors;
« the big cone Big(X), the interior of Psef(X);
» the nefconeNef(X), equal to the closed convex cone generated by all classes of basepoint
free line bundles;
o the ample cone Amp(X), the interior of Nef(X);
o the movable cone Mov(X), the closed convex cone generated by all classes of line bundles
with base locus of codimension at least 2.

These cones satisfy

Nef(X) c Mov(X) c Psef(X),
where the first (resp. second) inclusion is an equality when dim X < 2 (resp. dim X < 1), butis in
general strict for dim X > 2 (resp. dim X > 1). We will make use of the following simple property:
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Lemmal. If0 e N!(X) is movable, then 0|y € N (E) is pseudoeffective for any prime divisor E c X.

The asymptotic base locusB(D) c X of a Q-divisor D is defined as the base locus of O'x (m D) for
any m € Zg sufficiently divisible. The diminished (or restricted) base locus and the augmented
base locus of an R-divisor D are respectively defined as

B_(D):=JB(D+A) and B,(D):=\BD-A4),
A A

where A ranges over all ample R-divisors such that D — A (resp. D + A) is a Q-divisor. Since
ampleness is a numerical property, these loci only depend on the numerical class 8 = [D] € N(X),
and will be denoted by B_(0) c B (9).

The augmented base locus B, (f) is Zariski closed, and satisfies

0eBig(X) = B,(@)#X and 60ecAmp(X) <= B, (0) =¢.
The diminished base locus satisfies

B-0)= |J B+©O+ew) @
€€Qxo
for any w € Amp(X). It is thus an at most countable union of subvarieties, which is not Zariski
closed in general, and can even be Zariski dense (see [35]). We further have

0 € Psef(X) <= B_(0) # X;
0 € Nef(X) < B_(0) = @;
0 € Mov(X) < codimB_(0) = 2.

1.2. The Berkovich space

We use [13, §1] as a reference. The Berkovich space X" is defined as the Berkovich analytification
of X with respect to the trivial absolute value on k [3]. We view it as a compact (Hausdorff)
topological space, whose points are semivaluations, i.e. valuations v: k(Y)* — R for some
subvariety Y < X. We denote by vy yiy € X" the trivial valuation on k(Y), and set vyiy := Vx, triv-
These trivial semivaluations are precisely the fixed points of the scaling action Ry x X#* — X2
given by (¢, v) — tv.

We denote X4V ¢ X2 the (dense) subset of divisorial valuations, of the form v = tordg with
t € Q0 and E a prime divisor on a birational model n: Y — X (the case ¢ = 0 corresponding
to U = Vyiv, by convention). In the present work, where R-divisors arise naturally, it will be
convenient to allow ¢ to be real, in which case we will say that v = tordg is a real divisorial
valuation. We denote by

X[giv — R>0Xdiv

the set of real divisorial valuations. It is contained in the space X' c X" of valuations of linear
growth (see [17] and [13, §1.5]).

1.3. Rational and real piecewise linear functions

In [13], various classes of Q-PL functions on X?" were introduced, and the purpose of what
follows is to discuss their R-PL counterparts.
First, any ideal b c Ox defines a homogeneous function

log|b]: X* — [—00,0]
such that log|b|(v) := —v(b) for v € X?".
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Second, any flag ideal a, i.e. a coherent fractional ideal sheaf on X x A! invariant under the
Gm-action on A! and trivial on X x G,,;, defines a continuous function

Pq: X" —R

given by @, (v) = —o(v)(a), where 0: X3 — (X x A1) is the Gauss extension, defined as follows.
If v is a valuation on k(Y) for some subvariety Y < X, then o(v) is the unique valuation on
k(Y x A = k(Y)(®@) with the following property: if f = ijj(Df € k(Y)[®@], then o(v)(f) =
min;{v(f;) + j}.

Concretely, any flag ideal can be written a = ¥ ;7 ay@~* for a decreasing sequence of ideals
a) € Ox such thatay = Oy for A <« 0 and ay =0 for A > 0, and then ¢4 = max, (logla; |+ A1).

We denote by:

. PLgom(X ) the set of Q. -linear combinations of functions of the form log|b| with bc Ox a
nonzero ideal;

o PL*(X) the set of functions ¢ € C°(X®") of the form ¢ = max;{y; + A;} for a finite family
Vi€ PL}tom(X) and A; € Q; equivalently, functions of the form ¢ = %(pu for a flagideal a
and me€ Z-y;

e PL(X) the set of differences of functions in PL*(X), called rational piecewise linear
functions (Q-PL functions for short).

The sets PLgom(X) are stable under addition and max, while PL(X) is a Q-vector space, stable
under max, and is dense in CO(X2").

As in [13, §3.1], we denote by PL(X)r the R-vector space generated by PL(X). It is not stable
under max anymore; to remedy this, we further introduce:

o the set PL*(X)g of R, -linear combinations of functions in PL* (X);

o the set RPL* (X) of finite maxima of functions in PL* (X)g;

« the set RPL(X) of differences of functions in RPL* (X); we call its elements real piecewise
linear functions (R-PL functions for short).

As one immediately sees, the sets PL* (X)g and RPL* (X) are convex cones in C°(X?"), and RPL(X)
is thus an R-vector space. Further, RPL*(X), and hence RPL(X), are clearly stable under max.
Thus RPL(X) is the smallest R-linear subspace of C°(X?") that is stable under max and contains
PL(X).

Finally, introduce the convex cone PLﬂom(X)[R of R, -linear combinations of functions in

PL (X) (this is again not stable under max anymore). We then have:

Lemma 2. A function ¢ € C°(X®) lies in RPL*(X) iff ¢ = max;{y; + A;} for a finite family
yi €PL (X)g and A; € R.

Proof. Since any function in RPL*(X) is a finite max of functions ¢ € PL*(X)g, it suffices to
show that ¢ is of the desired form. Write ¢ = Z;zl t;p; with #; € Rsg and ¢; € PL*¥(X), i.e.
@i =max;{y;;+A;j} withy;; e PL (X)and A;; € Q. Then

hom

.
o= max ) ti(yiji+Aij).

.....

Since each }; t;y;;, lies in PLﬁom(X )r, this shows that ¢ is of the desired form.

Conversely, assume ¢ = max;{y; + 1;} for a finite family y; € PLﬁom(X)[Re and A; € R. For each
i,write w; = Y ; t;jy;j with y;; € PLgom(X) < 0. Pick v € X® and i such that ¢(v) = y;(v) + A;.
Since ¢ is bounded, we can find ¢ € Q such that y;;(v) = c for all j. This shows that ¢ = max; ¢;
with ¢; := ¥ t;jmax{y;;,c} + A;. For all i, j, max{y,;, ¢} lies in PL* (X), thus ¢; € PL*(X)g, and
hence ¢ € RPL* (X). O



12 Sébastien Boucksom and Mattias Jonsson

1.4. Homogeneous functions vs. b-divisors

We use [7, §1] and [13, §6.4] as references for what follows. Recall that

e a (real) b-divisor over X is a collection B = (By) of R-divisors on all (smooth) birational
models Y — X, compatible under push-forward as cycles, i.e. an element of the R-vector
space

7, (0 :=limZ" (V)g;
Y

e a b-divisor B = (By) is effective if By is effective for all Y; if B, B’ are b-divisors, then we
write B < B’ iff B’ — B is effective;

e a b-divisor B € Ztl) (X)r is said to be R-Cartier if there exists a model Y, called a determi-
nation of B, such that By is the pullback of By for all higher birational models Y’; thus
the space of R-Cartier b-divisors is given by

Cary(X)g := limZ' (Y)g.
Y
Example 3. Any R-divisor D on amodel Y — X determines an R-Cartier b-divisor D € Cary, (X)g,
obtained by pulling back D to all higher models, and any R-Cartier b-divisor is of this form.

For any B € 2115 (X)r and v € X9V, we define v(B) € R as follows: pick a prime divisor E on a
birational model Y — X and t € Q¢ such that v = fordg, and set

v(B) := tordg(By).
This is independent of the choices made, and the function @z : X4V — R defined by
() :=v(B)

is homogeneous (with respect to the scaling action of Q).

Definition 4. We say that a homogeneous functiony: X — R is of divisorial type if v (ordg) = 0
for all but finitely many prime divisors E c X.

The next result is straightforward:

Lemma5. The map B — g sets up a vector space isomorphism between lej (X)r and the space of
homogeneous functions of divisorial type on X4 . Moreover, B € Zkl) (X)r is effective iff yp = 0.

We endow lej(X)[R with the topology of pointwise convergence on X9V, If Q is a topological
space, thenamap f: Q — Ztl)(X)R is thus continuous iff vo f: Q — R is continuous for all v € X4V,
We will also say that f: Q — Zé (X)rislsc (resp. usc) iff vo f: Q — Rislsc (resp. usc) forall v € X4V,

If Q is a convex subset of a real vector space, then we say that f: Q — Ztl) (X)r is convexif vo f
is convex for all v € X4V, This amounts to fA=0Dxp+1tx)) <1 —1)f(x) + tf(x1) for x9, %1 € Q,
0 =< t<1. Wesay that f is concave if — f is convex.

Finally, if Q < R is an interval, then f: Q — le) (X)r is increasing (resp. decreasing) if vo f is
increasing (resp. decreasing) for each v e X4V,

Next we will generalize [13, Theorem 6.32] to real coefficients.

Definition 6. We denote by Car (X)r the convex cone of divisors B € Cary,(X)g that are antieffec-
tive and relatively semiample over X. We also set Carg (X)g :=Carp(X)g N Carg X)r.

Proposition 7. The map B — wp induces an isomorphism between Cary(X)r and the R-vector
space generated by (the restrictions to X4 of) all functions log|b| with b ¢ @x a nonzero ideal.
This isomorphism restricts to a bijection

Car} (X)p — PL; (X)g.
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Proof. The first point is a consequence of [13, Theorem 6.32], which also yields
Cary (X)g — PLy . (X).

Since the right-hand side generates the convex cone PL; (X)g, it suffices to show that the
convex cone of antieffective and relatively semiample divisors in Cary,(X)g is generated by
antieffective and semiample divisors in Car,(X)g. By definition of a relatively semiample R-
Cartier b-divisor, we have B = }; t; B; with ¢; > 0 and B; € Car(X)g relatively semiample. By
the Negativity Lemma (see [7, Proposition 2.12]), B} := B; — B; x is antieffective, and still relatively
semiample. Denoting by Bx = —)_, cq E, the irreducible decomposition of the antieffective R-
divisor By, we infer

B= Z tiB; +an(_E_a)
i o

where —Iz € Carp (X)g is antieffective and relatively semiample. The result follows. O

1.5. Numerical b-divisor classes

The space of numerical b-divisor classes is defined as

N} (X) :=limN*(Y),
Y
equipped with the inverse limit topology (each finite dimensional R-vector space N!(Y) being
endowed with its canonical topology).
Any b-divisor defines a numerical b-divisor class. This yields a natural quotient map

Z (X)r — Nj(X) B— [BI.
One should be wary of the fact this map is not continuous with respect to the topology of

pointwise convergence of Ztl) (X)r. However, we observe:

Lemma 8. For any finite set & of prime divisors on X, the quotient map B — [B] is continuous on
the subspace Ztl) (X)r e of b-divisors B such that By is supported by &.

Proof. For any model Y — X, each By with B € Ztl) (X)r,e lives in the finite dimensional vector
space generated by the strict transforms of the elements of & and the n-exceptional prime
divisors. Thus B — [By] € N}(Y) is continuous on Zé(X )r.&, and the result follows. O
The set of numerical classes of R-Cartier b-divisors can be identified with the direct limit
mN'(Y) e N} (X).
Y

In particular, any numerical class 8 € N!(X) defines a numerical b-divisor class 6 = @y)y €
N} (X), where Oy is the pullback of 0 to Y.

Definition 9. The cone of nef b-divisor classes
Nefy, (X) < N} (X)
is defined as the closed convex cone generated by all classes of nef R-Cartier b-divisors.

Here an R-Cartier b-divisor B is said to be nef if By is nef for some (hence any) determination
Y of B.
The following characterization is essentially formal (see [7, Lemma 2.10]).

Lemma 10. A b-divisor B € Ztl) (X)r is nef iff By is movable for all birational models Y — X. In
other words, Nef, (X) =1im  Mov(Y).

We finally record the following version of the Negativity Lemma (see [7, Proposition 2.12]).
Lemmall. IfBe le)(X)R is nef, then B < By for any birational model Y — X.
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1.6. Plurisubharmonic functions

We use [13, §4] as areference. Given a Q-line bundle L € Pic(X)g and a numerical class 0 € NL(X),
we denote by

o« FR(L) = Jfg (L) the set of generically finite Fubini-Study functions for L, i.e. functions
@: X* — RU{-oc} of the form

@ = m~" max{log|s;|+ A},
1

where m € Z is sufficiently divisible, (s;) is a (nonempty) finite set of nonzero sections
of mL, and A; € Q;

o Fhom(L) < P8 (1) the set of homogeneous Fubini-Study functions, for which the A; can
be chosen to be 0;

e PSH(0) the set of -psh functions ¢: X** — RuU {—o0o}, ¢ # —oo, obtained as limits of
decreasing nets (¢;) of generically finite Fubini-Study functions ¢; for Q-line bundles
L; such that ¢; (L;) — 6 in N'(X). We also write PSH(L) := PSH(c; (L));

e CPSH(0) c PSH(0) the subset of continuous 8-psh functions;

e PSHpom(6) < PSH(O) the subset of homogeneous 8-psh functions, that is, functions
¢ € PSH(0) such that ¢(tv) = te(v) for ve X" and t € R.

All functions in PSH(#) are finite valued on the set X4V « X" of divisorial valuations, and we
endow PSH(6) with the topology of pointwise convergence on X4, For all ¢,y € PSH(0), we
further have

p<yonXW e p<yonX®.
In particular, the topology of PSH(0) is Hausdorff. The set of 8-psh functions is preserved by the
action of R given by (,¢) — t- ¢, where (¢-¢)(v) := to(t 1 v).
Lemma 12. Forany0 e NY(X) we have:

(1) PSH(O) # @ = 0 € Psef(X);
(i) 0e PSH(O) < 6 € Nef(X);
(iii) 6 €Big(X)=PSH(0) # @.

As we shall see in Proposition 27, (i) is in fact an equivalence, rendering (iii) redundant.

Proof. For (i) and (ii) see [13, (4.1), (4.3)]. If 8 is big, we find a big Q-line bundle L such that
6 — c1(L) is nef. Then PSH(@) > PSH(L) > .#%'(L) # @, which proves (iii). O

Example 13. For any effective R-divisor D, wp := w5 (see Lemma 5) satisfies —yp €
PSHhom([D])-

Our assumption that X is smooth and k is of characteristic zero implies that the envelope
property holds for any class 8 € N!(X), see [16, Theorem A]. This means that if (@) is any family
in PSH(0) that is uniformly bounded above, and ¢ := sup, ¢, then the usc regularization ¢*,
given by ¢* (x) =limsup,,_., ¢(y), is 0-psh.

The envelope property has many favorable consequences, as discussed in [13, §5]. For
example, for any birational model 7: ¥ — X and any 0 € N!(X) we have

PSH(7*0) = n* PSH(6), )

see [13, Lemma 5.13].



Sébastien Boucksom and Mattias Jonsson 15

1.7. The homogeneous decomposition of a psh function

We refer to [13, §6.3] for details on what follows. Fix § € N!(X). For any ¢ € PSH(#) and A < sup ¢,
setting

" =infir-p - 14} 3)

defines a homogeneous 6-psh function @A € PSHpom(@). The family @Y Assupg is further
concave, decreasing, and continuous for the topology of PSHy,,, (0) (i.e. pointwise convergence
on X4Y), and it gives rise to the homogeneous decomposition
o= sup {p*+A}. 4)
Assup @
For A = sup ¢ = @(vyiy), the function §™@* := pS'P¥ computes the directional derivatives of ¢ at
Vtriv, L.€.
tv) — (Vi
amax(y) T (V) — P (Viriv) 5)
t—0,4 r
for v € X", The limit exists as the function ¢ — ¢(¢v) on (0,00) is convex and decreasing, see [13,
Proposition 4.12].

Example 14. Assume ¢ = ¢4 for aflagideala =3 )7 ay®* on X x Al. Then p™ = loglaz,,.|
where Amax := max{A € Z | ay # 0} (see [13, Example 6.28]).

2. Psh functions and families of b-divisors

We work with a fixed numerical class 6 € N1 (X).

2.1. Homogeneous psh functions and b-divisors

Recall that a function ¢ € PSHy,om (0) is uniquely determined by its values on X9V, We say that
 is of divisorial type if its restriction to X9V is of divisorial type, that is, ¥ (ordg) = 0 for all but
finitely many prime divisors E < X.

Slightly generalizing [13, Theorem 6.40], we show:

Proposition 15. The map B — g in Section 1.4 sets up a 1-1 correspondence between:

(i) the set of b-divisors B € Z (X)g such that B <0 and 6+[B] e N} (X) is nef;
(i) the set of 6-psh homogeneous functions v € PSHy o, (0) of divisorial type.

Proof. Pick B as in (i). On the one hand, Vg € PSHpom (—Byx), see Example 13. On the other

hand, since 6 + [B] = (0 + [Bx]) + (IB] — [Bx]) is nef, it follows from [13, Theorem 6.40] that
IVB_1§ =yYR-— WE lies in PSH} o, (6 + Bx). Thus

wp € PSH(O + Bx) + PSH(-Bx) < PSH(9).

Conversely, pick ¥ as in (ii), so that ¢ = wp with0= B € Z%)(X)R. By [13, Corollary 6.17], we can
write ¥ as the pointwise limit of a decreasing net (i;) such that y; € #4,om(L;) with L; € Pic(X)g
and lim; ¢;(L;) = 0. Then y; = yp, for a unique Cartier b-divisor 0 = B; € Cary,(X)g such that
L_,-+ B; is semiample (see [13, Lemma 6.34]), and hence cl(_Li)+ [B;] € Nllj (X) is nef. Further,
B; \\Bin lej (X)r, and hence [B;] — [B] in Ntl) (X) (see Lemma 8). Since c;(L;) + [B;] is nef for all i,
we conclude, as desired, that 0+ [B] is nef. O
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2.2. Rees valuations

In order to formulate a version of Proposition 15 for general 0-psh functions, the following notion
will be useful.

Definition 16. Given any effective R-divisor D on X with irreducible decomposition D =, ¢ Eq
on X, we denote by I'p c X[g“’ the set of Rees valuations of D, defined as the real divisorial
valuations vy = c, 1 ordg, .

Note that v, (D) = 1 for all . We can now state a variant of [13, Theorem 6.21]:
Proposition 17. Pick vy € PSHy o, (0), and an effective R-divisor D on X. Then

n%axw < -1<= vy +v¥p€ePSHyon (0 - D).
D

Recall that 0 = —y p € PSHy o, ([D]).

Proof. If ¢ +yp € PSHyon (0 — D), then ¢ < —yp, and hence maxry < —1, since yp =1 on I'p.
Conversely, assume maxr, ¥ < —1. Consider first the case where 9 = ¢1(L) for a Q-line bundle
and ¥ € FGyom (L). For any m sufficiently divisible we thus have ¢ = —- max, log|s;| for a finite set
of nonzero section s; € H’(X, mL). Using the notation of Definition 16 we get for all i and all «

c(; ordg, (s;) = —logls;|(ve) = m,
and hence ordg, (s;) = [mc,]. This implies s; = s}sp,, for some s’ € HO(X, m(L - D,,)), where

Dy, :=m ' [mD] = Zm [mcg]Eq

and sp,, € H°(X, D,,) is the canonical section. Since ¥p,, = —loglsp,,|, we infer

Y +Yp,, =+ maxlog|s;| € #om(L— D) € PSHhom (L~ Dpp).
1

When m — oo, wp,, decreases to ¥p, and [D,,] — [D] in N'(X), and we infer ¢ + wp €
PSHpom (L — D).
In the general case, 1 can be written as the pointwise limit of a decreasing net v; € #,om (L;),

where L; € Plc(X)@ satisfies that c;(L;) — 0 is nef and tends to 0 (see [13, Corollary 6.17]). Pick
t€(0,1). For all i large enough and all a, we then have ¢, 1//1 (ordg,) = —t, and hence

Wi+ tWp € Fhom(Li — tD) € PSHyom (L; — tD)

by the previous step of the proof. Since y; + typ decreases to v + tywp and L; — tD — 6 — tD
in N!(X), we infer v + twp € PSHpom (0 — tD) (see [13, Theorem 4.5]). Pick any w € Amp(X).
Then v + twp € PSHpom (0 — D +w) for all £ € (0,1) close to 1, so by the envelope property (see [13,
Theorem 5.11]), we get w+ v p € PSHpom (0 —D+w). As this is true for all w € Amp(X), we conclude
W +W¥p € PSHpom (0 — D) (again see [13, Theorem 4.5]). 0

2.3. Psh functions and families of b-divisors

We now extend Proposition 15 to general 8-psh functions. We say that ¢ € PSH(6) is of divisorial
type if the homogeneous psh function $™®* € PSHy o, (0) is of divisorial type, see Section 1.7.
By (5), this is equivalent to ¢ (ordg) = sup ¢ for all but finitely many prime divisors E c X.

Theorem 18. There is a 1-1 correspondence between:
(i) the set of 0-psh functions ¢ € PSH(0) of divisorial type;
(ii) the set of continuous, concave, decreasing families (By)j<a,.. of b-divisors, for some
Amax € R, such that By <0 and 0 + [Byl € Ntl)(X) is nef forall A < Apax.
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The correspondence is given by
@= sup {yp, +A, wg, =M (6)
A<Amax

In particular, we have Amax = sup ¢ and " =yp, .

Proof. Pick a family (Bj)<a,,,, as in (ii). By Proposition 15, setting ¢/ := ¥ g, defines a contin-
uous, concave and decreasing family (1) 1<, in PSHhom (6). Since 6 has the envelope prop-
erty, the usc upper envelope ¢ := sup;tS P (wy + A) lies in PSH(@). On X9V, ¢ coincides with
SUPj <t W2 +A) (see [13, Theorem 5.6]). By Legendre duality, we further have v, = " for
A < Amax (see [13, Theorem 6.24]), and hence also for 1 = Anhax, by continuity of both sides on
(=00, Amax]-

Conversely, pick ¢ as in (i), so that p™* € PSHyqp, (0) is of divisorial type. For each A < sup ¢
we then have 0 = $* = ™, which shows that $* € PSHyom (6) is also of divisorial type. By
Proposition 15, we thus have §* = ¥, for a b-divisor By < 0 such that 6 + [B,] is nef, and the
family (Bj)<sup¢ is concave, decreasing and continuous, since so is @Y A<supg- O

Remark 19. Not every 0-psh function is of divisorial type. For example, assume dimX = 1,
and pick a sequence (p;)jen of closed points on X, with corresponding ideals m; < @, and
a sequence ¢; in R such that Zj €; < degf. Then ¢ := Zj gjlogim;| € PSH(0), and —¢; =
(p(ordpj) <sup¢ =0forall j (see [13, Example 4.13]).

3. The center of a §-psh function

In this section we introduce the notion of the center of a 0-psh function. This is a subset of X
defined in terms of the locus on X?" where ¢ is smaller than its maximum.

3.1. The center map

For any v € X?", we denote by cx(v) € X its center, and by

Zx(v):={cx(}c X
the corresponding subvariety. The center map cx: X*" — X is surjective and anticontinuous,
i.e. the preimage of a closed subset is open. In particular, any subvariety Z c X is of the form

Z = Zx(v) for some v; we can simply take v = ord ;.
More generally, for any subset S c X?" we set

Zx(8):= Zx ). @)

veS
This is smallest subset of X that contains cx(S) and is closed under specialization.

3.2. The center of a8-psh function

We can now introduce
Definition 20. We define the center on X of any 0-psh function ¢ € PSH(0) as
Zx(p) = Zx({p <supep}) c X.

Example 21. For any nonzero ideal b c Oy, the function y = log|b| is 8-psh if 0 is sufficiently
ample, and then Zx(¢) = V(b). More generally, if ¢ =Y ; t;1og|b;| with ¢; € R.g and b; c Ox a
nonzero ideal, then Zx (¢) =U; V(b;).
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Recall that to any 8-psh function ¢ € PSH(8) we can associate a homogeneous 8-psh function
@™ € PSHy o1, (0), see Section 1.7.

Lemma 22. For any ¢ € PSH(0) we have {¢p < sup ¢} = {p™* < 0}. As a consequence, Zx(p) =
Zx (™). Moreover, the following conditions are equivalent:
() ¢ is of divisorial type;
(i) @™ is of divisorial type;
(iil) Zx(p) = Zx (™) contains at most finitely many prime divisors E c X.

Proof. Pick any v € X?". By (5) and the fact that t — ¢(¢v) is decreasing and convey, it follows
that ¢(v) < sup ¢ iff p™*(v) < 0. Thus Zx (¢) = Zx (™) since sup p™* = 0.

Now the equivalence (i) < (ii) is definitional, and (ii) < (iii) is clear since a prime divisor E ¢ X
belongs to Zx (™) iff p™*(ordg) < 0. O

Together with Example 14, Lemma 22 implies

Corollary 23. Ifp = ¢, foraflagideala=Y jc7a,@ " on X x AL, then Zx (¢q) = V(a2 Where
Amax :=max{1l € Z | ay # 0}.

Theorem 24. Forany € PSH(0), the center Zx () is a strict subset of X, and an at most countable
union of (strict) subvarieties. Moreover, we have c;(1 (Zx (@) ={p <sup}.

Proof. Note that Zx(¢) does not contain the generic point of X, so Zx(¢) # X. Also note that by
Lemma 22 we may assume that ¢ is homogeneous.

If ¢ € #Bom (L) for a Q-line bundle L, so that ¢ = % max; log|s;| for a finite set of nonzero
sections s; € HY(X,mL), then Zx () = N;(s; = 0), which is Zariski closed. In general, ¢ can
be written as the limit of a decreasing sequence ¢, € Fhom (L) with Ly, € Pic(X)g such that
c1(Ly) — 6 (see [13, Remark 6.18]). For any v € X4V we then have

cx (V) € Zx(p) <= (V) <0 <= @, (v) <0 for some m,

i.e. Zx(p) =Um Zx(@m), an at most countable union of strict subvarieties.

Next pick v € X", and set Z = Zx(v). By [13, Proposition 4.12], ¢(tv) = t¢@(v) converges to
@(Vz,wiv) = SUP zan @ as t — 400, and hence ¢(v) < 0 & ¢ = —oo on Z?". By definition of the
center, if cx(v) lies in Zx (¢), then we can find w € X" such that ¢(w) < 0 and cx(v) € Zx (w),
iie. Z < Zx(w). Then ¢ = —co on Zx(w)®™ > Z2", which yields ¢(v) < 0. Conversely, assume
¢(v) <0, and hence ¢ = —oo on Z*. We can find w € X9V such that Z = Zx(w). Since ¢ = —co
on Z%" = Zx(w)*", we get ¢(w) < 0, and hence cx(v) € Zx(w) < Zx (). O

For later use we record

Lemma 25. Ifg; € PSH(O;),i=1,2, then Zx (@1 + @2) = Zx (1) U Zx(2).

3.3. Centers of PL functions

The following result will play a crucial role in what follows.

Lemma 26. If @ € PSH(O) lies in RPL* (X) (resp. RPL(X)), then Zx () is Zariski closed (resp. not
Zariski dense) in X.

Proof. Assume first ¢ € RPL*(X), and write ¢ = max;{wy; + A;} for a finite set w; € PLﬁom(X)[R and
Ai € R. As in Example 14, we then have max; 1; = supg, and §™ = maxy,-supo ¥;. This shows
that

Zx(@)=Zx@™™) = [ ZxWy)
Ai=sup ¢
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is Zariski closed (see Example 21). Assume next ¢ € RPL(X) and write ¢ = ¢1 — @2 with 1,92 €
RPL* (X). After replacing 6 with a sufficiently ample class, we may assume that ¢, ¢, are 6-psh.
By (5) we have ¢ = p"* — ¢7'®*, and hence

Zx (@) = Zx(@™™) € Zx (@) U Zx (93"™) = Zx (1) U Zx (¢2),

which cannot be Zariski dense, since Zx (¢1) and Zx(¢») are both Zariski closed strict subsets by
the first part of the proof. g

4. Extremal functions and minimal vanishing orders

Next we define a trivially valued analogue of an important construction in the complex analytic
case.

4.1. Extremal functions

For any 6 € N' (X), we define the extremal function Vy: X® — [—00,0] as the pointwise envelope
Vp :=sup{p e PSH(O) | ¢ <0}. ®)
Proposition 27. Foranyf € NY(X) we have
0 € Psef(X) = Vy € PSHyom (0);
0 ¢ Psef(X) = Vp = —o0;
0 € Nef(X) <= Vp =0.
In particular, PSH(0) is nonempty iff 0 is pseudoeffective. For any w € Amp(X), we further have
Vorew \ Vo as e\ 0. 9)

Proof. Since the action (z,¢) — - ¢ of R, preserves the set of candidate functions ¢ in (8), Vy
is necessarily fixed by the action, and hence homogeneous. If § is not psef, then PSH(0) is empty
(see Lemma 12), and hence Vp = —co. By Lemma 12, we also have Vj = 0 iff 8 is nef.

Next, assume 6 € Big(X). Then PSH(0) is non-empty (see Lemma 12), and the envelope
property implies that VB* is 8-psh and nonpositive. It is thus a candidate in (8), and hence
V¢ < Vg, which shows that V;* = Vp is 0-psh.

Assume now 0 € Psef(X), and pick w € Amp(X). For each € > 0, the previous step yields
Ve := Vosew € PSHpom (0 + ew). For 0 < € < 6 we further have PSH(6) < PSH(0 + ew) < PSH(6 + 6 w),
and hence V5 = V; = V. Set V :=1lim, V,. For any 6 > 0 fixed, we have V, € PSHyo1, (0 + dw) for
e<d,and V; \\ V as € — 0. Thus V € PSHy,o, (6 + dw) for all 6 > 0, and hence V € PSHy,om, (6).
Since V is a candidate in (8), we get V < Vj, and hence Vyp = V = lim, V;. This proves that Vj is
0-psh, as well as (9). O

4.2. Minimal vanishing orders

For 6 € Psef(X), the function Vy € PSHy, (0) is uniquely determined by its restriction to xdiv,
where it is furthermore finite valued. For any v € X4V we set

v(0) :=—-Vy(v) =inf{—-¢@(v) | ¢ € PSH(B), ¢ < 0} € R>g. (10)
Note that
v(0) =supv(@ + cw) (11)
>0

for any w € Amp(X), by (9). As we next show, these invariants coincide with the mini-
mal/asymptotic vanishing orders studied in [6, 22, 40].
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Proposition 28. Pick ve XW. Then:

(i) the function 8 — v(0) is homogeneous, convex and Isc on Psef(X); in particular, it is
continuous on Big(X);
(i) for any@ € Psef(X) we have

v(0) <inf{v(D) | D = 0 effective R-divisor}, (12)
and equality holds when 0 is big.

Note that equality in (12) fails in general for 8 is not big, as there might not even exist any
effective R-divisor D in the class of 6.

Proof. Using PSH(0) + PSH(0') < PSH(O + 6') and PSH(#6) = t PSH(0) for 6,0’ € Psef(X) and ¢ > 0,
it is straightforward to see that 8 — v(8) is convex and homogeneous on Psef(X). Being also finite
valued, it is automatically continuous on the interior Big(X). For any w € Amp(X) and € > 0,
60 — v(0 + ew) is thus continuous on Psef(X), and (11) thus shows that 8 — v(0) is Isc, which
proves (i).

Next pick 6 € Psef(X). For each effective R-divisor D = 6, the function —yp € PSHpony (6),
see Example 13, is a competitor in (8). Thus —v(D) = ¢p(v) < Vy(v) = —v(0), which proves the
first half of (ii). Now assume 6 is big, and denote by v'(0) the right-hand side of (12). Both v(6)
and v'(0) are (finite valued) convex function of 6 € Big(X). They are therefore continuous, and
it is thus enough to prove the equality v(0) = v'(0) when 6 = ¢; (L) with L € Pic(X)g big. To this
end, pick an ample Q-line bundle A, and set w := ¢;(A). By [13, Theorem 4.15], for any € > 0
we can find ¢ € A% (L + A) such that ¢ > Vy and ¢(vuiy) = supg < €. By definition, we have
Q= m~! max; flogl|s;| + A;} with m sufficiently divisible and a finite family of nonzero sections
s; € H(X, m(L + A)) and constants A; € Q. Then max; A; = msupg < me, and m~'v(s;) = v(D;)
with D; := m~1div(s;) =0 + 0, and hence m~v(s;) = v/ (0 + w). Thus

-v@)=Vo(w) = p(v) = m_lmax{v(si) +Ait=s—V (0 +w) +e.
1

This shows v'(0) = v(f) = v/ (0 + w), and hence v'(0) = v(@), since limy,_q V(0 + w) = V'(0) by
continuity on the big cone. O

Remark 29. If L € Pic(X) is big, then [22, Corollary 2.7] (or, alternatively, a small variant of the
above argument) shows that v(c; (L)) is also equal to the asymptotic vanishing order
v(ILI := lim L min{v(s)|se H(X, mL)\{0}}
m—oo
= inf{v(D) | D ~q L effective Q-divisor}.
Remark 30. Continuity of minimal vanishing orders beyond the big cone is a subtle issue. For
anyve X div the function 8 — v(8), being convex and Isc on Psef(X), is automatically continuous
on any polyhedral subcone (cf. [27]). When dim X = 2, it is in fact continuous on the whole

of Psef(X), but this fails in general when dim X = 3 (see respectively Proposition III.1.19 and
Example IV.2.8 in [40]).

4.3. The center of an extremal function

The following fact plays a key role in what follows.

Theorem 31. For any 6 € Psef(X), the function Vy € PSHyo, (0) is of divisorial type (see Defini-
tion 4). Further, its center Zx(Vp) coincides with the diminished base locus B_(0) (see Section 1.1).

The proof relies on the next result, which corresponds to [40, Corollary III.1.11] (see also [6,
Theorem 3.12] in the analytic context).
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Lemma 32. Pick 0 € Psef(X), and assume E,,...,E, c X are distinct prime divisors such that
ordg; (0) > 0 for all i. Then [E:],...,|E;] are linearly independent in NY(X). In particular, r <
p(X) = dimN'(X).

Proof. We reproduce the simple argument of [8, Theorem 3.5(v)] for the convenience of the
reader. By (11), after adding to 8 a small enough ample class we assume that 0 is big. Suppose
Y i CilE;] = 0with ¢; € R, so that G :=}_; ¢; E; is numerically equivalent to 0, and choose 0 < € < 1
such that ordg, () + ec; > 0 for all i. Pick any effective R-divisor D =6 and set D' := D + ¢G. Then
D' is effective, since

ordg, (D) = ordg, (D) + £¢; = ordg, (0) + £¢; >0
for all i. Since G =0, we also have D’ = 6, and (12) thus yields for each i

ordg, (0) < ordg, (D") = ordg, (D) + €¢;.

Taking the infimum over D we get ordg, (0) < ordg, (0) + £c; (see Proposition 28 (ii)), i.e. ¢; = 0 for
all i. Thus G =0, and hence G = 0, since G = 0. This proves c¢; = 0 for all i which shows, as desired,
that the [E;] are linearly independent. U

Proof of Theorem 31. By (10), the first assertion means that there are only finitely many prime
divisors E c X such that ordg(0) > 0, and is thus a direct consequence of Lemma 32. Pick v € X div,
The second point is equivalent to v(0) > 0 & cx(v) € B_(8). When 0 is big, this is the content
of [22, Theorem B]. In the general case, pick w € Amp(X). Then v(f) > 0 iff v(8 + ew) > 0 for
0 <& <1, by (11), while cx(v) € B_(0) iff cx(v) € B_(0 + ew) for 0 < € < 1, by (1). The result
follows. O

For later use, we also note:

Lemma 33. For any polyhedral subcone C c Psef(X), we have:
(i) @~ v(8) is continuous on C for all ve X4;
(ii) the set of prime divisors E c X such that ordg(0) > 0 for some0 € C is finite.

Proof. As mentioned in Remark 30, any convex, Isc function on a polyhedral cone is continuous
(see [27]), and (i) follows. To see (ii), pick a finite set of generators (6;) of C. Each 0 € C can be
written as 0 = }_; t;0; with t; = 0. By convexity and homogeneity of minimal vanishing orders,
this implies ordg(0) < Y_; t;ordg(6;), so that ordg(0) > 0 implies ordg(6;) > 0 for some i. The
result now follows from Lemma 32. O

5. Zariski decompositions

Next we study the close relationship between the extremal function in Section 4, and the various
versions of the Zariski decomposition of a psef numerical class.

5.1. The b-divisorial Zariski decomposition

Pick e N}(X) a psef class. By Theorem 31, the function X5y p@) = —Vp(v) is of divisorial
type. We denote by
N(®) € Z; (g

the corresponding effective b-divisor, which thus satisfies
YN () = v(N@)) = v(0) = -Vy(v)
for all v e X9V,
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Theorem 34. For any0 € Psef(X), the b-divisor class
P(6) :=60 - [N(0)] e N}, (X)
is nef, and N(0) is the smallest effective b-divisor with this property. Moreover,
N(@©) =N@)y (13)
for all birational models Y — X.

We call § = P(6) + [N()] the b-divisorial Zariski decomposition of 6. At least when @ is big, this
construction is basically equivalent to [33, Theorem D], and to the case p =1 of [9, §2.2].
Note that the b-divisorial Zariski decomposition is birationally invariant:

Lemma 35. For any0 € Psef(X) and any birational modeln: Y — X, we have
N@#@*0)=N@©®) and Pn*6)=P()
inZ, (X)r = Z} (Y)g and NJ, (X)g = N} (Y)g, respectively.
Proof. Since PSH(x*0) = n* PSH(#), see (2), we have V;+g = 1* Vp, and the result follows. O

Proof of Theorem 34. Since y_y@) = Vp is 0-psh, Proposition 15 shows that 0 — [N(9)] is nef,
which yields the last point, by the Negativity Lemma (see Lemma 11). Conversely, if E € lej (Xr
is effective with 6 — [E] nef, then —y g € PSHypom (0), again by Proposition 15. Thus —yg < Vpy =
—¥n), and hence E = N(0). 0

As a consequence of Proposition 28, we get

Corollary 36. The map Psef(X)360— N(0) € le)(X ) is homogeneous, Isc, and convex.

5.2. The divisorial Zariski decomposition

For any 0 € Psef(X), we denote by Nx () := N(f) x the incarnation of N() € le)(X)R on X, which
thus satisfies

Nx(©6) = ) ordg(®)E (14)
EcX
with E ranging over all prime divisors of X, and ordg(0) = 0 for all but finitely many E.

For any effective R-divisor D on X with numerical class [D] € Psef(X), (12) yields
Nx (D) :=Nx([D]) = D. (15)
More generally, the following variational characterization holds.
Theorem 37. For any0 € Psef(X), the class
Px(0):=0 - [Nx(0)] eN'(X)

is movable, and Nx (0) is the smallest effective R-divisor on X with this property.

Following [6], we call the decomposition

0 =Px(0) + [Nx(0)]

the divisorial Zariski decomposition of 8. It coincides with the o -decomposition of [40].

Proof of Theorem 37. By definition, Px(0) is the incarnation on X of 6 - [N(9)]. By Theorem 34,
the latter class is nef, and Px (0) is thus movable, by Lemma 10.

To prove the converse, assume first that 6 is movable. We then need to show Nx(0) = 0, i.e.
ordg(0) = 0 for each E c X prime (see (14)). By (12), this is clear if @ = ¢; (L) for a big line bundle
L with base locus of codimension at least 2. Since the movable cone Mov(X) is generated by the
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classes of such line bundles, the continuity of 6 — ordg(8) on the big cone yields the result when
0 is further big, and the case of an arbitrary movable class follows by (11).

Finally, consider any 0 € Psef(X) and any effective R-divisor D on X such that 6 — [D] is
movable. For any E c X prime we then have ordg(0 — [D]) = 0 by the previous step, and
ordg([D]) < ordg(D) by (15)). Thus

ordg(0) < ordg (0 — [D]) + ordg(D) = ordg (D).
This shows N (0) < D, which concludes the proof. U

Remark 38. Theorem 37 implies the following converse of Lemma 10: a class 8 € N'(X) is
movable iff 8 = a x for a nef b-divisor class a € Nef}, (X).

Corollary 39. Pick 0 € Psef(X) and a prime divisor E c X. Then (8 —ordg(0)E)|g € NYE) is
pseudoeffective.

Proof. We have 0 —ordg(0)[E] = Px(0) + X_ppordr(0)[F], where F ranges over all prime divisors
of X distinct from E. Since Px(0) is movable, Px (0)|g is psef. On the other hand, [F]|g is psef for
any F # E, and the result follows. O

Lemma 40. For any 0 € Psef(X) and any birational modeln: Y — X, the incarnation of N(6) on
Y coincides with Ny (n*6). Further, the following are equivalent:

(i) the b-divisor N(0) is R-Cartier, and determined on Y;
(i) Py(n*0) is nef.

Proof. The first point follows from Lemma 35. If (i) holds then the nef b-divisor class 0- N(0) is
R-Cartier and determined on Y. Thus (0 —N())y = %0 — Ny (#*0) = Py (n*0) is nef, and hence
(1) = (ii).

Conversely, assume (ii). Then N(8)y = Ny (z*0) is an effective b-divisor, and the b-divisor
class 0 — [IN@)y] =Py (n*0) is nef. By Theorem 34 this implies N(0) < N(0)y, while N(6) = N(@)y
always holds (see (13)). This proves (ii) = (i). O

Since any movable class on a surface is nef, we get:
Corollary 41. If dim X =2 then N(0) = Nx(0) for all 0 € Psef(X).

In contrast, see [40, Theorem IV.2.10] for an example of a big line bundle L on a 4-fold X such
that the b-divisor N(L) is not R-Cartier, i.e. Py (x* L) is not nef for any model z: ¥ — X.

5.3. Zariski exceptional divisors and faces

This section revisits [6, §3.3].

Definition 42. We say that:

(i) an effective R-divisor D on X is Zariski exceptional if Nx(D) = D, or equivalently,
Px(ID)) =0;
(i) afinite family (E;) of prime divisors E; c X is Zariski exceptional if every effective R-divisor
supported in the E;’s is Zariski exceptional.
We also define a Zariski exceptional face F of Psef(X) as an extremal subcone such thatPx |r = 0.

Here a closed subcone C c Psef(X) is extremal iff a, § € Psef(X), @ + 8 € C implies a, € C.
We first note:

Lemma 43. An effective R-divisor D on X is Zariski exceptional iff N(D) = D.
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Proof. Assume Nx (D) = D. Then N(D) < D, by Theorem 34, and N(D) = Nx (D) = D (see (13)).
The result follows. O

The above notions are related as follows:

Theorem 44. The following properties hold:

(i) if E c X is a prime divisor, then E is either movable (in which case E|g is psef), or it is

Zariski exceptional;

(i) the set of Zariski exceptional families of prime divisors on X is at most countable;

(iii) for any 0 € Psef(X), the irreducible components of Nx(0) form a Zariski exceptional
family; in particular, Nx (0) is Zariski exceptional;

(iv) each Zariski exceptional family (E;) is linearly independent in N'(X), and generates a
Zariski exceptional face F := Y ; R>[E;] of Psef(X);

(v) conversely, each Zariski exceptional face F of Psef(X) arises as in (iv).

Proof. Assume E c X is a prime divisor. Then Nx (E) < E (see (15)), and hence Nx (E) = cE with
ce[0,1]. If c = 1, then E is Zariski exceptional. Otherwise,

E=(1-0 " (E-Nx(E)=(1-¢)'Px(E)

is movable (and ¢ = 0). This proves (i).

To see (ii), note that a Zariski exceptional prime divisor satisfies E = Nx(E), and hence is
uniquely determined by its numerical class [E] € N'(X)g. As a consequence, the set of Zariski
exceptional primes is at most countable, and hence so is the set of Zariski exceptional families.

Pick 0 € Psef(X). We first claim that D := Nx () is Zariski exceptional. Since Px(0) = 6 —[D]
and Px (D) = [D — Nx(D)] are both movable, 8 — [Nx(D)] is movable as well. Theorem 37 thus
yields Nx (D) = Nx(0) = D, which proves the claim in view of (15). Denote by D = Z;:l c;E;
the irreducible decomposition of D, and set f;(x) := ordg; (Zj x;jE;) for 1 =i < r. This defines a
convex function f;: RL ) — Rxo which satisfies f;(x) < x; for all x, by (15). Since equality holds at
the interior point x = c € [R;O, we necessarily have f;(x) = x; forall x € [R;O, which proves (iii).

Next pick a Zariski exceptional family (E;). By Lemma 32, the [E;] are linearly independent
in N1(X). By definition, we have Px = 0 on F := )} ; R>¢[E;]. To see that F is an extremal face of
Psef(X), pick D := Y ; ¢c;E; with ¢; = 0, and assume [D] = a +  with a, § € Psef(X). We need to
show that both a and S lie in F. By Definition 42 we have D = Nx (D) < Nx(a) +Nx(B), and hence

INx(@)]+ [Nx(B)] = Px(a) + Px(B) + [Nx ()] + [Nx ()] = @+ f = [D] < [Nx(@)] +Nx(B)], (16)

with respect to the psef order on N!(X). Since Psef(X) is strict, we infer Px(a) = Px(B) =0and
[D] = [Nx(a)] + [Nx(B)]. Since Nx(a) + Nx(B) — D is effective, it follows that Nx(a) + Nx(8) = D.
This implies that Nx(a) and Nx(f) are supported in the E;’s, which proves, as desired, that
a =[Nx(a)] and B = [Nx(B)] both lie in F. Thus (iv) holds.

Conversely, assume that F c Psef(X) is a Zariski exceptional face, and pick a class 6 in its
relative interior F. By (iii), the components (E;) of Nx(0) form a Zariski exceptional family, which
thus generates a Zariski exceptional face F' := Y ; Rxo[E;]. Since F and F' are both extremal faces
containing 6 in their relative interior, we conclude F = F’, which proves (v). O

As a result, Zariski exceptional families are in 1-1 correspondence with Zariski exceptional
faces, which are rational simplicial cones generated by Zariski exceptional primes.

For surfaces, the notions above admit the following interpretation: see e.g. Theorems 5.4
and 4.8 in [6]:
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Theorem 45. Assumedim X =2. Then:

() afinite family (E;) of prime divisors on X is Zariski exceptional iff the intersection matrix
(E; - E}) is negative definite;

(i) forany0 e Psef(X), 8 =Px(0)+[Nx(0)] coincides with the classical Zariski decomposition,
i.e. Px(0) is nef, Nx(0) is Zariski exceptional, and Px (0) -Nx (0) = 0.

5.4. Piecewise linear Zariski decompositions

We introduce the following terminology:

Definition 46. Given any convex subcone C c Psef(X), we say that the Zariski decomposition
is piecewise linear (PL for short) on C if the map N: C — le) (X)r extends to a PL map N'(X) —
Ztl’ (X)r, i.e. a map that is linear on each cone of some finite fan decomposition of N'(X). If the
fan and the linear maps on its cones can further be chosen rational, then we say that the Zariski
decomposition is Q-PL on C.

Lemma47. Let C c Psef(X) be a convex cone, and assume that C is written as the union of finitely
many convex subcones C;. Then the Zariski decomposition is PL (resp. Q-PL) on C iff it is PL
(resp. Q-PL) on each C;.

Proof. The “only if” part is clear. Conversely, assume the Zariski decomposition is PL (resp. Q-
PL) on each C;. After further subdividing each C; according to a fan decomposition of NL(X),
we may assume that there exists a linear (resp. rational linear) map L;: N!(X) — le) (X)gr that
coincides with N on C;. If C; has nonempty interior in C, then L;|vecic is uniquely determined
as the derivative of N at any interior point of C;, and we have N = L; on C by convexity of N, see
Corollary 36. Set F := max; L;, where the maximum is over all C; with nonempty interior in C.
Then F: N(X) — lej (X)r is PL (resp. Q-PL), N = F on C, and equality holds outside the union A
of all C; with empty interior in C. Since A has zero measure, its complement is dense in C. Since
N —F is Isc, see Corollary 36, we infer N < F on C, which proves the “if” part. U

As a consequence of [22, Theorem 4.1] and its proof (especially Proposition 4.7) we have:

Example 48. If X is a Mori dream space (e.g. of log Fano type), then:

o for each 0 € Psef(X), the b-divisor N(0) is R-Cartier;
» Psef(X) is a rational polyhedral cone;
o the Zariski decomposition is Q-PL on Psef(X).

The next result is closely related to the theory of Zariski chambers studied in [2].

Proposition 49. Ifdim X = 2, then the Zariski decomposition is Q-PL on any convex cone C C
Psef(X) with the property that the set of prime divisors E c X with ordg(0) > 0 for some 0 € C is
finite.

By Lemma 33 (ii), the finiteness condition on C is satisfied as soon as C is polyhedral.

Proof. For each Zariski exceptional face F of Psef(X) with relative interior 1:", set Zp := N}l (1:").
Thus 0 € Psef(X) lies in Z iff the irreducible decomposition of Nx («) are precisely the generators
of F. By Theorem 45 (ii), Zr is a convex subcone of Psef(X) (whose intersection with Big(X) is a
Zariski chamber in the sense of [2]); further, Nx |z, : Zr — F is the restriction of the orthogonal
projection onto Vect F, which is a rational linear map. By Corollary 41, the Zariski decomposition
is thus Q-PL on Zg. Finally, the finiteness assumption guarantees that C meets only finitely many
Zr’s, and the result is thus a consequence of Lemma 47. O
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We conclude this section with a higher-dimensional situation in which Zariski decompositions
can be analyzed. Assuming again that dim X is arbitrary, consider next a 2-dimensional cone
C = N!(X) generated by two classes 0, a € N!(X) such that § € Nef(X) and a ¢ Psef(X). Set

Chet := CNNef(X) € Cpser:= CNPsef(X) < C,
and introduce the thresholds
Anef :=supil =016 + Aa € Nef(X)}, Apset:=sup{A=0] 0+ Aa € Psef(X)},

50 that Cyef (resp. Cpsef) is generated by 0 and Oper := 0 + Apef@ (r€SP. Opse := 0 + Apgera).
The next result is basically contained in [41, §6.5].

Proposition 50. With the above notation, suppose that C contains the class of a prime divisor
S c X such that Nef(S) = Psef(S) and S|s is not nef. Then:
(i) Opser = t[S] witht>0;
(i) Aner=A3 c:=sup{A=0](0+Aa)ls € Nef(S)};
(iii) the Zariski decomposition is PL on Cpset, With

N=00nCpef, N(abnet+ b[S]) = bS foralla,b=0.

Proof. The assumptions imply that S|g is not psef. By Theorem 44 (i), S is thus Zariski excep-
tional, and [S] generates an extremal ray of Psef(X). This ray is also extremal in Cpgsef, which
proves (i).

Next, note that Apef < Aflef < Apse, by (i). Pick a curve y < X. We need to show 0+ Aflefa) -y =0.
This is clear if y S (since (6 + A5 .a)|s is nef), orif a-y = 0 (since §-y = 0 and A5 . = 0). Otherwise,
we have S-y=0and a-y <0, and we get again (0 + Agefa) -y =0 since

0+ A5 10 = Opger + (A5 = Apse) @ = t[S] + (A5 o — Apsen)

with A3 — Apeer < 0. This proves (ii).

For (iii), note that N = 0 on Nef(X) > C,ef (see Theorem 34). Further, N([S]) = S (see Lemma 43),
and hence N(afpef + b[S]) < bSfora,b=0.In particular, ¢ := ords(afpet + b[S]) < b. On the other
hand, (13) yields

N(aBpet + bIS]) = N(abpet + bIS]) = ¢S,
and it thus remains to see ¢ = b. By Corollary 39, ((aOnet + b[S]) — c[S]) |s lies in Psef(S) = Nef(S).
By (ii), we infer afycs+ (b— ¢)[S] € Cpef, and hence b— ¢ = 0, since Cper = Rx08 + Rx(0yf intersects
R>0Onef + R0 [S] only along R>(0Opef. O

6. Green’s functions and Zariski decompositions

In this section we fix an ample class w € Amp(X).

6.1. Green’s functions and equilibrium measures

A subset X c X?" is pluripolar if Z c {¢ = —oc} for some ¢ € PSH(w). By [13, Theorem 4.5], X is
nonpluripolar iff

T(Z):= sup (supg—supe) € [0,+o0o]
ePSH(w) )

is finite. The invariant T(X), which plays an importantrole in [5, 14], is modeled on the Alexander—
Taylor capacity (which corresponds to e~ ') in complex analysis.

Definition 51. For any subset X < X" we set

Qs = @Pu,s :=sup{p € PSH(w) | |5 < 0}. 17)
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Note that @5 (Vyiv) = sup@s = T(Z), and hence
@> €PL(X) =T(E) Q. (18)

Theorem 52. For any compact subset X c X", the following holds:
(i) @ =supip € CPSH(w) | pls < 0}; in particular, s is Isc;

(ii) ifZ is pluripolar then ¢ = +oo;
(iii) if = is nonpluripolar, then @3 is w-psh and nonnegative; further, pus := MA(3) is sup-
ported in Z, [@% us =0, and ys is characterized as the unique minimizer of the energy

|l over all Radon probability measures p with supportinX.

Since the energy of a Radon probability measure p only appears in this statement, we simply
recall here that it is defined as

lwll = sup (E(w)—fwu)€[0,+oo], (19)
pe&l(w)

and refer to [13, §9.1] for more details.

Definition 53. Assuming X is nonpluripolar, we call us its equilibrium measure, and @3 its
Green’s function.

The latter is characterized as the normalized potential of us (in the terminology of [15, §1.6]),
i.e. the unique ¢ € &' (w) such that MA(¢) = s and [ @ us = 0.

Proof of Theorem 52. Denote by ¢ the right-hand side in (i), which obviously satisfies ¢ < ¢5.
Pick ¢ € PSH(w) with ¢|s < 0, and write ¢ as the limit of a decreasing net (¢;) in CPSH(w). For
any £ > 0, a Dini type argument shows that ¢; < £ on X for i large enough. Thus ¢; < ¢ +¢, and
hence ¢ < ¢ + . This shows ¢y < ¢§, which proves (i).

Next, (ii) and the first half of (iii) follow from [13, Lemma 13.15]. Since the negligible set
{ps < (pg} is pluripolar (see [13, Theorem 13.17]), it has zero measure for any measure p of finite
energy [13, Lemma 9.2]. If u has support in Z, this yields [¢3u = [¢zp = 0. By (19) we infer
[lgell = E((pg) = |lu=|l. This proves that yz minimizes the energy, while uniqueness follows from
the strict convexity of the energy [13, Proposition 10.10]. O

Further mimicking classical terminology in the complex analytic setting, we introduce:
Definition 54. We say that a compact subset . < X" isregular if ¢z € CPSH(w).
In particular, X is then nonpluripolar (see Theorem 52).

Lemma 55. For any compact subset ~ < X", the following hold:

() X isregulariffpi<0onZ;
(ii) the regularity of X is independent of w € Amp(X);
(iii) ifXc X0 then s is regular.

Proof. If X is regular, then ¢ = @5 vanishes on X. Conversely, assume ¢3 < 0 on X. By (ii) and
(iii) of Theorem 52, X is necessarily nonpluripolar, and (pg is w-psh. Itis thus a competitor in (17),
which implies that @5 = ¢3 is w-psh, and also continuous by Theorem 52 (i).

Assume ¥ is regular for w, and pick o’ € Amp(X). Then fw — ' is nef for ¢ > 1, and hence
PSH(w') < tPSH(w). This implies Y5 < L@, s, and hence (p:),,z < t@y,s. In particular, (P:)/_Z|z <
0, which proves that X is regular for w’, by (i).

Finally, assume X c xin Since {ps < (pg } is pluripolar (see [13, Theorem 13.17]), it is disjoint
from X!, Asaresult, (pg € PSH(w) vanishes on X, and it again follows from (i) that X isregular.
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6.2. The Green'’s function of a real divisorial set

In what follows, we consider a real divisorial set, by which we mean a finite set X c Xu%i" of real
divisorial valuations. By Lemma 55 (iii), Z c xlin jg regular, i.e. ¢z € CPSH(w). When X = {v} for a
single v € X[g“’, we simply write @, := @s.

Example 56. Assume w = c¢;(L) with L € Pic(X)g ample and v € X9V Then v is dreamy (with
respect to L) in the sense of K.Fujita iff ¢, € A#°(L); see [14, §1.7, Appendix A].

If vyiv € 2, then @5 =0, and we henceforth assume vy, ¢ . Pick a smooth birational model
m: Y — X which extracts each v € X, i.e. v = t, ordg, for a prime divisor E, c Y and ¢, € R5¢. We
then introduce the effective R-divisor on Y

D:=) t;'E,,
a
whose set of Rees valuations I'p coincides with X (see Definition 16).

Theorem 57. With the above notation, the following holds:
(i) supes =T(Z) coincides with the pseudoeffective threshold

Apset :=max{A=0|7*w—AD € Psef(Y)};

(see

sef

(ii) ¢z € CPSH(w) is of divisorial type, and the associated family of b-divisors (Bx) <y,
Theorem 18) is given by

B - N@*w—AD) +AD  for A € [0, Adpse]
o forA<o.

Proof. Pick A € R. For any ¥ € PSH(w), we have ¢ + A < g5 © |z < —A, and hence
@3 = sup{y € PSHyom (@) |z < - ).

When A < 0 this yields @’21 = 0. Now assume A > 0. Using Proposition 17 and PSHyp, (1* w) =
¥ PSHpom (0), we get

7*@% = sup{t € PSHpom (1* @ = AD)} = MWp = Vg p_ap — MWD (20)

Now the left-hand side is not identically —co iff A < sup ¢, while for the right-hand side this holds
iff A < Apser, by Proposition 27. This proves (i), and also (ii), by Theorem 31. O

Corollary 58. The center of s satisfies
Zx(pz) =7 (B_ (1" 0 — ApsetD)) U Zx (2).
In particular, Zx (¢x) is Zariski dense in X iff B_(n*w — ApsetD) is Zariski dense in Y .
Proof. By Lemma 22, we have
Zx(px) = Zx (@3 ) = n(Zy (w* P35 )).

It follows from Theorem 57 and its proof that

* ~max _
T @y = Vn*w—lpsefD - ApsefWD-

Now Zy (Vixw-ppeD) = B_ (7" w — ApserD) by Theorem 31, whereas we see from Example 21 that
Zy(—/lpsefll/p) = Zy (%), so we conclude using Lemma 25. O
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6.3. Dimension one and two

In this section we consider the case dim X < 2.

Proposition 59. Ifdim X = 1, then for any real divisorial set~ XU%“’, we have ¢s € RPL* (X). Ifw
is rational and £ < X%, then we further have @5 € PL* (X).

Proof. We may assume vy ¢ Z, or else ¢y = 0. Thus assume Z = {v;};¢;, where v; = t; 0rdy,,
t; € Rso, and p; € X is a closed point. We may assume p; # p; for i # j, or else ¢s = ¢y for
X' = {vi}jer, where I' I is defined by i € I' iff for all j # i, either p; # p; or t; > t;. Under these
assumptions,

Ps = Amax{l +) t;lloglmpil,o},
i

where A > 0 satisfies AY; tl.‘l = degw, see [13, Example 3.19]. Thus ¢z € RPL*(X). Further, if
> c X4 then t; € Qs for all i, so if w is rational, then A € Qs¢, and hence @y € PL* (X). O

Theorem 60. If dim X = 2, then for any real divisorial set = c X3V, we have @5 € RPL* (X). If w is
rational and = < X, then we further have

¢z € PL(X) < @5 € PL* (X) < T(Z) € Q. (21)
We will see in Example 63 that T(Z) can be irrational.

Lemma 61. Assume dim X < 2, and pick B € Cary,(X)r. Then B is relatively nef iff it is relatively
semiample.

Proof. Assume B is relative nef, and pick a determination 7: ¥ — X of B. The relatively nef cone
of N'(Y/X) is dual to the cone generated by the (finite) set of 7-exceptional prime divisors, and
is thus a rational polyhedral cone. As a consequence, we can write By = }_; t; D; with ¢; > 0 and
D; € Div(Y)gq relatively nef. By [38, Theorem 12.1(ii)], each D; is relatively semiample, and the
result follows. U

Proof of Theorem 60. Use the notation of Theorem 57. By Proposition 49, the Zariski decompo-
sition is Q-PL on the cone
C =Ry w+Ry[-D]) NPsef(Y) = Ry ™ w + Ry (% @ — Apgef[ D).
We can thus find 0= 1 <2 <-+- <Ay = Apser such that
A— By =—(N(n*w - A[D]) + AD)
is affine linear on [A;, A;41] for 1 < i < N. Setting B; := By, it follows that

psz= sup {yp, +A}= max{yp +A;}.
AE[Ov/‘lpsef] 1<i<N

Since w + [B;] is nef, the antieffective divisor B; is relatively nef, and hence relatively semiample

(see Lemma 61). By Proposition 7, we infer ¢, € PLﬁom(X)R, and hence @y € RPL" (X).

Now assume @ and T(Z) = Apf are both rational, and that £ < X4V, Then D is rational as well,
and C is thus a rational polyhedral cone. Since the Zariski decomposition on C is the restriction
of a Q-PL map on N!(Y), this implies that the A; above can be chosen rational. Using again that
the Zariski decomposition is Q-PL on C, we infer that B; is a Q-divisor, hence v, € PL;;om(X)’
which shows ¢y € PL* (X). The rest follows from (18). 0

7. Examples of Green’s functions

We now exhibit examples of Green’s functions with various types of behavior. These examples
serve as the underpinnings of Theorems A and B of the introduction.
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7.1. Divisors on abelian varieties

As a direct application of Theorem 57, we show:

Proposition 62. Assume Nef(X) = Psef(X). Consider a real divisorial set X = {vy} < XD%“" with
Vg = tqordg, for Eq c X primeand ty >0, and setD:= Y, t;lEa. Then

T(Z) = Apsef =sup{l=0|w—AD e Psef(X)}

and
¢z =T(Z)max{0,1-yp}.
In particular, s € RPLY (X). If we further assume X c X v then

@3 EPL(X) <= ¢s € PLY(X) = T(Z) € Q. (22)

Proof. Using the notation of Theorem 57, we have N(w — AD) = 0 for A < Apger = T(Z). Thus
(ﬁ’zl = —-Ayp, and hence
@z= sup {A—Ayp}=Apermax{0,1-yp}.
0=A=Apgef
Since —wp = Yo t;'10g|Gx (— Eg)| lies in PL* (X)g, it follows that ¢y € RPL*(X). If £ < X9V, then
D is a Q-divisor, and hence —yp € P (X). If we further assume T(Z) € Q, we get s € PL* (X),

hom
and the remaining implication follows from (18). g

Example 63. Suppose X is an abelian surface, w = ¢;(L) with L € Pic(X)g ample, and v = ordg
with E ¢ X a prime divisor. Then Nef(X) = Psef(X), and T(v) = A is the smallest root of the
quadratic equation (L — AE)? = 0, see [34, Remark 1.5.6]. If X has Picard number p(X) = 2,
then Apsef is irrational for a typical choice of L and E, and hence ¢, ¢ PL(X). (Compare [34,
Example 2.3.8]). In particular, v is not dreamy (with respect to L) in the sense of Fujita, see
Example 56.

7.2. The Cutkosky example

Building on a construction of Cutkosky [21] and Proposition 50 (itself based on [41, §6.5]), we
provide an example of a divisorial valuation on P3 for which (21) fails. This relies on the following
general result.

Proposition 64. Consider a flag of smooth subvarieties Z < S ¢ X with codimS =1, codim Z = 2
and ideals bg c by c Ox, and assume that
i) S=w;
(ii) Nef(S) = Psef(S);
(iii) wls—Z isnotnefons, i.e. Aﬁef :=sup{l=0]|w|s—A[Z] € Nef(S)} < 1.

The Green'’s function of v:= ord, € X4V is then given by

@, =max{0,A .(log|bz| +1),log|bs| +1}.

nef
In particular, T(v) = 1, ¢, € RPL* (X), and
¢y €PL(X) = ¢, e PL*(X) = 15 ;€ Q.

Proof. Let 7: Y — X be the blowup along Z, with exceptional divisor E, and denote by S’ =
7*S — E the strict transform of S. Since Z has codimension 1 on S, 7 maps S’ isomorphically
onto S, and takes S'|¢ = 7*S|g — Elg to S|ls — Z = w|s — [Z]. By (ii) and (iii), we thus have
Nef(S") = Psef(S'), and S'|¢ is not nef.
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Consider the cone C « N!(Y) generated by 0 := 7*w € Nef(Y) and a := —[FE] ¢ Psef(Y). Since C
contains the class of &', it follows from Proposition 50 that

1 = Apget := supi{l = 0| 7*w — A[E] € Psef(Y)}

and A — N(n*w—AE) vanishes on [0, )Llslef], and is affine linear on Mflef’ 1], with value S’ at A = 1. By
Theorem 57, the concave family (By)<; of b-divisors associated to ¢, is affine linear on (—oo, 0],
[0,A5 ;] and [AS 1], with value

ef] nef’

By=0, AE and S'+E=S
at 1 =0, /lflef and 1, respectively. By (6), the result follows, since -y = log|bz| and —yg =

log|bs]. O

Example 65. Assume k = C, and set (X,L) = (P3,0(4)). By [21], there exists a smooth quartic
surface S ¢ X without (-2)-curves, and hence such that Nef(S) = Psef(S), containing a smooth
curve Z such that /lflef is irrational and less than 1. By Proposition 64, we infer T(v) = 1 and
¢, € RPL* (X) \ PL(X) (in contrast with (21)).

7.3. The Lesieutre example

Based on an example by Lesieutre [35], we now exhibit a Green’s function that is not R-PL. This
forms the basis for Theorem B in the introduction.

Proposition 66. Suppose that X admits a class 0 € Psef(X) whose diminished base locus B_(0) is
Zariski dense. Then there exist w € Amp(X) and v € XW such that Zx(Qw,v) is Zariski dense in X.
In particular, ¢y,, ¢ RPL(X).

Proof. Note first that § cannot be big. Otherwise, there would exist an effective R-divisor D = 6,
and hence B_(0) would be contained in supp D. Pick an ample prime divisor E on X, choose
¢ € Q¢ large enough such that w := 6 + c[E] is ample, and set v := clordg € X9V Since w
is ample and w - c[E] = 0 lies on the boundary of Psef(X), the threshold Apser = sup{d = 0 |
w — ALE] € Psef(X)} is equal to c. Thus B_ (w — Apsef E]) is Zariski dense, and hence so is Zx (¢, 1),
by Corollary 58. The last point follows from Lemma 26. g

Example 67. By [35, Theorem 1.1], the assumptions in Proposition 66 are satisfied when k = C
and X is the blowup of P? at nine sufficiently general points.

If 6 in Proposition 66 is rational, then the proof shows that w can be taken rational as well, i.e.
o = ¢1(L) for an ample Q-line bundle. While no such rational example appears to be known at
present, we can nevertheless exploit the structure of Lesieutre’s example to get:

Proposition 68. Set (X,L) := (P3,6(1)). Then there exists a finiteset X c X[gi" such that Zx (¢ s)
is Zariski dense in X, and hence @15 ¢ RPL(X).

Proof. Let: Y — X be the blowup at nine sufficiently general points, and denote by Z?:l E; the
exceptional divisor. By [35, Remark 4.5, Lemma 5.2], we can pick D = Y_; ¢; E; with ¢; € R5o such
that the diminished base locus of 7* L — D is Zariski dense. As above, this implies that this class
lies on the boundary of the psef cone (it even generates an extremal ray, see [35, Lemma 5.1]), and
the psef threshold

Apset = SUp{A = 0| 7*L—AD € Psef(Y)}
is thus equal to 1. The result now follows from Corollary 58, with X~ = {ci’l ordg, }1<i<9- O

It is natural to ask:

Question 69. Can an example as in Proposition 68 be found with > c X41V?
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8. The non-trivially valued case

In this section, we work over the non-Archimedean field K = k((@)) of formal Laurent series, with
valuation ring K° := k[[@]. We use [10] as our main reference.

Thus X now denotes a smooth projective variety of dimension n over K. (In Section 9, it will be
obtained as the base change of a smooth projective k-variety). Working “additively”, we view the
elements of the analytification X" as valuations x: K(Y)* — R for subvarieties Y c X, restricting
to the given valuation on K.

8.1. Models

We define a model of X to be a normal, flat, projective K°-scheme & together with the data of an
isomorphism &k =~ X. The special fiber of & is the projective k-scheme %y := & xgpec x Speck.
Each x € X?" can be viewed as a semivaluation on &', whose center is denoted by redg (x) € Zp.
This defines a reduction map redg : X* — %5, which is surjective and anticontinuous (i.e. the
preimage of an open set is closed). For each x € X" we also set

Zo (x) := {redg (x)} € Xy.

The preimage under redy of the set of generic points of & is finite. We denote it by Ty ¢ X??,
and call its elements the Shilov points of . As & is normal, each irreducible component E of
% defines a divisorial valuation x € X3" given by

xg := by ordg, bg := ordg(@);

it is the unique preimage under redg of the generic point of E, and the Shilov points of & are
exactly these valuations xg.

One says that another model &' dominates & if the canonical birational map &' --+ Z ex-
tends to a morphism (necessarily unique, by separatedness). In that case, redy is the composi-
tion of redg with the induced projective morphism %; — 2. The set of models forms a filtered
poset with respect to domination. The set

Xdiv — U Ty
xX

of all divisorial valuations is a dense subset of X?".

8.2. Piecewise linear functions

A Q-Cartier Q-divisor D on a model & of X is vertical if it is supported in %j; it then defines a
continuous function on X?" called a model function. The Q-vector space PL(X) of such functions
is stable under max, and dense in C°(X2").

Definition 70. We define the space RPL(X) of real piecewise linear functions on X" (R-PL
functions for short) as the smallest R-linear subspace of C°(X?") that is stable under max (and
hence also min) and contains PL(X).

Fixamodel . Anideal a c G4 is vertical if its zero locus V (a) is contained in &y. This defines
anonpositive function log|a| € PL(X), determined by minus the exceptional divisor of the blowup
of & along a, and such that

loglal(x) <0 < Zg (x) c V(a). (23)
Functions of the form log|a| for a vertical ideal a € G4 span the Q-vector space PL(X) (see [10,
Proposition 2.2]). As in Section 1.3, it follows that any function in RPL(X) can be written as a
difference of finite maxima of R -linear combinations of functions of the form log|al.
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8.3. Dual complexes and retractions

We use [10, 39] as references.

An snc model is aregular model & such that the Cartier divisor 2 has simple normal crossing
support. Denote by &y = Y_;c; b; E; its irreducible decomposition. A stratum of & is defined as a
non-empty irreducible component of E; := ey E; for some J  I. By resolution of singularities,
the set of snc models is cofinal in the poset of all models.

The dual complex Ag of an snc model & is defined as the dual intersection complex of Z5.
Its faces are in 1-1 correspondence with the strata of &y, and further come with a natural integral
affine structure. In particular, the vertices of Ag are in 1-1 correspondence with the E;’s, and
admit a natural realization in X®" as the set I'q- of Shilov points xg;.

This extends to a canonical embedding Ag — X?" onto the set of monomial points with
respect to }_; E;. The reduction redg (x) € Zp of a point x € Ag- < X" is the generic point of the
stratum of % associated with the unique simplex of Ay containing x in its relative interior. In
particular, Zg (x) is a stratum of Zy. This embeddingis further compatible with the PL structures,
in the sense that the Q-vector space PL(Ag) of piecewise rational affine functions on Ag is
precisely the image of PL(X) under restriction.

If another snc model &’ dominates &, then Ag- is contained in Ag, and PL(Ag) restricts to
PL(Ag). Furthermore, the set

xam . UA% c xan
X

of quasimonomial valuations coincides with the set of Abhyankar points of X, see [10, Re-
mark 3.8] and [29, Proposition 3.7], while the subset of rational points g Ag (Q) coincides with
the set X4V of divisorial valuations. For later use, we also note:

Lemma?71. If% isan snc model, then theimageredg (Agr) € 2 of the dual complex of % under
the reduction map of any other model &' is finite.

Proof. Pickansncmodel & that dominates both & and &’. Then Ay is contained in Ag-», and
redg(Ag) is thus contained in the image of red - (Ag-») under the induced morphism %6’ — 2.
After replacing both & and &' with &, we may thus assume without loss that & = Z’. For any
X € Ag, redg (x) is then the generic point of some stratum of %y, and redg (Ag) is thus a finite
set. O

Dually, each snc model & comes with a canonical retraction pg : X*™ — Ag that takes x € X"
to the unique monomial valuation y = pg (x) such that

o Zg (y) is the minimal stratum containing Zg (x);
¢ x and y take the same values on the E;’s.

This induces a homeomorphism X" = lim o Do which is compatible with the PL structures
in the sense that

PL(X) =Up5 PL(Ag). (24)
P

This implies

RPL(X) = | p5- RPL(Ag), (25)
x

where RPL(Ag) is the space R-PL functions on Ag;, i.e. functions that are real affine linear on a
sufficiently fine decomposition of each face into real simplices.
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8.4. Psh functions and Monge-Ampere measures

We use [10, 11, 26] as references.

A closed (1,1)-form @ € Z"(X) in the sense of [10, §4.2] is represented by a relative numerical
equivalence class on some model &, called a determination of 6. It induces a numerical class
[0] € N}(X). We say that 6 is semipositive, written > 0, if 6 is determined by a nef numerical
class on some model. In that case, [0] is nef as well.

To each tuple 64, ...,8, in Z1' (X) is associated a signed Radon measure 6, A--- A, on X" of
total mass [01]-...- [0,], with finite support in X9V, More precisely, if all §; are determined by a
normal model &, then 0; A --- A0, has supportin 'y (see [11, §2.7]).

Each ¢ € PL(X) is determined by a vertical Q-Cartier divisor D on some model &, whose
numerical class defines a closed (1,1)-form dd¢p € Z'!(X). We say that ¢ is 6-psh for a given
e ZV(X)if0+dd°p =0.

From now on, we fix a semipositive form w € Z"!(X) such that [w] is ample. A function
@: X2 — RU {—oo} is w-plurisubharmonic (w-psh for short) if ¢ # —oo and ¢ can be written as
the pointwise limit of a decreasing net of w-psh PL functions. The space PSH(w) is closed under
max and under decreasing limits.

By Dini’s lemma, the space CPSH (w) of continuous w-psh functions coincides with the closure
in C°(X) (with respect to uniform convergence) of the space of w-psh PL functions.

Each ¢ € PSH(w) satisfies the “maximum principle”

sup ¢ = max¢ (26)
X Ta

for any model & determining w (see [26, Proposition 4.22]). For snc models, [10, §7.1] more
precisely yields:

Lemma 72. Pick ¢ € PSH(w) and an snc model & on which w is determined. Then:

(i) therestriction of ¢ to any face of Ag is continuous and convex;
(ii) thenet (po pa ) is decreasing and converges pointwise to .

Remark 73. The definition of PSH(w) given here differs from the one in [10], but Theorem 8.7
in loc. cit. implies that the two definitions are equivalent.

To each continuous w-psh function ¢ (or, more generally, any w-psh function of finite energy)

is associated its Monge-Ampere measure MA(p) = MA,, (¢), a Radon probability measure on X
uniquely determined by the following properties:

o if @ is PL, then MA(¢p) = V™ (w +dd®¢p)" with V := [w]";

e ¢ — MA(¢) is continuous along decreasing nets.
By the main result of [11], any Radon probability measure u with support in the dual complex Ag
of some snc model can be written as ¢ = MA(¢g) for some ¢ € CPSH(w), unique up to an additive
constant.

8.5. Green’s functions

As in the trivially valued case, we can consider the Green’s function associated to a nonpluripolar
set £ c X, Here we will only consider the following case. Suppose x € X4V is a divisorial point,
and define

Qx =@y x:=supip € PSH(w) | p(x) < 0}.
It follows from [11, §8.4] that ¢, € CPSH (w) satisfies MA(¢,) = 6 and ¢ (x) = 0.

Proposition 74. If dim X =1 and [w] is a rational class, then ¢, € PL(X).
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Proof. This follows from Proposition 3.3.7 in [42], and can also be deduced from properties of
the intersection form on % for any snc model &, as in [23, Theorem 7.17]. O

This proves part (i) of Theorem A in the introduction. We will prove (ii) in Section 9.5.

8.6. Invariance under retraction

It will be convenient to introduce the following terminology:

Definition 75. We say that a function ¢ on X" is invariant under retraction if ¢ = @ o pg for
some (and hence any sufficiently high) snc model X of X.

Example 76. By (24) and (25), a function ¢ € C®(X®") lies in PL(X) (resp. RPL(X)) iff ¢ is invariant
under retraction and restricts to a Q-PL (resp. R-PL) function on the dual complex associated to
any (equivalently, any sufficiently high) snc model.

Remark 77. The condition ¢ = ¢ o pg in Definition 75 is stronger than the “comparison
property” of [36, Definition 3.11], which merely requires ¢ = ¢ o pg to hold on the preimage
under pg of the n-dimensional open faces of some dual complex Ag, i.e. the preimage of the
0-dimensional strata of &j under the reduction map.

Proposition 78. If ¢ € PSH(w) is invariant under retraction, then ¢ € CPSH(w), and MA(yp) is
supported in some dual complex.

The first point is a direct consequence of Lemma 72, while the second one is a special case of
the following more precise result. Recall first that the w-psh envelope of f € C°(X?") is defined as
P(f) =P, (f) :=sup{p e PSHw) | ¢ < f}.

By [10], it lies in CPSH(w).
Theorem 79. For any ¢ € CPSH(w) and any snc model & on which w is determined, the following
properties are equivalent:
(i) MA(y) is supportedin Ag:;
(i) ¢ =P(popax).
Proof. For any v € PSH(w), we have ¢ < o pg (see Lemma 72 (ii)), and hence
P(popg) =sup{y e PSH(w) |y < p on Ag}. 27

Assume (i). By the domination principle (see [11, Lemma 8.4]), any ¥ € PSH(w) such that ¢ < ¢
on supp MA(¢) c Ag satisfies ¢ < ¢ on X?™. In View_ of (27) this yields (ii). Conversely, assume (ii).
For any finite set of rational points £ c Ag (Q) ¢ X div consider the envelope

@s :=sup{y e PSH(w) | ¢ < ¢ on Z}.

Then @5 lies in CPSH(w), and MA(¢s) is supported in X (see [11, Lemma 8.5]). The net (¢5),
indexed by the filtered poset of finite subsets ~ < Ag (Q), is clearly decreasing, and bounded
below by ¢. Its limit v := limy @5 is thus w-psh, and we claim that it coincides with ¢. Indeed, we
have ¢ < ¢ on Uz X = A2 (Q), and hence on Ag, where both ¢ and ¢ are continuous. By (27), this
yields ¢ < P(¢o pa) = ¢. By continuity of the Monge-Ampere operator along decreasing nets, we
infer MA(¢ps) — MA(¢p) weakly on X, which yields (i) since each MA(¢y) is supported in Ag. U

In view of Proposition 78 and Example 76, it is natural to conversely ask:

Question 80. If the Monge-Ampere measure MA,, (¢) of ¢ € CPSH(w) is supported in some dual
complex, is ¢ invariant under retraction?



36 Sébastien Boucksom and Mattias Jonsson

This question appears as [25, Question 2], and is equivalent to asking whether ¢ o pg is w-psh
for some high enough model &, by Theorem 79. In Example 99 below (see also Theorem A) we
show that the answer is negative. In this example, the support of MA,, (¢) is even a finite set. One
can nevertheless ask:

Question 81. Assume that ¢ € CPSH(w) is such that the support of the Monge-Ampeére measure
MAy, () is a finite set contained in some dual complex.

(i) is¢@ R-PL on each dual complex?
(i) ifw isrational, is ¢ Q-PL on each dual complex?

Example 99 below provides a negative answer to (ii). Indeed the function ¢ in this example
is R-PL but not Q-PL, and by (24), (25), this implies that ¢ fails to be Q-PL on some dual
complex Ag. The answer to (i) is also likely negative in general, as suggested by Nakayama’s
counterexample to the existence of Zariski decompositions on certain toric bundles over an
abelian suface [40, p. IV.2.10].

Question 82. Suppose X is a toric variety, and let ¢ € CPSH (w) be a torus invariant w-psh function
such that MA, () is supported on a compact subset of Ng < X®". Is @ invariant under retraction?

Question 83. If ¢ € CPSH(w) is invariant under retraction, is the same true for ¢|zan, if Z < X is
a smooth subvariety?

8.7. The center of a plurisubharmonic function

We end this section by a version of Theorem 24 in our present context. In analogy with (7), for
any subset S ¢ X" and any model & we set
Za(8):= | Zar (x).
x€S

This is thus the smallest subset of & that is invariant under specialization and contains the
image redg (S) of S under the reduction map redg : X** — %5. For any higher model Z’, the
induced proper morphism Z; — Zp maps Zg(S) onto Zg (S).

We say that S ¢ X?" is invariant under retraction if pg(S) = § for some (and hence any
sufficiently high) snc model Z'.

Lemma84. If Sc X?" isinvariant under retraction, then Zg (S) is Zariski closed for any model & .

Proof. Pick an snc model &' dominating & such that S = pggl, (S). Since Zg (S) is the image of
Zg(S) under the proper morphism 2 — %o, we may replace & with &' and assume without
loss that & = &'. The set Zgo (S) obviously contains Zg (SN Ag), which is Zariski closed since
Zg (y) is a stratum of & for any y € Ag-. Conversely, pick x € S, and set y := pa (x) € Ag. Then
yE p;}(S) =S, and Zy (x) € Zg (y) since it follows from the definition of pg that redg (x) is a
specialization of redg (y). This shows, as desired, that Zg (S) = Zg (SN Ag) is Zariski closed. [

Definition 85. Given ¢ € PSH(w) and a model & , we define the center of ¢ on X as
Za (9) := Zgr ({p <sup}) = | J{Za (x) | x € X, p(x) <sup¢p}.
Example 86. If ¢ =log]a| for a vertical ideal a c @9, then Zg (@) = V(a).

Theorem 87. For any ¢ € PSH(w) and any model % , the following holds:

() Za (@) is an at most countable union of subvarieties of %y;

(i) if is invariant under retraction, then Zg (@) is Zariski closed;
(iii) Zz () =redx ({p <sup@});
(iv) Zo (@) is a strict subset of &y as soon as & determines w.
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Question 88. Is it true that {¢ < sup ¢} = red;{1 (Za (@) as in Theorem 24?

Proof. By [11, Proposition 4.7], ¢ can be written as the pointwise limit of a decreasing sequence
(¢@m) men of w-psh PL functions. Since each ¢, is in particular invariant under retraction (see
Example 76), Lemma 84 implies that Zg {(¢,; < sup¢}) is Zariski closed for each m. On the
other hand, since ¢, \ ¢ pointwise on X, we have {¢ < sup ¢} = U;,{¢m < sup ¢}, and hence
Za () =Um Za ({pm < sup ¢}). This proves (i), while (ii) is a direct consequence of Lemma 84.

Pick x € X2 such that ¢(x) < sup¢. To prove (iii), we need to show that any & € Zg (x) lies in
redg ({¢ < sup ¢}). By Lemma 72, we can find a high enough snc model & such that x’ := pg-(x)
satisfies ¢(x') < sup¢. By properness of Z; — %o, Za- (x) is the image of Zg(x), which is itself
contained in Zg(x). After replacing & with &' and x with x/, we may thus assume without
loss that & is snc and x lies in Ag. Pick y € X?" with redg (y) = ¢ (which exists by surjectivity
of the reduction map, see [24, Lemma 4.12]). Set z := pg (), and denote by o the unique face
of Ay that contains z in its relative interior, the corresponding stratum of & being the smallest
one containing ¢. Since the latter point lies on the stratum Zg (x), it follows that o contains x
(possibly on its boundary). Since ¢ is convex and continuous on o (see Lemma 72), it can only
achieve its supremum at the interior point z if it is constant on g. As x € ¢ satisfies ¢(x) < sup ¢,
it follows that ¢(z) < sup ¢ as well. Since z = pg (¥), this implies ¢(y) < ¢(z) < sup¢ (again by
Lemma 72). Thus ¢ =redg () € redg ({¢ < sup ¢}), which proves (iii).

Finally, assume that & determines w. By (26), we can find an irreducible component E of %
whose corresponding Shilov point xg € I'g- satisfies ¢(xg) = sup . Since xg is the only point of
X3 whose reduction on %j is the generic point of E, it follows that the latter does not belong to
Zg (), which is thus a strict subset of Z. O

9. The isotrivial case

We now consider the isotrivial case, in which the variety over K = k((®)) is the base change Xy of
a smooth projective variety X over the (trivially valued) field k.

9.1. Ground field extension

We have a natural projection

m: Xgh — X,
while Gauss extension provides a continuous section

o: XM — X

onto the set of k*-invariant points (see [12, Proposition 1.6]). By [12, Corollary 1.5], we further
have:

Lemma 89. If v € X*" is divisorial (resp real divisorial) then o(v) € Xi" is divisorial (resp.
quasimonomial).

The base change of X to the valuation ring K° := k[[®@]] defines the trivial model
Fiv := Xk

of Xk, whose special fiber Ziiv,0 will be identified with X. More generally, each test configuration
% — Al = Speck[®] for X induces via base change under k[@] — k[[@] = K° a k*-invariant
model of Xk, that shares the same vertical ideals and vertical divisors as &, and will simply be
denoted by &, for simplicity.
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9.2. Psh functions

For any 0 € N'(X), we denote by 7*0 € Z!(Xg) the induced closed (1,1)-form, determined
by the relative numerical class induced by 6 on the trivial model. If w € Amp(X), then [1*w] €
N!(Xx) coincides with the base change of w, and hence is ample.

Theorem 90. Pick w € Amp(X) and ¢ € PSH(w). Then:
(i) 7*@ e PSH(n*w);
(i) ifp further lies in CPSH(w), then MA;»,(1* @) = 0 « MA, ().

Lemma 91. Forany ¢ € PL(X) and 0 € N'(X), the following holds:
(i) m*¢ € PL(Xk);
(i) (t*0+dd°n*@)" =0,0+dd°p)";
(iii) ¢ isO-pshiff n* @ isn*0-psh.

Proof. The function ¢ is determined by a vertical Q-Cartier divisor D on a test configuration &,
that may be taken to dominate the trivial one (see [13, Theorem 2.7]). The induced vertical divisor
on the induced model of Xk then determines 7* . This proves (i), and also (ii), by comparing [11,
(2.2)] and [13, (3.6)]. Finally, denote by 84 the pullback of  to N' (% /A'). Then ¢ is 0-psh iff
(02 + [D])|;, is nef, which is also equivalent to 7* @ being 7* 0-psh. This proves (iii). O

Proof of Theorem 90. Write ¢ as the limit on X?" of a decreasing net of w-psh PL functions ¢;.
By Lemma 91, 7*¢; is PL and 7*w-psh. Since it decreases pointwise on X§" to 7* ¢, the latter is
7* w-psh, which proves (i). For each i, Lemma 91 (ii) further implies MA ;x, (7* ;) = 0« MA, (¢;).
If ¢ is continuous, then MA, (¢) and MA ., (1 * @) are both defined, and are the limits of MA, (¢;)
and MA;«, (7* @;), respectively. This proves (ii). O

9.3. PL structures

As a direct consequence of Lemma 91, the projection 7: X¥* — X" is compatible with the PL
structures:

Corollary 92. We have n* PL(X) c PL(Xg) and n* RPL(X) c RPL(Xg).
As we next show, this is also the case for Gauss extension.
Theorem 93. We have 0 * PL(Xx) = PL(X) and o* RPL(Xx) = RPL(X).

Any vertical ideal a on %y, being trivial outside the central fiber, can be viewed as a vertical
ideal on X x A!, and @ := Gy, - a is then the smallest flag ideal containing a.

Lemma 94. With the above notation we have o * logla| = @g.

Proof. Pick an ample line bundle L on X, and denote by Zyjy the trivial model of Lk, i.e. the
pullback of L to the trivial model %y = Xgo. After replacing L with a large enough multiple,
we may assume Zyiy ® a is generated by finitely many sections s; € H®(Ziv, Leriv). Then
log|a| = max;logls;|, where |s;| denotes the pointwise length of s; in the model metric induced
by Zuiv- For each i write s; =) )¢z SM(D’1 where s; ) € HO(X, L), and denote by by c Ox the ideal
locally generated by (s;2);. Thend =Y ez b Aa)ﬂ. By definition of Gauss extension, we have for
any v € X"
logls;|(o(v)) = max{log|s; 2| + A}.
AeZ

Thus o*log|al = maxyez{yy — A} with @, := max;log|s; 2| = log|b,l, and hence o*loglal =
maxy {log|b,| — A} = 3. O
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Proof of Theorem 93. By Corollary 92 we have 7* PL(X) < PL(X). Since PL(Xk) is generated by
functions of the form log|a| for a vertical ideal a ¢ Og;,,,, Lemma 94 yields 0*PL(Xx) < PL(X),
and hence also 0* RPL(Xg) < RPL(X). This completes the proof, since o*7* = id. O

9.4. Centers

Next we study the relationships between the two center maps Zx: X*' — X and Zg,,,: X3 —
%riv,o =X.

Lemma 95. Forall x € Xi" and v € X*" we have
2y, (X) € Zx(m(X), ZxW) = Zg,,, (V).

Proof. Denote by b c Ox the ideal of the subvariety Zx ((x)). Then a := b + (@) is a vertical ideal
on Ziiv such that V(a) = V(b) = Zx (7 (x)) under the identification ¥y, = X. Further,

loglal(x) = max{log|b| (7 (x)), -1} <0,

and hence Zg,, (x) € V(a) = Zx (n(x)), see (23).

Applying this to x = o (v) yields Zg,;, (0 (v)) € Zx (v). To prove the converse inclusion, denote
by a © O, the ideal of Zy. . (0(v)). Since o (v) is k*-invariant, a = ¥, yc7 a,@ " is (induced by) a
flag ideal. Further, ¢4(v) =loglal(o(v)) <0, and hence Zx(v) € Zx(¢,). By Example 14 we have
Zx(pq) = V(ag). The latter is also equal to the zero locus of agy + (@) on Xy, which is contained in
V(a) = Zg;,,, (0(v)) since a c ag + (@). Thus Zx (v) c Zg;,;, (0(v)), which concludes the proof. [

As a consequence we get:
Proposition 96. Ifw € Amp(X) and ¢ € PSH(w), then Zy,, (m*¢) = Zx (¢).

Proof. Pick v € X" such that ¢(v) <sup ¢, and set x:= o(v). Then 7*¢(x) = ¢(v) and sup* ¢ =
supg, so x lies in {7*¢ < supm*¢}, and hence Zx(v) = Zy,, (X) € Zg,,;, (1" ¢) by Lemma 95.
This implies Zx () © Zg,,;, (T*¢). Conversely, assume x € X3" satisfies 7*¢(x) < supm*¢. Then
v := 7(x) lies in {¢ < sup¢}, and hence Zx(v) € Zx(¢p). In view of Lemma 95, this implies
Za,., (%) € Zx (), and hence Zg,, (n* @) < Zx (¢). O

Combining Proposition 96 and Theorem 87, we obtain

Corollary 97. Let ¢ € PSH(w), wherew € Amp(X), and suppose that t* ¢ € PSH(r* w) is invariant
under retraction. Then Zx (¢) c X is a Zariski closed proper subset of X.

9.5. Examples

We are now ready to prove Theorems A and B in the introduction, and also provide additional
examples. As in the previous section, X denotes a smooth projective variety over k. Pick a
class w € Amp(X), a k*-invariant divisorial point x € Xgi", and denote as in Section 8.5 by
¢+ € CPSH(r*w) the Green’s function associated to x; this is the unique solution to the Monge-
Ampere equation
MA;x,(0y) =0x and ¢@,(x)=0.

By Lemma 89, we have x = o(v) with v := 7(x) € X%, If ¢, € CPSH(w) denotes the Green’s
function of {v}, see Section 6.1, then we have

Px = ”*(Pv-
Indeed, 7* ¢, (x) = ¢, (v) = 0, and by Theorem 90, we have MA;x, (T*@,) =046, = by.
Our goal is to investigate the regularity of ¢ .
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Corollary 98. Ifdim X =1, then ¢, € PL(Xk). Ifdim X = 2, then ¢, € RPL(Xg).

Proof. The first statement follows from Proposition 74. Now suppose dim X = 2. By Theorem 60,
¢, € RPL(X), so that ¢, € RPL(Xk), see Corollary 92. O

However, even when w is rational, ¢, is in general not Q-PL:

Example 99. Example 63 gives an example of an abelian surface X, a rational class w € Amp(X),
and a divisorial valuation v € X% such that ¢, € RPL(X)\PL(X). If x = 0(v), then ¢, = 1% ¢, €
RPL(Xg) \ PL(Xk), by Theorem 93.

Example 100. Similarly, Example 65 gives an example of a divisorial valuation v € P>V such
that if we set w = ¢1(0(4)), then ¢, := @y, € RPL(X)\PL(X). If x = o(v), then ¢, = 7%¢, €
RPL(Xk) \ PL(Xk), by Theorem 93.

Examples 99 and 100 establish Theorem A (ii). They also provide a negative answer to Ques-
tion 81 (ii). Indeed, a function ¢ € CO(XIZ}“) lies in RPL(Xk) (resp. PL(Xk)) iff ¢ is invariant under
retraction and restricts to an R-PL (resp. Q-PL) function on each dual complex, see Example 76.

As the next example shows, if dim X = 3, then ¢, need not be R-PL. In fact, it may not even be
invariant under retraction.

Example 101. Example 67 shows that we may have dim X = 3 and Zx(¢,) Zariski dense in X,
and it follows from Corollary 97 that ¢, cannot be invariant under retraction.

It could, however, a priori be the case that the restriction ¢, to any dual complex is R-PL, see
Question 81 (i).

In Example 101, based on Lesieutre’s work, the class w is irrational. We do not know of an
example for which the class w is rational. However, the following example provides a proof of
Theorem B in the introduction.

Example 102. Set X =P} and w := ¢;(©(1)) € N'(X). By Proposition 68, there exists ¢ € CPSH(w)
such that MA, (y) is supported in a finite subset = < X3V, and Zx(y) is Zariski dense in X.
Theorem 90 then shows that ¢ := 7%y lies in CPSH(*w), MA;+, () = 0« MA, () has finite
support in some dual complex (see Lemma 89), while Corollary 97 shows that ¢ cannot be
invariant under retraction.
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1. Introduction

Let X be a compact Kdhler manifold, and let u € HO(X,Qf() be a holomorphic p-form on
X. As a consequence of the Kéhler identity for the Laplacians A; = 2A; one obtains that the
holomorphic form is d-closed, i.e. du = 0. Twenty years ago Jean-Pierre Demailly used a very
clever “integration by parts” to generalise this statement to forms with values in certain line
bundles:
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Theorem 1 ([3, Main Thm.]). Let X be a compact Kéhler manifold. Let L be a pseudo-effective
holomorphic line bundle on X. Let
ue H(X,0% & L*)

be a non-zero holomorphic section, and let S, c Tx be the saturated subsheaf given by vector fields
¢ such that the contraction izu vanishes. Then S, is integrable, i.e. it defines a (possibly singular)
holomorphic foliation on X.

Moreover, let h be a possibly singular metric such that i®y(L) = 0 on X in the sense of currents.
Then one has D;ﬁ u =0 and (L, h) has flat curvature along the leaves. Here D’h* is the (1,0)-part of
the Chern connection with respect to the dual metric h* on L*.

Demailly’s main motivation for this result was to prove that if a compact Kdhler manifold
admits a contact structure, then the canonical bundle Kx is never pseudoeffective [3, Cor. 2].
Moreover Theorem 1 has turned out to be a very efficient tool for the study of foliations with
vanishing first Chern class [10, 14, 17]. In view of the increased interest in foliations on singular
spaces (cf. e.g. [2, 5]) it seems worthwhile to look at Demailly’s arguments in this setting. In
this paper we extend his result to singular spaces with kit (resp. log-canonical) singularities
(see Section 2 for the definitions), i.e. the most general classes of singularities appearing in the
minimal model program. Our main result is:

Theorem 2. Let Y be a normal compact Kdihler space. Let of be a rank one reflexive sheaf such
that the reflexive power /'™ is locally free and pseudoeffective for some m € N. Let

ue H(Y,(QY ® 4*)*™)
be a non-zero holomorphic section. Let S,, < Ty be the saturated subsheaf given by vector fields ¢
such that the contraction i u vanishes. Assume one of the following:

(1) Y has klt singularities; or
(2) Y has log-canonical singularities and p = 1.

Then S,, is integrable, i.e. it defines a (possibly singular) foliationon'Y .

For applications in foliation theory it is interesting to verify if </ has flat curvature along
the leaves of S,. Since & is not locally free the precise formulation would be a bit awkward,
but flatness holds for the corresponding line bundle (L, i) on a resolution of singularities (see
Propositions 8, 10 and Remark 6).

Our basic strategy is similar to the proof of Theorem 1, except that we have to carry out the
computation on a resolution of singularities 7 : X — Y. If o is not locally free this leads to some
well-known difficulties, for example the saturation of 7* </ in Q f( is not always pseudoeffective [9,
16]. Therefore we consider forms with logarithmic poles along the exceptional divisor E of
the resolution 7, in particular we obtain that the saturation in Qf((logE) is pseudoeffective, cf.
Corollary 13.

This leads us to the following problem:

Question 3. Let (X,wx) be a compact Kédhler manifold, and let E =Y E; be a snc divisor. Let (L, h)
be a holomorphic line bundle on X where h is a possibly singular metric such that i®,(L) 20 on X
in the sense of currents. Let (L*, h*) be the dual metric.

Let u e HO(X,Q% (logE) ® L*). Can we prove that S, is a holomorphic foliation and D, u=0
onX\E?

If p = 1, the problem is totally solved in [19, Thm. 5]!. It is still open when p = 2. We give a
positive answer to this question when the metric /4 is smooth (Proposition 5). Our main technical
result (Proposition 8) gives a positive answer making an assumption on the singularity of /# along

1\We thank Stéphane Druel and Daniel Greb for bringing this reference to our attention.
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certain irreducible components E;. This integrability condition can be verified for a resolution of
singularities X — Y of a kit space, thereby establishing the first part of Theorem 2. When p =1,
by using the techniques in our article, we can also give an alternative proof of [19, Thm. 5], cf.
Proposition 10. This implies the second part of Theorem 2.

Patrick Graf indicated an alternative path of proof for the second part of Theorem 2: by [7,
Thm. 1.4]?> a holomorphic 1-form on the smooth locus of a log-canonical space extends to
a resolution, even without admitting logarithmic poles. Therefore we can copy the proof of
Theorem 2 and verify the technical condition of Proposition 8. Note that [7, Thm. 1.6] gives an
example of a 2-form on a log-canonical 3-fold that does not extend to a resolution unless we
admit logarithmic poles. Therefore this approach does not allow to generalise the second part of
Theorem 2 to forms in (Q}) ® &/*)** with p > 2.

As a first application, we can consider singular contact spaces, cp. [1, 18]: a normal compact
Kéhler space of dimension 27 + 1 with log-canonical singularities has a contact structure if there
exists a reflexive subsheaf & c Tx of rank 2n such that on the smooth locus X,ons € X,

o theinclusion & c Ty is an injective morphism of vector bundles; and
o the map
NF — Tx|F
induced by the Lie bracket is surjective. In particular & c Ty is not integrable.

If we set L:= (Tx/%)**, we obtain as in the smooth case that wy = LI=("*D!_In particular some
reflexive power of L is locally free.

Corollary 4. Let X be a normal compact Kdhler space with log-canonical singularities which
admits a contact structure. Then the canonical sheaf wx is not pseudoeffective.

Indeed wy is pseudoeffective if and only if L* is pseudoeffective. Yet then we can apply
Theorem 2 to the section of (Qx ® L)** defined by the inclusion L* — Qx and obtain that its
kernel & c Ty is integrable, a contradiction.

Since it is not clear if a singular contact space admits a resolution by a contact manifold, the
corollary does not reduce to Demailly’s theorem [3, Cor. 2].
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2. Notation and terminology

For general definitions in complex and algebraic geometry we refer to [4, 11], for the terminology
of singularities of the MMP we refer to [13]. Manifolds and normal complex spaces will always be
supposed to be irreducible.

For the convenience of the reader, let us recall the definition of kit (resp. log-canonical)
singularities (cf. [13, Def. 2.34] for more details): let Y be a normal complex space such that some
reflexive power a)[;"] of the canonical sheaf wy is locally free. Let u: X — Y be a resolution of

2The statement is formulated for algebraic varieties, but in view of [12] should hold for analytic spaces.
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singularities such that the exceptional locus is a simple normal crossings divisor. Then we can
write

w? ~ H*w[;n] ®@Y(ZbiEi)
where the E; c Y are u-exceéational prime divisors. The space Y has kit (resp. log-canonical)
singularities if % >—1 (resp. 5} = —1) forall i.

Given a normal complex space Y, we denote by Q[f] = (Q’;)** the sheaf of holomorphic
reflexive p-forms. If Y has kit singularities we know by [12, Thm. 1.1] that this coincides with
the sheaf of holomorphic p-forms that extend to a resolution of singularities f: X — Y, i.e. we
have f, Qf( = Q[;].

For a reflexive sheaf % on Y, we denote by & := (%®™)** the m-th reflexive power. Given
a surjective morphism ¢ : X — Y we denote by ¢*.% the reflexive pull-back (¢* %)**.

3. Twisted logarithmic forms

Proposition 5. Let X be a compact Kdhler manifold, and let E = }_E; be a snc divisor. Let
(L, h) be a holomorphic line bundle on X where h is a smooth metric such that i®y(L) = 0. Let
ue HO(X, Q?(logE) ® L*) and (L*, h*) be the dual metric on (L,h). Then D’h*u =0 on X and
iOpL)Aunu=0.

Proof. If L is a trivial line bundle, it is done by [15]. We generalize it to the twisted setting by the
following argument.

Step 1. Since h is a smooth metric, we know that D;q* ueC®X, Q?l(logE) ® L*). We show in
this step that D’ , u € C®(X, Qf(ﬂ ®L*).
We consider the residue of u and D’h* u on E;. First of all, by a direct calculation, we have

Resg, (D}« u) = —D}. Resg, (1)  onEj. 1)

In fact, let Q be a neighborhood of a generic point of E;. We suppose that E; is defined by z; =0
and & = e~% on Q. Then we can write
le
u=—~nf+
o T8
for two smooth forms f, g on Q.
For the RHS of (1), since Resg, (1) = f and we obtain

—D),. Resg, (u) = —(@0f +0¢ A flE;.
For the LHS of (1), we have

d
Resg, (D, u) = Resg, (D;ﬁ ( A

— /\f)) = ResEi(—% AOf +0dp A da Afl==0@f +08¢ A lg,.
21 21 <1
Then we obtain (1).
Note that Resg, (u) € HO(E;, Qg_l (log(E — E;)) ® L*). By induction on dimension, we know that
Resg, (u) is D' , -closed on E;. Then (1) implies that Resg, (D’ , u) = 0. Therefore the form D’h* uis
a smooth form on the total space X.

Step 2. Let N € N* and let = (x) be a smooth function which equals to 1 on [0, N], equals to 0 on
[N+1,00] and 0 < E;V(x) < 1. Let sg be the canonical section of E. We consider the integration

fX En(log(-loglsg) (D). u, D). uj Ay P~ )

Here |sp| denotes the norm of s with respect to a fixed smooth metric on E such that [sg| < 1
everywhere.
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By integration by parts, (2) equals to

:fX{D’h*(EN(log(—loglsEl))u),D'h* u}/\wz_p_l_L{O(EN(IOg(_IOgBED))/\u»D;ﬁ wrwly P!

= - fX (-1)PZy(log(~loglsgN)iw, (D). wirwy 7'~ fX {0(Enog(~loglsg))Au, D). upwly P!

o =/ .0log|sp| A u o
=—f 104 (EN- (1, u} AP l—f {¢,D;ﬁu}/\w§ P, 3)
b X log|sgl

Since i®(L) = 0, the first term of (3) is semi-negative. For the second term of (3), by Step 1,

dsg, dsg;
Ei__ A i =0, we know that the second

! : .
we know that D), , u is smooth on X. Together with Sz, Toglse 1 M g,

term of (3) is controlled by

1 n
ﬁVslog(—loglsEl)sN+l I1; |5E,-|wX,
which converges to zero when N — 0.
As a consequence, when N — +oo, the upper limit of (3) will not be strictly positive. Since (2)
is always positive, we obtain

Jim f En(log(~loglse)){D}. u, D} u} Aw’ P =0. @)
—foolx
Therefore D’h* u=0o0n X. U

Remark 6. For the convenience of the reader let us recall why D’ , u = 0 implies that (L, k) has
flat curvature along the generic leaf, following [3, Main thm]. Let x € X be a general point and fix
a holomorphic base ey of L near x. Then the metric & is written locally as 2 = e™?. In these local
coordinates, D’h* u = 0 means that dp A u = —du. By taking the , we obtain dd¢p A u = 0. Now we
suppose that the leaves of the foliation near the generic point x is given by

21 =C1,22=C2,...,2r = Cr
where the c; are constants. Then u depends only on dz,...,dz, near x. Therefore the condition

L 0%
dd ¢ A u =0 implies that 5~ (;’%k

=0for j, k> r. In other words, (L, h) is flat along the generic leaf.

Remark 7. By a standard argument, it is easy to generalize the above proposition to the case
when the metric (L, h) is of analytic singularity. However, it is unclear whether we can generalize
it to the case of arbitrary singularity cf. Question 3.

In the rest of the section, we will confirm Question 3 in two special cases.

Proposition 8. Let (X,wx) be a compact Kéhler manifold, and let E = Z;zl E; be a snc divisor. Let
(L, h) be a holomorphic line bundle on X where h is a possibly singular metric such that i®y(L) =0
on X in the sense of currents. Let (L*, h*) be the dual metric. Let u € H°(X, Qf((logE) ®L*). We
assume that Resg; (u) # 0 for every1<i < k andResg,(u) =0 foreveryk<i<r.

We write h = e~? - hy, where ¢ is a quasi-psh function on X and hy is a smooth metric on L. If
the weight function ¢ satisfies:

k
¢<-2) In(-In|sg ) +C, (5)
i=1

where sg, is the canonical section of E;, then D’h* u=0andi®nL)Aunit=0onX\E, whereD' ,
is the connection with respect to h*.

Remark 9. Note that if the Lelong number of ¢ along E; is strictly positive for every i < k, then
@ satisfies the condition (5).

Proof. The proofis divided into two steps.
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Step 1. Let N € N* and let Z(x) be a smooth function which equals to 1 on [0, N], equals to 0 on
[N+1,00land0< = N(x) < 1. We consider the integration

fX =% (log(log(—log|sg)){D) . u, D). u} Ay 2. 6)

Since D’ wis [? in the support of Zx (log(log(—1loglskl))), we can still do the integration by parts
asin [ In particular, (6) equals to

f{Dh*( ~(log(log(-log|sgN))u), D). u}/\w?z—f 10(2% (log(log(~log|sgN)) Au, D). u Aw'y

) f{ 2-= _N -0log|sglAu

x | log(~log|sglog|sgl’

Since i©p(L) = 0, the first term of (7) is semi-negative. For the second term of (7), by using
Cauchy inequality, we get

—fi@)h(L)E?V(log(—logmgl)){u, u Aoy TN-D’h*u}/\wgl{Z. )
X

2

{ Ely-0loglspl A u
log(—log|sg|) loglsgl

sf%{D%*u,D;ﬁu}Aw?{_z.” Ey-0loglsgl A u ’ =y -0loglsgl Au }Aw;-z.
X x (log(—log|sgl)log|sg| log(—loglsgl)loglsgl

—_ ! n-2
,:N-Dh*u}/\wx

As a consequence, we obtain
[ =D Dy < | { =y Ol0Bloel A Zy:Ologlsrl A } )
X x (log(-loglse)loglse| log(—loglsel) loglskl
Step 2. Igs‘;his 3E(Eep, we would like to show the RHS of (8) tends to zero when N — +oo.
Since —’ AN—+
bounded by

=0, the assumption (5) implies that {0log|sg| A u,dlog|sg| A u} A a);l(‘2 is upper

el P
M5, Isg;121og? sg; | \iZi 15m 12
for some constant C’. Then the RHS of (8) is controlled by
=/ \2
¢y Eor . ©)
. k 21002 21002 ’
i=k+19X [1;_, Isg;1°log” Isg; | |sg;1”log” [sE; |

which converges to zero when N — 0. As a consequence, the RHS of (8) tends to zero when
N — +oo. Therefore Dlh* u=0on X\E. O

By using the argument in Proposition 8, we can give an alternative proof of [19, Thm. 5]:

Proposition 10. Let X be a compact Kdhler manifold, and let E = Y E; be a snc divisor. Let (L, h)
be a holomorphic line bundle on X where h is a possible singular metric such that i®,(L) = 0
Let u € H'(X,Q} (logE) ® L*) and (L*,h*) be the dual metric on (L, h). Then D),u =0 and
iOp(L)ANunu=0onX\E.

Proof. We follow the notations in Proposition 8. By the step 1 of Proposition (8), we know that

=/ -0log|sg| A u = -0dlog|sgl A u
f D). u, D} uj A0 Z\f{ N T8 , N T8I }Aw§2 (10)
X log(-log|sgl)logl|sg| log(—log|sgl)log|sg]

In order to prove the proposition, it is sufficient to show the RHS of (10) tends to zero when
N — +ood dsg
Since Tt A E_’ =0and uis a 1-form, {dlog|sg| A u,0log|sg| A u} Aw 2is upper bounded by

W

. — .
i#] |SEl-SEj|
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Then the RHS (10) is controlled by

(EI )an
CZ/ > St . an
izjJx log®(~loglsgl)log”|sel - Isg; sk, |

Note that the integral

dl’l /\drg
5 5 < 400.
o<r,n<1 log®(—log|r r2l)log” |1 ral - 1112

Therefore (11) converges to zero when N — 0. As a consequence, the RHS of (10) tends to zero
when N — +oo. Therefore D’h* u=0onX\E. O

4. Lifting subsheaves to the resolution

Let Y be a normal complex space with kit singularities, and let v : Y’ — Y be a proper surjective
morphism from a normal complex space Y'. Since kit singularities are rational [13, Thm. 5.22],
by [12, Thm. 1.10] there exists for every p € N a cotangent map

RPN [p]
dv:iviQy —Qy, 12)
If Y has log-canonical singularities we can still combine the proof of [8, Thm. 4.3] with [12,
Thm. 1.5] to obtain® that there exists for every p € N a cotangent map
dv: V*Q[)f’] — Q[f,] (logA) (13)

where A c Y' is the largest reduced Weil divisor contained in v~! (non-kit locus).
The following statement is well-known to experts and essentially a rewriting of the proof of [8,
Thm. 7.2]. We include it for the convenience of the reader:

Lemmall. LetY bea normal complex space with log-canonical singularities, and let of < Q[f] be
a reflexive subsheaf of rank one that is Q-Cartier, i.e. there exists a m € N such that /"™ is locally

free.

Letm: X — Y bea log resolution, and let E be the exceptional divisor. Let € c Qf((logE) be the
saturation of the image of the morphism
[p] dn
n* o — 7[*91;!J == Qf((logE).
Then there exists a non-zero morphism n* ™ — €¢®m,
Remark. The morphism 7*«/!" — €®™ is an isomorphism in the complement of the excep-

tional divisor E. Thus, up to multiplication by a holomorphic function that is a pull-back from Y,
the morphism is unique.

If Y has kit singularities, we could use (12) and consider €’ ¢ Q;, the saturation of the image
of the morphism
* *~lpl dT ~p
el — T QY —Q X
but in general there will be no morphism 7* &/ [ml _, (¢")®™, However, in the course of the proof

of Lemma 11 we will prove the following remark that will be useful for the proof of Proposition 14:

Remark 12. If Y isklt, let ¥ : Z — X be the cover induced by a (local) index-one cover y: Z — Y
of o (cf. Diagram (14)). Then 7% y* o lml is a subsheaf of S [m]Q[Zp].

3Note that [12, Thm. 1.10] holds for any morphism, while we only need the simpler case where the morphism is
surjective.
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For the prooflet us recall the notion of index one covers [13, Def. 5.19]: given a normal complex
space Y and a reflexive sheaf o« such that some reflexive power «# " is trivial, there exists a quasi-
étale morphism y: Z — Y from a normal complex space Z such that the reflexive pull-back y*!.«#
is isomorphic to G .

Proof of Lemma 11. The locally free sheaves coincide in the complement of the exceptional
locus E = U; E;, so we can write €®™ = n* /" @ Ox (X a; E;) with uniquely determined a; € Z.
We are done if we show that a; = 0 for all i. This property can be checked locally on the base Y.

Therefore we can replace Y by a Stein neighborhood such that there exists an index-one cover
y:Z — Y, andlet ¥ : Z — X be the induced finite map from the normalisation Z of X xy Z.
We denote by 7, : Z — Z the bimeromorphic morphism induced by 7 and summarize the
construction in a commutative diagram:

7Z——X
ﬂzj{ Jn (14)

z—1 sy
The morphism y : Z — Y is an index-one cover for 7, so vy is étale in codimension one and
y™*of =: B is locally free. In particular Z still has log-canonical singularities [13, Prop. 5.20 (4)].

Denote the exceptional locus of 7z by Ez and observe that E is equal to the support of Y*E. In
particular Ez contains the preimage of the non-klt locus of Z, so (13) gives a natural map

L x APl [pl
dnz.nZQZ —»QZ (logEz)

Since o < Q[f] and y is étale in codimension one we have an inclusion % c Q[Zp] = y[*]Q[f]
and hence an induced map

w38 — 130} — Q' logEy).
Since 48 is locally free, this induces an inclusion
Ty B = (15,9)°™ — S (og ). (15)

By assumption A" is locally free, so its (non-reflexive !) pull-back y* <" is still locally free.
Thus B®™ =~ y* A" since they are both reflexive and coincide in codimension one. Thus we have
constructed a morphism

ny* A — sl iogEy).

We interrupt the proof of the lemma for the Proof of Remark 12.

If Y is klt, the index one cover Z also has klt singularities [13, Prop. 5.20 (4)]. Thus we can
replace the pull-back with logarithmic poles (13) by the usual pull-back (12) to obtain

dnz a5l — Q[Zp]
As above the inclusion y*of ~ % Q[Zp] =yl Q[lf] then gives the inclusion
n}y*af[m] =1, B =~ (1, B)°" — S[m]Q[ZP].
This proves Remark 12, we now proceed with the proof of Lemma 11.
Since X is smooth, the saturated subsheaf € c Qf((logE) is locally free and a subbundle in
codimension one. Thus
€¢*" < $™Qk (logE) (16)
is locally free and a subbundle in codimension one, hence a saturated subsheaf. The finite
morphism ¥ is étale in the complement of E and Qi(logE) is locally free, so the tangent map
gives an isomorphism
70 (logE) =~ Q' (log Ex). 17)
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and hence an isomorphism

7™k logB) = S QM log ).
Composing the inclusion (16) with this isomorphism we obtain that
Freem — s[m]Q[Z”] (logEy)

is a saturated subsheaf.

Since Y is Stein and <" is invertible we can choose for every point y € Y a section o €
HO(Y, /™) that does not vanish in y. In particular o generates </ as an @y-module near
the point y. Thus it induces a section

nky*oe H(Z, S[””Q[Z’” (logE2))

that generates the image of n7%y* </ [ml " The pull-back 7*o defines a meromorphic section of
€°®™ that has poles at most along E, thus ¥*7* ¢ defines a meromorphic section of y*¢®™ that
has poles at most along E. Since y*¢®™ is saturated in S Q[Zp] (logEz) and

nyy*o=yn*oe H(Z, S[m]Q[Zp] (logEz))
has no poles, we see that
Y n*oe HY(Z 7 €®™).
Thus the local generator of the subsheaf 7% y* /1" lies in y*6®™ and we have an inclusion

Vet =gyt e o reem,
Thus we see that
7Ox)_ aiE) =y*(€*" e n* st ™)
is represented by an effective divisor with support in the exceptional locus of 7 7. Since ¥* (¥ a; E;)

is linearly equivalent to an effective, exceptional divisor and has also support in the exceptional
locus of 7, it is effective. Thus we have shown that a; = 0 for all i. O

As in immediate application we obtain a variant of [8, Thm. 7.2], [6, Cor. 1.3] for pseudoeffec-
tive line bundles.

Corollary 13. LetY be a normal compact complex space with log-canonical singularities, and let
o c Q[f] be a reflexive subsheaf of rank one that is Q-Cartier, i.e. there exists a m € N such that
'™ s locally free. Let € = Q (log E) be the saturation of n* </ . If «/'™ is pseudoeffective, then €
is pseudoeffective.

Proof. Since pseudoeffectivity of a line bundle is invariant under taking tensor powers, it is
sufficient to show that €*™ is pseudoeffective. Yet this follows from the non-zero morphism
n* /M — €®™ constructed in Lemma 11. O

We need the following proposition.
Proposition 14. [n the situation of Lemma 11, write
€ =1%ot " @ Ox (Y aiky), (18)

where a; 20 and E = }_ E; is the exceptional locus.
Assume that Y has klt singularities, and let E; be an irreducible component of the exceptional
locus. LetResg, (€) be the residue of the image of € in Q’;’((logE). IfResg, (€) #0, then a; > 0.
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Proof. The claim is local on Y, so we will use the construction from the proof of Lemma 11
summarized in the commutative diagram (14).

Fix a prime divisor E; c Z that maps onto E; < X, and choose a general point X € Ei 0 Znons
such that E; (resp. E;) is smooth in ¥ (resp. smooth in x := ¥(%)). Since ¥ is general, the
finite morphism ¥ has constant rank in an analytic neighborhood of ¥, hence we can find local
coordinates on Z and X such that

Ei={z1 =0}
and ¥ is given locally by
7: (ty ZZ;--Zn) - (thZZ)--vZn)-

The exterior power Q% (log E) is generated by {dz—zll Adzj,dz} where J < {2,...,n} haslength p—1
and I c {2,...,n} has length p. Thus we obtain a basis {ey,...,ex} of S"Qx(logE), by taking
products of length m, where each e; is of type:

dz1 le le
e; = (z—l /\th) ® (Z—l /\dZ]Z) ®:--® (Z_l /\dZ]q) ®dZ[1 ®"‘®dzlqu.

In our local coordinates the pull-back becomes
. dt dt dt
¥*(e) = (T /\dzh) ® (T /\dzjz) ® - ® (7 /\dz]q) ®dz, ®---®dz,_,.

In particular, the pull back {y* (ei)}{.“=1 is a basis of S™Q 3 (logE) at X.
Let o be a generator of " at 1(x) € Y. Then n%0 € n*ofM < S™Qx(logE) is a local
generator near x. We can write

o= fiei
where f; are holomorphic functions near x. Now recall that by Remark 12
ﬂ}ggo@m ~ ﬂzy*d[m] ~ ?*ﬂ*af[m]
is a subsheaf of S ["”Q[Zp]. In particular, since Z is smooth in X, we have
(Fom)*o €(8"Q))x.

As a consequence, f;(x) =0 when e; is of type

dz; dz; dz;
e = (z_1 /\dzh) ®(z—1 Adz]2)®"'®(z_1 /\dz]m),

since this generator of (Sng(log E7))z is not contained in (Sng);c.

Now we can prove the proposition. Near a general point x € E;, we suppose that €, (Qg) 7 s
generated by

d
Zgi . (ﬁ /\dZ]i) +Zhi 'dZ]i,
21
where g;, h; are holomorphic functions. Thanks to Lemma 11, we have
le m
F- Zgi Z—ll\dZ]i +Zhidz1i :(Zfl-ei),

where F is a holomorphic function near x. If Resg, (¥¢) # 0, we know that there is one i such that
gi,(x) #0. Set
dz; em
€y 1= (Z_l A dz]io) .

Then F- gl?? = fi,. By the above paragraph, we know that f;, (x) = 0. Then F(x) = 0. The proposition
is thus proved. U

We are now in the position to verify the technical condition in Proposition 8:
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Theorem 15. In the setting of Theorem 2, let w : X — Y be a log-resolution and denote by E the
exceptional locus. Let L c Q’;'((logE) be the saturation of 1* 4, and let i € HO(X, Qf((logE) ®L*)

the corresponding section. Then there exists a metric hy on L such that we have D’ , ti=0 on X\ E
1

Proof. By Lemma 11, we know that

1
a(l) = En*cl (L") +Y a;iEi+ Y aiE;, (19)

iel iel'
such that all the coefficients a; = 0 and the i € I correspond to the exceptional divisors E; such
that Resg, (€) #0and i € I’ corresponds to Resg, (¥) = 0. By Proposition 14 we have a; > 0 when
i € I. Let hg be a possibly singular metric on 7*«/!™ such that i®p, (m*«/!"™) > 0. By (19) this
induces a metric /; on L. Thanks to Proposition 8, the theorem is proved. O

5. Proof of the main result

The setup for the proof of Theorem 2 is as follows: the non-zero section u determines an injective
morphism of sheaves

o — Q.
Let 7 : X — Y be a log-resolution of Y, and denote by E the exceptional locus. Since Y is log-
canonical, we have the tangent map (13)

[p]
dr: Q) — QF (logE),
and we denote by L Qi(logE) the saturation of 7*</. By Lemma 11 there exists a morphism

m*e/™ — LM so L is a pseudoeffective line bundle on X. The inclusion L « Q% (logE)
corresponds to a non-zero holomorphic section

e H(X,Q} (logE)® L*)

which coincides with u on X\E = Y;,ps. In particular the subsheaf S; ¢ Tx defined by contraction
with @ coincides with S;, ¢ Ty on a Zariski open set. Thus we are left to show the integrability
of S; € Tx on X\ E. By the formula for the exterior derivative of p-forms (cf. [3, p. 97]) the
integrability of S; follows if we find a metric % on L such that D’h* =0on X\E.

Assume that we are in the first case of Theorem 2: Since Y is klt, the existence of the metric & is
guaranteed by Theorem 15.

Assume that we are in the second case of Theorem 2: Since p = 1 we know by Proposition 10 that
any singular metric with positive curvature current will suffice. Since L is pseudoeffective, such a
metric exists. d
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1. Introduction

Let X be an n-dimensional compact Kdhler manifold and let us assume that either
() Kx is ample (and X is thus projective), or
(I) Kx is numerically trivial (equivalently, ¢; (X) =0 in H2(X,R)).
As a consequence of the existence of a Kdhler—-Einstein metric wkg on X (proved by Aubin [4] and
Yau [43]), the Chern classes of X satisfy the Miyaoka—Yau inequality

2(n+1)c(X)-nci(X))-a"?20. (MY)

where in case (I), we set @ = [Kx], while in case (II), @ can be an arbitrary Kdhler class.
Furthermore, in case of equality, the universal cover 7 : X Xis (biholomorphic to)
(D the n-dimensional unit ball B" = {(z1,...,2,) €C" | |z1* + - +|z,[* < 1},
(I) the n-dimensional affine space C".
We can reformulate the above conclusion by saying that
() X =B"/rwithT <PU(1, n) = Aut®"),
() X =C"/pwithT cC" x U(n) = Aut(C", 7* wkg),
where in both cases, the action of I' on X is fixed point-free. Not surprisingly, there is a beautiful
exposition of this circle of ideas by Jean-Pierre Demailly [18].

It seems natural to investigate the general case of quotients by cocompact lattices I' < Aut(X)
(with X = B” or C" endowed with the Bergman metric or the flat metric, respectively), the action
being of course assumed to be properly discontinuous. The corresponding quotients are then
naturally endowed with an orbifold structure that can be encoded in the datum of a Q-divisor
with standard coefficients (see Setup 1 below). To sum up, it is natural to consider pairs (X, A)
when dealing with these quotients.

The question of uniformizing spaces (as opposed to pairs) in the cases (I) and (II) has been
considered in the framework of klt singularities. To quote a few relevant papers: [15, 24, 27, 28,
29, 30, 38]. This article grew out of an attempt to understand the general situation with an orbifold
structure in codimension one.

Unfortunately, the parallels between cases (I) and (II) cannot be pursued throughout this
introductory section since the difficulties (when dealing with the inequality (MY) in the singular
setting) are not of the same nature. The following three facts illustrate this point:

e In case (I), the variety X is necessarily projective, but the codimension one part of
the orbifold structure cannot be easily eliminated. Therefore we have to use orbifold
techniques in the proof.

¢ In case (II), we also need to consider (non-algebraic) compact Kdhler spaces, but we
can get rid of the codimension one part of the orbifold structure via a cyclic covering
(see Proposition 12). This enables us to assume that A = 0 for most of the argument.

« In case (I), the Bergman metric is invariant under the full automorphism group of B”,
but this is not true of the flat metric in case (II). Therefore (2) below does not have
an analog in Corollary 7, although a conjecture due to litaka [32] (or rather an orbifold
version thereof) predicts that this should in fact be true.

Due to this break in symmetry, we split the discussion according to the sign of the canonical
bundle.
The canonically polarized case

Let us recall the singular version of the inequality (MY) as proven by the third-named author
together with B. Taji [31]. When dealing with case (I), we work in the following setting:
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Setup 1. Let (X,A) be an n-dimensional kit pair, where X is a projective variety and A has
standard coefficients, i.e. A = Y ;¢ (1 - m%)Ai with integers m; = 2 and the A; irreducible and
pairwise distinct.

Theorem 2 (c [31, Thm. B]). Let (X,A) be as in Setup 1, and assume that Kx + A is big and nef.
Assume additionally that every irreducible component A; of A is Q-Cartier. Then the following
inequality holds:

(2(n+ 1) (X,A) - ne(X,A)) - [Kx +A]""%=0. 2)
Here, C,(X,A) and '6% (X,A) denote the appropriate orbifold Chern classes of the pair (X,A), as
defined e.g. in [31, Notation 3.7]. U

Remark. In the above theorem, the assumption that the A; be Q-Cartier is not necessary, and
establishing this is one of the (minor) contributions of this paper, cf. Theorem 36. While this may
seem like an innocuous technical issue at first sight, eliminating the Q-Cartier assumption will
become crucial below when deducing Corollary 4 from Theorem A, see Remark 38.

As in the smooth case, it is interesting to characterize geometrically those pairs that achieve
equality in (2). In the case where A = 0, this has been achieved in [29, Thm. 1.2] and [30, Thm. 1.5]:
equality holds if and only if there is a finite quasi-étale Galois cover Y — X such that the universal
cover of Y is the unit ball. An expectation concerning the general case was formulated in [29,
§10.2]. Our first main result confirms this expectation.

Theorem A (Uniformization of canonical models). Let (X,A) be as in Setup 1. Assume that
Kx + A is ample and that equality holds in (2). Then the orbifold universal cover m: Xa — X of
(X, A) is the unit ball (cf. Definition 24). More precisely, (Xa,A) = (B, ).

In fact, a suitable converse of the above theorem also holds, and we obtain the following
corollary.

Corollary 3 (Characterization of ball quotients). Let (X,A) be as in Setup 1. The following are
equivalent:
(1) Kx +A isample, and equality holds in (2).
(2) The orbifold universal cover of (X, A) is the unit ball B".
(3) (X,A) admits a finite orbi-étale Galois cover f: Y — X (cf. Definition 8), where Y is a
projective manifold whose universal cover is the unit ball.

In the spirit of [30, Thm. 1.5], we can also prove the following uniformization statement for
minimal pairs of log general type.

Corollary 4 (Uniformization of minimal models). Let (X,A) beasin Setup 1. Assume that Kx +A
is big and nef and that equality holds in (2). Then the canonical model (X, A)can = (Xcan, Acan) Of
the pair (X, A) is a ball quotient in the sense of Theorem A.

The flat case

As mentioned earlier, Kdhler quotients of C" by cocompact groups of isometries are in general
not projective, so we have to consider the following framework.

Setup 5. Let (X,A) be an n-dimensional kit pair, where X is a compact Kédhler space and A has
standard coefficients, i.e. A = Y ;¢ (1 — mL,»)Ai with integers m; = 2 and the A; irreducible and
pairwise distinct.

In this more general Kdhler setting, the methods of [31] cannot be used to prove a singular
analogue of the Miyaoka-Yau inequality. Instead, we rely on the Decomposition Theorem
from [5] to deduce the following singular version of the inequality (MY) in case (II).
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Theorem 6 (Singular Miyaoka-Yau inequality). Let (X,A) be as in Setup 5 and assume that
c1(Kx +A) =0e H3(X,R). Leta € H2(X,R) be any Kdéhler class. We then have:

(X,A)-a" 2 20. 3)
As before, we are particularly interested in what happens if equality is achieved.

Theorem B (Uniformization in the flat case). Let(X,A) beasin Setup 5. Assume thatc; (Kx+A) =
0 € H?(X,R) and that equality holds in (3) for some Kiihler class .. Then the orbifold universal
coverm: Xp — X of (X, A) is the affine space (cf. Definition 24). More precisely, (Xa,A) = (C", @).

As above, we can formulate a converse and get the following corollary.

Corollary 7 (Characterization of torus quotients). Let (X,A) be as in Setup 5. The following are
equivalent:
(1) ¢;(Kx+A)=0€eH3(X,R), and equality holds in (3) for some Kéihler class a.
(2) (X,A) admits a finite orbi-étale Galois cover f: T — X (cf. Definition 8), where T is a
complex torus.

The previous statements are thus generalizations of [38, Thm. 1.2] (itself elaborating on [27,
Thm. 1.17]). The generalization is threefold:
e Here X is a compact Kédhler space, not necessarily projective.
¢ The class «a is transcendental, a priori not an ample class.
« Ramification is allowed in codimension one; i.e. we work with kit pairs rather than kit
spaces.
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2. Generalities on orbifolds

In this section, we consider Kawamata log terminal (klt) pairs (X,A) consisting of a normal
algebraic variety or complex space X of dimension n and a Q-divisor A = ¥ ;¢ (1 - mii)Ai on X,
with m; = 2.

2.1. Orbi-structures and orbi-sheaves

Most of the definitions and basic properties given below can be found in e.g. [31, §2] in the slightly
more general setting of dlt pairs with standard coefficients, at least if X is algebraic. Working
exclusively with kit pairs will simplify the exposition.

Definition 8 (Adapted morphisms). Let f: Y — X be a finite surjective Galois morphism from a
normal variety or complex space Y. One says that f is:
« adapted to (X,A) if for all i € I, there exists a; € Z=' and a reduced divisor A onY such
that f*A; = aimiA;.,
o strictly adapted fo (X, A) ifitis adapted and ifa; = 1 foralli€ I,
» orbi-étale if it is strictly adapted and the divisorial component of the branch locus of f is
contained in supp(A). Equivalently, if f is étale over Xieg \ supp(A).
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Remark. If X is compact, then a map f: Y — X as above is orbi-étale if and only if Ky =
[r(Kx +A).

Definition 9 (Orbi-structures). An orbi-structure for the pair (X,A) consists of a compatible
collection of triples € = {(Uq, fu, Xa)} aey Where (Ua)aey is a covering of X by étale-open subsets,
and foreach a € ], fy: Xo — Uy is an adapted morphism from a normal complex space X, with
respect to the pair structure on Uy induced by (X,A). The compatibility condition means that for
all a,f € ], the projection map gap: Xop — Xo is quasi-étale, where X, g is the normalization of
Xq xx Xg.

An orbi-structure € = {(Uq, fa, Xa)} ey 1S called strict (resp. orbi-étale) if for each a € J, the
morphism f, is strictly adapted (resp. orbi-étale). It is called smooth if for each a € ], the variety
Xq is smooth. In this case, the maps g4p are étale by purity of branch locus.

Definition 10 (Quotient singularities). A pair (X,A) is said to have quotient singularities if
locally analytically on X, there exists an orbi-étale morphism f: Y — X, where Y is smooth. The
maximal open subset of X where this condition is satisfied will also be referred to as the orbifold
locus of (X, A) and will be denoted by X° c X or X°™ c X.

Remark. With the above terminology, a pair (X, A) admits a smooth orbi-étale orbi-structure if
and only if it has quotient singularities. This is because the compatibility condition is automati-
cally satisfied.

The following technical result will be useful in the sequel: a pair with quotient singularities
whose underlying space is compact Kéhler is a Kéhler orbifold. The log smooth case had been
already observed in [14, Prop. 2.1]. Slightly more generally, we have the following.

Lemma 11 (Existence of orbifold Kiihler metrics). Let(Z,A) be a pair with quotient singularities
and such that Z is a Kdhler space. Then for any relatively compact open subset X € Z, there
exists an orbifold Kdihler metric w adapted to (X,Alx) in the sense that w is a Kihler metric on
Xreg \ supp A which pulls back to a smooth Kéhler metric on the smooth local covers.

Proof. One can find an open neighborhood X’ of X ¢ Z admitting a finite covering X’ = Uqe; X},
such that there exist smooth orbi-étale covers py: Y, — X),. We set X, := X, nX and Y, =
Pa' (Xa). We pick a Kihler metric wz on Z, as well as potentials ¢, on X/, such that dd’p} ¢,
is a Kdhler metric on Yy; the functions ¢, are solely continuous on X, but p} ¢4 is smooth on Y.
We can assume that [¢,| < 1 on X,. Finally, let (yq)qer be some partition of unity subordinate to
the covering (Xy)qer and set ¢ ==} yq . We set N :=|I| and pick a constant C > 0 such that

Idd®yal, + ldyal’, <C, 4)
holds for any a € I and we claim that the current
w:=Mwz+dd°¢

is an orbifold Kéhler metric on X for M > 1. Clearly, w is smooth as an orbifold differential
form, as one can see directly by using the compatibility of the covers. Let x € X and let J :=
{ael,xe Xy} ={ai,...,ast. We set Xj:=(qe;j Xq and choose a connected component Y; of the
normalization of p;ll (Xp) xx; % x; p;sl (X7). The space Y; is a smooth manifold endowed with
an orbi-étale map p;: Yy — X; induced by the py,, i =1,...,s.

We have 1 = } je7Xa(X) = Ygey Xa(x), hence there exists § € J such that xp(x) = % Since
p;(dd®¢glx,) is a Kéhler metric on Y; (which extends slightly beyond), we infer that there exists
6 >0 such that

Vae], dd°¢s=dddpend¢p, on Xj.
Next, we have the following inequality for any ¢ > 0:

+(dpa Adya +dya AdPe) < edpg AdPg +e tdya AdSya.
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Combining the above inequality with (4), we get for any € > 0:

w=Mwz+) xaddPe+ ) $Paddya+ ) ([dpa Ad Yo +dya AdPa)

acl ael acl
=(M-NC(l+e Nwz+ypdd°dps—e ) dpa Ad°Pqy
ael

which yields, at the point x:

1 N
w=M-NC(1+e VNws+ (ﬁ - ?‘g) dd“epg.

Therefore, if we choose € := ﬁ and M =2NC(1 +¢71), then w is an orbifold Kihler metric near
x. Since x is arbitrary and the constants N, C,§ are uniform, the lemma is now proved. O

2.2. Covering constructions

In what follows, we present some variations on the well-known cyclic covering theme. The first
one, Proposition 12, is a consequence of [42, Ex. 2.4.1] when X is quasi-projective so that K is
well-defined as a (class of) Weil divisor, but one needs to argue slightly differently in the complex
analytic case. The second one, Proposition 13, improves upon previous results such as [33,
Prop. 2.9], [31, Ex. 2.11] and [17, Prop. 2.38]. The main observation is that given a pair (X,A),
it is (for our purposes) unnecessary to assume that the components of A are Q-Cartier as long as
Kx + A is. As explained in Remark 38, this is crucial for proving Corollary 4.

Proposition 12 (Existence of orbi-étale covers). Let (X,A) be a (not necessarily klt) pair with
standard coefficients, where X is a normal complex space. Assume that there is a reflexive rank 1
sheaf £ and an integer N = 1 such that NA is a Z-divisor and

Ox(NA) = WV,

Then there exists an orbi-étale morphism f: Y — X. In particular:

If (X, A) is kit and there is an integer N = 1 such that NA is a Z-divisor and w[)?n (NA) = Oy,
then we can find an orbi-étale morphism f: Y — X such that wy = Oy and Y has canonical
singularities.

Proof. Let o € H*(X,.#M) be such that div(c) = NA, and let us consider the cyclic covering
g: Z — X induced by o, cf. e.g. [36, Def. 2.52]. In the analytic setting, we can construct f in
the following way. On Xpeg \ supp(A), Z| Xreg\supp(A) is torsion and it gives rise to an étale cover
8°: Z° — Xieg \ supp(A) (the N _root of g Xreg\supp(a)) that is moreover a Galois cover with cyclic
Galois group. According to [19, Thm. 3.4], the map g° can be extended to a finite cover f: Z — X
with the same Galois group.

We claim that g ramifies exactly at order m; along A;. It is enough to check the claim at a
general point of A;. Therefore, there is no loss of generality assuming that (X,A) = (U, (1 — %)D)

1
where U c C" (n = dim(X)) is a ball, D = (z; = 0) N U, and that o|y = zim_ﬁ)agfvu witho ¢y a
trivializing section of . over U. ’

Write N = km, and let V := {(£,2) € Cx C" [N = zF™ Dy c € x C" and let v: V" — V be its
normalization. One can actually write down exactly what V" is. Indeed, let { be a primitive
k-th root of unity, and set V), := {(¢,2) | tm = (”z{"‘l} cCxC"for p=0,...,k—1. We have a
decomposition V = [, V), into irreducible components, and the normalization v, : V;,’ - Vyis
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the affine space V)] = C x C"~! with map v, (u, w) = (u™ ', u™, w) where ¢ is an m-th root of (7.
Now, set V¥ :=_l, V] and define v: V¥ — V by Vlyy :=vp. We have a diagram

Vi —V Z

| e

U— X

where j is obtained by the universal property of normalization. In particular, j is finite and
generically 1-to-1 between normal varieties, hence it is an open embedding. Moreover, if (u, w) €
V’}’ , we have pren ov(u, w) = (1, w), hence the latter map ramifies at order m along D. It follows
that g ramifies at order m along D.

Finally, one picks one irreducible component Y of Z and sets f := g|y. It yields the expected
cover, which is Galois with group G < Z/nZ = Gal(Z — X) defined as the stabilizer of Y.

As for the last part of the proposition, we can apply the above construction to .Z = a)[);” =
w%. This provides us with an orbi-étale morphism f: Y — X. In particular, Y is kit and the
computations made above show that f*(Kx + A) is trivial over Xieg \ Asg. So we get that wy is
trivial as well and finally that Y has only canonical singularities. O

Proposition 13 (Existence of strictly adapted covers). Let (X,A) be a projective pair with stan-
dard coefficients such that Kx + A is Q-Cartier (but not necessarily klt). Then there exists a very
ample divisor L on X such that for general H € |L|, there exists a cyclic Galois cover f: Y — X with
the following properties:

(1) The morphism f is orbi-étale for (X, A+ (1 — %)H), where N := deg(f).
(2) The morphism f is strictly adapted for (X, A).
3) If(X,A) is klt, then so are the pairs (X,A+ (1 - 5)H) and (Y, ®).

Proof. Pick, once and for all, a representative K of Ky, that is, an integral (but not necessarily
effective) Weil divisor K on X such that Kx ~ K. Choose a very ample divisor A on X and a
positive integer N such that

L=N-(A-(K+4))
is integral and very ample, and pick a general element H € |L|. Consider the principal divisor
D=H-L=H+N-(K+A-A)~0.

Let f: Y — X be the degree N cyclic cover associated to D, as in [42, §2.3]. (To be more precise,
Y is an arbitrary irreducible component of the normalization of that cover.) We need to check
properties (1)—(3).

By construction, the branch locus of f is contained in supp(D). Recall from [42] that writ-
ing D = ¥;d;D;, the ramification order of f along each component of f~1(D;) is given by
N/hcf(d;, N). Since K, A and H are Z-divisors, where H is even reduced, this implies (1). Prop-
erty (2) is an immediate consequence.

For (3), it is enough to show the first claim thanks to (1) and [36, Prop. 5.20]. To check the
claim, we take a log resolution r: X — X of (X, A) and write

Kg+A' =n*(Kx +A)+)_a;E;

as usual, where A’ is the strict transform of A. Since H is a general element of |L|, and 7*|L]| is
basepoint-free, one can assume that 7* H = ﬂ;lH is smooth and intersects each stratum of the
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exceptional divisor of 7 and of A’ smoothly. In particular, 7 is also a log resolution for the pair
(X,A+(1- %) H). Now, the identity

! 1 -1 * 1
Kg+A+|1-—|n'H=n"(Kx+A+|1- = |H|+)_ aiE;
N N
shows that (X, A + (1 - 1) H) is klt. O

Remark. More generally, it can be observed that a pair (X,A) (with X a normal analytic space)
admits strictly adapted covers if there exists a Cartier divisor D on X having no component in
common with A and such that m(Kx + A) ~ D for some (sufficiently divisibe) integer m = 1. We
can indeed apply Proposition 12 to the pair (X \ D, A|x\p) and get an orbi-étale cover Y° — X\ D.
Its completion over X is then adapted with respect to A and the extra-ramification is supported
over the components of D.

The following result seems to have been known to experts for a long time. A proof of it was
written down in [26] in the case where A = 0, and the general case follows almost immediately
from Proposition 12 as we will explain.

Lemma 14 (Klt pairs have quotient singularities in codimension two). Lef (X,A) be a klt pair
with standard coefficients. Then thereis a Zariski closed subset Z < XsgUsupp A with codimy (Z) =
3 such that for X° := X\ Z, the pair (X°, Al x>) admits a smooth orbi-étale orbi-structure €°.

Proof. Since Kx+A is a Q-Cartier divisor, we can cover X by (affine or Stein) open subsets Upc X,
p € I, such that (Kx + A)|y, ~g 0. By Proposition 12, we can find a finite cyclic cover gg: U[’3 — Up
that branches exactly over the A;| Up with multiplicity m;. Moreover, U/, has klt singularities, since

KU;3 = gl’; (KUﬂ + AIUﬂ). We can now use [26, Prop. 9.3] or [24, Lem. 5.8] to find a smooth orbi-étale
orbi-structure {U;W,fﬁy,Xky}yg on Ué \ Zg, for some closed subset Zg c Uk of codimension at

least three. Set Upy = gﬁ(U[/%y)’ so that Up Upy = Up is an open subset whose complement is of
codimension at least three. In summary, we get the following diagram:

hpy

T o
! A
Xpy > Upy > Upy

{ l (5)

Uy~ Up — X

Now {Uﬁ% hﬁ?”XkY}(,s - is the sought-after smooth orbi-étale orbi-structure on (X°,Alx-),
YY)ELX
where the open subset X° := Ug,y)erxj Upy has complement of codimension at least three. O

Remark 15. In particular, a klt surface pair with standard coefficients admits a smooth orbi-étale

orbi-structure, hence it has quotient singularities in the sense of Definition 10. This is of course
well-known and follows from the cyclic cover construction recalled above and [36, Prop. 4.18].

Definition 16 (Orbi-sheaves). An orbi-sheaf with respect to an orbi-structure € =
{(Ua,fa,Xa)}M] on (X,A) is the datum of a collection (y)qcy Of coherent sheaves on each X,
together with isomorphisms g, 5 Ey = ggacg’ﬁ of Ox,,,-modules satisfying the natural compatibility
conditions on triple overlaps.

All the usual notions for sheaves (locally free, reflexive, subsheaves, morphisms etc.) can be
carried over to this setting in the obvious way, cf. [31, §2.7]. Ditto for Higgs fields and Higgs
sheaves, cf. [31, Def. 2.24].

Recall the following definition from [17, §3]:
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Definition 17 (Adapted differentials). Lety: Y — X be a strictly adapted morphism for (X, A).
LetX° c X andi: Y° — Y be the maximal open subsets wherey is good in the sense of [17, Def. 3.5].
The sheaf of adapted reflexive differentials is defined as

O vy =t (im(r* Q. — 0} ) 0 Over* ) n Q.|

Lemma 18. The following properties hold:

(1) The shean tw,

is a coherent reflexive subsheaf of 5,

(X,A7)
(2) Ify is orbi-étale for (X,A), then Q&A Q[;].
(3) Lety,: Z—Y be quasi—emle, whereZ isnormal. Thend :=yoy,: Z — X is strictly adapted
(1] *] (1]
for(X,A),andQ(XAm yz Q(XAy) O

Definition 19 (Orbifold cotangent sheaf, cf. [31, Def. 2.23]). Consider on (X,A) any strictly
adapted orbi-structure € = {(Uq, fa, Xa)} 4e ;- Then the sheaves

(1]
(Q(X A, fa) )ae]

induce a reflexive orbi-sheaf called the orbifold cotangent sheaf, or sheaf of reflexive differential
forms, which we denote by Q%] . If the orbi-structure € is smooth and orbi-étale, then Q%] is locally
free. Changing the (strictly adapted) orbifold structure yields compatible sheaves in the sense of [31,
Def. 3.2], hence we will often denote this sheaf by ol ( X )

The same construction can be carried out for any integer p = 0, yielding orbi-sheaves Qg(] A For
p =0, we obtain the structure sheaf &\ x a), which is nothing but O, in each chart f,.

Lemma 20. Let (X,A) be a projective klt pair with standard coefficients, and let X° be endowed
with a smooth orbi-étale orbi-structure € as in Lemma 14. Let H be an ample line bundle on X
and pick a complete intersection surface

S=Din--NDy_

of n — 2 general hypersurfaces D; € |mH| for m > 1. Then S c X° and the restriction of € to
(S,Als) induces a smooth orbi-étale orbi-structure on (S,Als). In particular, (S,Als) has quotient
singularities.

Proof. We have S c X° for dimensional and genericity reasons. Next, if we express the struc-
ture € as € = {(Xa, far Ua)}, set Sq = SNUq, Ta = f5'(Sa), §a = falT,, and define €|g :=
{(Ta,ga,Sa)} We claim that T, is smooth, which would prove the lemma. Indeed, since f, is
quasi-finite (as the composition of an étale map with a finite map), one can find an open immer-
sion X, — X, and a finite extension fa Xo — X of f, as follows:

Ta;}Xa(_>X_a

e b Ix

Sqg ——> Uy — X
Since fa |mH]| is basepomt free, Bertini’s theorem guarantees that if T, is a general intersection
of (n—2) hypersurfaces in fa |mH|, then T, N Xa ® is smooth. Since Xq C© Xa thrs shows that
T, is smooth, hence the lemma. U

2.3. The orbifold fundamental group

Let (X, A) be a kit pair with standard coefficients as before, and set X* := Xreg \ SUppA.
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Definition 21 (Fundamental group). The (orbifold) fundamental group of (X, A) is defined as
Jtcl)rb(X, A) = ﬂl(X*)/«Y;”i' iel)-

Here, for each i € I, the element y; is a “loop around A;’) i.e. a loop in the normal circle bundle of
(Ai)reg N Xreg © Xreg, and (- --)) denotes the normal subgroup generated by a given subset.

Note that if D = @, then n‘frb(X , @) = 71 (Xeg) is in general different from 71 (X).

Definition 22 (Covers branched at A, cf. [14, Def. 1.3]). A cover of X branched at most at A isa
holomorphic map n: Y — X, where:
(1) Y is a normal connected complex space (not necessarily quasi-projective),
(2) 7 has discrete fibres and n~ 1 (X*) — X* is étale,
(3) ateach irreducible component Ej,k cn! (A}), the ramification index rj i of & divides mj,
(4) every x € X has a connected neighborhood V c X such that every connected component U
of =1 (V) meets the fibre n~ ' (x) in only one point, and nt|y: U — V is finite.
We say that m is branched exactly at A ifin (3), we haverj . = m; forall j, k.

Note that if Y is quasi-projective and = is Galois, then saying that r is branched exactly at A is
the same as saying that x is orbi-étale.

Theorem 23 (Covers and the fundamental group). There exists a natural one-to-one correspon-
dence between subgroups G c n‘l’rb (X,A) and covers n: Y — X branched at most at A. Further-
more:
(1) G isoffinite index if and only if &t is finite.
(2) G is a normal subgroup if and only if m is Galois.
(3) Let Y12 — X be two covers branched at most at A, with corresponding subgroups G2 C
n‘l’rb (X,A). Then there is a factorization

ES l
N o——3 X
ifand only if G < Ga.

Proof. The proofis the same as in the snc case, cf. [14, Thm. 1.1], with one important difference:
in order to extend (possibly non-finite) étale covers of X* to branched covers of X, we would
like to apply [19, Thm. 3.4]. In order to do this, we must invoke the finiteness of local orbifold
fundamental groups of kit pairs, as proved in [11, Thm. 1]. (Note that [11] works in the algebraic
category, but in view of [22, Thm. 1.7] and [16, Rem. 6.10] his result extends to complex spaces as
well.) O

Definition 24 (Universal cover). The (orbifold) universal cover of (X, A) is the cover m: XA — X
corresponding to the trivial subgroup {1} c n‘frb(X ,A) under the correspondence from Theorem 23.

Let A be the divisor on X, which is supported on 77! (supp A) and satisfies
Ky, +A=n"(Kx+A).

It is easy to see that the pair (Xa,A) is again klt with standard coefficients. Also, A = 0 if and only
if  is branched exactly at A.

Definition 25 (Developable pairs). We say that (X, A) is developable if in the above notation, XA
is smooth and A = 0.

Intuitively, being developable means that the universal cover is a manifold.
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Example 26. Consider the kit pair (X, A), where X = P! and

1 1
A:(l——)-[0]+ 1——)-[00]

n m
with n, m = 2. Set d = gcd(n, m). Then 7% (X,A) = Z /47, and the universal cover 7: X = P! —
P! is given by [zg : z1] — [zg : zfl]. We have

~ 1 1
A=1—-——1- 1-—rI]-: .
( n/d) [0]+( m/d) [ool
In particular, (X, A) is developable if and only if n = m.

Corollary 27 (Galois closure). Let Y — X be a finite cover branched at most at A. Then there is
a finite cover Y' — Y such that the composition Y' — X is finite, Galois, and branched at most at
A. If additionally Y — X is branched exactly at A, then the same is true of Y — X, and Y' — Y is
quasi-étale.

We call Y’ — X the Galois closureof Y — X.

Proof. Using the correspondence from Theorem 23, the statement boils down to the following:
for a group G and a subgroup H c G of finite index, there is a normal subgroup N < G of finite
index such that N c H. But this is easy (and well-known): simply set
N:=(gHg "
geG/H
The last statement is easily seen to be true by comparing the ramification indices of ¥ — X and
Y’ — X over the components A;. O

3. Orbifold Chern classes of kit pairs

In this section, we recall the definition of the first and second orbifold Chern classes for kit
pairs, in the spirit of [24]. We then explain how to compute them concretely in two cases: in
the projective setting by a cutting-down argument (Section 3.3), and when we have an “orbi-
resolution” at our disposal (Section 3.4).

3.1. The general Kdhler case

Let us begin by recalling how to define Chern numbers associated with the first and second Chern
classes. This is nothing but a slight generalization of [24, Def. 5.2] that takes into account the
presence of a boundary. The construction relies on the Chern-Weil formalism in the orbifold
setting. We will not recall the basic definitions and properties for the differential geometry of
orbifolds (e.g. Hermitian metrics on orbifold bundles, orbifold Chern classes, orbifold de Rham
cohomology, and so on). A good reference is [8, §2].

Let (X,A) as in Setup 5 and let X° < X be the largest open subset of X such that (X,A)
admits a smooth orbi-étale orbi-structure €°, and set Z := X\ X°. As proved in Lemma 14,
dimZ < n-3. Next, let @ € H?"~*(X,R) where that cohomology space is understood as the
cohomology of the locally constant sheaf R .. For dimensional reasons, we have an isomorphism
H2"~4(X°,R) = H?""*(X,R). Next, the de Rham complex of orbifold differential forms on X°
yields a de Rham-Weil isomorphism H&R'C(X °,R) — H:(X°,R), so that in the end we get a natural
isomorphism

v HAE H(XO,R) — H (X, R). 6)

Now, let E — X° be an orbifold bundle for the pair (X°,A°). We can equip it with an orbifold

Hermitian metric # and form the Chern classes c‘l?rb (E, h) which are orbifold differential forms
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of bidegree (i,i). We can use the isomorphism (6) to define real numbers when i = 2. If
a € H?"*(X,R), the class ¢~ ! () can be represented by a compactly supported orbifold (27— 4)-
form Q on X°, so that cgrb (E, h) A Q is a compactly supported orbifold (n, n)-form on X°.

Definition 28. The orbifold second Chern class C,(E) is the unique element in the dual space
H2"4(X,R)” which under W corresponds to the Poincaré dual of the class cgrb (E) € HéR(X°,[R),
where the latter is taken with respect to (but independent of) the orbi-structure €°. The quantity

G (B)-a:= f S (E, i) AQ
o

is thus a well defined real number for any class a € H2"4(X,R).

Let us apply the above construction to Q%Xo aey the orbifold bundle of differential forms.
For the first Chern class, one can avoid the use of orbistructures and define it directly as a
cohomology class as follows.

Definition 29. For a klt pair (X, ), we set
1 w
E1(X,A) = —c1 ((wx™ ® Ox(mA)™) € HA (X, R)
m
where m > 1 is an integer such that the reflexive rank 1 sheaf (wx'™ ® Ox(mA))” is a line bundle.

Now let us consider the case of the second Chern class.

Definition 30. The orbifold second Chern class (X, A) € H2"4(X,R) of the pair (X,A) is the

second Chern class of the orbi-bundle Q%Xo ey 0N X° defined in Definition 19.

Remark 31. As already observed in [24, p. 893], the object constructed in Definition 30 is
naturally a homology class:
C2(X,A) €Hyp s (X,R).

3.2. The projective case — Mumford’s construction

Let (X,A) be a projective dlt pair with standard coefficients such that each component A; of A
is Q-Cartier. In [31, §3.1, p. 1458], the orbifold Chern classes ¢, (X,A) and E% (X, A) were defined
as multilinear forms on N'(X)q. Here we would like to observe that this procedure can also be
carried out without the assumption that the A; be Q-Cartier. Our argument follows the proof
of [29, Thm. 3.13] closely. We will restrict attention to the case of kit pairs, as we are only
concerned with those in this paper.

So let (X,A) be an n-dimensional projective klt pair with standard coeflicients. Applying
Lemma 14, we obtain an open subset X° ¢ X whose complement has codimension = 3 and
such that (X°, A|x-) admits a smooth orbi-étale orbi-structure 6. Consider the “big global cover”
Y: X° — X° associated to €, cf. [41, §§2-3], which up to shrinking X° may be assumed to be
Cohen-Macaulay. The locally free orbi-sheaf Q%] from Definition 19 induces a genuine locally
free sheaf .% on X°. The Chern classes of .% induce classes ci(Q%]) € A,_;(X°). Since A, (X°)
is equipped with a ring structure, we also have c% (Q%]) € A;_2(X°). For dimensional reasons,
A,_;(X) = A,_;(X°) is an isomorphism for i < 2. We obtain classes c, (Q%]) and cj (Q%]) €
A,—2(X), which are independent of the choice of € by [31, Prop. 3.5]. The orbifold Chern classes
C2(X,A) and E%(X ,A) are then given by cap product with Chern classes of line bundles on X:

QX A) - A Lyp = deg(c2(QY) nel (A) N ner (Lamz)),
E?(X,A) '31 "'fn_g = deg(c%(Q%]) ﬂCl(fl) ﬁ---ﬂcl(gn_g)),

and these maps factors via N! X)g-
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3.3. The projective case — cutting down

If (X, A) is a projective kit pair with standard coefficients, then Lemma 14 allows one to generalize
Mumford’s construction of Q-Chern classes [41] to this setting as explained above. The fact that
the Chern-Weil construction from Definition 30 and Mumford’s definition of Q-Chern classes are
equivalent is given in [24, Claim 6.5] in the case where A = 0. It extends readily to the more general
setting of kit pairs with standard coefficients.

Since v is an abstract isomorphism, it is in practice difficult to actually compute these
numbers. There is, however, an important situation where things get much more explicit and that
is when a = ¢ (L)"*"2 where L is an ample line bundle on X (we could also have (n — 2) different
ample line bundles, but let us stick to the former case for simplicity). By homogeneity of the
intersection product, we can assume that L is very ample and induces an embedding i : X — PV
such that L = i* Opn (1). We pick (n—2) hyperplanes H;, ..., H,—, in general position. In particular,
one has that }° H; has simple normal crossingsand S:= Hyn:--Nn H,_p, N X c X°.

Lemma 32. With the notation as above, the Chern number from Definition 28 can be computed
with the following formula:

& (B)-cD)"?= fs S (E, h) . (7)

Proof. To begin with, let us choose sections s; € HO ([F"N,@PN(I)) such that H; = {s; = 0}, and we
equip Opn (1) with the Fubini-Study metric. Next, we choose cut-off functions y; : PN — [0,1]
such that

o 0 on {|s;|<6}
Y211 on {Isi] = 26}

for some § > 0 small enough so that

n-2
(N {lsil<26}nX < X°.
i=1

For any € € (0,1], one defines ¢; . := x; loglsil2 +(1—y;)log(ls; 12+ £2) and set wie=wps+dd ;..
Clearly, w; ¢ is supported on {|s;| < 20} and w;  — [H;] as € — 0, both weakly as currents on pN
and locally smoothly away from H;. We set Q. := /\:’:‘12 w; ¢, which is supported on ﬂ;’:‘f{lsi | <26}

The immersion i : X° — PV induces a commutative diagram
-4(pN ~ -4(pN
HE4 (PN, R) —— H>"*(PV,R)
I+ Ir
Hip 4 (X°,R) —— H*" (X", R).
and by our choices the image i.[Q,] lands in the image of the natural map

Hah.e (X R) — Hig (X°,R)

and satisfies ¥ (i« [Q¢]) = c1 (Opn (1)"2|x = ¢1(L)"*"2. Therefore, we have for any ¢ > 0 the identity
&(E) ()" %= f S (E, h) A Q.. (8)
o

Now, since ) H; has simple normal crossings, an easy local computation shows that Q, converges
to the current of integration along the submanifold W := ﬂ?;lz H;, both weakly on PV and locally
smoothly away from W. Since the support of Q.| x is contained in a fixed compact subset of X°,
ones sees that Q.| x> converges weakly to [S] = [W n X°] in the sense of currents on the orbifold
X°. Letting € tend to 0 in (8), we finally get the formula (7). O
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3.4. Orbi-resolutions and Chern numbers

When X is smooth in codimension two, one can compute Chern numbers on a resolution of
singularities, cf. e.g. [15]. In the presence of singularities in codimension two, it is explained in
loc. cit. that a resolution does not compute Chern numbers anymore in general. The substitute
of a resolution in that setting is an orbi-resolution as defined below.

Definition 33 (Orbi-resolutions). Let (X,A) be a pair, where X is a normal complex space, A has
standard coefficients and let X° c X be the orbifold locus of (X,A). An orbi-resolution of (X, A) isa
surjective, proper bimeromorphic map n: X — X from a normal complex space X such that:

(1) (X,A:=7r;1(A)) has only quotient singularities, and
(2) m is isomorphic over X°.

The existence of orbi-resolutions can be established! for quasi-projective varieties (with A =
0), using deep results about stacks as Chenyang Xu has showed in [37, §3]. However, the con-
struction proposed there is highly non-canonical (or non-functorial) and this makes it difficult to
generalize it to the complex analytic setting, even assuming algebraic singularities.

One important application of the existence of orbi-resolutions is highlighted by the following
lemma, which shows that we can use such partial resolutions to compute the orbifold second
Chern class of (X, A) against a class in H2"*(X,R).

Lemma 34. Let (X,A) be a pair as in Setup 5. Assume that (X,A) admits an orbi-resolution
m: (X,A) — (X, A) as in Definition 33. Given any a € H2"%(X,R), one has the formula

SX,A)-a= cgrb[)?,ﬁ) -y (n*a),

where on the right-hand side, cgrb (}A( , 3) € H‘éR()A( ,R) is the usual orbifold second Chern class of
(X,A) andy: H*(X,R) — Hy (X, R) is the orbifold de Rham-Weil isomorphism.
Proof. With the notation from Definition 33, let us denote X\ E:= 771 (X°) and j: X\ E — X the
natural inclusion; for simplicity we set k := 2n — 4 and skip the reference to R in the cohomology
spaces below. Finally, we set 7o := g, z: X \ E — X°.

We then have the following diagram

HE(X)

i

> 0 s je >
HY, (X\E) — H{(X\E) —— H¥(X)

] di al

HE, (00— HE(X®) — HF(XO)

idR
Jx

where all arrows except for j., j9% and 7* are isomorphisms. Now, one can pick an orbifold
Hermitian metric & on Ty ; and descend it to an orbifold Hermitian metric & on Tx- since ©

IThe proof of [37, Thm. 3] applies verbatim when A # 0, but we will only use the existence of orbi-resolutions when
A=0.
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is an isomorphism X \ E — X°. Then, if as before a is an orbifold representative of ¢! (i;'(a))
with compact support in X°, we have

Ez(x,m-azf 9P(X°, ) na
.

N\E
=cS"(X,A) - (7" algr

= cgrb(f(, 3) ‘y(n*a)

=[ (X, h) At a

since we have y(7*a) = (j.) R ([7* a]qg) from the commutativity of the diagram above. g

We conclude this paragraph with a remark on the non-orbifold locus. For the sake of clarity
(and also since we will use only this case), we stick to the case A = 0.

If X is a normal complex space that admits an orbi-resolution 7: X — X in the sense of Defini-
tion 33, it is immediate that its non-orbifold locus X\ X orb cpincides with 7n(E), where E c Xisthe
exceptional locus of 7. In particular, the non-orbifold locus is an analytic subset of X. This latter
statement is very natural and should be true regardless of the existence of orbi-resolutions. Un-
fortunately, we are neither able to prove it in the general analytic setting nor able to locate a suit-
able reference. We can, however, prove it under the additional assumption that the singularities
of X are algebraic. This is sufficient for the application in Section 7.

Lemma 35 (Analyticity of the non-orbifold locus). Let X be a normal complex space having only
algebraic singularities (in the sense of [16, Def. 2.4]). Then its non-orbifold locus Z := X\ X°™ isa
closed analytic subset.

In particular, this applies if X is a compact kit Kéhler space with ¢y (X) = 0.

Proof. When X is algebraic, this is a straightforward consequence of [3, Cor. 2.6]. If U c X is a
euclidean open subset of X being isomorphic through a map ¢: U = V to an open subset Vc Y
of an algebraic variety, then we have @(ZnU) = V \ V°™, and this is an analytic subset of V by
the algebraic case. The subset Zn U is then given by the vanishing of a family of holomorphic
functions, i.e. it is analytic in U.

The last statement is a consequence of [5, Thm. B]: X can be realized as a member of a locally
trivial family which also has projective fibers. The family being locally trivial (over a smooth
connected base), all the fibers are locally isomorphic and such an X then has locally algebraic
singularities (cf. [16, Ex. 2.5]). 0

4. Uniformization of canonical models

In this section, we prove Theorem A. Let us first introduce notation. We set A := Kx + A and pick a
complete intersection surface S = D; N---N D,_» of n—2 general hypersurfaces D; € |m A|, where
m is sufficiently large and divisible. The proof is divided into four steps.

Step 1: The orbi Higgs-sheaf (Ex,9x)

Using the notation introduced in the proof of Lemma 14, we can find a (a priori non-smooth)
orbi-étale structure € = {Uy, g4, U} with respect to (X, A) on the whole X. Then, one can define
the reflexive orbi-Higgs sheaf (&’x, 9x) with respect to € as follows:

—Qqll L
Ox: Ex = QY 5 ® Ox,0) — Ex 8 QY ), ®
]

where on each chart U}, we define 1‘)% (a, f) == (0, a) where (a, f) is a section of éDUA = QB, ® ﬁU{,,-
Cf. also Definition 19 and [31, §5.1, Step 2]. ¢
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In order to compute Chern numbers involving &%, one needs to introduce a global cover
f:Y — X and an actual reflexive sheaf &y on Y as we now explain. Thanks to Proposition 13,
there exists a finite morphism f: Y — X that is strictly adapted for (X,A) and whose extra
ramification in codimension one (i.e. away from supp(A)) is supported over a general element
H of a very ample linear system on X. Let N be the ramification order along H; we have

K—*KAIIH 10
= (a1 L)) w

Weset D:=A+(1- %)H and define (X, D)o to be the largest open subset of X where the pair
(X, D) admits a smooth orbi-étale orbi-structure %6°; we know that codimx (X \ (X, D)op) = 3 by
Lemma 14. One can be a bit more precise about the shape of ¢°, which will be useful later. Recall
from the proof of Lemma 14 that if we set K := I x J and & := (,7) € K, then we have a diagram

ha
X& fll> U(; ga> Ua c

[ [ s

U;i)Uﬁ‘—H(

where X}, is smooth and f, is quasi-étale. Note that one can “restrict” &x to the orbifold locus
Uq Uq € X of (X,A) to get a locally free orbi-Higgs sheaf with respect to the smooth orbi-étale
structure {Ug, ha, Xg}acx for the pair (X,A) in codimension two, given by &y := fo[c*](é"U;i lu) =
Q;(A ® ﬁx{,- In particular, one can define the Chern number €,(&x) - A”2 as explained in
Section 3.1.

By choosing H general, one can arrange that i} H is smooth for all indices a € K thanks
to Bertini’s theorem, so that a further Kawamata cover x,: X, — X], orbi-étale with respect
to (X[, h}(1— %)H) yields the expected smooth orbi-étale orbi-structure €° := {Uy, pa, Xa}ack
for the pair (X, D) in codimension two where p, = h;ox,. We end up with the following
factorization:

étale

Ug > X

Xa Pa )
X,

Next, set
Y= f7((X, D)orp) N (Y, B)orb < Y.
Since f is finite, and by Lemma 14 applied to (Y, ), we have codimy (Y \ Y°) = 3. The map f
restricts to f°: Y° — X° = (X, D)orp-
Finally, we set T := f‘1 (S). Since the linear system |mA| (resp. f*|mAl) is basepoint-free and

S is general, we have S ¢ X° (resp. T < Y°). Also, recall from Lemma 20 that (S, D|s) has quotient
singularities. The following diagram summarizes the situation:

T— Y  — Y

fir] r

S—— X° — X

Moreover, the ramification formula K1 = f* (Ks+ D|s) shows that T is kit as well, i.e. it is a surface
with quotient singularities.
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Step 2: Computing Chern numbers for &x.

Set A° := Alx> and D° := D|x-. Consider the locally free orbi-sheaf for the pair (X°, D°) with
respect to the orbi-structure 6° constructed in Step 1 above, defined by

Exa = Qo po ) @ O an
Since (Xq, pal( H)) is log smooth, the subsheaf Qgg A°pa) © Qﬁ(a has a very explicit expression in

terms of local coordinates. More precisely, if (z1, ..., z,) is alocal chart such that p;l (H)={z; =0}
on that chart, then the bundle at play is the subbundle of Q) generated by z\~'dz, dzz, ..., dz,.
In particular, it agrees with Qﬁ( outside of p;l (H).

Now set &y = Qgg ap® Oy c Q[;] ® Oy, which we should think of as the reflexive pull back of
&x by f. We equip this sheaf with the usual Higgs field 9y, and denote by &y- its restriction to Y°.
Note that by (2), &y = Q[;] ® Oy holds on Y \ f~'(H). Let {(V, gp, Yﬁ)}ﬁeK be a smooth orbi-étale
(i.e. quasi-étale, in this case) orbi-structure for (Y°, »), which exists by (3) and Lemma 14 again,

at least after shrinking Y°. Set &y, := q[ﬁ*]@@y and consider the diagram

rll
Wy 8 —)ﬁ Yﬁ

i

ap ye (12)

I

Xy —2% 3 x°

where W, is the normalization of X, x x- Yg. Since py is orbi-étale with respect to D°, the map
rep is €tale over Xy, \ supp(D°). Moreover, since ¢ is quasi-étale, it follows that f o g and pq
ramify to the same order along each component of D. In other words, the smooth orbi-étale orbi-
structures €° and {(f(Vj), f o gp, Yp)} are compatible. In particular, gqs and rqp are étale so that
Wy is smooth, and we have additionally g; Ex, = r"; é”yﬁ by (3). Since &, is locally free, so is
gyﬁ, so that the reflexive sheaf &y- is a genuine orbifold bundle on the orbifold Y°.

Let w be an orbifold Kéhler metric adapted to (X°,A°), as given by Lemma 11. It is defined
on an arbitrarily large relatively compact open subset of X°. In particular, it is defined in a
neighborhood of S and this will be enough for our purposes. Set S* := Syeg \ supp D. By definition,
one has

=, [1] 1 1
Ao ):f c2(Q ,w):f @ ,w)
(X,A) iS Sreg\SUpp(A) Kreg 5 Xreg

and the last two integrals on the right are well-defined since w pulls back to a smooth Kihler
metric across points in Sging U supp(A) via the finite maps h,. The smooth form p; w = f hy 0
is semipositive, degenerate along p,'(H). More precisely, if p,'(H) n U = {z; =0} for some
coordinate chart U c X, then

n
2(N-1) ; - N-1 -
proly = a;lza* Y Vidzy Adz + Y a;zzy 'dz Aidzg
k=2
n N-1 n
+kz a7z; dzpAidz + kz ajEdzj/\dzk
= k=2

where (aj%) is smooth and definite positive. In particular, p)w defines a smooth Hermit-

ian metric on Qgg A°,pa)” Said otherwise, g B p, o induces a smooth Hermitian metric on
* [1] ~ * [1] * * . e .
gaﬂQ(X°,A°,pa) = raﬁQ(X°,A°,foqﬁ)' Hence, qﬁf w is a smooth Hermitian metric on the vector
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bundle Qgg p foqp) = 1[5*] Qgg ae,fy SO that f*w induces an orbifold metric on the orbi-bundle
Qgg L) By the definition of the Chern classes of orbifold vector bundles, we have

= [1] _ 1 *
CZ(Q(X",A“,f)|T) _ff_l(s,,)CZ(QYreg’f w)
= deg(fI7) - fs Qo)

=deg(f) - & (Q&]A) is)

where the last identity follows from deg(f|r) = deg(f) since S is general. All in all, we find
by Lemma 32

&) (f* A" = deg(NT(Ex) - A2 (13)
The same arguments show the similar identity
(&) (f* A2 = deg(N)TF (6x) - A" 2 (14)

Step 3: (X, A) has quotient singularities

Consider on X the orbi-Higgs sheaf (#x,0x) := End (&, Jx). It satisfies:
(Fx)- A2 =5 (Fx)- A2 =0,

as follows from the assumption on the Chern classes of (X, A), i.e. the assumption that equality
holds in (2). Combined with (13)-(14), the latter identity implies that the (genuine) Higgs sheaf
(Zy,0y) :=End(&y,dy) on Y satisfies
S(Fy) - (FFA"=5(Fy)-(FFA" 2 =0.

Moreover, by [31, §4.4, proof of Thm. C], the sheaf Qgg AP is (f* A)-semistable. Recall that
CI(QBQ,M)) = f*Aby [17, (3.11.5)]. It follows that (8y,dy) is (f* A)-Higgs-stable, cf. the calcu-
lations in [29, proof of Cor. 7.2]. This in turn implies that the endomorphism sheaf (#y,Oy) is
(f* A)-Higgs-polystable. Indeed, the last assertion can be deduced from the usual smooth case by
restricting to a general complete intersection curve and using the Mehta—Ramanathan theorem
for Higgs sheaves [29, Thm. 5.22]. Cf. also [30, Lem. 4.7].

By the Simpson correspondence for kit spaces [30, Thm. 5.1], the Higgs sheaf (Zy,0Oy) | Yieg is
locally free and is induced by a tame, purely imaginary harmonic bundle. By [30, Prop. 3.17], the
reflexive pull-back g!*.Zy of .Zy to a maximally quasi-étale cover g: Z — Y (whose existence is
guaranteed by [27, Thm. 1.5]) is locally free.

Now, set W:=X\Hc Xand h:= fog: Z— X. On h™! (W), we have that

g[*]éay =~ g[*](Q[l}] ® ﬁy) =~ QE] ®0y.

It follows that g[*]ﬁy = End(Q[Zl] &0 Z), which contains the tangent sheaf .77 as a direct sum-
mand (again, only on 11 (W)). Since direct summands of locally free sheaves are locally free by
Nakayama’s lemma, the resolution of the Lipman-Zariski Conjecture for kit spaces [20, 25, 26]
implies that h~1(W) is smooth.

By construction, the map h~! (W) — W is branched exactly at A|yy. By Corollary 27, its Galois
closure W — W also has this property, and W is smooth, being a quasi-étale (hence étale) cover
of the smooth space h~1(W). This shows that (W, A|y) has quotient singularities. So far, we have
only imposed that H is general in its (basepoint-free) linear system. We can therefore repeat the
argument by choosing general elements H;,..., H,+1 € | H| and conclude that (X, A) has quotient
singularities. This means that (X, A) is a “complex orbifold” in the sense of [10, p. 109].
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Step 4: (X, A) is a ball quotient

Since (X, A) is a complex orbifold with Kx + A ample, there is an orbifold Kéhler-Einstein metric
w such that Ricw = —w, cf. [10, Thm. 5.2.2]. Set X* := Xreg \ supp(A), so that w is a genuine Kihler
metric on X*. One can compute the orbifold Chern classes using w, and, in particular, one has
from the usual Chern form computations

0=(2(n+1)Ta(X,A) - nTX,A)) - [Kx + A2

= fX 201+ Dea (X, ) - nc? (X, ) Aw" 2

- c,,f 10°(Tx, )2 0",
X*
where C,, > 0 is a dimensional constant, while
o 1 .
0" (Tx,w) :=0(Tx,w) — ;trEnd(G(Twa)) -idy

is the trace-free Chern curvature tensor of (T, w).

As a result, w has constant negative bisectional curvature. This implies that w has negative
Riemannian sectional curvature on X* by e.g. [23, §2.4.2]. (Note that one could also have said
that (X*,w) is locally isometric to the complex hyperbolic space (B", wpyp) by [9, Thm. 6] and
conclude by the usual curvature properties of the complex hyperbolic metric.)

Let 1: Xo — X be the orbifold universal cover of (X,A), cf. Definition 24. By the previous
paragraph, (X, A, w) is an orbifold of nonpositive Riemannian sectional curvature. It then follows
from [12, Cor. 2.16 on p. 603] that (X,A) is developable. Now, (Xx,7*w) is a simply connected
Kédhler manifold with constant negative bisectional curvature, so it is holomorphically isometric
to (B", whyp) by [34, Thm. 7.9]. In particular, X, =B", proving Theorem A. g

5. Characterization of ball quotients

In this section, we prove Corollary 3. We prove the implications (1) = (2) = (3) = (1) separately.
(1) =>(2). This is Theorem A.

(2)=(3). Let n: B" — X be the orbifold universal cover of (X,A). (In particular, (X,A) is
developable.) By (2), the map = is Galois, with Galois group I' = n‘l’rb(X, A). Note that T’ c
Aut(B") = PU(1, n) is a finitely generated linear group. Furthermore, the stabilizers of the action
[ G B" are finite by (4). By Selberg’s lemma [2], there is a finite index normal subgroup I' < T’
which is torsion-free. This implies that I acts freely on B”. We obtain the following factorization
of m:
B? — [EB”/FrL. [Bn/r:X,

where f is the quotient by the action of the finite group G := I'/T on the projective manifold
y := B" /1. Since the first map is étale, it exhibits B” as the universal cover of Y. Combining this
with the fact that 7 is branched exactly at A, we infer that f is orbi-étale.

(3)=(1). Recall that Ky is ample and that Y satisfies equality in the Miyaoka-Yau inequality,
cf. e.g. [35, (8.8.3)]. As f: Y — X is orbi-étale, it follows that also Kx + A is ample and equality
likewise holds in the Miyaoka-Yau inequality for (X, A). U

6. Uniformization of minimal models

This section has two (related) purposes: first, to remove the assumption about the irreducible
components of A being Q-Cartier from Theorem 2. And second, to prove Corollary 4.
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6.1. Orbifold Miyaoka—Yau inequality

In Theorem 2, or more generally in [31, Thm. B], the assumption that the A; be Q-Cartier can be
dropped without replacement. We give two proofs of this result, the first one relying on [7] and
the second one on Proposition 13.

Theorem 36 (Miyaoka-Yau inequality). Let (X,A) be an n-dimensional projective klt pair with
standard coefficients, and assume that Kx + A is big and nef. Then the following inequality holds:

(2(n+1)T(X,A) - nT(X,A))- [Kx + A" > 0. (15)

First proof. Consider a Q-factorialization f: X' — X, cf. [7, Cor. 1.4.3] applied with & = @. Set
A":= f7'A. The map f is small, meaning that Exc(f) < X’ has codimension at least two. Therefore
(X',A") reproduces all the assumptions made on (X,A), and in addition X’ is Q-factorial. In
particular, Kx» + A’ = f*(Kx +A) is big and nef. Furthermore, f(Exc(f)) < X has codimension = 3,
therefore f (C2(X’,A’)) =T2(X, A) as homology classes, and likewise for ¢%(X’, A') (cf. Remark 31).
By the projection formula, we obtain

(2(n+1)T(X,A) - nTi(X,A))- [Kx + A" 2 = (2(n+ 1T (X', A") - nE(X',A")) - [Kyr + A" 72,
The right-hand side is non-negative by [31, Thm. B]. O
Second proof. Observe thatin [31], the assumption that the A; be Q-Cartier is only used in order
to construct a strictly adapted morphism whose extra ramification is supported on a general very

ample divisor (cf. Ex. 2.11 of that paper). However, using Proposition 13 we can construct such a
cover even without that assumption. After that, the proof of [31, Thm. B] applies verbatim. U

6.2. Uniformization of minimal models

In order to prove Corollary 4, we use the strategy explained in [30, Step 1, p. 1086]. This means we
first have to prove the following lemma.

Lemma 37. In the setting of Corollary 4, the canonical model (Xcan, Acan) also satisfies equality
in (2).

Assuming Lemma 37 for the moment, we then apply Theorem A on (Xcan, Acan) to conclude.
This finishes the proof of Corollary 4.

Remark 38. If we had proved Theorem A only in the setting of [31] (that is, assuming that the
A; are Q-Cartier), then the above argument would break down. This is because the irreducible
components of A¢yn may not be Q-Cartier (even if the same is true of A).

Proof of Lemma 37. As in the statement of Corollary 4, let (Xcan,Acan) denote the canonical
model of the pair (X,A) and 7#: (X,A) — (Xcan, Acan) the canonical morphism (Kx + A being big
and nef, some multiple is basepoint-free and so 7 is a morphism). By construction, Kx_,. + Acan
is ample and x is crepant:

Kx +A=n"(Kx,, +Acan)- (16)
The pair (Xcan, Acan) still has klt singularities. From Theorem 2, we know that the inequality (2)
holds for (X¢an, Acan) and we are led to checking that:

(2(n+1)T(X,A) - nTE(X,A)) - [Kx +A]" 2
= (2(n+ 1) & (Xecan) Acan) — 7 (Xeans Acan) ) * [Kxgqn + Acan] " 2. (17)
In view of (16), this amounts to showing
C2(X,A) - [Kx + A" % = T (Xean) Acan) * [Kxeqy + Acan]” 2. (18)
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At this point, let us consider a general surface X c X¢an cut out by the linear system |m(Kx,,, +
Acan)| (for m > 1 sufficiently divisible) and let us look at its preimage S := 7712 ¢ X in X.
The pairs2 (S,A) and (X, Acan) are orbifold surfaces and contained in the orbifold loci of (X,A)
and (Xcan, Acan) respectively. Obviously, (£, Acan) is nothing but (S, A)can and we can apply [40,
Thm. 4.2]. This yields

4T2(Z, Acan) — €5 (Z, Acan) < 4T2(8,A) —T4(S,A).
The morphism 7|g: (S,A) — (£, Acan) being crepant, the above inequality reads as
C2(Z, Acan) =C2(S,A). (19)
With the notation introduced, the inequality (18) boils down to the following:
& (T |s) 2 C(Ttkeanbean | 5) -

This last inequality can be checked as in [30, pp. 1086-1087] by considering the (orbifold) normal
sequences

0— Tis0 —Txm|g — Msanx.a — 0, (20)
0— T% Acan) — T KeamBean) |5 = ME Aean)(Xeam Acan) — O- 21

It is worth noting that both sequences (20) and (21) are exact sequences of orbifold vector
bundles, since the surface S (resp. Z) is contained in the orbifold locus of (X, A) (resp. (Xcan, Acan))
and the terms in the middle are thus genuine orbifold bundles. Now it is enough to remark that
the normal bundles (s a)(x,a) A0d A5, Aan) I (Xean, Acan) SatisfY

MsmN06,8) = T (M Acan)| Kean Acan)) - (22)
Together with (16) and (19), this finally proves that the inequality (18) holds true. This concludes
the proof of Lemma 37. 0

Remark. Ingeneral, the canonical morphism 7|s: (S,A) — (£, Acan) is not an orbifold morphism,
but the normal bundles are actual locally free sheaves defined on S (resp. on X) and not only on
the orbifold (S, A) (resp. (Z, Acan)). The Chern classes of (s A,0)I(Xean,Acan) thus come from X and
can be pulled back to S in the usual way.

7. Characterization of torus quotients

In this final section, we first establish the positivity of the orbifold second Chern class for Calabi—
Yau and for irreducible holomorphic symplectic varieties. Using the Decomposition Theorem [5],
we can then easily deduce Theorem 6 and Theorem B. Finally, we prove Corollary 7.

7.1. Positivity of the second Chern class — the projective case

If X is projective, then we know that it has an orbi-resolution in the sense of Definition 33, and
we can use this to understand the orbifold second Chern class of X.

Proposition 39. Let X be a projective irreducible Calabi-Yau (resp. irreducible holomorphic
symplectic) variety of dimension n with kit singularities and let € H>(X,R) be a Kihler class.
Then we have

S(X)-p2>0.

2To avoid cumbersome notation, the restriction of the divisors A and Acan to S and T is not written out.
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Proof. Let n: X X be an orbi-resolution, whose existence is garanteed by [37] since X is
projective. Let ,B be a Kihler class on X and let w €  (resp. @ € ) be a Kahler form. Recall
that it follows easily from the Bochner pr1n01p1e [16, Thm. A] that Ty is stable with respect to f.
This implies that T is stable with respect to 7* 8, hence T is stable with respect to 7% + z—:ﬁ for
€>0small enough cfe.g. [15, Prop. 3.4]. In particular, as explalned in [21, Thm. 4.2], there exists
an orbifold Hermite-Einstein metrics h, on Tg with respect to w, := 7*w + €®. From Lemma 34,
we have
S (X)-pE= limfA S (T, he) Al ™2.
e—=0Jx

The exact same arguments as in [15, Prop. 3.11] using orbifold forms instead of usual forms shows
that the latter quantity is non-negative, and if it is zero, then we have ¢, (X) - y"~2 = 0 for any
Kahler class y on X. We claim that this cannot happen. Indeed, since X is projective, this applies
to classes of the form c; (H) for an ample divisor H on X. Then [38] would imply that X is the
quotient of an Abelian variety, clearly a contradiction. g

7.2. Positivity of the second Chern class — the IHS case

We will derive the general Kidhler case from the projective one using a deformation argument, as
in [15, Prop. 4.4].

Proposition 40. Let X be an irreducible holomorphic symplectic variety of dimension n with klt
singularities and let € H2(X,R) be a Kdhler class. Then we have

(X)- B2 > 0.
Proof. We will first prove that there exists a constant Cx € R such that
&(X)-a=Cxqx(@?™! (23)

foranyae H2(X,R), where gx: H2(X,R) — C is the Beauville-Bogomolov-Fujiki quadratic form.
Moreover, we will see that Cx is constant when X moves in a locally trivial family.

The result follows from standard arguments (see e.g. [15, Prop. 4.4] and references therein)
once one has proved that the formation of ¢, (X) - a is invariant under parallel transport along a
locally trivial deformation, which we now prove.

Let 7: X — D be a proper surjective map which is a locally trivial deformation of X = 771(0).
We denote by X°™ (resp. X Orb) the orbifold locus of X (resp. X;), which is a Zariski open subset of
X (resp. X,) according to Lemma 35. Next, we set Z := X\ X°™ and Z; = Zn X,. The family being
locally trivial, we infer that ¥°™ 0 X, = X?rb and thus that Z; = X; \ X?rb.

Claim 41. Up to shrinkingD, there exists a €*° diffeomorphism F : X — Xy x D commuting with
the projection to D such that

(i) F preserves the orbifold locus, i.e. F (X?rb) = X(‘;rb x {t}.

(i) F| xorb : X?rb — X(‘)’rb is smooth in the orbifold sense.

In this singular context, we mean that F is the restriction of a smooth map under local
embeddings in CV which induces an homeomorphism between X and X x D.

Proof of Claim 41. Let us start with the existence of the diffeomorphism F. To do so, one can
find a proper ¢€°° embedding : X — C thanks to [1]. Next, extend 7 smoothly to a smooth map
f with support in a neighborhood of ((X). Since 7 : X — D is locally trivial, one can stratify X such
that the restriction of 7 to each stratum is proper and smooth (in the analytic sense, i.e. it is a
submersion). The existence of F then follows from Thom’s first isotopy lemma, cf [39, Prop. 11.1].

In order to prove the two items in the claim, let us briefly recall the construction of F in loc. cit.
while emphasizing on the important points for our purposes. Start with local holomorphic
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trivializations gg : Uy — (Uy N Xp) x D for a covering of analytic open sets (Uy)gea of X, and let
Z =112 be the standard stratification of the analytic set Z c X. The maps g, induces a local
biholomorphism between Z* and Z(gk) x D for all k; in particular the holomorphic vector fields
Vg = g;% satisfy
Va| yw € HO(ZUC)» 920«))
Next, let (y4) be a partition of unity subordinate to the open cover (Ug)geca. The € vector
field v:=) yqvq still satisfies
vl 00 € €°(ZW, Tyw).
As showed in [39], its flow (F;) is well-defined over 7~ (D;,) for || < 1/2, and it preserves Z ® for
all k, hence it preserves Z as well. Equivalently, the flow of v preserves %Orb, which proves (i).
Moreover, v|yon is smooth in the orbifold sense (i.e. when pulled back to the local smooth
covers), a property which need not be true for arbitrary vector fields. This is straightforward
since the vy satisfy this property (they lift to holomorphic vector fields on the quasi-étale local
covers), and multiplying by smooth functions is harmless. In order to prove (ii), let x € Xgrb be
an arbitrary point and let U c X°™ be a small connected open neighborhood of xy admitting a
smooth quasi-étale cover p : U — U. We can find U’ € U such that for |¢| < s (with s > 0 small
enough) the flow F; is defined on U and satisfies F;(U") « U. Remember that 0 := p* v|y,, extends
to a smooth vector field on U which we still denote by 7, and whose flow we denote by F;. Since
p is étale over Uyeg, uniqueness of flow ensures that we have a commutative diagram

P W L p )
it I
v — s R,
Indeed, since p is a local diffeomorphism over Uyeg, we get
Frop=poF,onp ! (Ure),

hence everywhere by continuity of the above maps. In summary, F; : U’ — F;(U’) is an home-
omorphism which therefore lifts to the diffeomorphism F, between the manifolds p~!(U’) and
its image p~'(F,(U")). That is, F, induces an orbifold diffeomorphism between U’ and F;(U").
Item (ii) is now proved. O

Let us now consider the orbifold diffeomorphisms F™ : X — X, and let hy be an orbifold
Hermitian metric on T'yon. Finally, let ag be a closed orbifold form with compact support on X(‘)’rb

representing a class ag € H2"~*(X,, R). We have

T2(Xo) - ap = f 9™ (X9™, hg) A ag
X(())rb
= fX L EED) (e8P 0™, o) A o)
t

:f Cgrb(X?rb,(F?rb)*ht) A (F?rb)*ao
X;)rb

=C (X)) Ffap
where the last line comes from the fact that we have a commutative diagram

HERA(XP™,€) —— H"4(X,,0)

(F;"b)*T FZ‘T

HEA(XE,€) —— H"(Xo,0)
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so that (23) is proved.

Finally, we must show that Cx > 0. Since Cy is invariant under locally trivial deformation, one
can use [6, Cor. 1.3] and [5, Cor. 3.10] to deform X locally trivially to a projective IHS variety Y.
Proposition 39 shows that Cy > 0, which concludes the proof of the proposition. U

7.3. Simultaneous proof of Theorem 6 and Theorem B

Here we closely follow the arguments from [15, proof of Thm. 5.2].

Let (X,A) be as in Setup 5 and such that ¢; (X,A) = 0. We denote by X° := (X, A)q, the open
locus where the pair has quotient singularities, and set A° := A|x-. It has been proved in [13,
Cor. 1.18] that abundance holds for such a pair and in particular Kx + A is torsion. We can then
apply Proposition 12 and infer the existence of an orbi-étale map f: ¥ — X such that

Oy 2Ky Z f*(Kx +A).
Arguing as in the proof of formula (13), one has:
Lemma 42. We have the identity
S (V) f*(@)"? = deg(f)T2(X, 4)-a" 2. 24)

Proof. Let a be an orbifold differential form of degree 2n — 4 with compact support in X°
representing a” 2 and let i be an orbifold Hermitian metric on Q(IX(,, aey- Consider the space
Y° = f~1(X®); by taking a fiber product with local smooth charts of X°, it follows easily from
purity of branch locus that Y° admits a smooth orbistructure and that f*h induces an smooth
Hermitian metric on Qy-. In particular, we have

EZ(Y)'f*(a)'FZ ZLD CZ(QYO,f*h) /\f*a

2[ Cg(QYO,f*h)/\f*d
Y°\f~1(suppA)

= deg(f) C2(Qxe a0, W A a
X°\suppA

~deg(f) [ _e:@uealiina
= deg(f)T2(X, ) - a2,
which proves the lemma. O

Both members of the equation (24) being simultaneously non-negative or zero (and f* («) still
being a Kdhler class on Y), we shall replace X with Y and assume from now on that there is no
orbifold structure in codimension one, i.e. that A = 0.

By [5, Thm. A], there exists a finite, Galois quasi-étale cover f: X' — X such that X' =
T x [lier Yi x [1jey Z; where T is a torus, Y; are CY varieties and Z; are IHS varieties. By [24,
Prop. 5.6], we have

Go(X')- f*B"7? = deg(/)Ca(X) - "2,
while f* g is still a Kdhler class by [24, Prop. 3.5]. All in all, there is no loss in generality assuming
that X = X’ is split, which we do from now on.

Since H!(Y;,R) = H!(Z;,R) = 0, the Kiinneth decomposition on the space H?(X,R) enables us
to write

B=p1Br+) py,Bvi+ 2 pz Bz

iel jeJ
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where 1, Py, and fz; are Kdhler classes on T, Y; and Z; respectively. In particular, we get
B0 B2 = Y M%) By Y (7)) By
il ! jeJ J
where A;, it > 0 are positive combinatorial coefficients. Proposition 39 and Proposition 40 imply
that the above quantity is non-negative, and strictly positive unless I = J = @; i.e. unless X = T is
a torus. Theorem 6 and Theorem B are now proved. O

7.4. Proofof Corollary 7

To finish, we prove Corollary 7 by proving both implications separately, similar to Corollary 3.
(1)=(2). This is what we have just proved in the above lines.

(2)=@). If f: T — X is a Galois orbi-étale map (for the pair (X,A)) from a complex torus, the
section (dzj A -+ A dz,;)®™ is G-invariant, where G := Gal(f) and m = |G|. This proves that
m(Kx + A) ~ 0 and thus that c; (Kx + A) = 0. Let wt be any Kidhler metric on T and let us consider
wr=) gwr.
geG
It descends to an orbifold Kédhler metric wx on (X, A) and, the map f being orbi-étale, we have:

& (X,A) lwx]"? = &(T) - lwfl" 2 =0,

deg(f)
Since [wx] is a Kdhler class, this ends the proof. O
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1. Introduction

The main result of this paper is the following

Theorem 1. Let (X, B) be a compact Kéhler kit pair of maximal Albanese dimension. Then (X, B)
has a good minimal model.
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This generalizes the main result of [6] from the projective case to the Kdhler case. The main
idea is to observe that replacing X by an appropriate resolution, then the Albanese morphism
X — A is projective and so by [5] and [7] we may run the relative MMP over A. Thus we may
assume that Kx + B is nef over A. If X is projective and Kx + B is not nef, then by the cone theorem,
X must contain a Kx + B negative rational curve C. Since A contains no rational curves, then C is
vertical over A, contradicting the fact that Kx + B is nef over A [6]. Unluckily the cone theorem is
not known for Kihler varieties and so we pursue a different argument. It would be interesting to
find an alternative proof based on the approach of [3].

2. Preliminaries

An analytic variety or simply a variety is a reduced irreducible complex space. Let X be a compact
Kédhler manifold and Alb(X) is the Albanese torus (not necessarily an Abelian variety). Then by
a: X — Alb(X) we will denote the Albanese morphism. This morphism can also be characterized
via the following universal property: a : X — Alb(X) is the Albanese morphism if for every
morphism b : X — T to a complex torus T there is a unique morphism ¢ : Alb(X) — T such
thatb=¢oa.

The Albanese dimension of X is defined as dima(X). We say that X has maximal Albanese
dimension if dima(X) = dimX or equivalently, the Albanese morphism a : X — Alb(X) is
generically finite onto its image. For the definition of singular Kahler space see [4] or [11].

A compact analytic variety X is said to be in Fujiki’s class € if X is bimeromorphic to a compact
Kéahler manifold Y. In particular, there is a resolution of singularities f: Y — X such that Y is a
compact Kdhler manifold.

Definition 2. Let X be a compact analytic variety in Fujiki’s class €. Assume that X has rational
singularities. Choose a resolution of singularities y: Y — X such that Y is a Kédhler manifold and
let ay : Y — Alb(Y) be the Albanese morphism of Y. Then from the proof of [12, Lemma 8.1] it
follows that ay o u™' : X --» Alb(Y) extends to a unique morphism a: X — Alb(X) := Alb(Y). We
call this morphism the Albanese morphism of X. Observe that a: X — Alb(X) satisfies the universal
property stated above. The Albanese dimension of X is defined as above. Note that if X is a compact
analytic variety with rational singularities, bimeromorphic to a complex torus A, then A= Alb(X)
and X — A is a bimeromorphic morphism.

The following result is well known, however, for a lack of an appropriate reference and for the
convenience of the reader we give a complete proof here.

Lemma 3. Let A be a complex torus and X c A is an analytic subvariety. Then for any resolution
of singularitiesp1: Y — X, HO(Y,wy) # {0}.

Proof. Let pu: Y — X be aresolution of singularities of X. If d = dim X, then the map p*Q4 — Q¢
is generically surjective. Since Qi is a trivial vector bundle, it is globally generated and hence
there is a non-zero section in the image of y* : HO(Qﬁ) — HY (Q@). g

Corollary 4. Let X be a compact analytic variety in Fujiki’s class € with canonical singularities.
If X has maximal Albanese dimension, then x(X) = 0.

Proof. First note thatif f: W — X is a proper bimeromorphic morphism, then x(X) = 0 if and
only if k(W) = 0, since X has canonical singularities. Now let a : X — Alb(X) be the Albanese
morphism, Y := a(X), and n : Z — Y is a resolution of singularities of Y. Then x(Z) = 0 by
Lemma 3. Note that there is a generically finite meromorphic map ¢ : X --» Z; resolving the
graph of ¢» we may assume that X is smooth and ¢: X — Z is a morphism. Then Kx = ¢* Kz + E,
where E = 0 is an effective divisor. Therefore x(X) = 0, since x(Z) = 0. O
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2.1. Fourier-Mukai transform

Let T be a complex torus of dimension g and T = Pic®(T) its dual torus. Let py: TxT — T
and p; : T x T — T be the projections, and & the normalized Poincaré line bundle on T x T so
that 2|74 = O and 2| o1 = 0. Let S be the functor from the category of Or-sheaves to the
category of 0;-sheaves, defined by

S(P):=pj, (prF 8 P),
where .% is a sheaf of Or-modules. Similarly, S is a functor from the category of 0;-sheaves to
the category of O'r-sheaves, defined as

S(4) = pr,« (p}g ® ),

where ¢ is a sheaf of 0;-modules.
The corresponding derived functors are

RS(-):= Rp; . (p7(-)® ) and RS(-) :=Rpr,. (p*T(-) ® P).
Recall the following fundamental result of Mukai [13, Theorem 2.2, and (3.8)], [14, Theorem 13.1]

Theorem 5. With notations and hypothesis as above, there are isomorphisms of functors (on the
bounded derived category of coherent sheaves)

RSoRS=(-D%[-gl, RSoRS=(-Djl-gl,
A7oRS=((~17)" oRSoA;)[-g]I.
Recall that Ar(-) := R#Zom(-,07)[g] is the dualizing functor.

Definition 6. Let A be a complex torus. Forac A, lett, : A— A be the usual translation morphism
defined by a. A vector bundle & on A is called homogeneous, if t;& = & forall a € A.

Remark 7. Let A be a complex torus, A the dual torus and dim A = dim A = g. Then from the
proof of [13, Example 3.2] it follows that RE S gives an equivalence of categories

H, := {Homogeneous vector bundles on A},
and Cg := {Coherent sheaves on A supported at finitely many points}.

Note that in [13] the results are all stated for abelian varieties, however, we observe that in the
proof of [13, Example 3.2] the main arguments follow from Theorem 5 and the isomorphisms
in [13, (3.1), p. 158], both of which hold for complex tori. In particular, [13, Example 3.2] holds for
complex tori.

We will need the following result on the rational singularity of (log) canonical models of klt
pairs.

Proposition 8. Let (X, B) be a klt pair, where X is a compact analytic variety in Fujiki’s class 6.

Assume that the Kodaira dimensionx (X, Kx +B) = 0. Then R(X,Kx +B) := @ =0 H* (X, m(Kx +B))
is a finitely generated C-algebra and

Z =ProjR(X,Kx + B)
has rational singularities.
Proof. The finite generation of R(X, Kx + B) follows from [5, Theorem 1.3] and [6, Theorem 5.1].
Let f: X --» Z be the litaka fibration of Kx + B. Resolving Z, f and X, we may assume that X

is a compact Kédhler manifold, B has SNC support, Z is a smooth projective variety and f is a
morphism. Then from the proof of [6, Theorem 5.1] it follows that there is a smooth projective
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variety Z’ which is birational to Z and an effective Q-divisor Bz = 0 such that (Z’, B;) is Kkit,
K7 + By is big and the following holds

RX,Kx+B) @ =R(Z Ky + BN,

where the superscripts d and d’ represent the corresponding d and d’-Veronese subrings.

Thus Z = ProjR(X,Kx + B) = ProjR(Z',Kz + By) is the log-canonical model of (Z', B). If
(Z",Bzn) is a minimal model of (Z', By/) as in [2, Theorem 1.2 (2)], then by the base-point free
theorem, there is a birational morphism ¢ : Z" — Z such that Kz» + Byn = ¢* (K7 + B3), where
B :=¢«Bzn 2 0. Thus (Z, B3) is a klt pair, and hence Z has rational singularities. U

3. Main Theorem

In this section we will prove our main theorem. We begin with some preparation.

Definition 9. Let X be a smooth compact analytic variety. Then the m-th plurigenera of X is
defined as

Pp(X) :=dime H (X, 0').

The next result is one of our main tools in the proof of the main theorem, it is also of
independent interest. It follows immediately from the main results of [14].

Theorem 10. Let X be a compact Kéihler variety with terminal singularities. Assume that X has
maximal Albanese dimension and x(X) = 0. Then X is bimeromorphic to a torus. Additionally, if
Kx is also nef, then X is isomorphic to a torus.

Remark 11. Note that the above result holds if we simply assume that X is in Fujiki’s class 6.
Indeed, if X' — X is a resolution of singularities such that X' is Kihler, then x(X') = 0 and so
X' — Alb(X’) is bimeromorphic, and hence so is X — Alb(X’). Note also that if X is a complex
manifold of maximal Albanese dimension, then X is automatically in Fujiki’s class €. To see this,
consider the Stein factorization X — Y — A. Then Y — Ais finite and so Y is also Kihler (see [15,
Proposition 1.3.1 (v) and (vi), p. 24]). Let X’ — X be a resolution of sungularities such that X' — Y
is projective, then X' is Kihler and so X is in Fujiki’s class €.

Proof of Theorem 10. Since X is terminal, it has rational singularities, and thus by Definition 2
the Albanese morphism a : X — Alb(X) exists. Let 7 : X — X be a resolution of singularities of
X. Then aom : X — Alb(X) is the Albanese morphism of X. Moreover, since X has terminal
singularities, x(X) = x(X) = 0. Thus replacing X by X, we may assume that X is a compact
Kéhler manifold. Let d = dim X and pick a general element © € HO (QZ), where A = Alb(X). Then
0# a*® e H'(Q%) and so P;(X) > 0. It follows that Px(X) = h°(X,w%) > 0 for all k > 0. Since
x(X) =0, we have P;(X) = P»(X) = 1. Thus by [14, Theorem 19.1], X — A is surjective, and hence
dim X = dim A = h"9(X). Thus by [14, Theorem B], X is bimeromorphic to a complex torus and
so a: X — Ais (surjective and) bimeromorphic.

Assume now that X has terminal singularities and Kx is nef. Let a: X — A be the Albanese
morphism. By what we have seen above, this morphism is bimeromorphic. Thus Kx = a*Kq+E =
E, where E = 0 is an effective Cartier divisor such that Supp(E) = Ex(a) (since A is smooth). By
the negativity lemma (see [16, Lemma 1.3]) we have E = 0, and hence a is an isomorphism. O

Corollary 12. Let (X,B) be a compact Kéihler kit pair. Assume that X has maximal Albanese
dimension andx (X, Kx +B) =0. Then X is bimeromorphic to a torus. Additionally, if Kx + B ~g 0,
then X is isomorphic to a torus.
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Proof. Passing to a terminalization by running an appropriate MMP over X (using [5, Theo-
rem 1.4]) we may assume that (X, B) has Q-factorial terminal singularities. Now since x(X) = 0 by
Corollary 4, x (X, Kx + B) = 0 implies that x (X, Kx) = 0. Thus by Theorem 10, a: X — A:= Alb(X)
is a surjective bimeromorphic morphism. Now assume that Kx + B ~¢ 0. Then Kx + B =
a*Ky+E+B ~g B+ E, where E = 0 is an effective Cartier divisor such that Supp(E) = Ex(a),
since A is smooth. Thus (B+E) ~¢ 0, as Kx + B ~¢ 0, and hence B = E = 0 (as X is Kéhler). In
particular, a: X — A is an isomorphism. U

Now we are ready to prove our main theorem.

Proof of Theorem 1. Let a: X — A be the Albanese morphism. Since X has maximal Albanese
dimension, a is generically finite over its image a(X). By the relative Chow lemma (see [10,
Corollary 2] and [4, Theorem 2.16]) there is a log resolution y : X’ — X of (X, B) such that the
Albanese morphism a’ = aopu : X' — Ais projective. Let Ky +B' = u* (Kx +B)+F, where F = 0 such
that Supp(F) = Ex(u), and (X', B') has kit singularities. Note that if (X', B’) has a good minimal
model ¥ : X' --» X", then y contracts every component of F and the induced bimeromorphic
map X --+ X™ is a good minimal model of (X, B) (see [9, Lemmas 2.5 and 2.4] and their proofs).
Thus, we may replace (X, B) by (X', B') and assume that (X, B) is a log smooth pair and X — A is
a projective morphism. From Corollary 4 it follows that x (X) = 0. In particular, (X, Kx + B) = 0.
Now we split the proof into two parts. In Step 1 we deal with the x (X, Kx + B) = 0 case, and the
remaining cases are dealt with in Step 2.

Step 1. Suppose that (X, Kx + B) = 0. Then by Theorem 10, the Albanese morphism a : X —
A:=Alb(X) is bimeromorphic. Let D be an irreducible component of the unique effective divisor
G € |m(Kx + B)| for m > 0 sufficiently divisible. We make the following claim.

Claim 13. D is a-exceptional; in particular, G is a-exceptional.

Proof. First passing to a higher model of X we may assume that D has SNC support. Consider
the short exact sequence
O—»wX —>wx(D) —> WwWp — 0.

Let VO(wp) := {P € Pic®(A) | h°(D,wp ® a* P) #0}. If dim V°(wp) > 0, then it contains a subvariety
K + P, where P is torsion in Pic’(A) and K is a subtorus of Pic®(A) with dimK > 0 (see [14,
Corollary 17.1]). Since a : X — A is surjective and bimeromorphic, we have H'(X,a*Q) =
H(A,Q) = 0 for any G, # Q € Pic’(A); in particular, H'(X,wx ® a*Q) = H" (X, a*Q" )V =0,
where n = dimX. Thus H°(X,wx (D) ® a*Q) — H°(D,wp ® a*Q) is surjective for all 04 # Q €
Pic%(A), and so h°(X,wx (D) ® a*Q) > 0forall G4 # Q € P+ K. Since P is torsion, £P = 0 for some
¢ > 0. Consider the morphism

|[Kx +D+P+Qq|x--x|Kx+D+P+Qy — |¢{(Kx +D)|, (1)

where Q; € K such that Zle Q;=0.

Since dimK > 0, for ¢ = 2, the Qy,...,Q, vary in the subvariety # < K*! defined by the
equation Zle Q; =0. Thusdim A = ¢-(dimK)-1= ¢ -1 = 1. Therefore dim|¢(Kx + D)| > 0,
i.e. h%X,¢(Kx + D)) > 1. Since D is contained in the support of G, we have (r — )G = ¢D for
some r > 0. Then h%(X, rm(Kx + B)) = h°(X, ¢(Kx + D)) > 1, which is a contradiction. Therefore,
dim V%(wp) < 0. By [14, Theorem A], a.wp is a GV sheaf so that RSA 4(a.wp) = ROSA 4(a.wp).
If dimV%(wp) = 0, then RO§(A Ala.«wp)) is an Artinian sheaf of modules on A, and hence by
Theorem 5 and Remark 7

Aa(@.wp) = (~14)"RSRSA 4 (a.wp))[g] = (~12)"RS(R*SA a(a: wp))[g]
is a shift of a homogeneous vector bundle which we denote by & (see Remark 7). But then

a,wp =Aa(Aa(aswp)) =&
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is also a homogeneous vector bundle and hence its support is either empty or entire A. The lat-
ter is clearly impossible, since Supp(a.wp) # A, and hence Vo%wp) = @. Thus by [14, Proposi-
tion 13.6 (b)], a.wp = 0; in particular D is a-exceptional. O

Now by [5, Theorem 1.4] and [7, Theorem 1.1] we can run the relative minimal model program
over A and hence may assume that Kx + B is nef over A. From our claim above we know that
Kx + B ~g E = 0 for some effective a-exceptional divisor E = 0. Then by the negativity lemma we
have E = 0; thus Ox (m(Kx + B)) = O for sufficiently divisible m > 0, and hence we have a good
minimal model.

Step 2. Suppose now that x(X,Kx + B) = 1 and let f : X --» Z be the litaka fibration. Note that
the ring R(X,Kx + B) := & m=0HY(X,0x(lm(Kx + B)])) is a finitely generated C-algebra by [5,
Theorem 1.3]. Define Z := ProjR(X,Kx + B). Then Z --» Z is a birational map of projective
varieties. Resolving the graph of Z --» Z we may assume that Z is a smooth projective variety
and v: Z — Z is a birational morphism. Then passing to a resolution of X we may assume that
f is a morphism and (X, B) is a log smooth pair. Write Kr + Br = (Kx + B)|r, where F is a very
general fiber of f, so that x(F, K¢ + Br) = 0. Note that a|r is also generically finite (as F is a very
general fiber of f) and thus F has maximal Albanese dimension. In particular, (F, Br) has a good
minimal model by Step 1. Let y : F --» F' be this minimal model; then Kz + B ~g¢ 0. Thus by
Corollary 12, F' is a torus and B = 0; in particular, ¢ : F — F' is the Albanese morphism. Thus
alg : F — A factors through v : F — F'; let a : F' — A be the induced morphism. Let K := a(F');
then K is a torus, and «a is étale over K, as F' and K are both homogeneous varieties. Now
since A contains at most countably many subtori and F is a very general fiber, K is independent
of the very general points z € Z, and hence so is F'. Define A’ := A/K, then A’ is again a
torus. Since the composite morphism X — A’ contracts F and dim F = dim K, from the rigidity
lemma (see [1, Lemma 4.1.13]) and dimension count it follows that there is a meromorphic map
Z --» A generically finite onto its image. Since Z is smooth, we may assume that Z — A’ is a
morphism (see [12, Lemma 8.1]). Similarly, since Z has rational singularities by Proposition 8,
again from [12, Lemma 8.1] it follows that Z—Aisa morphism.

Since Z = ProjR(X, Kx + B), we may choose an ample Q-divisor H on Z such that if Hy is its
pull-back to X, then Kx + B ~g Hx + E and | k(Kx + B)| = |k Hx| + kE for any sufficiently large and
divisible integer k > 0, where E = 0 is effective (it suffices to pick k so that k(Kx + B) and kHyx are
Cartier and R(X, Kx + B) is generated in degree k).

Now let A:= Z x 4 A. Observe that there is a unique morphism @ : X — A determined by the
universal property of fiber products. We claim that E is exceptional over A. If not, then let D be
a component of E which is not exceptional over A. Let i : X — Z be the composite morphism
X — Z — Z and W := h(D). Choose a sufficiently divisible and large positive integer s > 0 such
that sH is very ample, r(Kx + B) is Cartier, rE = D and |r (Kx + B)| = [r Hx|+1E, where r = (n+1)s
and n=dim X.

Ky A— > A @

Claim 14. |Kp+ (n+1)sHp|# @, where Hp = Hx|p.
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Proof. Let D; = G; n...N G; be the intersection of general divisors Gy,...,Gy, € |sHpl, where
0<i<m:=dimW and Dy := D. Let M := Kp+(n+1)sHp, then we have the short exact sequences

0 — Op,(M - Gj4+1) — Op,(M) — Op,,, (M) — 0.
Recall that : X — Z is the given morphism; let h; := h|p,. Then
(M - Gi1)lp, ~ (Kp +nsHp)|p,

- (KD+]Z;G]- +(n— i)sHD))Di

~Kp, +(n— i)SHDi

~Kp, +h}(n- i)sH,
where Hp, := Hx|p,. By [8, Theorem 3.1 (i)] the only associated subvarieties of

R'h; . Op,(M - Giy1) = R' by «Op, (Kp,) 8 O5((n— i) sH)
are W; := h(D;) c Z, i.e. R! h; «Op,(M—G;41) is a torsion free sheaf on W;. Therefore, the induced
homomorphism h; .@p,,, (M) — R'h; .Op,(M - Gi.1) is zero and we have the following exact
sequence
0 — h;«Op;(M — Gj1+1) — h;,+Op,;(M) — h; +Op, , (M) — 0.
By [8, Theorem 3.1 (ii)] we have
HY(Z, hi«Op,(M - Gi11)) = H'(Z, hi . Op,(Kp,) ® Oz((n—i)sH)) =0,
and thus we have the following surjections
H®(D,0p(M)) — H(D1,0p, (Mp,)) — -+ — H*(Djn,Op,,(Mp,,)) — H°(G,06(Mlg)), (3)

where G is a connected (and hence irreducible, as D;, is smooth) component of D;,,. Note that G
is a general fiber of D — W, since Hp is a pullback from W and m =dim W.

Let w := h(G) € W c Z. Then G — G := a(G) is generically finite (as so is D — a(D) by
our assumption), and G — a(G) is an isomorphism, since A,, — K c A is an isomorphism, as
Aw = (Ax g Z)w = Ax g4 {w} = K. In particular, G has maximal Albanese dimension, and hence
h(G,Kg) > 0 by Lemma 3. Now since M|z ~ Kg, from the surjections in (3) it follows that

|IM|=|Kp+ (n+1)sHp| # @, and hence the claim follows. O

Now consider the short exact sequence
0 —wx() — wx(L+D) — wp(l) —0,

where L = r Hx. Then by [8, Theorem 3.1 ()], R'h.wx (L) = R'h,wx ® O5(r H) is torsion free, and
hence h.wx(L+ D) — h.wp(L) is surjective. Again by [8, Theorem 3.1 (ii)], HY(Z, howx(L) =
HY(Z,h.wx ® 67(rH)) = 0, and so H*(X,wx(L+ D)) — H°(D,wp(L)) is surjective. Since |Kp +
L|p| # 0 by Claim 14, D is not contained in the base locus of |[Kx + L+ D|. Let 0 < b:= multp(B) < 1
and e:= multp(E) >0. ThencE+B—D =0 and multp(cE+B—D) =0 foro = l;eb > 0. We may
assume that o < r (as r is sufficiently large and divisible). Adding rE + B — D to a general divisor
G € |Kx + L+ D| we get

I':'=rE+B-D+G~g (r+1)(Kx+B) ~¢ (r+1)(Hx + E).
Then for any sufficiently divisible m > 0 we have
multp(mI') = m(r —o)multp (E) < m(r + 1)multp (E),

which is a contradiction to the fact that |k(Kx + B)| = |kHx| + kE for sufficiently divisible k =
m(r +1) > 0. Thus D is exceptional over A.

Let n = dim X. We will run a relative (Kx + B+ (2n+3)sHx)-MMP over A. Note that since |2n+
3)sHx| is a base-point free linear system on a smooth compact variety X, by Sard’s theorem there
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is an effective Q-divisor H' = 0 such that (2n +3)sHx ~¢ H' and (X, B + H') has kit singularities.
Thus Kx + B+ (2n+3)sHx ~g Kx + B+ H' andwe canrun a (Kx + B+ (2n+3)sHx)-MMP over A
by [5, Theorem 1.4], and obtain X --+ X’ so that Kx» + B’ + (2n+3)sHy' ~g (2n+3)s+1)Hy + E'
is nef over A. Note that if R is a (Kx + B + (2n + 3)sHx)-negative extremal ray over A, then it is
also (Kx + B)-negative and so it is spanned by a rational curve C such that0> (Kx+B)-C=-2n
(see [5, Theorem 2.46]). But then C is vertical over Z, otherwise (Kx + B+ (2n+3)sHy)-C >0,
as Hy is the pullback of an ample divisor H on Z, this is a contradiction. Thus it follows that

every step of this MMP is also a step of an MMP over Z, and hence there is an induced morphism
w: X" — A:=Z x 4 A. It follows that
Ky +B' ~qu"Hz+E ~ 7E' 20,
where H is the pullback of the ample divisor H by the projection A — Z.
Then E’ is nef and exceptional over A, and hence by the negativity lemma, E' = 0. But then
Ky + B' ~g u* Hz and since Hy is semi-ample, so is Kx' + B’ O

Corollary 15. Let (X, B) be a compact Kdhler klt pair of maximal Albanese dimension such that
a: X — A:=Alb(X) is a projective morphism. Then we can run a (Kx + B)-Minimal Model Program
which ends with a good minimal model.

Proof. Note thatsince a: X — Ais generically finite over image, Kx + B is relatively big over a(X).
Thus by [5, Theorem 1.4] and [7, Theorem 1.8], we can run a (Kx + B)-Minimal Model Program
over A. Notice that each step of this MMP is also a step of the (Kx + B)-MMP. Therefore, we may
assume that Kx + B is nef over A and we must check that it is indeed nef on X. Let (X, B) be a
good minimal model of (X, B), which exists by Theorem 1. By what we have seen, (X, B) is also
a minimal model over A. But then ¢ : (X, B) --» (X, B) is an isomorphism in codimension 1. If
p:Y — X and g: Y — X is a common resolution, then p*(Kx + B) — q* (Kx + B) is exceptional
over X (resp. X) and nef over X (resp. anti-nef over X). From the negativity lemma, it follows that
p*(Kx +B) = q*(Kx + B). In particular, p* (Kx + B) is semi-ample, and hence so is Ky + B. Thus
(X, B) is a good minimal model. O
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1. Introduction

Let (X,w) be a Fano Kéhler-Einstein manifold, i.e. X is a projective manifold with —Kx ample
and admitting a Kdhler metric w solving Ricw = w. It follows from the (easy direction of the)
Kobayashi-Hitchin correspondence that the tangent bundle of X splits as a direct sum of parallel
subbundles

Tx =@F; 1)

iel
such that F; is stable with respect to —Kx. Since X is simply connected, de Rham’s splitting
theorem asserts that one can integrate the foliations arising in decomposition (1) and obtain an
isometric splitting
X, 0) = [[(X;,0;)
iel

into Kédhler-Einstein Fano manifolds which is compatible with (1).

Over the last few decades, a lot of attention has been drawn to projective varieties with mild
singularities, in relation to the progress of the Minimal Model Program (MMP). In that context,
the notion of )-Fano variety (cf. Definition 1) has emerged and played a central role in birational
geometry.

On the analytic side, singular Kdhler-Einstein metrics have been introduced and constructed
in various settings (see e.g. [2, 4, 18] and Definition 2). They induce genuine Kéhler-Einstein
metrics on the regular part of the variety but are in general incomplete, preventing the use of most
useful results in differential geometry (like the de Rham splitting theorem mentionned above) to
analyze their behavior. However, these objects are well-suited to study (poly)-stability properties
of the tangent sheaf as it was observed by [25], relying on earlier results by [17].

In the Ricci-flat case, the holonomy of the singular metrics was computed in [20]. Moreover,
[15] provided an algebraic integrability result for foliations as well as a splitting result in that
setting. Building upon those results, Horing and Peternell [26] could eventually prove the singular
version of the Beauville-Bogomolov decomposition theorem.

In the positive curvature case, some simplifications appear (for instance, the algebraic integra-
bility of foliations can be related to stability properties by [5]) but new difficulties also arise: the
singularities are klt rather than canonical and Gorenstein, and one cannot regularize the singular
Kédhler-Einstein metrics with an equally good control on the Ricci curvature. In this paper, our
main contribution is to single out and overcome those difficulties in order to prove the following
structure theorem for Q-Fano varieties that admit a Kdhler—Einstein metric.

Theorem A. Let X be a Q-Fano variety admitting a Kéihler-Einstein metric w. Then Tx is
polystable with respect to c1(X). Moreover, there exists a quasi-étale cover f: Y — X such that
(Y, f*w) decomposes isometrically as a product
Y, ffw) =[] (Vi,w)),
iel
where Y; is a Q-Fano variety with stable tangent sheaf with respect to ¢,(Y;) and w; is a Kdhler-
Einstein metric on Y;.

Below are a few remarks about the result above.

* Theorem A shows that for all “practical aspects” the tangent sheaf of a Q-Fano variety
admitting a Kdhler-Einstein metric can always be assumed to be stable. Moreover, it can
be expressed in a purely algebraic way using the notion of K-stability, cf. Remark 4 (this
is the case for Theorem B below as well).

+ The quasi-étale cover above is needed to split X even when Ty is already split, as we see
by takinge.g. X = (P! x P1)/( x 1y where ¢ : P! — P! is the involution «([u: v]) = [u: —v).
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o Itwas proved very recently by Braun [6, Thm. 2] that the fundamental group of the regular
locus of a Q-Fano variety is finite. Relying on that result, one can refine Theorem A and
obtain that the varieties Y; satisfy the additional property: m; (Yl.reg) ={1}.

» Semistability of Tx for a Kdhler-Einstein ()-Fano variety X was proved by Chi Li in [35,
Prop. 3.7] in the case where X admits a resolution where all exceptional divisors have
non-positive discrepancy, e.g. a crepant resolution.

Our second main result is the following generalisation of a theorem of Tian [37, Thm. 0.1],
which is a way to express some “strong” polystability of Tx.

Theorem B. Let X be a Q-Fano variety admitting a Kéihler-Einstein metric. Then the canonical
extension of Tx by O is polystable with respect to ¢, (X).

We refer to Section 3.1 for the construction of the canonical extension. As we explain further
below, at the end of the introduction (see paragraph on the strategy of proof of Theorem B), the
generalization from the smooth to the singular case requires some non-trivial new input on top
of the analytic techniques already developed for the proof of the semistability/polystability of the
tangent sheaf Ty, i.e. Theorem 6.

In another direction, the semistability of the canonical extension has been proved in [35,
Thm. 1.4] for K-semistable log smooth log Fano pairs. It is very likely that the proof of the above
theorem will carry over mutatis mutandis to the more general setting of log Fano pairs, but we
will not pursue this direction in this paper.

Our last main result is a very general splitting theorem for algebraicallly integrable foliations,
which plays a key role in the proof of Theorem A, but is certainly of independent interest.

Theorem C. Let X be a normal projective variety, and let
Tx = @9,
iel
be a decomposition of Tx into involutive subsheaves with algebraic leaves. Suppose that there
exists a Q-divisor A such that (X, A) is klt. Then there exists a quasi-étale cover f: Y — X as well as
a decomposition
Y=[]v

iel
of Y into a product of normal projective varieties such that the decomposition Tx = @;c; F; lifts
to the canonical decomposition

Myerv; = @pr;‘ Ty,.
iel
Theorem C can be seen as the generalization of the splitting result in [15] where additional

assumptions are made, both on the singularities of X and the positivity of Kg,. More precisely,
in [15] X is assumed to have canonical singularities, and the Kg; are assumed to be Q-linearly
trivial. We also refer to [16, Thm. 1.5] for a somewhat related result. In comparison to [15,
Prop. 4.10], the range of applications of Theorem C is significantly broader.

Strategy of proof of the main results

Theorem A. The first step is the object of Theorem 6 where one proves that T is the direct sum
of stable subsheaves that are parallel with respect to the Kéhler-Einstein metric @ on Xieg. This
is achieved by computing slopes of subsheaves using the metric induced by the Kdhler-Einstein
metric and using Griffiths’ well-known formula for the curvature of a subbundle. However, the
presence of singularities (for X and w) makes it hard to carry out the analysis directly on X.
One has to work on a resolution using approximate Kéhler—Einstein metrics as in [25]. Yet an
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additional error term appears in the Fano case, requiring to introduce some new ideas to deal
with it as explained on page 99, cf “term (I)”.

Once Theorem 6 is at hand, one can appeal to Theorem C where the foliations are induced
by the K&hler-Einstein metric as showed in the first step. Note that the algebraic integrability of
these foliations follows from the deep results of [5]. An easy induction allows one to split X as
a product of Q-Fano varieties with stable tangent sheaf. The isometric splitting follows from a
suitable characterization of singular Kdhler-Einstein metrics, cf. Claim 28.

Theorem B. The proof of Theorem B takes up most of Section 3. It relies largely on the compu-
tations carried out in Section 2 to prove the polystability of Tx, but on top of those, several new
ideas are needed to overcome the presence of singularities.

First, one needs to reduce the statement to one on a resolution in order to use analytic
methods. Then we use again the technique of working with approximate Kahler-Einstein metrics,
but in the current context this has the effect of modifying the canonical extension as well.
As a result, we cannot evaluate directly the slope of a subsheaf of the canonical extension
corresponding to the initial Kdhler-Einstein metric. Dealing with this difficulty is our main
contribution in this framework. The rest of the proof uses a combination of the original idea
of Tian and the computations of Section 2.

Theorem C. The starting point is the observation that since each foliation &; admits a comple-
ment inside Ty, &; is automatically weakly regular. It turns out that weakly regular foliations
have many nice properties. The important fact which is established here is that an algebraically
integrable, weakly regular foliation on a Q-factorial projective variety with kit singularities is in-
duced by a surjective, equidimensional morphism X — Y, cf. Theorem 17. When combined with
suitable generalisations of other techniques and results in [16], this leads to the proof of Theo-
rem C.

Acknowledgements

It is our pleasure to thank Daniel Greb, Stefan Kebekus and Thomas Peternell for sharing their
results [23] and encouraging us to prove Theorem B. H. G. thanks Sébastien Boucksom for useful
discussions about Remark 4.

Finally, we thank the referee for the helpful and detailed report.

2. Polystability of the tangent sheaf
2.1. Set-up

2.1.1. Notation

Definition 1. Let X be a projective variety of dimension n. We say that X is a Q-Fano variety if X
has kit singularities and — Kx is an ample Q-line bundle.

We also recall the definition of (twisted) singular Kdhler-Einstein metric, cf. [2].

Definition 2. Let X be a Q-Fano variety, let 9 € ¢, (X) be a smooth representative and lety € [0, 1).
A twisted Kéhler-Einstein metric relatively to the couple (9,7) is a closed, positive current WKE,y €
c1(X) with bounded potentials, which is smooth on Xieg and satisfies

Ricwggy = (1 - y)wkg,y + 70

on that open set. When'y = 0, we write wxg, := wxg,0 and we call it a Kéhler—Einstein metric.
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Remark 3. By [2, Prop. 3.8], a smooth Kéihler metric w € ¢1(Xreg) On Xieg satisfying Ricw = w
extends to a Kdhler-Einstein metric in the sense of Definition 2 if and only if [ Xreg " = (X)".
In particular, if f: Y — X is a (finite) quasi-étale cover between Q-Fano varieties and wgg is a
Kidhler-Einstein metric on X, then f*wgg is a Kdhler-Einstein metric on Y.

Let wx € ¢1(X) be a fixed Kdhler metric on X. We will systematically make either one of the
following assumptions:

AssumptionA. Foranyy € (0,1) small enough, there exists a twisted Kihler-Einstein metric wxg,y
on X relatively to (wx,y).

Assumption B. There exists a Kihler-Einstein metric wgg on X.

Remark 4. One can rephrase the Assumptions A-B using the algebraic notion of K-stability. It
follows from [36] (building upon results of [8-10], [38], [34], [3] in the smooth case) that
o X satisfies Assumption A if and only if X is K-semistable.

o X satisfies Assumption B if X is uniformly K-stable, and the converse holds provided
Aut®(X) = {1}.

Notation 5. Let 7 : X — X be a resolution of singularities of X with exceptional divisor E =
Y ke1 Ex and discrepancies a; > —1 given by

Ky =n*Kx+)_ agEx.

There exist numbers ¢} € Q; such that the cohomology class 7*c;(X) — Y €xc1 (Ey) contains a
Kéhler metric w 3. We fix them for the rest of the paper. Next, we pick sections s € H (X O3 (Ex))
such that Ej = (s = 0), smooth he£mitian metrics hy on Og(Eg) with Chern curvature 9 :=
i®p, (Ex) and a volume form dV on X such that RicdV = 7" wx — ¥ ke ardx. We set
he:=[] he )
kel
which defines a smooth metric on O3 (E).

2.1.2. The twisted Kdhler-Einstein metric and its regularizations

In this section, we assume that either Assumption A or Assumption B is fulfilled so that there
exists a (twisted) Kéhler-Einstein metric wkg y

o either foranyy€[0,1) suchthat0<y «1
e orfory=0.
For the time being, the parameter ¥y is fixed.
We denote by 7* wkg,y = 7" wx + dd¢ the singular metric solving

(m*wx +ddp) = e 1P Fav

where f = [T;e;15:1?% € LP(dV) for some p > 1. It is known that ¢ is bounded (even continuous)
on X and smooth outside E, cf. [2]. Note that ¢ depends on vy, but as notation will get quite heavy
later, we choose not to highlight that dependence.
Next, we choose a family . € € (X) of quasi-psh functions on X such that:

+ Onehas y — ¢ in L'(X) and in 62 (X \ E).

e There exists C > 0 such that IIWSIILOO(;Q <C.

o There exists a continuous function « : [0, 1] — R, with x(0) = 0 such that 7*wx + dd‘y, =

-k (&wg.

This is a standard application of Demailly’s regularization results ([11]). The smooth convergence
outside E claimed in the first item follows from the explicit expression of the function v, see
e.g. [13, (3.3)].
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For ¢, t = 0, one introduces the unique function ¢, . € L®°(X) NPSH(X, 7*wx + fwy) solving
{(n wx +twg+dd°@.e)" = fre” A=Nvep=Cciqy

Supg @re =0

where

o fer=e®II0si* +€2)%,

* a. is a normalizing constant such that [ fe"!""¥edV = ¢;(X)"; it converges to 1 when

e—0.

» cyisdefined by {(m*wx + twg}" = e - c1 (X)".
The existence and uniqueness of ¢; . follows from Yau’s theorem [39] when ¢, & > 0 (in which case
@1, is actually smooth) while the general case is treated in [18]. It follows from ibid. that there
exists a constant C > 0 such that

lprellreoxy =C 3)

for any ¢, € € [0,1]. Moreover, any weak limit ¢ of a sequence (¢, ¢,) is bounded and is a smooth
limit outside E. Therefore, it solves the equation

(T*wx +dd’p) = e 1P Fav
on X. By the uniqueness result [18, Thm. A], we have $ = ¢. That is

Pre t: ¢ in L'(X) and in Croe (X\E). 4)
One sets
W= wx +twg +dd¢; . (5)
which solves the equation
Ricw;e =" wx + (1 —y)ddy, — O, (6)
where
O =O(E,hy) =) _a;Di, 7
is the curvature of
=[Tdsi?+&*"'h 8)
1

and 9; . = 9; + dd®log(|s;|*> + £€2) converges to the current of integration along E; when & — 0.

2.2. Stability of Tx.

Setup and notation as in Section 2.1.

Let % < Ty be a subsheaf of positive rank . We can assume that Z is saturated in Ty, ie.
Ty /.7 is torsion-free. This is because saturating a subsheaf increases its slope.

From now on, we choose small numbers t,& > 0 which we will later let go to zero. The
Kéhler metric w; ¢ defined in (5) induces an hermitian metric h;¢ on Tg which in turn induces a
hermitian metric hr on F := % |y, where W < X is the maximal locus where Z is a subbundle of
Tx. Then, itis classical (see e.g. [29, Rem. 8.5]) that one can compute the slope of .# by integrating
the trace of the first Chern form of (F, hg) over W, i.e.

fw c(Ehp) Aoyt = o (F) {wel" )
On W, we have the following standard identity (cf. e.g. [12, Thm. 14.5])

iO(F hp) = pry (i0(Tx, hee)lF) + Pre ABres

where € 65 (W,Hom(T%, F)) (i.e. §is a smooth (0,1)-form on W with values in Hom(T%, F))
and B* isits ad]01nt with respect to i and hr. Therefore, we get

c1(Ehp) Aol = trpna (pry (10(Tg, hee) 7)) AW + ttpnd (Bre A Bre A0 (10)
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By (9), the integral of the left-hand side over W, yields r times the slope of .% with respect to
{m*wx + twyg}. As for the right-hand side, one can simplify the first term using the formula

n-i0(Tg, hye) Awl;' = (fRicw, ) of,. (11)

Here we denote by fRicw, . the endomorphism of Ty induced by the Ricci curvature of w ..
The equation (6) is equivalent to

Ricwse =(1-Y)wie +yn wx — twg +(1—y)dd° (We — @) — Op. (12)

Using the formula above, one gets

1 —
Mo (F) = A=Y o, (Tx) + n—ry LtrEnd pre(dd (e — @)l F ol

=)

Y 1
+_ﬁtrEnder(ﬁ”*wX)|Fng__j;trEnder(ﬂ(aE)'Fw?’g
nrlx nrJz

=:(ID =:(IIm)

+_f trEnd(ﬁ[E/\ﬁtsAwts

s

::(IV)
We therefore have four terms to deal with. To deal with (II)-(IV), we will use the same
computations as in [25], cf. explanations below. The main new term is (I), which we treat first.

The term (I). It arises from the fact that, say when y = 1, we can not necessarily solve the
perturbed equation Ricw; e = w ¢ — fwz — O, unlike in the case where K is ample or trivial. If all
the discrepancies a; were negative, one could likely still solve that equation using e.g. properness
of Ding functional but we will not expand on that.

In order to deal with (I), one makes the following observations:

« Given 6 > 0, there exist 7 = (5) > 0 and an open neighborhood Uy of E c X such that

Ve t=sn, fU (Wy, + 1) /\a)?gl <6, (13)
5

where wy, = n*wx + twg + dd°y.. This inequality is a consequence of the Chern-Levine-
Nirenberg inequality along with the bound of the potentials below

3C>0,VE, t, ”(pl‘,E”LOO()?) + ”wEHLOO()?) =C (14)

that we infer from (3). Indeed, as explained in [25], one proceeds as follows. Let (_5) 550 be a
family of functions defined on Ry, such that Z5(x) = 0if x <6 ' and Z5(x) = 1if x = 1+5 L.

Moreover we can assume that the derivative of =5 is bounded by a constant independent of 6.
Then we evaluate the quantity

fA_a(loglogl D )(a)u,&+wtg)/\wtg1 (15)

and the proof of the classical Chern-Levine-Nirenberg (see e.g. [12, II1.3 (3.3)]) inequality shows
that the integral in (13) is smaller than
w} (16)
ng E

up to a constant which is independent of ¢, €. In (16) we denote by wg a metric with Poincaré sin-
gularities along the divisor E, and by Uy the support of the truncation function Zs(loglog @)
Here the main point is that the norm of the Hessian of the truncation function is uniformly
bounded when measured with respect to wg. The conclusion follows.
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The hermitian endormorphism §dd®(y . —¢; ) is dominated (in absolute value) by the positive
endomorphism
Hwy, + )
whose endomorphism trace is nothing but trwtﬁ (wy, +w¢e). By (13), we are done with (I) on Us.
» The second observation is that given K € X \ E, there exists n = 1(K) > 0 such that

VE,tSn, ||w5—(pt,£||<gz(K)S5. (].7)

This is a consequence of the fact that (¢;,) and (y,) converge uniformly (in ¢, #) to ¢ on K by
stability of the Monge—-Ampere operator, cf. e.g. [24, Thm. C], and have uniformly bounded €’” (K)
norm for any p thanks to (14), Tsuji’s trick and Evans-Krylov plus Schauder estimates.

Therefore, one has +#dd®(y. — @) < w hence (I) is controlled on K by § [y w3 Aw?, < C8.
Conclusion. Let Fy ¢ := trppg prrdd®(we — @)l ‘”?,s- One fixes § > 0. We get a neighborhood
Us of E and a number n' = 1'(8) > 0 such that f;; F;, <6 forany ¢, < n'. Applying the second
observation to K = X \ Us, we find " =" (6) such that Jx\u, Fre = Co forany e, t <n". Choosing
n:=min{n’,n"}, we find that

Ve t<n, ﬁFt,E <C'6.
X

In short, the term (I) converges to zero when ¢, t — 0.
The term (II). As 7*wx =0, one has

trEnd Pre (i7" 0X) P07 < trpng (T 0 x) 0,
= try,, (T*wx) = nr*wx Aol

Integrating over X, one finds

D <yr @ a0 o™
and the right-hand side converges to g 1(Tg) when ¢ — 0, where the slope is taken with respect
to ¥ ¢1 (X).

The term (III). As said above, the arguments to treat this term are borrowed from [25]. For the
convenience of the reader, we will recall the important steps. To lighten notation, we will drop

- . : _ 4D's)? e o _E . ~
the index i. One can write ©, = e t e 9. Let us set g¢ := ST .Up to rescaling wy,
one can assume that —~wg < 9 < wy so that O, + g.wy = 0. Then one sees easily that

trEnd PIr(HO¢) |F W}, < trgng (ﬂge + ﬁ(gawx)) e
=0, A + gewg AT
and one obtains that the term (III) converges to zero when ¢, t — 0 since
o [xOcnw]t = ci1(B)-{n*wx + twz}" ! and E is exceptional,
o [x8wg A w?;l — 0 when ¢, f — 0 thanks to the smooth convergence to 0 outside E and
the Chern-Levine-Nirenberg inequality combined with the bound (3) on the potentials,
cf. first item in Part (I).

The term (IV). Note that the term ;. A §7 . is pointwise negative in the sense of Griffiths on W.
In particular, the term (IV) is non-positive. Since (I) and (III) converge to zero, this shows that

W(F) < (1+)/(§ ~1))- u(Ty), (18)

where the slope is taken with respect to 7" ¢; (X).

Working under Assumption A, one obtains the inequality (18) above for any y > 0 small
enough. In particular, this shows that under Assumption A, Ty is semistable with respect to
n*c1(X).
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From now on, we assume that the stronger Assumption B holds; i.e. one can choose y = 0.
Assume additionally that there exists a subsheaf .7 c T with the same slope as T and let .75
be its saturation in T'; it is a subbundle in cod1mens1on one. As the slope has not increased by
saturatlon, ZF = .Z%in codimension one on X \ E. Therefore, if we set W° := W n (X \ E), then
W° c X \ E has codimension at least two and by the above computation, one has

Ji[rilof (ﬁ,EAﬁtg/\th )=0.
We know by (4) that ;. — Boo locally smoothly on W° when €, t — 0 where S, is the second
fundamental form induced by the hermitian metric hxg induced by n*wkg on Tg|w- and on
Z|we by restriction. By Fatou lemma, we have f, = 0 on W°, that is, we have a holomorphic
decomposition Tg|we = F|w & F IW, where the orthogonal is taken with respect to hgg.

We are now ready to prove

Theorem 6. Let X be a Q-Fano variety.

(i) IfAssumption A is satisfied, then Tx is semistable with respect to ¢ (X).
(i) If Assumption B is satisfied, then Tx is polystable with respect to c1(X). More precisely, we
have:
o Any saturated subsheaf % < Tx with u(%#) = u(Tx) is a direct summand of Tx and
F | Xeeg © Txyq 15 @ parallel subbundle with respect 1o wxg.
o There exists a decomposition
Tx =P F;
iel
such that 7; is stable with respect 10 ¢1(X), Filx,, © T, is a parallel subbundle
with respect to wxg, and the decomposition Txieq = ®ic 1% Xreg is orthogonal with
respect t0 WKE.

Proof. Let % c Tx be asubsheafandlet a := ¢ (X). The sheaf .% induces a subsheaf ¥° c T |3\ 5
and we denote by ¢ c T the saturation of 4° in Tg. By the arguments above (cf. inequality (18)
and the comments below it), one has ;¢ (¥) < pzo(Tg) = c1(X)"/n = ua(Tx). Moreover, one
has clearly p;+4(94) = uq (%). This shows that Ty is semistable with respect to ¢ (X).

Now, assume that there exists a Kdhler-Einstein metric wgg. If % < Ty satisfies pq (%) =0,
then ;o (%) = 0 and we have shown above that 7* wkg induces a splitting Tz |lw = ¥4 |w & (4] w)t
over a Zariski open subset W c X\ E whose complement in X\ E has codimension at least two. Set

:=71(W) € Xieg so that Z |y is a subbundle of Tx and we have a splitting Tx|y = F |y & (& )t
induced by wkg and codimy (X \ V) = 2.

Let us denote by j : V — X the open immersion. As .% c T is saturated, it is reflexive, hence
j«(Zly) =.Z. Moreover, (Z|y)* extends to a reflexive sheaf .7+ := j,((Z|y)') on X satisfying
Tx = .7 ®.Z " on the whole X. In particular, .% is a direct summand of Tx and as such, it is
subbundle of Tx over Xeg. By iterating this process and starting with % with minimal rank,
one can decompose Tx = @;c;F; into reflexive sheaves which, over Xieg, are parallel (pairwise
orthogonal) subbundles with respect to wkg. g

3. Polystability of the canonical extension

In this section, we keep using the setup and notation of Section 2.1.

3.1. The canonical extension

Let & be a coherent sheaf on X sitting in the exact sequence below
0— oYl —&— ox—o. 19)
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The sheaf & is automatically torsion-free and it is locally free on Xyeg.

Remark 7. Let U c X be a non-empty Zariski open subset. As an extension of Ox by Q[)y,

&y is uniquely determined by the image of 1 € H(U, O) in H (U, Q[;]) under the connecting
morphism in the long exact sequence arising from H°(U, -).

From now on, one assumes that the extension class of & is the image of ¢;(X) in H lx, Qﬁ()
under the canonical map

Pic(X)® Q= H'(X,0%) 0 — H'(X,Q}) — H'(X,Q}{).
This is legitimate since Ky is Q-Cartier.

Definition 8. The dual &* of the sheaf & sitting in the exact sequence (19) with extension class
¢1(X) is called the canonical extension of Tx by Ox.

The exact sequence (19) is locally splittable since for any affine U c X, one has hl(u, QB]) =0.
In particular, when one dualizes (19), one see that the canonical extension of Tx by O sits in the
short exact sequence below
0— Ox — & — Tx — 0. (20)
The goal of this section is to prove the following, cf. Theorem B.

Theorem 9. Let X be a Q-Fano variety. If Assumption A (resp. Assumption B) is satisfied, then the
canonical extension &* of Tx by Ox is semistable (resp. polystable) with respect to c1 (X).

The proof of Theorem 9 above is divided into three main steps corresponding to the next three
sub-sections. First one can reduce the semistability statement above to a semistability property
on the resolution X thanks to Lemma 10, then we prove the said statement, cf. Theorem 11 and,
finally, we prove polystability assuming the existence of a Kéhler-Einstein metric.

3.2. Reduction to a statement on the resolution

Let & be the vector bundle on X sitting in the exact sequence below

0—Qf —&— 05 —0 1)
such that its extension class is 7* ¢; (X) € H (X, Q}(). Its dual sits in the exact sequence

0— 03 — & — Ty — 0, (22)

Lemma 10. If the vector bundle &* is semistable with respect to ¥ c1(X), then the torsion-free
sheaf &* is semistable with respect to ¢ (X).

Although slope stability is usually defined with respect to an ample polarization, the same
definition actually makes sense with respect to an arbitrary nef class like 7*¢; (X), cfe.g. [22].

Proof. Set a := ¢ (X). Let X° € X¢; be an open set with complement of codimension at least 2
in X such that the restriction 7 3. of 7 to X° := 7n~1(X°) induces an isomorphism X° =~ X°. By
Remark 7 we have

(" &) 30 = E ke 23)

Let .Z < &* be a subsheaf and let .Z < &* be the saturated subsheaf of £* whose restriction to
X°is (m*.%) iz~ By the projection formula together with the fact that X'\ X° has codimension at
least 2 in X, we have

o) = tra(F) and  pa(E*) = pigea(E).

The lemma follows easily. d
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3.3. Statement on the resolution

In this section, we prove that the vector bundle &* from Section 3.2 is semistable with respect
to m*c1(X), cf. Theorem 11 below. In order to streamline the notation, we set ¥ := &* and in
the following we will not distinguish between the locally free sheaf ¥” and the associated vector
bundle. Recall that 7 fits into the exact sequence of locally free sheaves

0— O3 — ¥ — Tz — 0. 24)

We denote by e H' (X, T)lz ) the second fundamental form.
Our result in this section is a singular version of Theorem 0.1 in [37].

Theorem 11. Let X be a Q-Fano variety satisfying Assumption A. Let ¥ be the vector bundle on X
appearing in (24), whose extension class f coincides with the inverse image of the first Chern class
of X by the resolutionn: X — X. Then ¥ is semistable with respect to n* ¢1(X).

Proof. The strategy of proof is as follows. We would like to compute the slope of .% using an
hermitian metric on ¥ induced by the (twisted) Kdhler-Einstein metric, using an approximation
process as in Section 2.2. As the natural metric in the extension class of ¥ is singular, we
introduce an algebraic 1-parameter family (77),ec that can be endowed with natural smooth
hermitian metrics for suitable z € R close to zero and such that we have sheaf injections ¥ —
7t ® O3 (E). We then proceed to compute slopes following the strategy of Section 2.2.

Step 1. Deformations of . We pick an arbitrary subsheaf % < ¥ of the vector bundle ¥ sitting
in the exact sequence below
00—V —-Tz—0
and corresponding to the extension class
a=(a;j) € Ext' (T, O3) = H' (X, # om(Ty, 03))

relatively to a covering by open subsets (U;). The bundle ¥ can be obtained as follows: on Uj, it
is the trivial extension, |y, = 0 R, @ T)A(IU- and the transition functions are given by

(Idﬁ;( lu;; — aij '
0 IdT}? |Uij
The subsheaf .7 is given by two morphisms of sheaves p;: F|y, — Og;; and gi: Fy, — Ty,
satisfying
pilu;; = pjlu; + aijeo(qjlu;;),
qilu;; = 4jluy;-
Recall that we have a reduced divisor E = E; +--- + E,. Up to refining the covering (U;), one

can assume that Ej is given by the equation fi; = 0 on U;. The transition functions of O’y (Ey) are

f.
gk,ij=%-

Now, given complex numbers z;,..., z; € C, one considers the extension 77, . of Ty by O
whose class is

a+z;

r

dgi,ij ] dgrij
+ e +

81,ij 8rij

Set 72,z (E) :== ¥z, ® O3 (E). Then, there is an injection of sheaves

=a+)_zrcr(Ep).
3

y < Z]yeeyZs (E)

extending . < ¥ < ¥ (E) for (z;) in a Zariski open neighborhood of 0 € C".
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Indeed, consider the morphism .Zy, — 7%, .- (E)|y; given by p; + ¥ i Zk Tt f ki

factor and g; on the second. Those morphisms can be glued since one has
dfe;  d8kij N dfj
fei  &nij  fij
for any index k. The induced map .% — 7,
neighborhood of 0 C".
Now, recall that @ = 7% ¢; (X) and that the Kéhler metric w3 lives in the class @ — " e c; (Ey) for
some & > 0, so that the approximate Kéhler-Einstein metric w;, belongs to (1 + f)a;, where

o g; on the first

z,(E) is obviously injective for (zx) in a Zariski open

,,,,,

t
a;:=a———) €rc1(Ey).
r 1+t;k1(k)

For any r € R, we set
V1:=Vz,.2, and V(E):=7;8 O%(E)

where zy := -1 H -g for 1 = k = r. This vector bundle 7; is the extension of Ty by 03 with
extension class a; and 7#;(E) comes equipped with a sheaf injection

F < 1 (E). (25)

Moreover, it is clear from the definition of ¥, . thatwe have

a((E)=a () +al(B) (26)

forany reR.

Step 2. Metric properties of 7 (E). First of all, we pick one number y > 0 as in Assumption A. Tt
will be fixed until the very end of the argument.

We seek to endow ¥;(E) with a suitable smooth hermitian metric, at least when ¢ > 0 is small
enough. Given that 7;(E) = ¥; ® 0’3 (E) and that we have already fixed a smooth hermitian metric
hgon 0 3 (E) in (2), it is enough to construct a hermitian metric on ;.

Now, we can endow the bundles 03 and Ty with the trivial metric and the hermitian metric
h; . induced by w; ¢, respectively. Now, we set

m:1+t

which we view as an element of <€°° (X TA) Relatively to a fixed € splitting of 7%, the direct
sum metric hy, induced on 7} has a Chern connection Dy, which has the following expression

Wre €Ay

d —ﬁt)
Dw=(*
' ﬁt DT)?
or equivalently
Dy, (s1,82) = (dsl_ﬁt'SZ,ﬁ;‘sl +DT252) 27

where Dr, is the Chern connections induced by £, on Tj. Of course, it depends strongly on
the parameters ¢, . We denote by ,6* € <€°° (X, Ty) the adjomt of B, € <€ (X TA) Moreover, the
Chern curvature of Dy, is given by

—B: A B* D,
@(%,h%):( Bt A B} Txﬁt )

0By O(Tg, hie)=Pi AB:
where D’ . is the (1,0)-part of the Chern connection of (TA hi .

We anaﬁyze next several quantities which are playing a role in the evaluation of the curvature
of 7;.
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e The factor B;. The form f; is given by

1
1+t

a *
ﬁt prq(a) ®dZﬁ, (28)

where w,g are the coefficients of w, with respect to the coordinates (z;);=1,. . Its adjoint is
computed by the formula
(Br-v,w)+ (v, By - w) =0, (29)

where the first bracket is the standard hermitian product in C and the second one is the one
induced by (T, hy,¢). We have

1 0
F=-—) —edz. 30
ﬁt 1+t 0z; “ (30)
We have the following formulas
Dip:pe=0,  0p7=0. @31)

The first equality holds since w¢ is a Kdhler metric while the second one is obvious from (30).
Moreover, we have

1
A+D% B ABF AT = ——0T, 32)
: nt
as well as
L+ 0% Bf APr=wse01dr, . (33)
e The curvature of ;. If we replace B; by (1 + £),/fi8; for some positive number , this does not

affect the complex structure of the bundles at stake but only the metrics. Moreover, we see from
the identities (31)-(32)-(33) that the curvature becomes

H n
O hy) A = [ 1€ne o .
t ’ 0 O(Tg, hie) Nwp,” — pwy, ®ldr,

Now we choose p so that % =1-pu,ie p:= 5. Recalling (11) and the expression of the Ricci
curvature of w; . given in (12), we get that

1
-1
G)(T)’Z, h[yg) N ('U?,E - IJCUZE ®IdT}? = ma)?g ®IdTX +At,5yyw;‘y£,

where
Apey = —yldr, [y 0x — tog + (1 -y)dd° We — @re) — O] (34)
is such that the number .
Atey = ; ﬁ?trEnd er(At,s,y) |F¢U?,g
satisfies

limsuplimsuplimsup aey =0 (35)
v—0 t—0 £—0

thanks to the computations of Section 2.2.

o The curvature of ¥;(E). Finally, we endow ¥;(E) with the metric hy, 5 = hy, ® hg. It satisfies
O (E), hy, ) Awi,' = ﬁw;‘,e ®ldy, +Areyf, + (Op A0} @1dy, g . (36)

where Ay .y is defined in (34) and satisfies (35).

Step 3. The slope inequality. Now, one wants to follow the strategy in Section 2.2 and compute
the slope of .% using the induced metric hr, from (7;(E), hy, () under the sheaf injection (25).
The metric hp, is well-defined only on the locus W < X where F; := .#| is a subbundle. As .%
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may not be saturated in #;(E), the complement of W may have codimension one. However, we
have the formula

1
Mo (F) = ;fw c1(F, hr,) /\wl’;l —c1(D) - {wpe}" !

1 —
< —f c1(Fy, th)/\‘”?,el
rJw
=T (%:(E) + Aty +C1(E)- {wt,g}”—l

where D is an effective divisor such that O’y (D) = det((¥;(E)/ % )tor). Since E is m-exceptional, the
conclusion follows from the curvature formula (36) along with (35) and the two easy facts below
* o, (F) = o(F) when t — 0,
* o, (V1(E)) — ua(¥) when t,e — 0 since E is exceptional, cf. (26).
Theorem 11 is now proved. O

3.4. Polystability

In this paragraph, we work under the Assumption B and we aim to prove the second part of
Theorem 9, i.e. that &* is polystable with respect to c; (X).

By a standard inductive argument, it is enough to prove that if % < &* is any saturated
subsheaf with ¢, (x) (%) = pe, x) (&), then it is holomorphically complemented; i.e. there exists
Y cé&* suchthat &* =7 o 9.

Let .Z be such a subsheaf and let .Z c ¥ the induced sheaf on X , cf. Lemma 10; it satisfies
Ha () = U (&*). The same arguments as in the end of Section 2.2 show the orthogonal
complement G of FZ < ¥(E) with Tespect to the well-defined hermitian metric hy; g on X\E
is holomorphic. Note th'iit Yo(E) = &* on X\ E, hence 7. (N (B)lg\g) = & by (23).

Now, define ¢ := 7.9 on Xe; this is a coherent subsheaf of & Xreg by the observation above.
We can extend it to a coherent saturated subsheaf ¥ c £* across Xiing; in particular, ¢ is reflexive.
The injection .# @ ¥ — & isomorphic over Xez, hence everywhere by reflexivity of the sheaves
involved. This concludes the proof of Theorem 9.

4. A splitting theorem
4.1. Foliations

In this section, we recollect some results about foliations that we will use later on for the reader’s
convenience. We refer to [16, §3 and 4] and the references therein for notions around foliations
on normal varieties and their singularities.

Here we only recall the notion of weakly regular foliation. Let .% be a foliation of positive rank
r on a normal variety X. The r-th wedge product of the inclusion .# < T gives a map

Ox(~Kz)— (A"Tx)*".
We will refer to the dual map
Qf - ox(Kz)
as the Pfaff field associated to .7 . The foliation . is called weakly regular if the induced map
Q% ® Ox(-Kz)™ — Ox
is surjective (see [16, §5.1]).

Examples of weakly regular foliations are provided by the following result (see [16, Lem. 5.8]).
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Lemma 12. Let X be a normal variety, and let F be a foliation on X. Suppose that there exists a
distributiond on X such that Tx = .% ©9. Then ¥ is weakly regular.

The following lemma says that a weakly regular foliation has mild singularities if its canonical
divisor is Cartier and the ambient space has kit singularities (see [16, Lem. 5.9]).

Lemmal3. Let X beanormal variety with klt singularities, and let F be a foliation on X. Suppose
that K ¢ is Cartier. If & is weakly regular, then it has canonical singularities.

Next, we recall the behaviour of weakly regular foliations with respect to finite covers (see [16,
Prop. 5.13)).

Lemma 14. Let X be a normal variety, let % be a foliation on X, and let f: X; — X be a finite cover.
Suppose that each codimension 1 irreducible component of the branch locus of f is % -invariant.
Then . is weakly regular if and only if f~.% is weakly regular.

Finally, we recall the behaviour of foliations with canonical singularities with respect to finite
covers and birational maps (see [16, Lem. 4.3]).

Lemma 15. Let f: X; — X be a finite cover of normal varieties, and let 7 be a foliation on X
with K¢ Q-Cartier. Suppose that each codimension 1 component of the branch locus of f is % -
invariant. If F has canonical singularities, then f~1.F has canonical singularities as well.

Recall that Q-divisors D; and D are said to be Q-linearly equivalent if there exists an integer
m > 0 such that mD; and mD; are linearly equivalent. We write Dy ~¢ D;.

Lemma 16. Let q: Z — X be a birational quasi-projective morphism of normal varieties, and
let F be a foliation on X. Suppose that K & is Q-Cartier and that K7z ~0 4" Kz. If  has
canonical singularities, then =% has canonical singularities as well.

Proof. By assumption, there exist a normal variety Z 2 Z and a projective birational morphism
g: Z — X whose restriction to Z is q. The same argument used in the proof of [16, Lem. 4.2]
shows that

a(E,Z,q %) = a(E, X,.F)
for any exceptional prime divisor E over Z with non-empty center in Z. The lemma follows
easily. O

4.2. Weakly regular foliations with algebraic leaves

This section contains a generalization of Theorem 6.1 in [16]. The following result is proved in [16]
under the additional assumption that .# has canonical singularities.

Theorem 17. Let X be a normal projective variety with Q-factorial klt singularities, and let 7 be
a weakly regular foliation on X with algebraic leaves.

(1) Then .Z is induced by a surjective equidimensional morphism p: X — Y onto a normal
projective variety Y .

(2) Moreover, there exists an open subset Y° with complement of codimension at least2 in Y
such that p~1(y) is irreducible for any y € Y°.

Before we give the proof of Theorem 17, we need to prove a number of auxiliary statements.
Throughout the present section, we will be working in the following setup.

Setup 18. Let X and Y be normal quasi-projective varieties, and let p’: X --» Y be a dominant
rational map with r := dim X —dim Y > 0. Let Z be the normalization of the graph of p’, and let
p: Z—Y and q: Z — X be the natural morphisms. Let .7 be the foliation induced by p'.
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Proposition 19. Let the setting and notation be as in 18, and assume that K & is Cartier.

(1) Then the Pfaff field QK] — Ox(Kg) associated to % induces a map
Q[Zr] —q"O0x(Kz)

which factors through the Pfaff field Q[Zr] — 07Ky ) associated to q~'.Z . In particular,
there exists an effective q-exceptional Weil divisor B on Z such that

Kq—lﬂ‘ +B~7 q*ng

(2) Moreover, if E is a q-exceptional prime divisor on Z such that p(E) =Y, then E < Supp B.

Proof. Let Zy € Y x X be the graph of p/, and denote by n: Z — Z; the normalization map.
Consider the foliation

& :=pry.Z cpry Ix cpry Ty @ pry Tx.

Let Q% — Ox(Kg) be the map induced by the Pfaff field Q[);] — Ox(Kz). By construction, Z; is
invariant under ¢, and hence, there is a factorization:

QY xlze, — pryQ%lz, — (ry Ox(K#))lz

4 ||

Qy > Oy xx(Kg)lz,-

Notice that the foliation induced by ¥ on Z is g~'.%. By [1, Prop. 4.5], the map Q’ZO —
(pr} Ox (K )|z, extends to a map

Qf — n*(pry Ox(Kz)lz) = 4" Ox (K ),
which gives a morphism

QY — q" Ox(Kz).
This map factors through the Pfaff field

Vz. .Q[Zr] nd ﬁz(quﬂ‘)

associated to g~1.% away from the closed set where v is not surjective, which has codimension
atleast 2 in Z. Hence, there exists an effective Weil divisor B on Z such that

Kq‘lé’_‘: +B~z (/]*Ky

Moreover, the morphism Q[Zr] — q* Ox(K ) identifies with the composition
Q) = 07(K19)— q" Ox(Kz)

since q* Ox (K #) is torsion-free. Note that B is obviously g-exceptional, proving the first item.
The second item follows from [16, Lem. 4.19] by induction on the rank of .% as in the proof of

Proposition 4.17 in [16]. Notice that the assumption that the birational morphism is projective in

the statement of Lemma 4.19 in [16] is not necessary. O
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Corollary 20. Setting and notation as in Setup 18. Suppose that X has kit singularities. Suppose
in addition that K & is Cartier and that % is weakly regular.

(1) Then the foliation g~ .7 is weakly regular and Kz ~29"Kg.
(2) Moreover, if E is a prime q-exceptional divisor on Z, then p(E) C Y.

Proof. By Proposition 19 (1), the Pfaff field
Q) — ox(Kz)

associated to .# induces a map
Q) — q" Ox(Kz)

which factors through the Pfaff field Q[Zr] -0 Z(Kq_kg;) associated to q’lf . On the other hand,
by [28, Thm. 1.3], there exists a morphism of sheaves

that agrees with the usual pull-back morphism of Kéhler differentials wherever this makes sense.
One then readily checks that we obtain a commutative diagram as follows:

g Q) —» q*Ox(Kz)

l |

Q) —— g Ox(Kyp).

This implies that the map Q[Zr] — q* Ox (K g) is surjective. Consequently, this map identifies with
the Pfaff field associated to q_lﬂ , proving item (2).
Finally, item (2) is an immediate consequence of item 1 together with Proposition 19(2). [

As we will see, Theorem 17 is an easy consequence of Lemma 21 and Lemma 22 below.

Lemma 21. Setting and notation as in 18. Suppose that X has klt singularities and that 7 is
weakly regular. Then there exists an open subset Y° with complement of codimension at least 2
in'Y such that, for any y € Y°, either p~'(y) is empty or any connected component of p~'(y) is
irreducible.

Proof. We argue by contradiction and assume that there exists a prime divisor D < Y such that,
for a general point y € D, p~!(y) is non-empty and some connected component of p~1(y) is
reducible. Let S € p~!(D) be a subvariety of maximal dimension and dominating D such that for
a general point z € S there is at least two irreducible components of p~! (p(z)) passing through z.
We will show in Step 2 that S has codimension 2 in Z.

Step 1. Construction. Shrinking Y if necessary, we may assume without loss of generality that p
is equidimensional. Replacing X by an open neighborhood of the generic point of g(S), we may
also assume that there exists a positive integer m such that

ﬁx(me) ~0x.

Let f: X; — X be the associated cyclic cover, which is quasi-étale (see [33, Def. 2.52]), and let Z;
be the normalization of the product Z x x X;. The induced morphism g: Z; — Z is then a finite
cover.

By [14, Lem. 4.2], there exists a finite cover Y, — Y with Y, normal and connected such that
the following holds. If Z, denotes the normalization of the product Y, xy Z;, then the natural
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morphism p»: Z, — Y, has reduced fibers over codimension 1 points in Y,. We may also assume
that Y, — Y is a Galois cover. We obtain a commutative diagram as follows:

7z sz 2 x
)

P2 n|l z—2 v x
p

Y, — Y.

Notice that go g : Z» — Z is a finite Galois cover.

Step 2. Away from a closed subset of codimension at least 3, Z has quotient singularities and
the foliation induced by p on Z is weakly regular. Moreover, S has codimension 2 in Z. Notice
that X; has kit singularities by [30, Prop. 3.16], and that the foliation .Zx, := f~1.Z is weakly
regular by Lemma 14. Observe now that the foliation %z, := gy 1 Z, is given by p; and that Z;
identifies with the normalization of the graph of the rational map p; o gy . Therefore, Zz, is
weakly regular and
Kz, ~z a1 Kzy

by Corollary 20 (1). On the other hand, .%x, has canonical singularities (see Lemma 13). Applying
Lemma 16, we conclude that .% has canonical singularities as well. This in turn implies that the
foliation .Fz, := g 1z 7 has also canonical singularities (see Lemma 15). From [14, Lem. 5.4],
we conclude that Z, has canonical singularities over a big open set contained in Y», using the
fact that py has reduced fibers over codimension 1 points by construction. In particular, Z, has
canonical singularities in codimension 2.

Since gog): Z» — Z is afinite Galois cover, there exists an effective -divisor A on Z such that

Kz, ~q (gog)" (Kz +A).

Moreover, away from a closed subset of codimension at least 3, Kz + A is Q-Cartier by [16,
Lem. 2.6]), and the pair (Z, A) is klt by [30, Prop. 3.16] so that it has Cohen-Macaulay singularities.
Then Harstshorne’s connectedness theorem implies that S has codimension 2 in Z.

By construction, any irreducible codimension 1 component of the ramification locus of g is
q1-exceptional, and hence invariant under .%z by Corollary 20 (2). It follows from Lemma 14
that % := g~ 1.7 is weakly regular in codimension 2.

Step 3. End of proof. Let z € Sbe a general point. Recall from [21, Prop. 9.3] that z has an analytic
neighborhood U < Z that is biholomorphic to an analytic neighborhood of the origin in a variety
of the form C4™Z/G, where G is a finite subgroup of GL(dim Z,C) that does not contain any
quasi-reflections. In particular, if W denotes the inverse image of U in the affine space C4mZ,
then the quotient map

gu:W—-wW/G=U

is étale outside of the singular set.
By Lemma 14 again, %, induces a regular foliation on W. Let F; and F, be irreducible
components of p~!(p(z)) passing through z with F # F,. Note that

gy Fin)ngy' (FanU) # @.

By general choice of z, F; and F, are not contained in the singular locus of %z, and hence both
gl}l (FinU) and g{,l (F» N U) are a disjoint union of leaves. But then, any leaf passing through
some point of gg,l (FinU)n g{]l (F, nU) is a connected component of both gl}l (F1nU) and
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gl}l (F, nU). This in turn implies that F} = F», yielding a contradiction. This finishes the proof of
the lemma. g

Lemma 22. Setting and notation as in 18. Suppose that X has klt singularities and that ¥ is
weakly regular. Let E be a prime q-exceptional divisor on Z such thatdim p (E) 2dimY — 1.

(1) Thendimp (E) =dimY — 1. In particular, E is invariant under the foliation on Z induced
by p.

(2) Moreover, if z is a general point in E, then there exists a curve T € E passing through z with
dim p(T) = 1 such that q(Ep,)(11)) = G(Ep(t,) (12)) for general points ty and t in T, where
Ep (1) (t) denotes the irreducible component of Epy < p L (p(1) passing throughte T c E.

Proof. For the reader’s convenience, the proofis subdivided into a number of steps.

Step 1. Reduction to the case where K # is Cartier and proof of (1). Replacing X by an open
neighborhood of the generic point of g(E), we may assume without loss of generality that there
exists a positive integer m such that

ﬁx(me) =~ ﬁx.

Let f: X; — X be the associated cyclic cover, which is quasi-étale (see [33, Def. 2.52]), and let Z;
be the normalization of the product Z x x X;. The induced morphism g: Z; — Z is then a finite
cover. We obtain a commutative diagram as follows:

VA LN Xi
)
q

Notice that X; has kit singularities by [30, Prop. 3.16], and that the foliation .Zx, := f~1.% is
weakly regular by Lemma 14. Observe now that the foliation .7 7 := g7 1 Zx, is given by p; and
that Z; identifies with the normalization of the graph of the rational map p; o q; !, By item 1
in Corollary 20, .% is weakly regular. Let E; be a prime divisor on Z; such that g(E;) = E.
Notice that Ej is g;-exceptional and that dim p (E) = dim p;(E;). Thus, replacing X by X, we
may assume without loss of generality that

Kz ~z0.

Then, by Corollary 20 (2), we must have p(E) C Y. It follows that p(E) is a prime divisor on
Y since dimp (E) = dimY — 1 by assumption. In particular, E is invariant under the foliation
Fg= qflﬁi.
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Step 2. The foliation induced by .7 on g(E). Set B:= q(E), and let E° € EN Z¢g be a non-empty
open set. We obtain a commutative diagram as follows:

A

EFP—22 B

~

j| E—>» B

]

Z — X

p

Y.
Shrinking X, if necessary, we may assume without loss of generality that B is smooth. By [28,
Thm. 1.3 and Prop. 6.1], there is a factorization

di
r [r] r
Qyly — Oy — af.

This implies that the map Qg] |p — QJ is surjective.
Claim 23. The foliation %- on E° induced by % is projectable under a.
Proof of Claim 23. Let

v: QY O0x(Kz) and vz: Q' — 02(Kz,)

be the Pfaff fields associated to .# and % respectively. Since E° is invariant by .%, there is a
factorization

V7| o
Qe — Qg —— 02(Kz)lp

I |

Qf, ——— QL ——— 07Kl
Recall from the proof of Corollary 1 that there is a commutative diagram

g ol T grox(K5)

dreﬂ qJ/ ZT\

v

Q) —=— 02(Kz,).
Finally, by [28, Prop. 6.1], the diagram

a* dreﬂi

(@* Q) o = a* (@) —20 s g

dren | E°J/ \L

Q| > Qr,

dreﬂj
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is commutative as well. Therefore, we have a commutative diagramm as follows:

a* dreﬂi

(q* Q) g = a* Q15 ———» a* Q)

!

(q*vx)lge QL

!

(" Ox(Kgz)|p $——=—— Oz(Kz,)|p.

This in turn implies that there is a factorization

dreﬂ i

Qy'ls ———» 9}

Jvxla l

Ox(Kz)lp =——= Ox(Kz)Ip

whose pull-back to E° gives the diagram above. It follows that the map
Qp — Ox(K#)IB

is the Pfaff field associated to a weakly regular foliation .#p of rank r on B such that da(% ) =
Zp. This completes the proof of the claim. O

Then item (2) is an immediate consequence of Claim 23 above. O
We are now ready to prove Theorem 17.

Proof of Theorem 17. Let p: Z — Y be the family of leaves, and let g: Z — X be the natural
morphism. Since p has connected fibers by construction, Lemma 21 applied to po g~! implies
that p has irreducible fibers over a big open set contained in Y. Hence, to prove Theorem 17, it
suffices to show that Exc g is empty.

We argue by contradiction and assume that Excq # @. Let E be an irreducible component of
Excgq. Then E has codimension 1 since X is Q-factorial by assumption. Recall from Lemma 21
that p~!(y) is irreducible for a general point y in p(E). Therefore, by Lemma 22, we must have
E = p~!(p(E)). Moreover, if y is a general point in p(E), then there exists a curve T < p (E) passing
through y such that q(p‘l(tl)) = q(p‘l(tg)) for general points #; and £, in T. Now, there exists a
positive integer ¢ such that the cycle theoretic fiber pI="(y) is t[p~' ()] for a general point y in
p(E). It follows that the restriction of the map ¥ — Chow(X) to p(E) has positive dimensional
fibers, yielding a contradiction. This finishes the proof of the theorem. d

Remark 24. In the setup of Theorem 17, let p: Z — Y be the family of leaves, and let g: Z — X
be the natural morphism. If X is only assumed to have klt singularities, then the same argument
used in the proof of the theorem shows that g is a small birational map. We have

Kziy —R(p) ~¢ 4" Kz,

where R(p) denotes the ramification divisor of p. In particular, if F denotes the normalization of
the closure of a general leaf of .%, then

Kz|r ~g KF.
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4.3. A splitting theorem

The following theorem, advertised in the introduction as Theorem C, is the main result of this
section.

Theorem 25. Let X be a normal projective variety, and let
Tx = @9\ i
iel
be a decomposition of Tx into involutive subsheaves with algebraic leaves. Suppose that there
exists a Q-divisor A such that (X, A) is kit. Then there exists a quasi-étale cover f: Y — X as well as
a decomposition
Y=[]v;

iel
of Y into a product of normal projective varieties such that the decomposition Tx = @®;c; F; lifts
to the canonical decomposition
Myerv; = @pr;‘ Ty;.
iel
Proof. To prove the theorem, it is obviously enough to consider the case where I = {1,2}. Set
7(i)=3—iforeachie€{l1,2}.

Step 1. Reduction to the case where X is Q-factorial with kit singularities. Let 7: Z — X be a
Q-factorialization, whose existence is established in [31, Cor. 1.37]. Recall that 7 is a small
birational projective morphism and that Z is Q-factorial with kit singularities. Then we have
the decomposition
Ty=n"'Zen %
into involutive subsheaves with algebraic leaves.
Suppose that there exist normal projective varieties W; and W, and a quasi-étale cover

g Wi xW,—Z
such that the decomposition Tz = 117, @ 171.%, lifts to the canonical decomposition
Tw, xw, = pri Tw, ® pry T,
The Stein factorization
f:Y—-Xx
of m o g is then a quasi-étale cover, and the natural map
Wi xW, -Y

is a small birational morphism. Moreover, by [30, Prop. 3.16], Y has kit singularities. In particular,
it has rational singularities. Lemma 26 below applied to Y --» W; x W, then implies that X
satisfies the conclusion of Theorem 25.

Therefore, replacing X by Z, if necessary, we may assume without loss of generality that X is
Q-factorial with klt singularities.

Step 2. Covering construction. By Lemma 12, .%; is a weakly regular foliation. Therefore, by
Theorem 17, .%; is induced by a surjective equidimensional morphism p;: X — T; onto a normal
projective variety T;. Moreover, p; has irreducible fibers over a big open set contained in T;. Let
F; be a general fiber of p;(;.

Let M; denote the normalization of the product F; x1, X, and let M; — N; — X denote the
Stein factorization of the natural morphism M; — X. We will show that V; — X is a quasi-étale
cover. Notice that for any prime P on T;, p; P is well-defined (see [16, §2.7]) and has irreducible
support.



Stéphane Druel, Henri Guenancia and Mihai Paun 115

Write p; P = mQ for some prime divisor Q on X and some integer m > 1. Set n := dim X, and
s:=dimT;. By general choice of F;, we may assume that F; \ X has codimension at least 2 in
F;. In particular, F; N QN Xreg # @. Let x € F; N Q N Xieg be a general point. Since F1 and %, are
regular foliations at x and Tx = .7 @ .%», there exist local analytic coordinates centered at x and
pi(x) respectively such that p; is given by

(.X:l,xz,.--,Xn)'—’ (x{n)XZH-)xs)y
and such that F; is given by the equations
Xsp1=-=%xp=0.

A straightforward local computation then shows that N; — X is a quasi-étale cover over the
generic point of pl.’1 (P). This immediately implies that N; — X is a quasi-étale cover.

Let Y be the normalization of X in the compositum of the function fields C(V;), and let
f: Y — X be the natural morphism. Set %; := f~1.%;. By construction, f is a quasi-étale cover,
and ¥; is induced by a surjective equidimensional morphism ¢g;: ¥ — R; with reduced fibers

over a big open set contained in R;. Moreover, there exists a subvariety G; € f~1(F;) such that the
restriction G; — R; of g; to G; is a birational morphism.

Step 3. End of proof. Let R° denote the smooth locus of R;, and set Y° =q; 1(R") Let Z° c Y°
be the open set where g;| ve is smooth. Notice that Z; has complement of codlmensmn at least 2
in Y7 since g; has reduced fibers over a big open set contalned in R;.

The restriction of the tangent map

T(Ji|yi°3 Ty, — (ql'|Yi°)*TR§

to % ylze < Tz then induces an isomorphism % |z = (gilze)" Tre. Since % ;lye and
1 1 1 1 1 1
(gilys)" Tge are both reflexive sheaves, we finally obtain an isomorphism
1 1

Grilyy = (ohlyl?)* Tgs.
A classical result of complex analysis says that complex flows of vector fields on analytic spaces

exist (see [27]). It follows that g;| v? is a locally trivial analytic fibration for the analytic topology.
The morphism ¢q; x q2: Y — Rl x Ry then induces an isomorphism

f(Rl)n%_ (R3) =Ry x Ry

since G -Gz = 1 and g; is locally trivial over R;. In particular, g x g2 is a small birational
morphism. By [30, Prop. 3.16] again, Y has kit singularities. Hence, it has rational singularities.
Lemma 26 below applied to q; x g; then implies that X satisfies the conclusion of Theorem 25,
completing the proof of the theorem. 0

Lemma 26 ([32, Prop. 18]). Let X, Y, and Y, be normal projective varieties, and let m: X --»
Y1 x Y» be a birational map that does not contract any divisor. Suppose in addition that X has
rational singularities. Then X decomposes as a product X = X; x X, and there exist birational
mapsn;: X; --» Y; such thatm = my X 7o.

5. Proof of Theorem A

The present section is devoted to the proof of Theorem A.

Proof of Theorem A. We have seen in Theorem 6 that the tangent sheaf of X is polystable. By
definition it means that we have a decomposition

Tx =P Z;

iel
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where the .%; are stable with respect to ¢; (X) and have the same slope. Moreover, each subsheaf
%; defines on Xreg a parallel subbundle of TXreg with respect to the Kdhler-Einstein metric
e Xreg- This immediately implies that .%;| Xireg is involutive.

Claim 27. Each foliation .%; has algebraic leaves.

Proof. Let m be a positive integer such that —mKyx is very ample, and let C c X be a general
complete intersection curve of elements in | - mKx|. By general choice of C, we may assume that
C < Xeg and that .%; is locally free in a neighborhood of C. If m is large enough, then the vector
bundle .%;|¢ is semistable by [19, Thm. 1.2]). We conclude that it is ample since it has positive
slope. Then [5, Fact 2.1.1] says that .%; has algebraic leaves. Alternatively, one can apply [7,
Thm. 1.1] to the foliation .%; on the resolution X (cf. Notation 5) induced by .%; by pullback over
Xreg and saturation inside T’. O

Let f: Y — X be the quasi-étale cover and Y = [];c; ¥; be the splitting that are both provided
by Theorem 25. The decomposition

Ty =Ppr; Ty, 37)
iel
is a decomposition of Ty into summands of maximal slope. If there exists i € I such that
Ty, is not stable with respect to ¢;(Y;), then it means that the polystable decomposition of Ty
provided by Theorem 6 via f*wgg refines strictly the decomposition (37). By applying Theorem 25
again, we can find another quasi-étale cover Y’ — Y which splits according to the polystable
decomposition of Ty and one can then compare again the polystable decomposition of Ty- to the
one coming from Ty. After finitely many such steps, one can find a quasi-étale cover g: Z — X
such that
(i) There exists a splitting Z = [[xex Zk into a product of Q-Fano varieties.
(ii) Forany k € K, the tangent sheaf T, is stable with respect to c1(Zy).
(iii) The variety Z admits a Kdhler—Einstein metric given by g* wxg.

Theorem A is a consequence of the Claim below.

Claim 28. There exists a Kdhler-Einstein metric wy on each variety Z; such that g*w =
Y kek PI}. Ok.

Proof of Claim 28. We set ny := dim Z;. As the saturated subsheaf .% := pri. Tz < Ty is stable
with maximal slope with respect to c¢;(Z), it has to coincide with one of the factors in the
decomposition of T, provided by Theorem 6 (one can see that by looking at the projections on
each factor and use stability). In particular, the .F| Z.g are mutually orthogonal with respect
to g*wgg, which enables one to define a smooth hermitian metric wy on Z,zeg such that g* wkg =
Y kek prz W} 0N Zpeg. Since g* wyg is closed and d commutes with pr;;, it follows that wy. is a Kdhler
metric on Zeg.

Clearly, one has Ricwy = wy on Z;eg. In order to check that wj. defines a Kdhler—Einstein metric
on Z in the sense of Definition 2, it is sufficient to check that . e ka = ¢1(Z;)™ by Remark 3.

By [2, Prop. 3.8] we always have the inequality [ wzk < ¢1(Z)™ and therefore
k

n
a@)" :f gog =11 fregwkk <[] a@™.
Zreg keKYZ; keK

Since ¢1(2)" = [Tkek €1(Zk)"*, one must have [ s a)Z’C =c1(Z)" forall k€ K. O
k

Theorem A is now proved. O
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1. Introduction

The space of arcs through the singular locus of a complex variety decomposes into a finite union
of irreducible components, each defining a distinct divisorial valuation, that is, a prime divisor
on some resolution of singularities. These components were studied by Nash [38]; we will refer to
them as Nash families of arcs, and to the valuations they define as Nash valuations. The problem
of characterizing Nash families of arcs in terms of resolutions of singularities fits within the Nash
problem, which was motivated by the desire of understanding what different resolutions would
have in common.

It is natural to ask whether a similar picture holds for families of jets through the singular
locus, at least when one looks at jets of sufficiently high order. (For clarity of exposition, in this
introduction we restrict the discussion to the case where families of arcs and families of jets all
stem from the singular locus of the variety; we refer to the main body of the paper for a more
general formulation of the question.) As jets are parametrized by schemes of finite type, the fact
that there are finitely many irreducible components of the set of jets of fixed order through the
singular locus is clear. The question is how the families of jets defined by such components relate
to the families of arcs identified by Nash.

Even though families of jets are introduced similarly to families of arcs, at the core there is
an essential difference between the two: Nash families of arcs lift to resolutions of singularities
and are naturally related to divisorial valuations; by contrast, families of jets through singularities
do not lift to resolutions and cannot be related to valuations in any obvious way. In particular,
the approach followed by Nash to study families of arcs using resolution of singularities does not
apply to finite order jets.

Families of jets have been computed in several concrete examples, see, e.g., the works on
plane curves and surface singularities [6, 28, 32-36]; in many of these works, the computation is
carried out through a direct analysis of the defining equations. The problem of understanding
families of jets is closely related to the embedded Nash problem, which aims to describe the
irreducible components of contact loci of effective divisors on smooth ambient varieties in terms
of embedded resolutions. A breakthrough in this direction was recently made in [3], where the
problem was solved for unibranched plane curves; see also, e.g., [11, 21] for earlier work on this
problem.

The purpose of this paper is to unveil a natural correspondence between families of arcs
and certain families of jets of sufficiently high order. Our starting point is the following general

property.

Theorem A (Theorem 4). Among all families of jets of sufficiently high order stemming the
singular locus of a variety, there is a selection of them that is in natural one-to-one correspondence
with the Nash families of arcs.

The correspondence is obtained by defining, in a geometric meaningful way, an injective map
from the set of Nash families of arcs to the set of families of jets through the singular locus. We
say that a family of jets is of arc type if it is in the image of this map.

We then address the question whether all families of jets of sufficiently high order through
the singular locus are of arc type. Although in general there are more families of jets compared
to families of arcs (see, e.g., the case of toric surface singularities [33, 35]), we will show that
there is a one-to-one correspondence for certain rational singularities of arbitrary dimensions.
One case we already understand, thanks to [34], is that of Du Val singularities, where there is
a one-to-one correspondence. Here we extend the existence of such correspondence to a large
class of locally complete intersection rational singularities of arbitrary dimensions which include
isolated compound Du Val singularities.
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For every normal locally complete intersection variety X there is a bound on embedding
codimension in terms of minimal log discrepancy. The bound, which is proved in Proposition 16,
is given by

ecodim(@y x) < dim(@x ) — mld,(X)

for every x € X. We say that X has maximal embedding codimension at x if the bound is achieved.
Within this class of singularities, we have those for which

mld,(X) = dim(@x x) — ecodim(@x ) = 1.

It is easy to see that these are isolated singularities. We will see in a moment that these
singularities have many properties that are natural higher dimensional analogues of properties
characterizing Du Val singularities in dimension two (the analogy is also manifest in the examples
provided in Proposition 25). For this reason, we call these singularities higher Du Val singularities.
In dimension two, this class of singularities coincides with Du Val singularities.

We then look at rational singularities of maximal embedding dimension that reduce to higher
Du Val singularities under generic hyperplane sections. One should think of this condition as
an analogue of the definition of compound Du Val singularity. We call these singularities higher
compound Du Val singularities. We have the following result.

Theorem B (Theorem 34). On an isolated higher compound Du Val singularity x € X, all families
of jets of sufficiently high order stemming from x are of arc type.

As a special case, we see that all families of jets of sufficiently high order stemming from an
isolated compound Du Val singularities are of arc type. Theorem B addresses our motivating
question on families of jets. Combined with Theorem A, the theorem relates to and partially
recover a result of Mourtada on families of jets on Du Val singularities [34] (see Corollary 36).
Mourtada asked whether for any locally complete intersection variety with rational singularities
the number of families of jets of sufficiently high order stemming from the singular locus is the
same as the number of Nash families of arcs [34, Question 4.5]. Our result provides evidence in
this direction.

For higher Du Val singularities, we have a more precise result (see Theorem 28) which we
use to solve the Nash problem for this class of singularities. In our solution, Nash valuations
are characterized in terms of certain partial resolutions of the variety (the terminal models) that
originate from the minimal model program. Valuations defined by the exceptional divisors on
these models are called terminal valuations.

Theorem C (Corollary 29). For a divisorial valuation ordg on a variety X with higher Du Val
singularities, the following are equivalent:

(1) ordg is a Nash valuation.
(2) ordg is a terminal valuation.
(3) E is a crepant exceptional divisor over X.

This result is in line with the point of view proposed in [15]. It can be viewed as a higher
dimensional generalization of one of the properties characterizing Du Val singularities among
normal surface singularities.

In dimension two, there are four proofs of the Nash problem for Du Val singularities [10, 15,
39, 40]. While the proof given here follows a different path, relying on inversion of adjunction
and the minimal model program, it also uses on the main theorem of [15] and therefore it should
not be considered as providing a new proof in dimension two for Du Val singularities. In higher
dimensions, however, Theorem C does not follow directly from [15].

Throughout the paper, we work over an algebraically closed field k of characteristic zero.
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2. Arc spaces and jet schemes

For a scheme X over k, we denote by X, the arc space of X over k and by X, the m-th jet
scheme of X. We refer to [9, 13, 44] for general references on the subject. An arc a € X is a
morphism a: Speck,[t] — X and ajet 8 € X,;, amorphism f: Spec kﬁ[t]/(t’"“) — X. We denote
by a@(0) and B(0) the images of the respective closed points, and by a(n) the image of the generic
point of Speck,[f]. There are truncation maps n: X,, — X and 7n,,: X;;, — X sending an arc a
(respectively, an m-jet ) to its special point a(0) (respectively, $(0)), as well as ¥, Xoo — X
and 7, m: Xn — X for n> m. We denote these maps by 7%, 7, w1, and 7% ,, whenever there
is a need to specify the underlying scheme X.

Let now X be a variety. Constructibility in X, is defined as in [19] (see also [42, Tag 005G]):
a subset C c X, is constructible if and only if it is a finite union of finite intersections of
retrocompact open sets and their complements; equivalently, C is constructible if and only
C= u/%l (S) for some m and some constructible set S ¢ X;,,. An irreducible subset C c X, is
non-degenerate if C & (Sing X) .

When X is smooth, constructible sets are also called cylinders. Their codimension is defined
by codim(C, X,) := codim(S, X,;;) where, as before, C = 1//%1 (S). Using the simple structure of the
truncation maps 7, it is easy to check that this is well defined. The codimension of C defined
above agrees with topological codimension of the closure of C in X; if C is irreducible and @ € C
is the generic point, then this is the same as dim(Ox_ ).

When X is singular, one defines the jet codimension of a constructible set C < X,,, by setting
jet-codim(C, Xoo) := (m+ 1) dim(X) — dim(S) where, again, C = 1//;11 (S) (cf. [16]). If C is irreducible
and a € C is the generic point, then this agrees with edim(@x_ «).

Every arc a € X, defines a semi-valuation ord,: Ox,q0 — Z U {oo}, given by ord,(h) =
ord, (a*(h)), which extends to a valuation of the function field of X if and only if the generic point
a(n) of the arc is the generic point of X. In a similar fashion, every jet 5 € X,,, defines a function
ordg: Ox gy — {0,1,...,m} U {oo} given by ordg(h) = ordt(ﬁ”(h)), where we set ord;(0) = oco.

A prime divisor over X is, by definition, a prime divisor E on a normal birational model ¥ — X.
Any such divisor E defines a valuation ordg on X. A valuation on X of the form v = gordg where
E is a prime divisor over X and g is a positive integer is called a divisorial valuation. The image in
X of the generic point of E is called the center of the valuation (or of E), and is denoted by cx (v)
or cx(E). For a divisorial valuation v = gordg, the closure Cx(v) € X of the set of arcs a such
that ord, = v is called the maximal divisorial set associated to v. This is an irreducible closed
constructible subset of X.,. When v = ordg, we also denote this set by Cx (E).

Let now X be a variety. As shown in [38] (see also, e.g., [13, 22]), the set ﬂ_l(SingX) decom-
poses as a finite union of irreducible components, and each component defines a divisorial val-
uation on X. These are called Nash valuations and the problem is to characterize them. Nash
conjectured that, in dimension two, Nash valuations are precisely those defined by the excep-
tional divisors on the minimal resolution, and proposed the notion of essential divisor as a pos-
sible higher dimensional generalization which he speculated may characterize Nash valuations
in all dimensions. These questions, which are generally referred to as the Nash problem, have
generated a lot of activity.

Culminating the work of many people, the complete solution of the Nash problem in dimen-
sion two was eventually found by Fernandez de Bobadilla and Pe Pereira in [10], and before that,



Tommaso de Fernex and Shih-Hsin Wang 123

in the toric case by Ishii and Kollér [22]. A new, algebraic proofin the surface case was later found
in [15], where it was proved that, in any dimension, all valuations defined by exceptional divisors
on terminal models over X are Nash valuations; we call the valuations arising in this way termi-
nal valuations. Nash’s original guess of what the picture should be in dimension = 3, however,
turned out to be incorrect [12, 22, 23]. In view of this, one can reinterpret the Nash problem as
asking for a characterization of Nash valuations in terms of resolution of singularities of a variety
X and, more generally, its birational geometry.

3. Minimal log discrepancies

Let X be a normal variety, and assume that its canonical class Kx is Q-Cartier. For every prime
divisor E over X, if f: Y — X is the normal birational model where E lies, then we define the log
discrepancy of E over X by ag(X) := ordg(Ky,x) + 1, and the Mather log discrepancy of E over X
by @g(X) := ordg(Jacy) + 1. These invariants of E only depends on the valuation ordg, and they
agree if X is smooth at the center of E.

An effective R-subscheme Z of X is an expression Z = Z;Zl cjZj where Z; c X is a proper
closed subscheme and c¢; > 0 for every j. Its support is the union of the support of the Z;.
For any effective R-subscheme Z, we define the log discrepancy of E over the pair (X, Z) to be
ag(X,Z) = ag(X) - ¥ cj ordE(ﬂZj) where fzj C Ox is the ideal sheaf of Z;. The minimal log
discrepancy of (X, Z) at a point x is defined by

mld,(X,Z2):= inf ag(X,2)
cx(E)=x

where the infimum is taken over all prime divisors E with center x. When there is no Z, we just
write mld, (X). We set mld, (X, Z) = 0if x is the generic point of X. If dim X = 2, then mld, (X, Z) €
{—o0} U [0,00). For sake of uniformity, it is convenient to declare that mld, (X, Z) = —oco whenever
it is negative when dim X = 1 as well.

The following is a slightly more general reformulation of the main theorem of [8]. The proof is
essentially contained in [9]. We review the key part of the argument for completeness. A similar
argument will also be used later in the paper, so it is useful to review it here anyway.

Theorem 1 (Inversion of adjunction [8]). Let X be a smooth variety, Y = HHn---NnH, c X a
normal positive dimensional subvariety defined by the complete intersection of e hypersurfaces
H;c X, and Z = ¥ cjZ; an effective R-subscheme of X not containing Y in its support. Then for
every x € Y we have

e
mld,(Y, Zly) = mldy (X, Z + eY) = mldx(X,Z +y H,-),
i=1
where Z|y :=Y c;j(Z;nY).
Proof. We may assume that x is not the generic point of Y, the statement being elementary in
that case. The proofs of the inequalities mld (Y, Z|y) = mld, (X, Z + eY) =2 mld, (X, Z + }_ H;) are
fairly standard and are omitted. We review the proof of the inequality
mld.(Y, Zly) <mlde(X, Z+ Y H;),

which is the hard part of the theorem. To this end, it suffices to show that for every divisorial
valuation v = ordr on X with center cx(v) = x, there is a divisorial valuation w = qgordg over Y
with center cy (w) = x such that

qap(Y,Zly) < aF(X,Z+ZHi).

We denote by Y the reduced inverse image of x under the projection n¥: Yo, — Y. By
definition, Y is the set of arcs in Y stemming from x.
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Let Cx(v) € Xo be the maximal divisorial set associated to v. Note that 7X(Cx(v)) is an
irreducible constructible set with generic point x. Consider the intersection

Cx(v) N Y.

As v is centered at x and Cx (v) is closed under the action of the morphism @y, : Al x Xoo — Xoo
given by (a, a(t)) — a(at) (cf. [8, Section 3]), we see that Cx(v) contains the constant arc at x,
hence Cx(v) N Yg # @. It follows that x is the generic point of 71X (Cx(v) N Ys). Therefore we can
pick an irreducible component W of Cx (v) N Y such that 7Y (W) has x as its generic point. Note
that [9, Lemma 8.3] applies to Cx(v) n Y since both Cx(v) and Yz, are closed under the action
of the morphism @, hence Cx(v) N YL & (SingY)s. Therefore we can assume that W is not
contained in (SingY)~,. By construction W is the closure of an irreducible constructible set in
Yoo, hence, by [16], its generic point y € W defines a divisorial valuation w = gordg on Y, and [9,
Lemma 8.4] (its proof, to be precise) gives

jet-codim(W, Y) < codim(Cx (v), Xo) + gordg(Jacy) — Z ordr(SLy;).

Since W < Cy (w), [16, Theorem 3.8] implies that jet-codim(W, Y,) = g - ag(Y) where ag(Y) is
the Mather log discrepancy. As Y is normal and locally complete intersection, we have @g(Y) =
ap(Y) +ordg(Jacy) (see, e.g., [14, Corollary 3.5]), hence

jet-codim(W, Yoo) = g(ap(Y) + ordg(Jacy)).
On the other hand, as X is smooth, we have
codim(Cx (v), Xo0) = ap(X).
Finally, by the semicontinuity of order of contact function induced by .z, on X, we have
qordE(ij -Oy) = ordp(ﬂzj).
By combining the above formulas, we conclude that g ag (Y, Zly) < ar(X, Z + Y H;). O

Remark 2. Going through the above proof (with Z = 0), suppose that ar(X,)> H;) =
mld,(X,Y H;) = 0. Then we necessarily have qag(Y) = ar(X,). H;), since qag(Y) = ag(Y) =
mld,(Y), hence gag(Y) = ag(Y) = mld,(Y). In particular, if mld,(Y) > 0 then g = 1. Fur-
thermore, the inequalities in the formulas displayed in the proof must all be equalities, hence
W =Cy(w).

Corollary 3. Let X be a normal locally complete intersection variety, Y = HHn---NH, c X a
normal positive dimensional subvariety defined by the complete intersection of e hypersurfaces
H;c X, and Z = ¥ cjZ; an effective R-subscheme of X not containing Y in its support. Then for
every x € Y we have

e
mld, (Y, Z|y) =mld,(X,Z +eY) = mldx(X,Z+ Z Hi).
i=1
Proof. Again, it suffices to prove that mld, (Y, Zy) = mld (X, Z+}_ H;). Workinglocally near x, we
can fix a closed embedding X < A where A is a smooth variety, and hypersurfaces Dy,...,D, c A
where r = codim(Y, A), such that H; = D;nX fori=1,...,eand X = D,.1n---Nn D,. Note that
Y =Djn---nD;. By Theorem 1 (applied twice, to Y < A and X c A), we have

r e
mld, (Y, Z|y) = mldx(A,Z +y D,-) = mldx(X,Z +y H,-).
i=1 i=1

This completes the proof. d
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4. Families of jets of arc type

Let X be a positive dimensional variety. For any subset X c X, we consider the sets
X5 =71 (Dred = {@ € Xoo | (0) € 3}

and
X =T (Z)red = 1B € Xin | BO) € 2}

By definition, X2 is the set of arcs on X through X, and X2, is the set of m-jets through X.
Assume that T < X is a closed subset. Since X, is a scheme of finite type, each X2, decomposes
into a finite union of irreducible components, and a generalization of Nash’s theorem [38] tells us
that the same happens for X=.
In the following, we denote by I' « XZ \ (Sing X), the set of generic points; that is, a € T if and
only if « is the generic point of a non-degenerate irreducible component of X . Let

u:=maxord,(Jacy).
ael’

Note that p < co since I' is finite and each a € I is non-degenerate.

We fix an integer v = p such that the images v, (@) € X, for a € T, are all distinct and there are
no specializations within the set v, (I') ¢ X,, (meaning that v, (I'), with the induced topology, is
discrete). The existence of such integer follows from the definition of X, as inverse image of the
jet schemes under the truncation maps.

Theorem 4. Let X be a variety and X c X a closed subset. Then for every m = u+v there is a
naturally defined injective map

W2 . {non-degenerate irreducible components of XZ} — {irreducible components of X}

sending a non-degenerate irreducible component C of XZ, to the unique irreducible component D
of X2, containing the image of C in X,.

Definition 5. We say that an irreducible component of X3, is of arc type if it is in the image of V2.

Remark 6. There are two special cases about Theorem 4. The first is when we take Z = Sing X. In
this case every irreducible component of xi;“gx is non-degenerate and the domain of ‘P,S;lngx is
the set of Nash families of arcs. The second special case is when X = X. In this case, the domain
of WX is a singleton and the image of W%, is the irreducible component of X,;, dominating X,
namely, the closure of (Xieg) -

We will break the proof of Theorem 4 into two steps: proving that ¥, is well-defined, and
showing that it is injective. We may assume that X is nonempty, the statement being trivial
otherwise.

We start with the basic observation that

Ym(XZ)c X2,

This implies that for every non-degenerate irreducible component C of XZ there exists an
irreducible component D of X2, such that 1,,(C) € D. Our goal is to prove that if m > y+v
then such component D is unique (proving well-definedness), and that a different component D
of X2, occurs for each non-degenerate component C of X2 (proving injectivity).

These properties follow by standard facts about the structure of the truncation maps, specif-
ically from Greenberg’s theorem on liftable jets [18] and from a result of Looijenga on the fibers
of the truncation maps between jet schemes [29]. For convenience, we will cite these results
from [9].

We start with the first assertion.
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Lemma?7. If m= u+v, then for every non-degenerate irreducible component C of XZ, there exists
a unique irreducible component D of X3, such thaty,,(C) < D.

Proof. We proceed by contradiction and assume that there exists an integer m = u+v and a non-
degenerate irreducible component C of XZ such that 1,,(C) is contained in the intersection of
two distinct irreducible components D and D’ of X,%l Whatever the value of m, we can find
another integer n such that

(1) n=vand

(2) 2nzm=pu+n.
A choice of n can be made by setting n = v + k where k is defined by m=pu+v + k.

Let @« € C, B € D and B’ € D’ denote the respective generic points, and let a, = y,(a),

Bn = mn(B), and B, = mm,,(B) be their images in X,,. Note that both B, and ), specialize
to ay. Since ordy (Jacy) < p < n, we have

ordg, (Jacx) < ordg, (Jacy) = ordq (Jacx) < u < n,

hence [9, Proposition 4.1 (i)] implies that 8, = ¥, (y) for some arc y € X. Similarly, we have
B, =wn(y") for some y' € Xo.

Note that y,y’ € XZ. In fact, as n > v, we see that v,y € C since, by the definition of v,
no other irreducible component of XZ contains a point whose image in X,, specializes to a,.
In particular, y and y’ are specializations of a, hence §, and f), are both generalizations and
specializations of @, meaning that

Bn=an= ﬁ;v
This means that § and ' belong to the same fiber of X,,, — X;,, namely, n;}_n(an).

As ay, € X7, the fiber 7, ,(a,) is contained in X%, and since it contains the generic points
and f' of the irreducible components D and D’ of X2, it follows that D and D’ are irreducible
components of n;},n(an). This contradicts the fact that, by [9, Proposition 4.4 (ii)], this fiber is
irreducible. O]

We now turn to the second assertion.

Lemma 8. If m = p+v, then for every irreducible component D of X2, there exists at most one
non-degenerate irreducible component C of X2, such thaty,,(C) c D.

Proof. We need to prove that if m = y+v and a, a’ € I are such that their images a,, and a/}, in
X belongs to the same irreducible component D of XZ,, then a = o'

To prove this, let € D be the generic point. Then § specializes to both @, and a},, hence
its image By = Tm,m-u(B) € Xy specializes to both images a,,,—, and a’m_# of @ and o' in
Xm—u- Note that m — u = v = . By semicontinuity,

ordﬁmw (Jacx) = p

Then, by [9, Proposition 4.1 (i)], we see that §,,, lifts to an arc; that is, there exists y € X, such
that ¥, (y) = Bm-p. By construction, y € n~1(Z), hence there exists a” € T specializing to y.
It follows that the image of a” in X, specializes to both an,—y and @;,_,. As m—p=v, we
conclude thata =a” = a'. O

Proof of Theorem 4. Lemma 7 implies that ¥Z, is well-defined for m > u+ v, and Lemma 8 that
this map is injective. g

Remark 9. The definition of the function W2, constructed in Theorem 4 can be extended to all
m = 0 as long as one is willing to regard them as multivalued function, sending each C to all
components D containing the image of C.
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5. The question of surjectivity

Given Theorem 4, it is natural to ask under which conditions on singularities one can guarantee
that the maps W2, are surjective. These functions are well-defined for m > 1, but if we are willing
to regard them as a multivalued functions, then we can remove the constrain on m. The question
of surjectivity still makes sense for multivalued functions.

Before we move to discuss the case we will be focusing on, it may be instructive to point out
that there is already an interesting answer to the problem (a sufficient condition for surjectivity)
in the special case where X = X. This comes from Mustatd’s theorem on locally complete
intersection canonical singularities.

Theorem 10 ([37]). Let X be a locally complete intersection variety with canonical singularities.
Then W%, is well defined and surjective for every m.

Proof. As X has only one non-degenerate irreducible component (and in fact only one irre-
ducible component since it is irreducible by Kolchin’s theorem [24]), this is just a restatement of
Mustata’s theorem on the irreducibility of the jet schemes, since any additional irreducible com-
ponent of X,,;, would lie over the singular locus of X and therefore would not contain the image
of Xoo. O

Like in Mustatd’s theorem, we will be focusing on locally complete intersection canonical
singularities. Our goal is to find a class of singularities for which ‘I’f’;lngx is surjective.

To get a sense of what one can expect, we start by reviewing some cases that are already
understood.
Example 11 (Nodal curve). The case where X is a nodal curve already shows that one cannot
expect \P,S;ngx to be always surjective. Indeed, if x € X is a node, then for m = 3 the set X}, has
m — 1 irreducible components, and only two of them are in the image of ¥'7,.

Example 12 (Affine cones). Let V < PV~! be a smooth complete intersection variety defined by
equations of degree r, let X c AN be the affine cone over V, and let x € X be the vertex. As the
blow-up of x gives a resolution of X with a single exceptional divisor, one easily see that X7 is
irreducible. On the other hand, for every m = r we have

o (%) = Xy p x ANUTD,

see, e.g., the proof of [17, Theorem 3.5]. By [37, Theorem 0.1], we know that if X is canonical then
X is irreducible for all m, and conversely, using also [37, Proposition 1.6], if X is not canonical
at x then X, is reducible for all m > 1. It follows that X, is irreducible (hence W7, is surjective)
for all m = r if X is canonical, and is reducible (hence ¥, fails to be surjective) for all m > 1 if X
is not canonical.

Mourtada, in g)(art in collaboration with Plénat and Cobo, has studied the irreducible decom-
position of X;."8% in many explicit situations where X is a surface [6, 34-36]; see also [26] for re-
lated work. While in some cases these results indicate that the number of components continues
to grow with m, there are also cases where the number of components stabilizes and matches the
number of Nash families.

Example 13 (Toric surface singularities). The irreducible decomposition of er;ngx was com-
puted for toric surfaces by Mourtada [35], and the only case where we have the same number of
components as Nash families is when X has A, -singularities.

Example 14 (Du Val singularities). It is proved in [34] that, for m > 1, the number of families
of m-jets through a Du Val singularity coincides with the number of exceptional divisors on the
minimal resolution, hence with the number of Nash families of arcs. It follows in particular that
in this case \I’f,l,ngx is a bijection.
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Example 15 (cA-type singularities). Another case where we can check directly that \F’SqiqngX is
a bijection is that of cA-type singularities. Nash families of arcs on these singularities were
described in [23], and the deformation argument used in their proof can be adapted to show that,
for m > 1, there is the same number of families of m-jets through the singularity, proving that

\I’i,ilngx is a bijection in this case as well. More specifically, suppose X is defined by an equation

xy = f(z1,...,2q4-1)

in A =A% where yu := multy(f) = 2. The proof in [23] begins by identifying p — 1 irreducible
open sets U; < X2, for 1 <i < u—1, given by
Ui={ace Xgo | ordg (x) =i, ordgq (y) = u—i, ordg (f) = p}-

The proof then goes by showing that every arc @ € X2, can be deformed (in X2)) to an arc a*
with ord,+ (f) = p. Clearly such arc must belong to one of the U;, hence proving that the closures
of these sets give all irreducible components of X2.. The deformation is done in several steps:
first, one deforms « to an arc &’ with ord, (f) < oo, and if ord, > u, then one deforms a' to an
arc a’ with ord (f) < ordy (f). After a finite number of steps, this process produces the desired
arca”.

This argument can be adapted to characterize the irreducible components of X9, for any given
m =y, as follows. For 1 < i < u— 1, we consider the irreducible open sets

Vi={pe X?n ‘ ordg(x) = i, ordg(y) = p— i, ordg(f) = p}.

Given any B € X9, we take any lift « € A, (i.e., any arc a on A such that w, (@) = 8) and apply the
same deformation argument as in [23] to produce a new arc a* € A such that ordg+ (f) = y. In
fact, without loss of generality we can pick a so that ord, (f) < oo, hence skip the first deformation
and just deform to reduce ord,(f) if the order of contact is larger than p. The key observation
here is that, just like in [23] the deformation keeps the arc on X, in this setting the deformation
maintains the order of contact of the arc with X, hence the corresponding deformation at level m
stays on Xj,.

The above examples are mainly understood through their equations. Our goal is to identify a
. . s Sing X . N . .
new class of examples of arbitrary dimensions where ¥;,, °" is surjective, without having to rely
on explicit equations. This will be done in the next two sections.

6. Singularities of maximal embedding codimension

For a local ring (R, m) we denote by dim(R) the Krull dimension, by edim(R) the embedding di-
mension (the dimension of the Zariski tangent space) and by ecodim(R) the embedding codi-
mension (the codimension of the tangent cone in the Zaristi tangent space). When R is Noether-
ian, the latter is also known as the regularity defect [27] and is equal to edim(R) — dim(R).

We start by establishing the following bound on embedding codimension for normal locally
complete intersection singularities. The bound is likely known to experts.

Proposition 16. Let X be a normal locally complete intersection variety. Then
ecodim(@y x) < dim(@x x) — mld,(X)
forevery x € X.

Proof. The assertion being trivial if mld, (X) = —oo, we assume that mld, (X) = 0. Working locally
in X, we may assume that X is embedded in an affine space A := AN, Let d = dim(X), r =
dim(@x x), e = ecodim(Cy,,) and ¢ = codim(X, A). By inversion of adjunction (see Theorem 1),

mld, (X) =mld, (A4, cX).
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Let m, c Ox x be the maximal ideal. By applying [31, Theorem 25.2] to the sequence k —
Ox,x — ky, we get the exact sequence

0 —»mxlmi = Qx/k® kx — Qg /1 — 0.
This gives
dimg (Qx/k® ky) =edim(@x ) +d—-r=d+e.
By the isomorphism X; = Spec(Sym(Qyx/x)) (see [9, Example 2.5] or [44, (1.4)]), we have X =
Spec(Sym(Qx/x ® ky)), hence

dimy (X)) = dimg, (X)) +d-r=2d+e-r.

The reduced inverse image V < Ay, of the closure X_f c A; of X{' is a closed irreducible cylinder.
Let v be the valuation defined by V (namely, v = ord, where a € V is the generic point). By [7,
Theorem C], v is a divisorial valuation, i.e., v = pordr where F is a prime divisor over A and p is
a positive integer. Note that, by construction, we have v(£x) = 2. If C4(v) € A is the maximal
divisorial set associated to the valuation, then we have V < C(v), hence

codim(V, Ay) = codim(Cx (v), Ax) = p ar(A)

(the last formula is implicit in [7]; for a direct reference, see [16, Theorem 3.8]). On the other
hand,
codim(V, A) = codim (X, A;)
= dim(Ay) - dim(X})
=2(d+c)—-(2d+e—-71)
=r—e+2c.
It follows that
1
mldy (A, cX) < ap(A, cX) < —(codim(V, As) —2¢) <7 —¢,
p

where we use in the last inequality that mld,(X) = 0 to ensure that the inequality is preserved
when we clear the denominator p. g

Definition 17. [n accordance with Proposition 16, we say that a normal locally complete intersec-
tion variety X has maximal embedding codimension singularities if

ecodim(@Oy x) = dim(0x ) — mld,(X)
foreveryxe X.
Remark 18. Smooth varieties have maximal embedding codimension singularities.

Remark 19. Every locally complete intersection variety with maximal embedding codimension
singularities has log canonical singularities, since the condition implies that mld,(X) # —oo
hence mld,(X) = 0 for all x € X. Note that if X is a curve then normality already implies that
X is smooth.

Example 20 (Hypersurface singularities). A normal hypersurface singularity x € X has maximal
embedding codimension if and only if mld, (X) = dim(Gx,x) — 1. In particular Du Val singularities
in dimension 2 and isolated cDV singularities of dimension 3 are all the examples in these
dimensions of isolated hypersurface singularities of maximal embedding codimension (cf. [41]).
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7. Higher Du Val singularities

We now identify a particular subclass of locally complete intersection varieties with maximal
embedding codimension singularities which can be thought as a higher dimensional version of
Du Val singularities.

Definition 21. Let X be a normal locally complete intersection variety of dimension d = 2. We say
that a point x € X is ahigher Du Val (hDV) singularity if

mld,(X) =dim(Cy, ) —ecodim(Ox, ) = 1.

By definition, hDV singularities are canonical but not terminal. They can be locally embedded
as complete intersection singularities of codimension d — 1 in A2d-1 (cf, [5, Theorem 3.15]) but
not in any smaller affine space. In dimension two, these are the same as the Du Val singularities.

Remark 22. It is useful to compare the above definition with another classical way of general-
izing Du Val singularities, namely, compound Du Val singularities. Compound Du Val singulari-
ties preserve two properties of Du Val singularities: being hypersurface singularities, and having
minimal log discrepancy mld,(X) = dim(X) — 1. By contrast, the definition of hDV singularities
preserves the condition that mld,(X) = 1 and requires maximal embedding codimension. The
attribute “higher” in hDV singularity reflects at the same time that these are higher dimensional
and higher codimensional generalizations of Du Val singularities.

Remark 23. If we extended Definition 21 to the case d = 1, then in dimension one the definition
would characterize smooth points on curves. This says something meaningful about the behavior
of this notion as a function of dimension. We prefer to assume d = 2 as we want to regard this as
defining a class of actual singular points.

Example 24 (Intersections of quadric cones). In higher codimensions, the simplest example of
a hDV singularity is the cone X c A2¢*! over the transversal intersection of e smooth quadrics in
P2¢. The blow-up of the vertex x of the cone gives a log resolution of (A?¢*!, X), and

mld,(X) = mld, (A%¢*! eX) = 1
where the minimal log discrepancy is computed by the exceptional divisor of the blow-up.

More generally, we have the following set of examples, which shows the clear analogy with Du
Val singularities.

Proposition 25. Let e = 1, let (uy,...,Uze—2,X,¥,2) denote affine coordinates ofAze“, and let
X c A%¢*! pe the subvariety defined by the vanishing of e general linear combinations of any finite
set of generators of the ideal

a= (ul)-“r u2e—2)2 +b
of kluy,..., Uze—2,x,y,z], whereb is one of the following:

(x%,y%,z") (n=1)  A,-type
(2%, %%,y (n=4) D,-type

b= (zz,xg,y‘l) Eg-type
(2%, x%, xy*) E7-type
(22,3, 9% Eg-type

Then X has a hDV singularity at the origin 0 € A%¢*!,
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Proof. Clearly, X is a complete intersection variety with an isolated singularity at the ori-
gin, and ecodim(Ox,) = e. What is left to show is that mldy(X) = 1. Note that mldy(X) =
mldy(A%¢*!, eX). By looking at the exceptional divisor of the blow-up of A2¢*! at the origin, we
see that mldy(A%°*!, eX) < 1. On the other hand, a special case of the Thom-Sebastiani theorem
(see [25, Proposition 8.21]) gives us the following formula for the log canonical thresholds of a:

let(@) = let((uy, . ., Uze—2)?) +1ct(b) = e — 1 +1ct(b).

What we know about Du Val singularities already tells us that Ict(b) > 1; this can also be checked
directly using Howald’s formula for the log canonical threshold of monomial ideals [20]. There-
fore Ict(a) > e, hence mldg(A2¢*1, eX) > 0. We conclude that mldy(A2¢*!,eX) = 1, as required. O

Remark 26. Assuming k = C, hDV singularities are closely related certain hypersurface singu-
larities studied by Arnol'd [1]. These are isolated hypersurface singularities characterized by the
property that their versal deformations only contain finitely many analytically inequivalent sin-
gularities, and are known as simple singularities. They were classified in [1]; see also [4, Exam-
ple (3.4)]. In the notation of Proposition 25, for any a (which, according to the proposition, cor-
responds to an example of a hDV singularity) the vanishing of a general element / € a defines a
simple singularity, and all simple singularities arise in this way. Conversely, the examples of hDV
singularities provided by Proposition 25 are complete intersections of simple singularities of the
same type.

Proposition 27. Let X be a variety with hDV singularities. Then X has isolated singularities.

Proof. Let f: Y — X be a log resolution that is an isomorphism over X;eg, and let E be the
reduced exceptional locus. Note that Ky, x = 0.

If dim(Sing X) = 1, then we can find a closed point x € Sing X such that x is not the center of
any component of E. On the other hand, x € f(E). Now, let F be an arbitrary prime divisor over
X with center cx(F) = x. We may assume that F lies on a nonsingular model g: Z — Y. Since
f ~1(x) has codimension at least 2 in Y and contains the center of F in Y, we have ordp(Kz,y) = 1.
It follows that ordr(Kz,x) = 1, hence ar(X) = 2. This contradicts the fact that, by hypothesis,
mld,(X) =1. O

Theorem 28. Let x € X be a hDV singularity.

(1) The multivalued function V7, is surjective for all m.

(2) An irreducible set C c X is a non-degenerate irreducible component if and only if
C = Cx(E) for some prime divisor E over X with center cx(E) = x and log discrepancy
ap(X) =1.

Proof. By Proposition 27, x € X is an isolated singularity.

Let d = dim(X) = dim(0y,x) and e = ecodim(Cy, ). Note that, by our assumption, e = d — 1.
Though not strictly necessary, to simplify the notation we apply [5, Theorem 3.15] to reduce to
the case where X is embedded in A:= A9*e,

Let f1,..., fe € klx1,..., X4+ ] be local generators of the ideal of X in A at the point x. For every
j = 1, we denote by fi(] ) the j-th Hasse-Schmidt derivative of f;. As X" = Af (by our choice of
embedding), the polynomials f; and f; vanish idgntically on A7, hence on A},. Therefore, the
ideal of X;¥ in A7, is generated by the elements fl.(] )

is any irreducible component of X;., then

for1<i<eand?2 < j<m.In particular, if D

codim(D, A}) < e(m—1).
Noticing that codim(Ay,, A;;) = d + e = 2e + 1, it follows that

codim(D, Ay) <e(m+1)+1
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Let V c A, be the cylinder over D c A,,. This is a closed irreducible cylinder of codimension
codim(V, As,) = codim(D, A;;)) <e(m+1) +1.
If v = pordr is the divisorial valuation defined by the generic point of V, then V c C(v), hence
codim(V, Ax) = codim(Cx (v), Axo) = p ar(A).
Note that v(£x) = m+ 1. Then

1
mld, (4, eX) < ;(codim(v, As)—e(m+1)) < 1.

Since by our assumption on the singularity we have mld,(X) = 1, and mld,(X) = mld, (A, eX) by
inversion of adjunction, it follows that all inequalities in the above formula are equalities, and in
particular V = C4(v).

We see from the proof of Theorem 1 (see also Remark 2) that there is a non-degenerate
irreducible component W of V n X,,. Furthermore, any such component W is equal to Cx(E)
for some prime divisor E over X with center cx(E) = x and log discrepancy ag(X) = 1. Note that
WcXL.

We may assume that E is an exceptional divisor on a log resolution f: X' — X of X. We
apply [2, Corollary 1.4.3] to X and f, with A = Ap = 0 and & equal to the set of exceptional divisors
with log discrepancy at most 1. The output of this operation is a terminal model Y over X where
the center of valg has codimension 1. This implies that valg is a terminal valuation, hence, by [15,
Theorem 1.1], a Nash valuation.

The fact that W is the maximal divisorial set of a Nash valuation implies that W is an
irreducible component of X% . By construction, the image of W in X, is contained in D, showing
that D is in the image of ¥7,. This proves (1).

To conclude, we use what we just proved and the injectivity of ¥, established in Theorem 4
for m > 1 to infer that every non-degenerate irreducible component of X7 is of the form Cx (E)
for some prime divisor E over X with center cx(E) = x and log discrepancy ag(X) = 1. Conversely,
as explained above, [15, Theorem 1.1] implies that for every prime divisor E over X with center
cx(E) = x and log discrepancy ag(X) = 1, the set Cx(E) is an irreducible component of X . This
gives (2). U

We apply this result to give a solution of the Nash problem for varieties with hDV singularities.

Corollary 29. Let X be a variety with hDV singularities. For a divisorial valuation ordg on X, the
following are equivalent:

(1) ordg is a Nash valuation.
(2) ordg is a terminal valuation.
(3) E isexceptional over X and ap(X) = 1.

Proof. The implication (3) = (2) follows by [2, Corollary 1.4.3], the implication (2) = (1) follows
by [15, Theorem 1.1], and the implication (1) = (3) follows by Theorem 28. U

This result illustrates how this class of singularities preserves some of the properties that
characterize Du Val singularities. By [2, Corollary 1.4.3], there is a terminal model ¥ — X
whose exceptional locus consists exactly of the divisors with log discrepancy 1 over X; from this
perspective, this model should be regarded as the analogue of the minimal resolution of a Du Val
singularity. Needless to say, it would be interesting to further study the structure of these higher
dimensional singularities.
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8. Higher compound Du Val singularities

In this section, we look again at rational singularities of maximal embedding codimension. We
recall that these are normal, isolated, locally complete intersection singularities. A particular
example of such singularities is given by isolated compound Du Val singularities. Compound
Du Val singularities were originally introduced in dimension three in [41]. In general, they are
defined as follows.

Definition 30. We say that x € X is acompound Du Val (cDV) singularity if the surface S c X cut
out by dim(X) — 2 general hyperplane sections through x has a Du Val singularity at x.

The following property characterizes isolated cDV singularities (cf. [30] for an earlier result in
this direction in dimension three).

Proposition 31. Let x € X be an isolated hypersurface singularity of dimension d = 3. Then the
following are equivalent:

(1) x€ X isacDV singularity.
(2) mld,(X) =d -1, and for every divisor E over X computing mld,(X) we have ordg(my) =1
and E computes mld, (X, (d —2){x}).

In particular, isolated cDV singularities are normal locally complete intersection singularities of
maximal embedding codimension, according to Definition 17.

Proof. First note that if x € X is a normal locally complete intersection singularity, then, by
Proposition 16, we have mld, (X) < d —1 and ordg(my) = 1 for any divisor E over X with center x.
On the other hand, if S is cut out by d -2 general hyperplane sections through x, then mld,(S) <1,
and x € S is a Du Val singularity if and only if mld(S) = 1.

Assume (1) holds. If S is cut out by general hyperplane sections as in Definition 30, then
ordg(#s) = ordg(my) for any E computing mld, (X) and

1=mld,(S) =mld, (X, (d -2)S) < ap(X, (d—2)S) = mld,(X) — (d — 2) ordg(my)

by inversion of adjunction (Corollary 3). The properties listed in (2) follows easily from this
inequality.
Conversely, if (2) holds and E is any divisor computing mld, (X), then we have

mld,(S) = mldy(X, (d -2)8) = ap(X,(d -2)S) = ap(X, (d -2){x}) = 1,

hence Sis a Du Val singularity. Here we used again that S is cut out by general hyperplane sections
through x, hence ordg(.%s) = ordg(my). O

Proposition 31 implies in particular that cDV singularities are examples of rational singulari-
ties of maximal embedding codimension. However, they satisfy an additional property, namely,
the condition that for every divisor E over X computing mld,(X) we have ordg(m,) =1 and E
computes mld, (X, (d — 2){x}). It is not clear to us whether this condition might follow from the
definition of singularity of maximal embedding codimension.

By regarding hDV singularities as a higher dimensional version of Du Val singularities, we
extend the notion of cDV singularity in the following way.

Definition 32. We say that x € X is a higher compound Du Val (hcDV) singularity if, for some
r =0, the variety Y < X cut out by r general hyperplane sections through x has a hDV singularity
at x. (Alternatively, one could call these singularities compound higher Du Val singularities.)

A straightforward adaptation of Proposition 31 gives the following property.
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Proposition 33. Let x € X be an isolated locally complete intersection singularity of dimension
d = 3 and embedding codimension e. Then the following are equivalent:
(1) x € X isa hcDV singularity.
(2) mld(X) =d — e, and for every divisor E over X computing mld,(X) we have ordg(my) =1
and E computes mldy (X, (d — e—1){x}).
In particular, isolated hcDV singularities are normal locally complete intersection singularities of
maximal embedding codimension, according to Definition 17.

Theorem 34. Let x € X be an isolated hcDV singularity. Then the function V7, is surjective, hence
a bijection, for allm > 1.

Proof. With the case of hDV singularities already settled in Theorem 28, we may assume that
mld,(X) > 1. Let d = dim(X) and e = ecodim(Gy,,). Note that mld,(X) = d — e. As in the proof
of Theorem 28, for simplicity we reduce to the case where X is embedded in A := A4*¢. Let
H := A%¢*! c A a general linear subspace of codimension d — e — 1 through x, so that Y := X n H
is a variety with a hDV singularity at x.
Let m be any positive integer such that:
(1) Theorem 4 holds for Y (with X~ = {x}), and
(2) for every divisor E over X computing mld, (X), we have

d(m+1) —dim(y2, (Cx (E))) = jet-codim(Cx (E), Xoo).

Note that these conditions hold for all m > 1. We can guarantee (1) because there are only finitely
many divisorial valuations computing mld, (X) since the minimal log discrepancy is positive.

Let D be an irreducible component of X}, and pick an irreducible component D' of DN Y% If
hi,...,hq—.-1 are linear forms on A cutting out H, then DN Y}, is cut out off D by the equations
hi.])=0f0r15isd—e—landlsjsm,hence

codim(D',D)<(d-e—-1)m.

If fi =--- = fo = 0 are local equations of X at x in A, then X}, is cut out in Aj, by the equations

fi(j )=0forl<i<eand2s< j < m. Here we are using that X is singular at x hence, for all i, both
fi and f vanish identically on Ay,. This implies that

codim(D, A}) < e(m—1).
Since codim(Hjy, A7) = (d — e—1)m, we obtain
codim(D', H}) < e(m—1),
hence
codim(D’, Hy) < e(m+1) +1.
Let V' c Hy, the cylinder over D’. We have
codim(V', Hyo) < e(m+1) + 1.
Write ordys = p’ordp for some divisor F' over H and some positive integer p’. The same
argument as in the proof of Theorem 28 implies

1
1=mld,(Y) =mld,(H,eY) < ;(codim(V’,Hoo) —e(m+1) <1

This implies that p’ = 1, V' = Cgx(F'), and F' computes mld,(H,eY). If W' c Y, is any non-
degenerate irreducible component of V' N Y, then the argument also shows that W' is an
irreducible component of Y and it is equal to Cy (E') for some divisor E’ over Y with ag (V) = 1.
Furthermore, the argument implies that all inequalities above are equalities.
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In particular, if V € Ay is the cylinder over D then
codim(V, Ax) = em +d.

Writing ordy = p ordr for some divisor F over A and arguing again as in the proof of Theorem 28
(using now that, by Proposition 33, mld, (A, eX) = d —e), we conclude that V = Cx (F) where F is a
divisor over A computing mld, (A, X). Moreover, there is an irreducible component W of V n X,
that is not contained in (Sing X), and this component is of the form W = Cx(E) for a divisor E
over X computing mld, (X).
By construction,
wX (W) cD.
We do not know, however, that W is an irreducible component of X% . Note that we cannot
apply [15] as we did in the proof of Theorem 28 (and, above, for W’) since now E does not define
a terminal valuation over X. The claim is that Z c X is any irreducible component containing
W, then
X (Z)cD.
This is all we need to conclude that D is in the image of ¥7,.
To prove the claim, we proceed as follows. First, note that W' ¢ W n Y. As discussed above,
we have W = Cx (E) and W' = Cs(E’) where E and E' are divisors over X and S, respectively, with
center x and log discrepancies ag(X) = d — e and ag(X) = 1. In particular,

ap(X)=ag(X)-(d-e-1).
Since X and S are locally complete intersections at x, we have

ap(X) = ag(X) —ordg(Jacy),

ap(Y) =dg(Y)—ordg (Jacy)

by [14, Corollary 3.5]. By Teissier’s Idealistic Bertini Theorem [43, 2.15 Corollary 3], we have

Jacy = Jacx|y (the bar denoting integral closure), hence it follows by the inclusion W/ c W N Y,
that

ordg (Jacy) = ordg(Jacy).
Combining these formulas, we see that
ap(Y)zdg(X)-(d—e—-1).
By [16] and the assumption (2) on our choice of m, we have
ap(X) = d(m+1) —dim(yX (W)),
ap(Y) < (e+1)(m+1)—dim (w},(W").
Using the previous inequality, we get
dim(y ), (W") < dim(y¥, (W) - (d—e—-D)n.
Observe that y),(W’) is contained in ¥ (W) n Y,%, which is cut out from yX (W) by the

equations hi.]) =0forl<i<d-e—-1and]1 < j< m. Here we are using that the polynomials
h; already vanish on X}, hence on X, (W). It follows that

dim(y},(W") = dim(yX,(W)) - (d—e-1)m,

and the hi.j ) form a regular sequence at the generic point of w), (W").

Now, let Z be an irreducible component of X containing W, and assume by contradiction
that ¢ (Z) ¢ D. Then v (Z) must be contained in another irreducible component of X},. In
particular, if D denote the union of all irreducible components of X3, containing wY,(W’) and
different from D, then

wY W)eDnD.
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Note that (DU D) N Y} is the union of the irreducible components of Y contalmng wrw.
Since the elements h; o form a regular sequence at each generic point of Dn D and cut out Y;} on
X, it follows that (D uD)n Y, must be reducible. This means that wm(W ) is contained in more
than one irreducible component of Y;), contradicting Theorem 4, which is supposed to holds for
Y by our assumption (1) on m.

We conclude that v (Z) c D, as claimed. This finishes the proof of the theorem. U

9. The graph generated by families of jets

Following [6, 34, 35], to any variety X we associate a directed graph I'y as follows.

Definition 35. Given a varzety X, letT'x be the directed graph whose vertices corresponds to the
irreducible components of X, Sing X for m = 0; an edge is drawn from a vertex v to a vertex v’

whenever v and v’ correspond, respectively, to irreducible components D < X, SgX andD' < errtrﬁx
With 7T m+1,m(D") € D. We say that a vertex v has order m, and write ord(v) = m, if v corresponds
to an irreducible component of X, SgX ' The orientation is defined by the order of the vertices. For
every m, we denote byT'y" andT'3" the subgraphs of T x obtained by removing all vertices of order
< m, respectively, > m. We call the root of T'x the set of vertices of order zero. For any vertex v of T'x,
the branch of Tx stemming from v is the subgraph T'" obtained by removing all vertices that are

not reachable by v.

By construction I'x is a directed acyclic graph, that is, a directed graph with no directed
cycles. Due to the finiteness of the irreducible components of X, g X this graph has finitely
many vertices of any given order. In particular, I'y"” is finite for every m.

Corollary 36. Let X be a variety with isolated hcDV singularities, and let T x be the associated
graph.

(1) (Root). The root of T x is in natural bijection with the singular points of X. Each root in
contained in a distinct connected component of T x.

(2) (Finite branches). There are no finite branches in I'x beyond a certain order. That is,
there is an integer my such that for every vertex v of I'x of order ord(v) = my and every
m = ord(v), there exists a vertex u of order m that is reachable by v.

(3) (Infinite branches). The infinite branches of T x are in bijection with the Nash valuations
on X. More precisely, for m > 1, the subgraph T3 < T'x is a disjoint union of infinite
chains whose vertices have increasing orders m,m+1,m+2,.... The number of chains is
the number of Nash valuations on X, and each chain is in natural correspondence with a

distinct Nash valuation.

Sing X

In particular, for m = 1 the number of irreducible comgﬂonents of X;, °7 is equal to the number of

irreducible components of Xy, SingX  and the function ¥, >~ is a bijection.

Proof. Property (1) is clear since the vertices in the root of I'x corresponds to the singular points
of X, viewed as 0-jets on X. Properties (2) and (3) follow from Theorems 4 and 34, which establish
that ‘Psmgx is a bijection for m > 1. The correspondence is defined by associating to each chain
of I'Y" the unique irreducible component C of XsmgX such that for n = m its image v, (C) is
contalned in the irreducible component of X5 "%
given chain. .

Implicit in these arguments is the compatibility of the functions ‘I’E’,llngx as m varies. Specif-
ically, in the range of application of Theorem 4, if D = (DsmgX(C) and D' = iflng(C), then it
follows by the geometric definition of these functions and their injectivity that 7,,+1,,(D’) € D,

hence the corresponding vertices v and v’ are joined by an edge. d

corresponding to the vertex of order » in the
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Remark 37. Regarding part (2) of Corollary 36, we should remark that bounded branching of
arbitrary large order does occur for other singularities (e.g., see [6, 35]). As for (3), one can
visualize the correspondence as attaching one vertex at the end of each chain, with such vertex
corresponding to the Nash component. Thinking of the chain as consisting of the integers on
[m,c0), with the intervals [n, n + 1] representing the edges, this is the same as adding co to get
[m,oc0]. Note that this extension of I x is not a graph, since we want to see its geometric realization
as a connected set but there is no edge ending at co.
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1. Introduction
1.1. The Miyaoka-Yau inequality for projective manifolds

Let X be an n-dimensional complex-projective manifold and let D be any divisor on X. Recall
that X is said to “satisfy the Miyaoka—Yau inequality for D” if the following Chern class inequality
holds,

2(n+1)c(X)-n-c(X)?)- D" ?=0.
It is a classic fact that n-dimensional projective manifolds X whose canonical bundles are
ample or trivial satisfy Miyaoka—Yau inequalities. In case of equality, the universal covers are
of particularly simple form.

Theorem 1 (Ball quotients and hyperelliptic varieties). Let X be an n-dimensional complex
projective manifold.
o If Kx is ample, then X satisfies the Miyaoka-Yau inequality for Kx. In case of equality, the
universal cover of X is the unit the ball B".
o If Kx is trivial and D is any ample divisor, then X satisfies the Miyaoka—Yau inequality for
D. In case of equality, the universal cover of X is the affine space C".

We refer the reader to [24] for a full discussion and references to the original literature.

In the Fano case, where —Kx is ample, the situation is more complicated, due to the fact
that the tangent bundle Zx and the canonical extension &x need not be semistable!. If & is
semistable, then analogous results hold, see [21, Thm. 1.3], as well as further references given
there.

Theorem 2 (Projective space). Let X be an n-dimensional projective manifold. If —Kx is ample
and if the canonical extension is semistable with respect to —Kx, then X satisfies the Miyaoka—Yau
inequality for —Kx. In case of equality, X is isomorphic to the projective space P".

In each of the three settings, the equality cases are characterized topologically: if M is any
projective manifold homeomorphic to a ball quotient, a finite étale quotient of an Abelian variety
or the projective space, then M itself is biholomorphic to a ball quotient, to a finite étale quotient
of an Abelian variety, or to the projective space. For ball quotients, this is a theorem of Siu [40].
The torus case is due to Catanese [6], whereas the Fano case is due to Hirzebruch-Kodaira [27]
and Yau [44].

1.2. Spaces with MMP singularities

In general, it is rarely the case that the canonical bundle of a projective variety has a definite
“sign”. Minimal model theory offers a solution to this problem, at the expense of introducing
singularities. It is therefore natural to extend our study from projective manifolds to projective
varieties with Kawamata log terminal (= klt) singularities. For kit varieties whose canonical
sheaves are ample, trivial or negative, analogues of Theorems 1 and 2 have been found in the last
few years. We refer the reader to [23, Thm. 1.5] for a characterization of singular ball quotients
among projective varieties with klt singularities (see Definition 8 for the notion of singular ball
quotients). Characterizations of torus quotients and quotients of the projective space can be
found in [33], [20, Thm. 1.2] and [21, Thm. 1.3]. In each case, we find it striking that the Chern
class equalities imply that the underlying space has no worse than quotient singularities.

1Recall that the canonical extension & is defined as the middle term of the exact sequence 0 — Ox — &x — Tx — 0
whose extension class equals c1 (X) € H! (X, Qk)
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1.3. Main results of this paper

This paper asks whether the topological characterizations of ball quotients, Abelian varieties
and the projective spaces have analogues in the kit settings. Section 2 establishes a topological
characterization of singular ball quotients. The main result of this section, Theorem 10, can be
seen as a direct analogue of Siu’s rigidity theorems.

Theorem 3 (Rigidity in the kit setting, see Theorem 10). Let X be a singular quotient of
an irreducible bounded symmetric domain and let M be a normal projective variety that is
homeomorphic to X. If dim X = 2, then, M is biholomorphic or conjugate-biholomorphic to X.

Using somewhat different methods, Section 3 generalizes Catanese’s result to the kit setting.

Theorem 4 (Varieties homeomorphic to torus quotients, see Theorem 18). Let M be a compact
complex space with klt singularities. Assume that M is bimeromorphic to a Kédhler manifold. If M
is homeomorphic to a singular torus quotient, then M is a singular torus quotient.

In both cases, we find that certain Chern classes equalities are invariant under homeomor-
phisms.

Varieties homeomorphic to projective spaces are harder to investigate. Section 4 gives a full
topological characterization of P3, but cannot fully solve the characterization problem in higher
dimensions.

Theorem 5 (Topological P3, see Theorem 40). Let X be a projective kit variety that is homeomor-
phic toP3. Then, X =P3.

However, we present some partial results that severely restrict the geometry of potential exotic
varieties homeomorphic to P”. These allow us to show the following.

Theorem 6 (Q-Fanos in dimension 4 and 5, see Theorem 41). Let X be a projective kit variety
that is homeomorphic toP" withn=4 orn=>5. Then, X ZP", unless Kx is ample.

Dedication

We dedicate this paper to the memory of Jean-Pierre Demailly. His passing is a tremendous loss
to the mathematical community and to all who knew him.

Greb
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“Komplexe Analysis” Oberwolfach meetings, I was deeply impressed by his vast knowledge of
the field that he shared generously and in his kind and gentle manner, especially with younger
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After finishing the paper we were informed by Haidong Liu that, using the recent preprint
“Kawamata-Miyaoka type inequality for canonical Q-Fano varieties” [31], instead of Ou’s result
cited in Proposition 4.19, Theorem 4.21 can be shown to hold also in dimensions 6 and 7.

2. Mostow Rigidity for singular quotients of symmetric domains

Consider a compact Kdhler manifold X whose universal cover is a bounded symmetric domain.
Siuhas shown in [40, Thm. 4] and [41, Main Theorem] that any compact K&hler manifold M which
is homotopy equivalent to X is biholomorphic or conjugate-biholomorphic® to X. We show an
analogous result for homeomorphisms between singularvarieties M and X. The following notion
will be used.

Definition 7 (Quasi-étale cover). A finite, surjective morphism between normal, irreducible
complex spaces is called quasi-étale cover if it is unbranched in codimension one.

Definition 8 (Singular quotient of bounded symmetric domtain). Let Q be an irreducible
bounded symmetric domain. A normal projective variety X is called a singular quotient of Q if
there exists a quasi-étale cover X — X, where X is a smooth variety whose universal cover is Q).

Remark 9 (Singular quotients are quotients). Let X be a singular quotient of an irreducible
bounded symmetric domain Q. Passing to a suitable Galois closure, one finds a quasi-étale Galois
cover X — X, where X is a smooth variety whose universal cover is Q. In particular, it follows
that X is a quotient variety and that it has quotient singularities. Moreover, it can be shown as
in [22, §9] that X is actually a quotient of Q by the fundamental group of Xieg, which acts properly
discontinously on Q. In addition, the action is free in codimension one.

Theorem 10 (Mostow rigidity in the kit setting). Let X be a singular quotient of an irreducible
bounded symmetric domain and let M be a normal projective variety that is homeomorphic to X.
Ifdim X = 2, then, M is biholomorphic or conjugate-biholomorphic to X.

Remark 11 (Varieties conjugate-biholomorphic to ball quotients). We are particularly inter-
ested in the case where the bounded symmetric domain of Theorem 10 is the unit ball. For this,
observe that the set of (singular) ball quotients is invariant under conjugation. It follows that if
the variety M of Theorem 10 is biholomorphic or conjugate-biholomorphic to a (singular) ball
quotient X, then M is itself a (singular) ball quotient.

25olidarity strike = no food on campus because train drivers demand better working conditions
3See also [7, §7] and [1, Chapt. 5 and 6] as general references for the main ideas behind Siu’s results and for related
topics.
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Before proving Theorem 10 in Sections 2.1-2.3 below, we note a first application: the Miyaoka—
Yau Equality is a topological property. The symbols €. (X) in Corollary 12 are the Q-Chern classes
of the kit space X, as defined and discussed for instance [22, §3.7].

Corollary 12 (Topological invariance of the Miyaoka-Yau equality). Let X be a projective klt
variety with Kx ample. Assume that the Miyaoka-Yau equality holds:

(2(n+1)-&(Ix) - n-a1(Ix)?)- [Kx)"?=0.
Let M be a normal projective variety homeomorphic to X. Then M is klt, Ky is ample and
(2n+1)-6(Tm) - n-c1(Ta?) [Kul" 2 =0.

Proof. Since the Miyaoka-Yau Equality holds on X, there is a quasi-étale cover X — X such that
the universal cover of X is the ball, [22]. By Theorem 10, there is a quasi-étale cover M — M
such that M = X biholomorphically or conjugate-biholomorphically. Hence, the universal cover
of M is the ball. It follows that M is klt, Kj; is ample, and that the Miyaoka—Yau Equality holds
on M. g

2.1. Preparation for the proof of Theorem 10

The following lemma of independent interest might be well-known. We include a full proof for
lack of a good reference.

Lemma 13. Let X be a normal complex space. Then, the set Xsingtop © X of topological singulari-
ties is a complex-analytic set.

Proof. Recall from [16, Thm. on p. 43] that X admits a Whitney stratification where all strata
are locally closed complex-analytic submanifolds of X. Recall from [32, Chapt. IV.8] that the
closures of the strata are complex-analytic subsets of X. Since Whitney stratifications are locally
topologically trivial along the strata*, it follows that Xsing top 18 locally the union of finitely many
strata. The additional observation that the set of topologically smooth points, X\ Xsing top, is 0pen
in the Euclidean topology implies that Xiing top is locally the union of the closures of finitely many
strata, hence analytic. O

2.2. Proof of Theorem 10 if X is smooth

We maintain the notation of Theorem 10 in this section and assume additionally that X is
smooth. To begin, fix a homeomorphism f : M — X and choose a resolution of singularities,
say m: M — M. The composed map g = f ox is continuous and induces an isomorphism

g+ : Hon(M, Z) — Hpn(X, Z). (1)

Hence, by Siu’s general rigidity result [40, Thm. 6] in combination with the curvature compu-
tations for the classical, respectively exceptional Hermitian symmetric domains done in [40, 41],
the continuous map g is homotopic to a holomorphic or conjugate-holomorphic map g: M — X.
Replacing the complex structure on X by the conjugate complex structure, if necessary, we may
assume without loss of generality that g is holomorphic and hence in particular algebraic. The
isomorphism (1) maps the fundamental class of M to the fundamental class of X, and g is hence
birational.

We claim that the bimeromorphic morphism g factors via 7. To begin, observe that since g
contracts the fibres of 7 and since g is homotopic to g, the map g contracts the fibres of  as well.

4See (16, Part I, §1.4] for a detailed discussion.
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In fact, given any curve C < M with 7(C) a point, consider its fundamental class [C] € Hz(M, R).
By assumption, we find that

g.(IC1) = g(IC)) = 0 € Hy(X, R).

Given that X is projective, this is only possible if g(C) is a point. Since M is normal and since g
contracts the (connected) fibres of the resolution map 7, we obtain the desired factorisation of g,
as follows

g
af

We claim that the birational map f is biholomorphic.® By Zariski’s Main Theorem, [25,
V Thm. 5.2], it suffices to verify that it does not contract any curve C ¢ M. Aiming for a
contradig[ionkassume that there exists a curve C = M whose image C := 7(C) is a curve~in M,
while g(C) = f(C) = () is a point in X. Let d > 0 be the degree of the restricted map 7|z : C — C.
Then, on the one hand,

fi(@-1C1) = £ (m.1C1) = g« [C1 = &.[C1 = 0 € Ha(X, R).

On the other hand, projectivity of M implies that d - [C] is a non-trivial element of HZ(M, R),
which therefore must be mapped to a non-trivial element of H (X, R), since f is assumed to be a
homeomorphism. This finishes the proof of Theorem 10 in the case where X is smooth.

2.3. Proof of Theorem 10 in general

Maintain the setting of Theorem 10.

Step 1: Setup

By assumption, there exists a bounded symmetric domain Q and a quasi-étale cover 7x :
X — X such that the universal cover of X is Q. Choose a homeomorphism f : M — X and let
M := X xx M be the topological fibre product. The situation is summarized in the following
commutative diagram,
M——» M

- -|s 2)
X

Tx, quasi-étale
in which the vertical maps are homeomorphisms and the horizontal maps are surjective with
finite fibres.

Step 2: A complex structure on M

The spaces M, X and X all carry complex structures. We aim to equip M with a structure so
that all horizontal arrows in (2) become holomorphic.

Claim 14. There exists a normal complex structure on M that makes T M a finite, holomorphic,
and quasi-étale cover.

Proof of Claim 14. Let X, be the smooth locus of X, set M, := f‘1 (Xp) and ]/\/I\O = TX/}(M()). The
map 7yl being a local homeomorphism, there is a uniquely determined complex structure on
Mj such that 7] Mo My — M, is a finite holomorphic cover. Since X has quotient singularities,

5Ct. [7, Rem. 86(2)]
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the topological and holomorphic singularities agree, Xsingtop = Xsing. Hence, f being a homeo-
morphism, we note that

Mging top = f_l (Xsing) and M\ M= Ming top-

We have seen in Lemma 13 that Mging,op is an analytic set. Therefore, by [9, Thm. 3.4] and [42,
Satz 1], the complex structure on My uniquely extends to a normal complex structure on the
topological manifold M, making 7,7 holomorphic and finite. The branch locus of 7,; has the
same topological dimension as the branch locus of 7, so that 7, is quasi-étale, as claimed. U

Note that as a finite cover of the projective variety M, the normal complex space M is again
projective.

Step 3: M as a quotient of Q

The homeomorphic varieties X and M reproduce the assumptions of Theorem 10. The partial
results of Section 2.2 therefore apply to show that the complex spaces Mand X are biholomorphic
or conjugate-biholomorphic. Replacing the complex structures on M and M by their conjugates,
if necessary, we assume without loss of generality for the remainder of this proof that M and X
are biholomorphic. This has two consequences.

(1) The projective variety M is smooth. The universal cover of M is biholomorphic to Q.

(2) Its quotient M is a singular quotient of Q and has only quotient singularities.
Recalling that quotient singularities are not topologically smooth, Item (2) implies that the
homeomorphism [ : M — X restricts to a homeomorphism between the smooth loci, X;eg and
Meg. The situation is summarized in the following commutative diagram,

ux,univ.cover  —  Tp, quasi-étale inclusion
Q » M » M < > Mreg
zl _l :lf :lf |Xr€g
Q - » X —» X —— - > Xreg)
lp7, UNiv. cover Tx, quasi-étale inclusion

where all horizontal maps are holomorphic, and all vertical maps are homeomorphic.

The description of M as a singular quotient of Q2 can be made precise. The argument in [22,
§9.1] shows that the fundamental group 71 (Mreg) acts properly discontinously on Q with quotient
M. In particular, we have an injective homomorphism from 71 (M) into the holomorphic
automorphism group Aut(Q) of Q, with image a discrete cocompact subgroup I'p; € Aut(Q).

The same reasoning also applies to X and presents X as a quotient X = Q/71(Xreg), where
71 (Xreg) again acts via an injective homomorphism 71 (Xreg) — Aut(Q), with image a cocompact,
discrete subgroup I'y of Aut(Q).

As we have seen above, f induces a homeomorphism from Mieg t0 Xieq, from which we obtain
an abstract group isomorphism 8 : 'y — I'y.

Step 4: End of proof

In the remainder of the proof we will show that not only M and X are (conjugate-)-
biholomorphic, but that this actually holds for M and X. This will be a consequence of Mostow’s
rigidity theorem for lattices in connected semisimple real Lie groups. As the groups appearing in
our situation are not necessarily connected, we have to do some work to reduce to the connected
case®.

Given that Q is an irreducible Hermitian symmetric domain of dimension greater than one,

the identity component Aut®(Q) < Aut(Q) coincides with the identity component I°(Q) of the

6 Alternatively, one could trace the finite group actions through the proof of the results used in Section 2.2.
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isometry group I(Q) of the Riemannian symmetric space , [26, VII.Lem. 4.3]7, which is a non-
compact simple Lie group without non-trivial proper compact normal subgroups and with trivial
centre, [10, Prop. 2.1.1 and bottom of p. 379]. We also note that a Bergman-metric argument
shows that Aut(Q2) is contained in I(Q). Furthermore, both Lie groups have only finitely many
connected components.

Claim 15. There exists an isometry F € I(Q) such that
Foy=0(y)oF, foreveryyeTly. 3)

Proof of Claim 15. If the rank of Q is equal to one, then Q = B, the unit ball in B", see [26,
§X.6.3/4]. Consequently, the group Aut(Q) is connected, and we may apply [34, Thm. A’ on p. 4]
to obtain an automorphism of real Lie groups, © : Aut(Q2) — Aut(Q) such that O|r,, = 6. The
desired isometry is then produced by an application of [10, Prop. 3.9.11].

We consider the case rank(Q) = 2 for the remainder of the present proof, where the automor-
phism group may be non-connected. To deal with this slight difficulty, we proceed as in [10,
p- 379]: as Aut(Q) has finitely many connected components, we may assume that the subgroups
I';; €Ty and 'y € 'y corresponding to the deck transformation groups of ) and ux, respec-
tively, are contained in the identity component °(Q) = Aut®(Q). Again, apply [34, Thm. A’ on
p- 4] to obtain an automorphism of real Lie groups © : I°(Q) — I°(Q2) such that ®|r1\7 = HIFM and
then [10, Prop. 3.9.11] to obtain an isometry F € I(Q) such that

Fog=0(g)oF, foreverygelI°(Q).

This in particular yields (3) for all y contained in the finite index subgroup I';; of I'y;. This is not
yet enough.

However, noticing that for any finite index subgroup I}, < T'y, every I’y ,-periodic vector in the
sense of [10, Def. 4.5.13] by definition is also I'js-periodic, we see with the argument given in [10,
p- 3791, which uses essentially the same notation as we have introduced here, that the set of I'y;-
periodic vectors is dense in the unit sphere bundle SQ of Q. The subsequent argument in [10,
bottom of p. 379 and upper part of p. 380] then applies verbatim to yield the desired relation (3)
for all y € T'p; this is [10, equation (5) on p. 380]. O

Now, since the Hermitian symmetric domain Q is assumed to be irreducible, the I'-equivariant
isometry F € I(Q) is either holomorphic or conjugate-holomorphic, as follows for example
from [5] together with [26, VIII.Prop. 4.2]. By the universal property of the quotient map 7 with
respect to I'-invariant holomorphic maps, F hence descends to a holomorphic or conjugate-
holomorphic isomorphism from M to X. This completes the proof of Theorem 10.

3. Topological characterization of torus quotients

In line with the results of Section 2, we show that a Kdhler space with kit singularities is a singular
torus quotient if and only if it is homeomorphic to a singular torus quotient. In the smooth
case, this was shown by Catanese [6], but see also [3, Thm. 2.2]. The following notion is a direct
analogue of Definition 8 above.

Definition 16 (Singular torus quotient). A normal complex space X is called a singular torus
quotient if there exists a quasi-étale cover X — X, where X is a compact complex torus.

Remark 17 (Singular torus quotients are quotients). Let X be a smgular torus quotlent Passing
to a suitable Galois closure, one finds a quasi-étale Galois cover X — X, where X is a compact
torus.

7As Q is irreducible, the compatible Riemannian metric on € is unique up to a positive real multiple that does not
change the isometry group.
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Theorem 18 (Varieties homeomorphic to torus quotients). Let M be a compact complex space
with klt singularities. Assume that M is bimeromorphic to a Kédhler manifold. If M is homeomor-
phic to a singular torus quotient, then M is a singular torus quotient.

Theorem 18 will be shown in Sections 3.1-3.2 below. In analogy to Corollary 12 above, we note
that vanishing of Q-Chern classes is a topological property among compact Kihler spaces with
kit singularities.

Corollary 19 (Topological invariance of vanishing Chern classes). Let X be a compact Kéiihler
space with klt singularities. Assume that the canonical class vanishes numerically, Kx = 0, and
that the second Q-Chern class of I satisfies

G (Ix) a1...Adimx-2 =0,

for every (dim X — 2)-tuple of Kdhler classes on X. If M is any compact Kdhler space with klt
singularities that is homeomorphic to X, then Ky = 0, and the second Q-Chern class of 7 satisfies

&(Im) - Pr---Pdimm—-2 =0,
for every (dim X — 2)-tuple of Kéihler classes on M.

Proof. The characterization of singular torus quotients in terms of Chern classes by Claudon,
Graf and Guenancia, [8, Cor. 1.7], guarantees that X is a torus quotients. By Theorem 18, then so
is M. g

3.1. Proof of Theorem 18 if M is homeomorphic to a torus

As before, we prove Theorem 18 first in case where the (potentially singular) space M is home-
omorphic to a torus. Recalling that kit singularities are rational, see [30, Thm. 5.22] for the al-
gebraic case and [11, Thm. 3.12] (together with the vanishing theorems proven in [12]) for the
analytic case, we show the following, slightly stronger statement.

Proposition 20. Let M be a compact complex space with rational singularities. Assume that M is
bimeromorphic to a Kéhler manifold. If M is homotopy equivalent to a compact torus, then M is a
compact torus.

Proof. We follow the arguments of Catanese, [6, Thm. 4.8], and choose a resolution of singular-
ities, 7 : M — M, which owing to the assumptions on M we may assume to be a compact Kéhler
manifold. Using the assumption that M has rational singularities together with the push-forward
of the exponential sequence, we observe that the pull-back map H'(M, Z) — H' (M, Z) is an iso-
morphism. In particular, first Betti numbers of M and M agree. As a next step, consider the Al-
banese map of M, observing that M is bimeromorphic to a Kihler manifold since M is. Again
using that M has rational singularities, recall from [38, Prop. 2.3] that the Albanese factors via M,

M -5 Alb.
7T, resolutionjC /
a
Since the pull-back morphisms

alb* = n*oa* : H'(Alb, Z) — H'(M, Z)
n* : H'(M,z) — H'(M,z)

<

8See [33, Thm. 1.2] for the projective case and see [19, Thm. 1.17] for the case where X is projective and smooth in
codimension two.
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are both isomorphic, we find that a* : H'(Alb, Z) — H'(M, Z) must likewise be an isomorphism.
There is more that we can say. Since the topological cohomology ring of a torus is an exterior
algebra,
H*(Alb, Z) = A*H'(Alb, Z) and H*(M,Z)=A*H'(M, Z),
we find that all pull-back morphisms are isomorphisms,
a*: H(Alb, Z) = H9(M, Z), forevery0<g<2-dimM.

Applying this to g = 2- dim M, we see « is surjective of degree one, hence birational. Again, more
is true: if « failed to be isomorphic, Zariski’s Main Theorem would guarantee that @ contracts a
positive-dimensional subvariety, so by (M) > b, (Alb). But we have seen above that equality holds
and hence reached a contradiction. O

3.2. Proof of Theorem 18 in general

By assumption, there exists a homeomorphism f: M — X, where X is a singular torus quotient.
Choose a quasi-étale cover 7x : X — X, where X is a complex torus, and proceed as in the proof of
Theorem 10, in order to construct a diagram of continuous mappings between normal complex

spaces,
7)1, quasi-étale

) e =)

—
%%X)

Tx, quasi-étale

where

o the vertical maps are homeomorphisms, and

» the horizontal maps are holomorphic, surjective, and finite.
Since M is bimeromorphic to a Kdhler manifold, so is M. Recalling from [30, Prop. 5.20] that also
M has no worse than kit singularities, Proposition 20 will then guarantee that M is a complex
torus, as claimed.

4. Rigidity results for projective spaces

Recall the classical theorem of Hirzebruch-Kodaira, which asserts that the projective space
carries a unique structure as a Kdhler manifold.

Theorem 21 (Rigidity of the projective space, [27, p. 367]). Let X be a compact Kéhler manifold.
If X is homeomorphic toP", then X is biholomorphic to P".

Remark 22. Strictly speaking, Hirzebruch-Kodaira proved a somewhat weaker result: X is
biholomorphic to P* if either n is odd, or if n is even and ¢; (X) # —(n+1)-g, where g is a generator
of H?(X, Z) and the fundamental class of a Kdhler metric on X. The second case was later ruled
out by Yau’s solution to the Calabi conjecture, which implies that then the universal cover of X is
the ball, contradicting m; (X) = 0.

Since the topological invariance of the Pontrjagin classes, [35], was not known at that time,
Hirzebruch-Kodaira also had to assume that X is diffeomorphic to P" rather than merely home-
omorphic.

We ask whether an analogue of Hirzebruch-Kodaira’s theorem remains true in the context of
minimal model theory.

Question 23. Let X be a projective variety with klt singularities. Assume that X is homeomorphic
toP". Is X then biholomorphic toP"?
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4.1. Varieties homeomorphic to projective space

We do not have a full answer to Question 23. The following proposition will, however, restrict
the geometry of potential varieties substantially. It will later be used to answer Question 23 in a
number of special settings.

Proposition 24 (Varieties homeomorphic to P"). Let X be a projective kit variety. If X is
homeomorphic toP", then the following holds.

(1) We have H(X, Ox) =0 forevery1 < q.

(2) The Chern class map c, : Pic(X) — H?(X,Z) = Z is an isomorphism.

(3) Thevariety X is smooth in codimension two.

(4) The maps rq : H1(X, Z) — HY(Xreg, Z) are isomorphic, for every 0 < q < 4. The same

statement holds for Z, coefficients.
(5) Every Weil divisor on X is Cartier, i.e., X is factorial. In particular, X is Gorenstein.
(6) The canonical divisor Kx is ample or anti-ample.

Proof. We prove the items of Proposition 24 separately.

Item (1). This is a consequence of the rationality of the singularities of X and the isomorphisms
H(X,C) = H7(P", C). In fact, since X has rational singularities, the morphisms

¢q:HY(X,C)— HI(X, Ox)

induced by the canonical inclusion C — O, are surjective, [29, Thm. 12.3]. If g is odd, this already
implies that H7(X, 0x) = 0. If q is even, it suffices to note that ¢, has a non-trivial kernel. For
this, choose an ample line bundle . € Pic(X) and observe that

¢q(c1()7?) =0e HI(X, Ox).

To prove the observation, pass to a desingularisation and use the Hodge decomposition there.
Item (2). The description of c; follows from (1) and the exponential sequence.

Item (3). Recall that kit varieties have quotient singularities in codimension two, [18, Prop. 9.3].
Smoothness follows because quotient singularities have non-trivial local fundamental groups
and are hence not topologically smooth.

Item (4). We describe the relevant cohomology groups in terms of Borel-Moore homology, [4],
and also refer to the reader to [15, §19.1] for a summary of the relevant facts (over Z). The
assumption that X is homeomorphic to an oriented, connected, real manifold implies that
singular cohomology and Borel-Moore homology agree, [4, Thm. 7.6] and [15, p. 371]. The same
holds for the non-compact manifold Xieg, i.e., for R = Z, 7, we have

HY(X,R)= Hy)' ((X,R) and HY(Xpeg, R) = Hy)' ;(Xreg R), for every g.

The isomorphisms identify the restriction maps r,; with the pull-back maps for Borel-Moore
homology. These feature in the localization sequence for Borel-Moore homology, [4, Thm.3.8],

,
e FEEM (Xengs B) = HEM (X, B) 72 HEE (Xeoge R) — HEM (X B) = .

Recalling from [15, Lem. 19.1.1] that HFM (X;ing, Z) = 0 for every i > 2- dime Xsing and noticing
that the inductive argument employed in the proof also works for Z,-coefficients, the claim of
Item (4) thus follows from smoothness in codimension two, Item (3).
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Item (5). Remaining in the analytic category, writing down the exponential sequences for X and
Xregy

H'(X,Z) — H'(X, Ox) — Pic(X) — H2(X,Z) — H*(X, O%)

I | [ I |

H'(Xreg, Z) — H'(Xreg, OXoeg) = Pic(Xreg) 5 H*(Xreg, Z) — H?(Xreg, OXoeg)>

1
and filling in what we already know, we find a commutative diagram with exact rows, as follows,

c1, iso.

0 > 0 » Pic(X) ——» H*(X,Z) ——— 0

TR

0 — H'(Xieg, Oxypy) — Pic(Xreg) —5— H*(Xreg) Z) — 0.

The snake lemma now asserts that
H' (Xreg, Ox,ey) = PiC(Xreg) /pic(x).- 4

We claim that H' (Xreg, 1 X[eg) vanishes. For this, recall that the singularities of X are rational, so
every local ring O . of the (holomorphic) structure sheaf has depth equal to n. Since the singular
set of X has codimension at least 3 in X by Item (3), we may apply [39, §5, Korollar after Satz III]
or alternatively [2, Chap. II, Cor. 3.9 and Thm. 3.6] to see that the restriction homomorphism

H! (X, ﬁx) — H! (Xreg’ ﬁXreg)

is bijective. However, the cohomology group on the left side was shown to vanish in Item (1)
above.

In summary, we find that every invertible sheaf on Xieg extends to an invertible sheaf on X. If
D e Div(X) is any Weil divisor, the invertible sheaf O, (D) will therefore extend to an invertible
sheaf on X, which necessarily equals the (reflexive) Weil divisorial sheaf &'x (D). It follows that D
is Cartier. This applies in particular to the canonical divisor, so X is Q-Gorenstein of index one.
Since X is Cohen—Macaulay, we conclude that X is Gorenstein.

Item (6). Given that Pic(X) = Z, every line bundle is ample, anti-ample, or trivial; we need to
exclude the case that K is trivial. But if Kx were trivial, use that X is Gorenstein and apply Serre
duality to find

h"(X, 0x) = hi°(X, wx) = hi°(X, Ox) = 1.

This contradicts Item (1) above. O

Notation 25 (Line bundles on varieties homeomorphic to P"). If X is a projective kit variety
that is homeomorphic to P”, Ttem (2) shows the existence of a unique ample line bundle that
generates Pic(X) = Z. We refer to this line bundle as &'x(1). Item (5) equips us with a unique
number 7 € N and such that wx = Ox(r). Item (6) guarantees that r # 0.

Remark 26 (Pull-back of line bundles). The cohomology rings of X and P” are isomorphic.
If ¢ : X — P" is any homeomorphism, then ¢*c;(0pr(1)) = ¢1(Ox(£1)). The cup products
c1(0x(1))? generate the groups H?9(X, Z) = Z.

4.2. Characteristic classes

We have seen in Proposition 24 that X is smooth away from a closed set of codimension = 3. This
allows defining a number of characteristic classes.
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Notation 27 (Chern classes on varieties homeomorphic to P"). If X is a projective kit variety
that is homeomorphic to P”, Ttem (4) allows defining first and second Chern classes, as well as a
first Pontrjagin class and a second Stiefel-Whitney class

c1(X) =15 c1(Xreg) € H(X, 2)
e2(X) =1y c2(Xreg) € HY(X, Z)
p1(X) =17 p1(Xreg) € HY (X, Z)
w2 (X) = 1y wo(Xreg) € H(X, Z5).
Remark 28 (Pontrjagin and Chern classes). If X be a projective kit variety that is homeomorphic
to P”, the restriction maps r. : H*(X, Z) — H*(Xreg, Z) commute with the cup products on X and
Xreg, which implies in particular that
P10 = 17" p1 (eeg) = 1701 (Xreg)? =2+ €2 (Xreg) | = 1 (07 = 2- 02(X) € HY(X, 2).
Remark 29 (Stiefel-Whitney class and first Chern class). By definition and the well-known
relation in the smooth case, we have
wy(X) = c1(X) mod 2.
Novikov’s result on the topological invariance of Pontrjagin classes extends to the generalized
Pontrjagin class defined in Notation 27.
Proposition 30 (Topological invariance of Pontrjagin classes). Let X be a projective kit variety.
If¢p: X — P" is any homeomorphism, then ¢* p1(P") = p1(X) in H*(X, Z).

Proof. Consider the open set P/ teg ‘= P (Xreg) and the restricted homeomorphism ¢reg : Xreg —
PL,. Recalling from Item (4) of Propositions 24 that the restriction maps

reg*
ra: HY(X,Z) > H*(Xreg, Z) and r4: H*(P", Z) — H*(PL,, Z)

reg’
are isomorphic, it suffices to show that the restricted classes in rational cohomology agree. More
precisely,

P*mPH=p1(X) inH (X, 2)
= PP =rnp(X) inH (Xreg, Z), since r4’s are iso.
= PregP1(Preg) = p1(Xreg)  in H*(Xreg, Z), definition, functoriality
= PregP1 Pleg) = p1(Xieg)  in H*(Xreg, Q), since H*(Xreg, Z) =Z
The last equation is Novikov’s famous topological invariance of Pontrjagin classes, [35]°. g

Corollary 31 (Relation between Chern classes on varieties homeomorphic to P"). If X isa
projective kit variety that is homeomorphic to P", then
2-(X) =[P - (n+D]-a(OxM)* inHY (X, 2).
Proof. Choose a homeomorphism ¢ : X — P", in order to compare the Pontrjagin class of P”
with that of X.
PP =m+1)-ci(Opn (1)) in HY(P", 2)

= ¢*p1P") = (n+1)-¢"c1(Gpn(1)*  in HY(X, Z)
= p1(X) = (n+1)-c1(Ox(*1)*  Prop. 30 and Rem. 26
= Cl(ﬁx(r))z—z'cz(X) = (n+1)-cl(ﬁx(1))2 Rem. 28

The claim thus follows. O

9See [17, Thm. 0] for the precise result used here and see [37, Appendix] for a history of the result. Igor Belegradek
explains on MathOverflow (https://mathoverflow.net/q/442025) why compactness assumptions are not required.
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Corollary 31 allows reformulating the Q-Miyaoka—Yau inequality and Q-Bogomolov-Gieseker
inequality as inequalities between the index r and the dimension n. The first remark will be
relevant for varieties of general type, whereas the second one will be used for Fano varieties.

Remark 32 (Reformulation of the Q-Miyaoka-Yau inequality). Let X be a projective klt variety
that is homeomorphic to P”. Since X is smooth in codimension two, the Miyaoka—Yau inequality
for Q-Chern classes,

(2(n+1)-&(X) - n-6(X)?)-[H"*20, foroneample H,
is equivalent to the assertion that there exists a non-negative constant ¢ € R=° such that
2n+1)-X) -n-a(X)?)=c-¢(Ox(M)* in HY(X, 2)

= ((n+DE*=m+1)-n-1?)-c(OxM)* = c-c1(OxM)*  Cor.31

= (r=(n+1?)-c1(Ox M) = c- 01 (Ox (D)

— [rl=n+1.
The Miyaoka-Yau inequality is an equality if and only if |[r| = n + 1.
Remark 33 (Reformulation of the Q-Bogomolov-Gieseker inequality). Let X be a projective klt

variety that is homeomorphic to P”. Since X is smooth in codimension two, the Bogomolov—
Gieseker inequality for Q-Chern classes,

(2n-&(X)-(n-1)-6(X)?)-[H"*=0, forone (equiv. every) ample H,
is equivalent to the assertion that |r| > n.
We will also need the topological invariance of the second Stiefel-Whitney class w.,.

Proposition 34 (Topological invariance of the second Stiefel-Whitney class). Let X be a projec-
tive klt variety. If ¢ : X — P" is any homeomorphism, then ¢* w»(P") = w»(X) in H*(X, Z/2Z).

Proof. We can argue as in the proof of Proposition 30, replacing Novikov’s Theorem by the
corresponding invariance result for Stiefel-Whitney classes due to Thom, [43, Thm. IIL.8]. O

Corollary 35 (Parity of the first Chern class of varieties homeomorphic to P"). If X is a
projective klt variety that is homeomorphic toP", thenr — (n + 1) is even.

Proof. This follows from the topological invariance established just above together with Re-
mark 29 and the relation ¢* (¢1 (Opn (1)) = ¢1(Ox (£1)). O

4.3. Partial answers to Question 23

We conclude the present Section 4 with three partial answers to Question 23: for threefolds, we
answer Question 23 in the affirmative. In dimension four and five, we give an affirmative answer
for Fano manifolds. In higher dimensions, we can at least describe and restrict the geometry of
potential exotic kIt varieties homeomorphic to P”.

Proposition 36 (Topological P"* with ample canonical bundle). Let X be a projective kit variety
that is homeomorphic toP". If Kx is ample, thenr > n+ 1.

Proof. Recall from [22, Thm. 1.1] that X satisfies the Q-Miyaoka-Yau inequality. We have seen
in Remark 32 that this implies r = |r| = n+ 1, with r = n+ 1 if and only if equality holds in Q-
Miyaoka-Yau inequality. In the latter case, recall from [22, Thm. 1.2] that X has no worse than
quotient singularities. Since quotient singularities are not topologically smooth, it turns out that
X cannot have any singularities at all. By Yau'’s theorem (or again by [22, Thm. 1.2]), X must then
be a smooth ball quotient, contradicting 7} (X) = m; (P,,) = {1}. O
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Proposition 37 (Topological P” with ample anti-canonical bundle). Let X be a projective klt
variety that is homeomorphic to P". If —-Kx is ample, then either X = P" or 9x is unstable.

Remark 38. Recall from [28, Cor. 32] that Fano varieties with unstable tangent bundles admit
natural sequences of rationally connected foliations. These might be used to study their geome-
try further. If in the situation of Proposition 37 we additionally assume that the index is one, i.e.,
thatr = -1, then Q[)y is always semistable: if . C Q[;] was destabilizing, then det.” < Q[;mk‘y} Vis
either trivial (hence violating the non-existence of reflexive forms, [45, Thm. 1] and [18, Thm. 5.1])
or ample (hence violating the Bogomolov—Sommese vanishing theorem for kit varieties, [18,
Thm. 7.2]).

Proof of Proposition 37. If Jx is semistable, then the Q-Bogomolov-Gieseker inequality holds,
and we have seen in Remark 33 that —r = |r| > n. Fujita’s singular version of the Kobayashi—Ochiai
theorem, [13, Thm. 1], will then apply to show that X = P”". O

While the Bogomolov-Gieseker inequality does not necessarily hold on a Fano variety with
unstable tangent sheaf, we still get some restriction on the index from the following result.

Proposition 39. Let X be a projective klt variety that is homeomorphic to P". If —Kx is ample,
thenr®=n+1.In particular, ifn =4, thenr = 3.

Proof. Since X is factorial by Proposition 24 (5) and non-singular in codimension two by Propo-
sition 24 (3), we may apply [36, Cor. 1.5] to obtain the bound ¢, (X) - c1(@Ox(1))" 2 = 0. Then, we
conclude by Corollary 31. O

In dimension three we can now fully answer Question 23.
Theorem 40 (Topological P3). Let X be a projective kit variety that is homeomorphic toP3. Then,
X=P.

Proof. Since X is a threefold with isolated, rational Gorenstein singularities, Riemann-Roch
takes a particularly simple form:

Prop._24 1)

1
1 xX(0x) = 2 [=Kx]- c2(X).

With Corollary 31, this reads

—48=r-(r* - 4).
This equation has only one real solution: r = —4; in particular, —Kx is ample. As before, Fujita’s
theorem [13, Thm. 1] applies to show that X = P". U

Finally, in dimensions four and five we show the following.

Theorem 41 (Q-Fano 4- and 5-folds homeomorphic to projective spaces). Let X be a projective
klt variety homeomorphic to P", with n = 4 or 5. Assume that Kx is not ample. Then, X = P".

Proof. Recall that X is a Gorenstein Fano variety of index i = —r, with canonical singularities,
smooth in codimension two. By [13, Thm. 1 and 2], we may assume that i < dim X — 1. Further,
from Proposition 39, we see that i = 3. These cases have to be excluded.

If i = dimX — 1, then by [14], X is a hypersurface of weighted degree 6 embedded in the
smooth part of the weighted projective space P(3,2,1"). Smooth such hypersurfaces have
semistable tangent bundle by [21, Prop. 6.15]; in particular, they satisfy the Bogomolov-Gieseker
inequality. Since X is smooth in codimension two, the “principle of conservation of numbers”,
[15, Thm. 10.2], implies that X satisfies the Bogomolov-Gieseker inequality as well, which in turn
contradicts Remark 33.

The remaining case, n =5 and i = 3, is ruled out by Corollary 35, which implies that i = —r has
to be even. d
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We will consider deformation theory over non-commutative (NC) base algebras. Such a
theory is interesting because there are more deformations than the usual deformations over
commutative bases. The deformations over commutative base can possibly be regarded as the
“first order” approximation of more general “higher order” deformations. The formal theories of
deformations over commutative and non-commutative bases are parallel and the extension to
the non-commutative case is simple, but some new phenomena and invariants appear.

We make some remarks on NC deformations. The first remark is that the deformations over
NC base is natural. This is because the differential graded algebras (DGA) which govern the de-
formations of sheaves are naturally non-commutative. Hence it is natural to consider deforma-
tions parametrized by NC base algebras. We will also consider the problem of convergence of for-
mal NC deformations and the moduli space. The second remark is that we obtain “higher order
invariants” because there are more NC deformations than commutative ones by slightly gener-
alizing results of [12] and [4]. The last remark is that a description of the base algebra using the
tangent space T' and the obstruction space T? is possible.

We use the abbreviation NC for “not necessarily commutative”. In Section 1, we recall
the definition of NC deformations, and explain how the base algebra of semi-universal NC
deformations is described by a minimal A*°-algebra arising from DGA in the case of deformations
of coherent sheaves. In Section 2, we consider the problem of convergence and the existence of
moduli space by taking an example of deformations of linear subspaces in a linear space. In
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Section 3, we consider another example of flopping contractions of 3-dimensional manifolds,
and show how invariants appear beyond those obtained by commutative deformations. We will
give a description of the base algebra of the semi-universal NC deformation by using the tangent
space and the obstruction space in Section 4.
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1. Multi-pointed non-commutative deformations

We recall the non-commutative deformation theory developed by [9] (see also [3], [6]). We
use NC as “not necessarily commutative”. This is a generalization of the formal commutative
deformation theory of [10] to the case where the base algebras are allowed to be NC.

Let k" be the direct product ring of a field k, and let (Art,) be the category of augmented
associative k"-algebras R which are finite dimensional as k-modules and such that the two-
sided ideal M = Ker(R — k") is nilpotent. We assume that the composition of the structure
homomorphisms k" — R — k" is the identity. (Art,) is the category of the base spaces for r-
pointed NC deformations.

Let k; = k be the i-th direct factor of the product ring k" for 1 < i < r. k; is generated by
e; =(0,...,1,...,0) € k", where 1 is placed at the i-th entry. A left k"-module F has a direct
sum decomposition F = GB::l F; as k-modules by F; = e;F, and k"-bimodule has a further
decomposition F = EB;].ZI F;j by F;j = e;Fe;.

R € (Art,) is an NC Artin semi-local algebra with maximal two-sided ideals M; = Ker(R — k;).
NC deformation is multi-pointed because an NC semi-local algebra is not necessarily a direct
product of local algebras unlike the case of a commutative algebra.

The model case is a deformation of a direct sum of coherent sheaves F = @;:1 F; (r-pointed
sheaf). The sheaves F; interact each other and there are more NC deformations of F than those
of the individual sheaves F;.

Let F be something defined over k" which will be deformed over R € (Art,). An NC deformation
of F over R is a pair (F,¢) where F is “flat” over R and ¢ : F — R/M ®p F is an isomorphism.
The definition depends on the cases what kind of F we are considering. The set of isomorphism
classes of deformations of F over R gives an NC deformation functor ® = Deff : (Art,) — (Set).

More concretely, an r-pointed NC deformation functor @ : (Art,) — (Set) in this paper is a
covariant functor which satisfies the conditions (Hp), (Hy), (He), (H) stated below following [10]
(see also [11, Chapter 2]).

We define an object R, € (Art,) as a generalization of the ring of dual numbers k[e]/(€?).
Let R, be the trivial extension k" @ End(k”), where End(k") is a square zero two-sided ideal,
and the multiplication of k" and End(k") is induced from the embedding to diagonal matrices
k" — End(k"). As a k-module,

;
Re=k"e @ ke,-j.
i,j=1
The multiplication is defined by e;ej\ = 5ij ejk eijer = 5jkeij and e;je, =0 forall i, j, k, . The
augmentation R, — k" is given by e;; — 0.
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Now we state the conditions (Hy), (H f),(He),(H). For ring homomorphisms R’ — R and
R" — Rin (Art;), let a : ®(R' xg R") — ®(R') xp(r) ®(R") be the map naturally defined by ®.

(Hp) @(k") consists of one element.

(Hf) ®(Re) is finite dimensional as a k-module.

(H) The natural map « is bijective if R = k" and R” = R,..
(H) The natural map a is surjective if R” — R is surjective.

The tangent space T' of the functor @ is defined by T! = ®(R,). The k" -bimodule structure of
the ideal End(k") < R, induces a k”-bimodule structure on T, so we can write T' =@} ;_, Tl.lj.
We have Tl.lj = (k" ® ke;;). Indeed T;j =e;T'ej = D(ejReej) = (k" & ke; ).

An element ¢ € ®(R) for R € (Art,) is called an r-pointed NC deformation over R of the unique
element of ®(k").

Let Tg = (M/M?)* be the Zariski tangent space of R. It is a k" -bimodule. The Kodaira-Spencer
map KSg : Tp — T! associated to the deformation ¢ is defined as follows. A tangent vector
ve(Tp)ij = (M/MZ);‘]. induces a ring homomorphism v, : R — k" ® ke;j, hence ®(v.) : ®(R) —
dk" o ke;ij) = Tl.lj. Then we define KS¢(v) = ®(v.)(S).

Let R := [iLnR,- € (Kr\t,) be a pro-object of (Art,), and let E:: [ianf,- e dR) = liI_n(I)(R,-) be an
element of a projective limit. Then &is called a formal r-pointed NC deformation over R. The
Kodaira-Spencer map KS e Tp— T! is similarly defined.

A formal deformation Ee ®(R) is called a versal NC dgformation if the foll(lwingAholds: for any
NC deformation ¢’ € ®(R'), there exists a morphism & : R — R’ such that ¢’ = ®(h)(£).

In this case, the Kodaira-Spencer map K Sg:Tp =T is surjective. Indeed, let v/ € Tl.l. =

®(k" @ ke; j) be any element. Then there is a morphism £ : R—k'eo ke;; such that v =d(h) (3).
Letv: (Z/\/I\/M\z)ij — ke;j be the homomorphism induced from h. Then v, = h and KSé(v) =v.

A versal NC deformation is said to be semi-universal if the Kodaira-Spencer map is bijective.
In this case, we have MIM? = (TYH*. We note that it is called “versal” in some literatures. The
existence of the semi-universal NC deformation is proved in a similar way to [10] from the
conditions (Hp), (Hy), (He), (H).

In the case r = 1, if we take the abelianization Rab = Ry [ﬁ, ﬁ] of the base ring of the semi-
universal deformation, then we obtain a usual semi-universal commutative deformation éA'“b over
R given by £%? = ®(q) (&), where g : R — R is the quotient map.

We recall a description of the semi-universal NC deformation in the case of deformations of
a coherent sheaf using an A*-algebra formalism ([8]). Let X be an algebraic variety over k and
let F = @!_, F; be a coherent sheaf with proper support. Then the infinitesimal deformations of
F are controlled by a differential graded algebra (DGA) RHomy (F, F). The tangent space and the
obstruction space are given by k" -bimodules Ti = Extg( (E F) fori=1,2 (cf. Section 4).

It is also controlled by an A*-algebra structure {mg}; -2 of the cohomology group A =
Dp=0 Ap := Dp=o ExtP (F F) = ®,,; j ExtP (F;, F));

mg: TS A= A®pr -+ ®pr A— AR~ d)

are the higher multiplications of degree 2 — d, where the left hand side is a tensor product with d
factors over k" and the right hand side has degree shift 2 — d. In particular, we have

mg: T]?rAl =A Qpr+* ®pr A — A

ford = 2.

In general, for a k"-bimodule E, we have E = @ E;;j with E;; = e;Ee;. We define a

.
® i,j=1
completed tensor algebra Ty E = [1450 T{ E by

TEE=E® E®pr - ® E
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where there are d-times E on the right hand side. We apply this construction to E = (T1)*. If
{xfj}s is a basis of E; j, then we have

TkrE = kr<<xgj>>/(eix;/j; x?jej’yx;?rj/x;?nj” |i# i/;j # jlyj/ # i/’)-
Thus the set of monomials

S1 $2 Sd
igi1 it T Vig_1ia
with i = ip and j = iy is a k-basis of (T E);;.

Let
m* =Y m}:Ext*(F F)* — Tyr (Bxt' (EF)*)
d=2
be the formal sum of dual maps of m,. Then the base algebra R of the semi-universal NC
deformation F is determined as an augmented k" -algebra to be

R =T (Ext' (X, X)*)/ (m* Ext*(X, X)*))

([8]). Thus the Taylor coefficients of the equations of the formal NC moduli space are determined
by A*°-multiplications.

There is another way of describing a semi-universal r-pointed NC deformation of a direct sum
of coherent sheaves with proper support F = @/ _, F;. The semi-universal NC deformation Fof F
is given by a tower {F"""} of universal extensions (cf. [6]):

0 — Ext'(F", F)* @) F — F"*D L W __, g

with F© = F and F = lim F"”. We have direct sum decompositions F™ = @; Flf”), and we can
write
0— PExt' (F", Fp)* e F; — @OF"Y — PF" —o.
i,j i i

If End(F) = k', i.e., if End(F;) = k and Hom(F;, Fj) 20 for i # j, then F is called a simple
collection ([6]). The deformation theory of a simple collection is particularly nice. In this case,
F™ is flat over R™ = End(F"), and the parameter algebra R of the semi-universal deformation
F is given by R =lim R™ ([6, Theorem 4.8)).

Remarks 1.

(1) We do not consider deformation theory of varieties over non-commutative base in this
paper, because such a theory seems to be difficult by the following reason. Suppose
that there is an infinitesimal deformation X of a variety X over an NC ring R. Then
the structure sheaf Gx, should be NC too. When we consider a base change over a ring
homomorphism R — R’, it seems necessary that the base rings should be commutative in
order for the tensor product Ox, ® R’ to have a ring structure. Indeed the DGLie algebra
which controls the deformations of X is NC but its non-commutativity is restricted.

But when X is a subvariety of an ambient variety Y, then we can consider a deforma-
tion of X inside Y over an NC base as a deformation of the structure sheaf @x as a sheaf
on Y (see Section 2).

(2) The deformation functor is pro-representable when there is a universal deformation. But

a universal deformation does not exist in general (see [6, Remark 4.10]).

2. Convergence and moduli

The above described semi-universal NC deformation is a formal deformation, and the question
on the convergence is important. We will make some remarks on the convergence of the formal
NC deformations and the relationship with the moduli space of commutative deformations. We
consider only 1-pointed NC deformations, and we take an example of the moduli space of linear
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subspaces in a fixed linear space. We consider NC deformations of the structure sheaves of linear
subspaces.

We would like to say that the formal semi-universal NC deformation is convergent if the
corresponding semi-universal commutative deformation is convergent. This is because the
numbers of commutative monomials and non-commutative ones on n variables of degree d grow
similarly to n¢. Maybe we should require that the growth of the Taylor coefficients of the non-
commutative power series are bounded in a similar way as the commutative power series.

Any k-algebra homomorphism R — k for any associative k-algebra R factors through the
abelianization R — R%”. Therefore we can think that the set of closed points of the moduli spaces
are the same for commutative and NC deformation problems. In other words, when we observe
points, then the moduli space of NC deformations is reduced to the usual moduli space. We can
say that the NC deformations give an additional infinitesimal or formal structure at each point
of the commutative moduli space. And the formal structure is usually convergent. However, a
compactification is another problem, and it seems that it does not exists.

As an example, we consider NC deformations of linear subspaces in a finite dimensional vector
space. As explained in Remark 1.1, we consider the NC deformations of the structure sheaf of
the subspace instead of the subspace as a variety. The following is a slight generalization of [8,
Example 7.8]. The commutative deformations are unobstructed and yield a compact moduli
space, a Grassmann variety. But we will see that NC deformations are obstructed.

Let V = k" be an n-dimensional linear space with coordinate linear functions x,..., x,, and let
W be an m-dimensional linear subspace defined by an ideal I = (x;;+1,...,X;). The commutative
moduli space G(m, n) has an affine open subset Hom(W, V/W) = k™n=m) with coordinates a;
(1=i=m, m+1< j<n). Weconsider NC deformations of W as a linear subspace of V, i.e., the
NC deformations of the ideal sheaves generated by linear functions.

Proposition 2. Let V = k" with coordinate linear functions x,..., x,, and let W = k'™ be defined
by Xm+1 =+ = X, = 0. Then the formal semi-universal NC deformation of W as a linear subspace
of V has the parameter algebra R and the ideal T given as follows:

R=k{ajjll<sism<j=n)/]
J= (Clijl Clijz —dij2 Glijl, ai1j1 ai2j2 - ai2j2 ailjl + ailjza,-zjl _ai2j1 ailjZ
0sisml<ii<iz<m<ji1<j2<n)

m
Xj+ Z aijXxi

i=1
Proof. This is almost the same as [8, Example 7.8]. Let Y = P(W*) c X = P(V") be the corre-
sponding projective spaces. We consider NC deformations of a coherent sheaf F = 0y on X. The
normal bundle of Y in X is given by Ny, x =0y (1)®" . Hence T' = Ext! (F, F) = H(Y, Ny,x) =
kemn=m) and T2 = Ext(F, F) = HO(Y, \? Ny, x) = k(" (2",

Let I' = Ox(-Y) be the ideal sheaf of Y < X generated by the homogeneous coordinates

Xm+1,---,Xn. By [8, Lemma 7.6], the semi-universal NC deformation of F is given in the form

I=

m+lsjsn).

F=lim(R, ®0x)/1,,

where (R,, My,) € (Art;) such that M"*! = 0. By the flatness, the ideal sheaf I/, is generated by
linear forms x; +Z;?i1 a;jxiform+1< j<n,wherea;j € M.
Since the x; are commutative variables in R, ® Ox, we have x;x; = x;xj for m+1< j,l < n.

Hence equalities
m m
Y. GijAkIXiXE= ) ki XX
ik=1 ik=1
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hold in F,, = (R, ® Ox)/I), for such j, I. It follows that
aijail—aila,-jzo (15i5m<j<lsn),
aijjag; — agaij+ agja; — a;ag; =0 (1<si<ks=m<j<l<n)

inR= limR,. The above relations are non-commutative polynomials which are linearly inde-
pendent quadratic forms, and their number is equal to

L)

This is equal to the dimension of the obstruction space. Therefore there are no more independent
relations contained in J. O

The above deformation is “algebraizable”. There is an NC deformation of ideals T over a

parameter algebra R which is a quotient algebra of an NC polynomial algebra:
R=Kajjllsism<j=n/]
J= (“ijl Aijy = Aij, Aijys Aiyjr Bz jo — Aip jo Biy jy T iy o Aip j1 ~ Qi jy By
l<isml<ii<ip<m<ji<j<n)

I= m+lsjsn)

m
Xj + Z aijx;
i=1

The meaning of this formula is that it induces a semi-universal NC deformation at every closed
point of an affine open subset Spec(R“b) cG(m+1,n+1) with R = kla;jl0si=sm<j<n].
Indeed we have

(aij— a?j)(bkl — b)) — (b — by (aij — a?j) = aijby; — briaij

for NC variables a; j, by, and a?]., bY, € k.

Hilbert schemes and Quot schemes are constructed from Grassmann varieties. We wonder if
their NC deformations are also semi-globalizable.

Examples 3.

(1) n=3and m=1. We have G(1,3) = P2. Then R = k{a, b}/ (ab - ba) = kla, b].
(2) n=3and m = 2. We have G(2,3) = P2. Then R = k{a, b) is not Noetherian. Indeed a
two-sided ideal (ab¥a| k > 0) is not finitely generated.
R has a following quotient algebra, which corresponds to an NC deformation which is
not semi-universal:

R, =k{a,b)/(ab—ba—¢)

where € € k. For example, ife = 1, then Ry = k[t,d/dt].
(3) n=4and m =2. We have G(2,4). Then we have

R=k{a,b,c,d)/(ab-ba, cd—dc, ad—da—bc+cb).
R has a following quotient algebra:
Re e, = k{a,b,c,d)/(ab—ba, cd—dc, ad—da-1, bc—cb—-1, ac—ca—e€1, bd—db—e€3)

where €; € k. For example, if¢; =0, then R = k[t;, £,0/0t;,0/01].
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3. Flopping contractions of 3-folds

As a typical example of multi-pointed NC deformations, we will consider NC deformations of
exceptional curves of a flopping contraction from a smooth 3-fold f: Y — X over k = C. [2]
observed that there are more NC deformations than commutative ones, and the base algebra of
NC deformations gives an important invariant of the flopping contraction called the contraction
algebra. Indeed Donovan and Wemyss conjectured that the contraction algebra, which is a finite
dimensional associative algebra, determines the complex analytic type of the singularity of X.
[12] and [4] proved that the dimension count of the contraction algebra yields Gopakumar-Vafa
invariants of rational curves defined in [5]. We will consider slight generalizations where there
are more than one exceptional curves.

Let f: Y — X = Spec(B) be a projective birational morphism defined over k = C from a
smooth 3-dimensional variety ¥ whose exceptional locus C is 1-dimensional. Let C = Uj_, C;
be a decomposition into irreducible components. We assume that f is crepant, i.e., (Ky,C;) =0
for all i. It is known that C; = P!, the dual graph of the C; is a tree, and X has only isolated
hypersurface singularities of multiplicity 2.

The contraction algebra R for f is defined to be the base algebra of the semi-universal r-
pointed NC deformation of the sheaf F = EB;zl Oc,(-1).

We consider commutative one parameter deformation of the contraction morphism f:Y —
X, and investigate the behavior of the contraction algebras under deformation. Let p: & — A be
a one parameter flat deformation of X over a disk A, and assume that there is a flat deformation
f: % — & of the flopping contraction f: ¥ — X. We assume that there are Cartier divisors
£,..., %y on & such that (¥;,C;) = 6; ;. This is always achieved when we replace X by its
complex analytic germ containing f(C) and A by a smaller disk.

LetC! = Ust C ! be the exceptional curves with decomposition to irreducible components for

the flopping contractlon fi:Y; — X, for t # 0, where Y; = (pf) () and X; = ‘1(t) It is not
necessarily connected even if C is connected. We may assume that s = s; is constant on ¢ # 0. We
define integers m;; by the degeneration of 1-cycles Ct — ¥ m;;C; when t — 0. This means that
@’Cz degenerates in a flat family to Oy, mj,iCi- We have (%, C )=mj;.

If the deformation f is generic, then C! is a disjoint union of (-1,-1)-curves, i.e., smooth
rational curves whose normal bundles are isomorphic to Op: (- 1)®2, In this case, we denote

m; =ij,i, ng=#jlm;=d}.
i

The numbers n,; should be called the Gopakumar-Vafa invariants ([5] for the case r = 1). In the
case r = 1, [12] proved that n, is equal to the dimension of the abelianization of the contraction
algebra n; = dim R*?, while higher terms n, for d = 2 contribute to dim R (see Theorem 4 (3)).

We consider NC deformations of F = EB::l F; for F; = Oc;(-1) on Y and %. The set {F;} is
called a simple collection on Y and ¢ in the terminology of [6] in the sense that Homy (F, F) £
Homgy (F F) = k™. The NC deformations of a simple collection behave particularly nice.

Let A Spec(k[]) be the completion of A at the origin. By the flat base change A — A, we
define 3{ X xANand ¥ = ><A A. Let f % — Z and p p: Z — A be natural morphisms.

Let F = @ i and FO= F0 be the semi-universal NC deformations of F on % and Y,
respectively, and let Z and R be the base algebras of these semi-universal deformations. We note
that F is obtained by finite number of extensions of the F; while  may not. This is because C is
isolated in Y while C may move inside %'. Hence we have dim R < oo as k-modules. We will see
that dim 2 = oo (see Theorem 4 (1)).

Z is also a semi-universal NC deformation of F on @. We will see that there is also a
“convergent version” & on %, and Fisits completion.
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By [6, Theorem 4.8], the base algebras coincide with the endomorphism algebras:
% =Endy(F), R=Endy(F).

Z and F° can be described explicitly in the following way ([2, 6, 7]). In particular, there exists
a sheaf # on % such that

F=F ®p, 04 o)

i.e., the semi-universal NC deformation & is convergent when we replace A by a smaller disk if
necessary.
By [13], we construct extensions of locally free sheaves on %

0— 0, — M; — % —0
with some integers s; such that le* M =0, where M is the dual sheaf. Let M = ®;_, M; and
M=M ®g, Oy. We also denote M=M ®0, 04 . We have an exact sequence
0— M* — M* — (M")* —0.
Since the dimensions of fibers of f are at most 1, we obtain R! f, (M°)* = 0 from le* M; =0.

Then semi-universal NC deformations & = EB@"\ ; and F° are given as the kernels of natural
homomorphisms ([7, Theorem 1.2]):

0—ZF— f*fuM— M—0,
0—F — f* f.M"— M°—o.
We define & by an exact sequence
0—F — f*fuM—M—0
and let Z = Endg (&). By the flat base change, we obtain (1) and
R =R S, 0.

We denote F! = & ®p, Oy, and Ri=% ®g, k¢, where Y; = (pf)‘l(t) and k; is the residue field at
teA.
The following is a slight generalization of results in [4] and [12]:

Theorem 4.

(1) & is flat over A, and F° = F ®¢,, Oy

(2) (4, Conjecture 4.3]). Z is a flat On-module, and R = % ®¢, k, where k is the residue field
of G atO.

(3) Assume in addition that C" is a disjoint union of (—1,—1)-curves C]”. fort #0. Then

F'=@0q (-1,
: j
J

R'=[[Mat(m; x mj),
i
dimR = Zm? = andz.
j d

Proof. (1). We have an exact sequence
0—M—M—M" —0
where the first arrow is the multiplication by ¢. Because le* M =0, there is an exact sequence

0— fuM— f M — f.M°—o0.
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Because Llf* f* MP® =0 by [1] Lemma 3.4, we obtain the first row of the following commutative
diagram
0 — f*fuM —— f*f.M [ fHM —— 0

| | l

0O——— M — M M —— 0.
By snake lemma, we obtain

0—F —F—F —90

hence the flatness.

(2). Since t: & — & is injective, % has no t-torsion. Thus it is sufficient to prove that the natural
homomorphism Homgy (%, %) — Horny(F0 % is surjective. By the flat base change, it is also
sufficient to prove that Hom@(ﬂ 9) — Homy(FO % is surjective, i.e., % — R is surjective.
Then the assertion follows from the fact that % and R are the base algebras of NC semi-universal
deformations of the same sheaf F with Y c %,

(3). This is proved in [4] and [12] when r = 1. Let x]t. = f(C]‘.) € X, = p~'(t) for t #0. Since C]‘.
isa (-1,—-1)-curve, x]‘. is an ordinary double point on a 3-fold. We take a small complex analytic
neighborhood x} € Uf < X;, and let V/ = .

Let Lt be a Cartrer divisor on Vt such that (Lt C ) = 1. We know that (f,,C ) = mj; and
R! f « M / = 0. Since C‘ =P! and M, is relatively generated M;|y is a direct sum of line bundles
whose degrees are non negative but at most 1. Since the total dlegree is equal to m; ;, it follows

@ k(M;
that M;ly¢ = (L yemii g @Vﬁr‘m( dmis)

We will prove that Ker( f f *Lt — Lt )= 6Ct( 1). Indeed there is a commutative diagram

ty* @2 t
Frraah & FrrL 0
g S
ty* ®2 t
0 (L) oy L 0.

Hence Ker(h;) = Coker(h,). Since (L )* ®¢, : Icz for the ideal sheaf Ict of C’ c V‘ is generated by
global sections, we have Coker(h;) = (L )* ®@’Cz @’Cr( 1).

Therefore %; |Vt @’Cr( 1)®™mii, Hence ﬂlvt @’Cz( 1)®" and F' = ®; @’Cz( 1. Thus
Endy, (F Fty= I1; j Mat(m ] x mj), and the assertron is proved O

4. Abstract description using 7' and T

We will describe the base algebra of the semi-universal NC deformation of a deformation functor
® which has the tangent space T! and the obstruction space T2, which is defined below.

Let @ : (Artr) — (Set) be an NC deformatron functor which has a formal semi-universal
deformation & € ®(R). A k"-bimodule T? = A =1 T 2 is said to be the obstruction space if the
following condition is satisfied. Let ¢ € ®(R) be an NC deformation over (R, M) € (Art;), and let
(R, M) € (Art,) be an extension of R by a two-sided ideal J:

0—J—R —R—0

such that M'J =0, so that J is a left k"-module. Then there is an obstruction class o; € T? ®r J
such that ¢ extends to an NC deformation ¢’ € ®(R') if and only if o; = 0.
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We assume that the obstruction class is functorial in the following sense. Let

0 J R’ R 0
8| 7| 7 @
0 I R, Ry 0

be a commutative diagram of such extensions. Let { € ®(R) be an NC deformation, and let
E1=D(f)() € D(Ry). Letog € T? ®rJand o¢, € T? ®r J1 be the obstructions classes of extending
¢ and &) over R’ and Ry, respectively. Then o¢, = g(0¢).

Theorem 5. Let @ : (Art;) — (Set) be an NC deformation functor. Assume that the obstruction
space T? is finite dimensional. Then there is a k" -linear map m : (T?)* — T (TY)* such that
R= Tkr (TH* 1 (m(TH*), a quotient algebra of the completed tensor algebra by a two-sided ideal
generated by the image of m.

Proof. Denote A= T (T")* = k" ® M. Then the base algebra of the semi-universal NC deforma-
tion Risa quotlent algebra A/T by some two-sided ideal T. Let {zl}N be a k-basis of T2.

Let Ri. = A/ (I + M**1). We define a sequence of two-sided ideals Ik c AIM** 1 by R = Al (I +
MK+, By definition of the semi-universal deformation, there is an NC deformation ¢y € ®(Ry).
We will prove | that Iy is generated by elements {s, l}N € A/M**1 such that Sk+1,1 — Sk,1 by the
natural map A/ M**2 — A/M**! inductively as follows

We set s;; =0 forall /, because I; =0 and R; = AIM?.

Let k be an arbitrary integer, and let R = Ry, R' = A/(MI+ MMy and J = (T+ M*Y/ (MT +
M**1). Then R = R'/J and M'J = 0 for M’ = M/(MI + M**!). We write the obstruction of
extending i to R as 0, =¥ 2, ® sg,; € T? ®r ], where si; € J.

We have a commutative diagram

0 J R’ R 0
l l -
0 —— J/(sk)) R'/(sk,1) R 0

By the functoriality of the obstruction class, the obstruction class of the lower sequence vanishes,
and & is extendible to R’/ (s, ;). By the semi-universality, it follows that

T+ MY = (sp. )+ MT+ ML,

By Nakayama’s lemma, we have T+ MK+ = (Sk,1) + M**1, Thus we can write I = (s¢, l)l pasa
two-sided ideal in A/M**1,

Here we use a following version of Nakayama’s lemma. Let (A, M) € (Art,) and I a two-sided
ideal. Assume that there are elements h; € I such that I = M1+ (h;). Then I = (h;). Indeed let

I=1/(hj)c A= Al(h;). Then I = MI. Since M is nilpotent, I = MI = --- = M"] = 0 for some m.
Now we have a commutative diagram
A/(MT + M*+?) AT+ M*+2)
A/(MT + M*+1) AT+ M*+1y

Then the obstruction for the extension on the first line og,,, = > 2; ® Sk+1,1 for sg+1 € T+
M*+2)[(MT + M*+2) is mapped to 0g, = ¥ 2; ® sy Hence we have s.1,1 + M* = s )+ MFFL
Thus we can define s; € T such that s; + M**! = 5;.; + M**! for all k. Then the s; generate I. O
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1. Introduction

Let X2" be a hyperkihler manifold, so X is a simply connected compact Kihler manifold with a
holomorphic symplectic 2-form Q such that H>°(X) = CQ. By Yau’s Theorem every Kéhler class
on X contains a unique Ricci-flat Kdhler metric. It was later realized by Beauville [5] that these
metrics are hyperkdhler, which means that they have holonomy equal to Sp(n).

Suppose that B is an irreducible normal complex analytic space with 0 < dimB < 2n, and
f : X — B is a holomorphic surjective map with connected fibers. Then work of Matsushita [38]
shows that necessarily dim B = n, that all irreducible components of the fibers of f are Lagrangian
with respect to , and the smooth fibers are tori. We call such f a holomorphic Lagrangian
fibration. The following basic conjecture is widely expected to hold:

Conjecture 1. If X is a hyperkdhler manifold and f : X — B is a holomorphic Lagrangian
fibration, then B = P".

This conjecture is clearly true when n = 1. The most striking result about this Conjecture is
due to Hwang [28]:

Theorem 2 (Hwang [28]). Conjecture 1 holds if X is projective and B is smooth.

Theorem 2 was later extended to X Kédhler and B smooth by Greb-Lehn [17]. Assuming X
projective and n = 2, it was proved by Ou [49] that either B is smooth (hence P?) or else it has
just one very specific singular point. This case was later ruled out independently by Bogomolov—
Kurnosov [6] and Huybrechts—Xu [26], so the conjecture is known in this case. It is also known for
some families of hyperkéhler manifolds [4, 10, 37, 42, 63], but it remains open in general.

There are also a number of partial results towards Conjecture 1 in general, see [25] for an
excellent recent overview. It is known that B must be a Kdhler space (see e.g. [17, Proposition 2.2])
and Moishezon [39, Section 2.3], and that B is Q-factorial and has at worst kit singularities (by [39,
Theorem 2.1]). It follows that B has at worst rational singularities, and hence it is projective
by [47, Corollary 1.7]. Again thanks to [39, Theorem 2.1] we see that B is a Fano variety with
Picard number one, and in particular it is uniruled [43] and simply connected [55]. The rational
cohomology of B is isomorphic to the one of P” [51]. It is also known that the map f is locally
projective [9], so the smooth fibers are abelian varieties, and if B is smooth then the discriminant
locus D c B of f has pure codimension 1 by [30, Proposition 3.1].

Our main result forms part of a new proof of Hwang’s theorem, as well as Greb-Lehn’s
extension. In order to describe this, suppose B is not P”. Then from a result of Cho-Miyaoka—
Shepherd-Barron [10], which uses Mori theory, it follows that there is a rational curve in B (not
contained in D) with anticanonical degree at most n. We show that such a curve is free, and
together these imply that the Grothendieck decomposition of the pullback of T'B to this rational
curve has some degree zero factors. Taking such rational curves with minimal anticanonical
degree, we can consider the universal family % with evaluation map p : % — B, which we may
assume is a submersion over a Zariski open set B° ¢ B (which we may assume is equal to B\D
up to enlarging D), and the positive degree factors in the Grothendieck decomposition define a
nontrivial holomorphic subbundle 7 < u* TB°, whose rank is strictly less than n. At the same
time, classical work of Freed [13] shows that on B° there is a “special Kdhler metric” gsgx, whose
Kihler form ws is parallel with respect to a “special Kihler connection” VX on T®B°, which is
torsion-free, flat, and dV « J =0 (where J is the complex structure of B). Our main result is then:

Theorem 3. In this setting, V' is preserved by the pullback of the Chern connection of gsk.

We also show that the corresponding real subbundle 7 < u* T®B° is also preserved by the
pullback of the special Kihler connection VX, This in turn can be interpreted as giving a
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nontrivial splitting of a real variation of Hodge structures (which naturally exists on B°) when
pulled back via p. As we will discuss below, by combining Theorem 3 with work of Voisin [60],
Hwang [27, 28] and Bakker—Schnell [2], one can deduce Hwang’s Theorem 2.

Let us first give some intuition for our approach. One of the key features of the rich geometry
of special Kiahler metrics is that they have nonnegative bisectional curvature. Recall here the
fundamental theorem of Mori [45] and Siu-Yau [53] which states that a compact Kéhler manifold
with positive bisectional curvature must be isomorphic to P". This was generalized by Mok [44]
to classify compact Kdhler manifolds with nonnegative bisectional curvature: their universal
cover splits as a product of a Euclidean factor, of projective space, and of compact Hermitian
symmetric spaces of rank > 2. A large part of our arguments are motivated by trying to extend
Mok’s techniques to our noncompact manifold B\ D with an incomplete metric with nonnegative
bisectional curvature, making essential use of the special features of special Kéhler metrics, which
are summarized in Section 2.

To prove Theorem 3, thanks to a recent result of Bakker [1] we need to consider two cases:
either f has maximal variation or f is isotrivial. In the first case, we prove in Section 4 a crucial
rigidity result (Theorem 16) which shows that the bisectional curvature of wsx vanishes when
evaluated on a vector in 7 and a vector in its orthogonal complement. For this, we use results of
Zhang and the second-named author [59] on the asymptotic behavior of wsk near D, as well as
a strictly positive lower bound for wsx near D obtained by Gross, Zhang and the second-named
author in [18, 19, 57]. These are explained in Section 3. In Section 5 we then supplement the
rigidity result by showing that the rough Laplacian of the bisectional curvature of wgk evaluated
on the same vectors vanishes as well. This result is analogous to a statement in Mok [44],
although our proof is quite different. Equipped with these rigidity results, in Section 6 we adapt
an argument of Mok [44] and conclude. In the isotrivial case the rigidity results are trivial because
wsk is flat, but this flatness can be effectively exploited to show again that 7 is preserved by the
Chern connection of gsx.

In Section 7 we sketch how Theorem 2 follows by combining Theorem 3 with a number of
recent results in the literature. As mentioned above, we first show that the real subbundle
¥ < p* TRB® which corresponds to 7 is preserved also by the pullback of the special Kihler
connection VX, This uses again our rigidity theorem. Then we invoke an important result of
Hwang [27, 28], which also has a recent proof by Bakker—Schnell [2] (Theorem 27 below), which
gives that the map p must have connected fibers. Thus, our splitting descends to a parallel
splitting of T® B°, from which we obtain a parallel real (1, 1)-form on B° which is not proportional
to wsk, which is contradiction to a result of Voisin [60].

Lastly, in Section 8 we make some comments on the obstacles that we faced when trying to
extend our approach to the case when B is singular.

Remark 4. In the first draft of our paper, our original argument in Section 7 to construct the
parallel form on B° turned out to be incomplete. After our first draft was posted to arXiv, Bakker
and Schnell sent us their paper [2] with a new proof of Hwang’s theorem. As mentioned above,
to deduce Theorem 2 from Theorem 3 we now rely on their paper. On the other hand, without
using [2], what our arguments show is that B must be P” provided that p has connected fibers.
As pointed out to us by Hwang, this result was implictly proved by Cho-Miyaoka-Shepherd—
Barron [10, Section 7] using a different method (under the extra assumption that f has a section,
which was removed by Nagai [46]).
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2. Special Kdhler metrics
2.1. Notation

Let us first fix some notation. For a complex manifold B we will denote by T®B its real tangent
bundle, and with TB ¢ T*B = T®B ® C its holomorphic tangent bundle (of complex tangent
vectors of type (1,0)). The dual of TB will be denoted by Q}g. The complex structure will be
denoted by J: T®R B — T®B. We will also denote B® := B\D and X°:= f~'(B°).

2.2. Existence of special Kdhler metrics

The paper by Freed [13], following work of Donagi-Witten [12], shows that the base of an algebraic
integrable system (which in our case is B°) admits a geometric structure called “special Kdhler
metric”, wsg. This means that (B°, J,wsk) is a Kdhler manifold and there is a torsion-free flat
connection VX on TR B° which makes wgk parallel and dVSK J =0 (however, in general VSKy £ 0),
where d¥" : Q1 (TRB®) — Q?(T®B®) is the usual extension of V5K (cf. [13, p. 33]). The Riemannian
metric associated to wsk will be denoted by gsx and its Levi-Civita/Chern connection, which in
general is different from VSX, will be denoted simply by V (see (56) below for an explicit formula
relating V and V5X). On every sufficiently small open set U < B° we can find special holomorphic
local coordinates {z j}’?:1 (whose real parts are flat Darboux coordinates) and a holomorphic map
Z:U — $,, into the Siegel upper half space

Hp={Aegl(n,C)| A= A", Im A >0},

such that Z(y) are the periods of the torus fiber f~!(y), and we can write

wWsK = 1X:IInZij dz; /\de.
27 i
It is also worth noting that special Kéhler manifolds can only be complete if they are flat, by a
result of Lu [36]. See [59] for a description of the metric completion of (B°,wsk) and of its metric
singularities.

Special Kdhler metrics have a Hodge-theoretic origin (see [24, 40]): as mentioned earlier there
is a natural weight-one polarized real variation of Hodge structures R! f.Rx- on B°, whose Hodge
bundle of type (1,0) is isomorphic to TB° (by contracting with the holomorphic symplectic form),
and its Hodge metric is exactly the special Kdhler metric.

In [18, 19, 57] it is also shown that wsk can be written as wg + i 65(,0 for some Kihler metric wg
on B and some function ¢ € C*°(B°) n L*°(B). In fact, a priori there is a different special Kdhler
metric on B° for each chosen Kihler class [wg] on B, but since B is smooth Fano and of Picard
number one, it follows that b, (B) = 1 so there is a unique choice of Kdhler class up to scaling. In
the following, we fix one such wp once and for all. This way, we can unambiguously talk about
“the” special Kdhler metric wsk in the following.
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2.3. Curvature properties

Following Freed [13], there is a holomorphic symmetric cubic form = € HO(B°, Sym3 T*B°) such
that, in any local holomorphic coordinate system, the curvature tensor of wskx can be written as
S ==y
Rijri = 8sk ZikpZijeq» ey
and on any sufficiently small U as above we can find a holomorphic function & : U — C such
that, in special holomorphic coordinates, the period matrix and the cubic form can be written as
0’7 3>z
T 6Zi0Zj, ipk
From the curvature formula (1) we see in particular that wsx has nonnegative bisectional curva-
ture on B°: given any v, w € T"9B° we have

[1]

=— 2
0z;0z;.0zp (@)

= -\ _— _ l_ k_[_ = 2
Rm(v,v,w,w)—RijMv viw"w —;|_(v,w,ep)| >0,

where {e)} is any gsk-unitary frame.
We will also use the following dichotomy, which was conjectured by Matsushita, and after
progress by van Geemen-Voisin [14] it was recently proved by Bakker [1]:

Theorem 5. Either f is isotrivial, or else f has maximal variation.
This dichotomy is then reflected in the curvature properties of wsk:

Corollary 6. Either wsk is flat on B°, or else wsk has positive Ricci curvature on a Zariski open
subset of B°.

In the second case, up to replacing D with a larger closed analytic subvariety we will always
assume that Ricgg, >0 on B°.

Proof. We use Bakker’s Theorem 5. If f is isotrivial, then the local period map Z is constant, so
from (2) we see that = = 0 on B°, and (1) shows that wgk is flat. If f has maximal variation, then
the period map Z is generically of maximal rank (equal to n), so Z is an immersion on a Zariski

o . - ; oy (i 1,0 o
open subset of B® (which, up to enlarging D, we may assume is equal to B°). Givenany v € T, B°,
the Ricci curvature of wgk in the direction of v is given by

Ric(v, 1) = ¥ |2(w,ep, eq)|* >0,
p.q

and if this vanishes for some v # 0 then in special holomorphic coordinates we have that for all
pq

0= ) FF 9,
=Eepeg)=———="—Zpy

PrEatT 5 vieyde; Ov pa
so the period map is not an immersion at x, a contradiction. O

Remark 7. The holomorphic sectional curvature of wsk is given by

— e Pz |
HSC(v) = Rijkiyl vivkyl = ; m

where v € TVYB° is a unit vector (and in the last equality we use special holomorphic coordi-
nates). The condition that wsk has (strictly) positive holomorphic sectional curvature on B° thus
means that none of the “diagonal” entries of the period matrix Z
*F
ovov
is locally constant. We expect that this always holds (up to enlarging D) when f has maximal
variation.

’

Z,'leVJZ
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Remark 8. We are grateful to B. Bakker for the following observation. Let f : S — P! be an elliptic
fibration of a K3 surface S. For n > 2 let X = S/ be the Hilbert scheme parametrizing length n
subschemes of S. We obtain an induced holomorphic Lagrangian fibration f : X — (1) = p»
whose general fiber is isomorphic to the product of n general fibers of f, and if f has maximal
variation then so does f Since the period matrix of such a torus is diagonal, we see that the
period map Z of f has Z;; = 0 for i # j. It follows that for these examples the special Kihler
metric, which is not flat if f has maximal variation, nevertheless does not have strictly positive
bisectional curvature on P\ D, since in local special coordinates we have

Rm(eiy e_ir ej) e? = Rl;]]: O)

for all i # j. Thus, to prove our main theorem, it would not be sufficient to prove a suitable
noncompact version of the Mori-Siu-Yau theorem [45, 53], but we must instead generalize the
work of Mok [44].

3. Estimates on the special Kihler metric

We collect in this section two crucial estimates for the special Kdhler metric wsk, which are
contained or follow from earlier work of the second-named author and coauthors [57-59]. See
also [8, 22] for a study of the asymptotics of special Kdhler metrics on Riemann surfaces.

3.1. Strict positivity

The first estimate, taken from [18, 19, 57, 58], says that the positivity of wsk does not degenerate as
we approach D. Since this statement is valid even if B is singular, we present it in this generality.

Proposition 9. Let X be a hyperkdhler manifold, f : X — B a holomorphic Lagrangian fibration
with B a normal analytic variety. Let wp be a smooth Kdhler metric on B (in the sense of analytic
spaces) and wsx the special Kdhler metric on B° cohomologous to wg. Then there is C > 0 such that
on B° we have

wsk > C 'wp. 3

Proof. Fix a Kéhler metric wy on X and for ¢t > 0 let w; be the hyperkdhler metric on X
cohomologous to f*wp + e 'wyx. Then the Schwarz Lemma [57, Lemma 3.1] (using also [58,
Proof of Theorem 3.2] in the case when B is singular) gives

w;>C frwg,
on X° (with C independent of ¢ > 0), and thanks to [18, Theorem 1.1], [23] and [19, Theorem 1.2]
we know that as ¢t — co we have

w— ffosk,
locally uniformly on X° (and even locally smoothly), so we conclude that
frosk=C f*wp,

on X°, and since f is a submersion over B° this is equivalent to

wsk > C 'w,
on B°. g
Remark 10. If B has quotient singularities (which is expected to hold in general [25, Re-
mark 1.11]) then we can replace wp with an orbifold Kdhler metric wq1,, and a similar argument
gives the stronger bound

wsk = C wor,
on B°.
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3.2. Ricci curvature bounds near D

From now on, we return to our standing assumption that B is smooth. The second crucial
estimate is a bound for the Ricci curvature of wsx. We have seen in the previous section that wsk
has nonnegative Ricci curvature on B°. In fact, as shown in [54, 57] (see also [59, Proposition 4.1]),
we have

Ricgy = wwp 20,
where wwp is the Weil-Petersson form of the family of abelian varieties f : X° — B° (pullback of
the Weil-Petersson metric on the moduli space via the moduli map). Concretely, on B° we have

2
Wl =c-1)7 fuc" Ao, 4)
where ¢ > 0 and o is a holomorphic symplectic form on X, and to obtain wywp it suffices to take
—iddlog of the fiber integral in (4) divided by the local Euclidean volume form.
Recall that the discriminant locus D c B is a closed analytic subvariety of pure codimension 1,
see [30, Proposition 3.1]. Let x € D be any smooth point of D, and choose an open neighborhood
U of x with local holomorphic coordinates centered at x such that DN U = {z; = 0}. Thus, at

points of DN U, the vectors 0%2, e % are tangent to D, while % is transversal. The main claim
is the following:

Proposition 11. On {z; # 0} the Ricci curvature tensor R; 7= Ricgg, (a%, 6%7) of wsx satisfies
0<R;<C, 2<i<n, (5)
0<R;< L, (6)
2112

for some constant C > 0.

Proof. We will use freely the arguments in [59, Section 4.3] (these are stated for X projective
hyperkéhler, but all arguments there go through for general X hyperkdhler using that Lagrangian
fibrations are locally projective [9]). By the Monodromy Theorem, there is m € N such that
the eigenvalues of the monodromy operator T (acting on H!(f~1(y),Z) for some fixed basepoint
y € U\D) are mthroots of unity. We may assume without loss that in our coordinates U is the unit
polydisc, and letting U be the unit polydisc with coordinates (,..., t;), we define the branched
covering
q:U—U, q(t1,....tn) =" ta,..., tn).
Then after pulling back to U, the monodromy operator T becomes unipotent, with

(T-1d)*> = 0.

Thanks to the argument in [59, p. 774], we can find holomorphic functions w;, ..., w, on U, which
are special holomorphic coordinates on U N {#; # 0} (but need not form a coordinate system at
points on {f; = 0}, and they may even vanish there), such that, on U n {f; # 0}, we can write

j j ow; o —
g wsc ==Y Im Zy(Odwj Adivp =~ Y ImZjp() =2 =X dt, Adi,
25 G at, o1,

where Z; (1) is the local period map pulled back to U. Thus, if we denote by dV the Euclidean
volume form on U given by the coordinates 73, ... t,;, we have

0 w]'
det (_)
oty
and since det (%—l;;j) is holomorphic and nonzero on Un {r1 # 0}, we get

0 0 0 0 fwg 0 0
—,—_)= — ogﬁz———_logdetlmz. (7
6tj 0ty atj 0ty dVg al'j Oty

*, N 2

)
loqu—VESK =logdetIm Z +log

)

Ricq*gSK (
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To estimate this, following [59, Lemma 4.3] we use Schmid’s Nilpotent Orbit Theorem [50] and
see there are b € Q and a holomorphic map Q from U to the space of symmetric 7 x n complex
matrices, such that on U n {t; # 0} we have

logt .
Zik(0) = Qi) + ot bjg, 1< jk<n,

for some branch of log. Thus, "
Iijk(t):Imij(t)—%flogltll, 8)
and furthermore (see [59, Lemma 4.3]) there is C > 0 such that on U n {; # 0} we have
ImZ(1) > C™'1d, 9)
and so the inverse matrix of Im Z(¢), whose entries will be denoted by (Im Z(1))?9, satisfies
0<(ImZ()'<CId. (10)

Differentiating the determinant gives

909 logdetIm Z(t) = —(Im Z(£))"? 90 9 Im Z,, (1)
at; ot ¢ ot o, "7

rs 6 6
+(ImZ(0))PI(Im Z ()" —Im Zp () —=Im Zy,(2).
atj o0ty
First we take j > 2, and differentiating (8) gives

dat 06 logdetImZ(t)—(ImZ(t))pq(ImZ(t))”iImer(t) O_Iqus(t)
j J

using (10) and the fact that Q is holomorphic on all of U. As for the #; direction, differentiating (8)

we have

9 9 logdetIm Z(t)
at o, 8

0 by, 0 b
= (ImZ(t))’”q(ImZ(t))” (Imer(t) - —logl tll) i (Iqus(t) - ﬁlogltll

b 2
—(ImQ (t)—ﬂlogm)
on pr 27

6 2
<C+C|—1log|t
‘atl oglh|

C
S nl
Going back to (7), this shows that on Un {t1 #0}) we have

61_])65 G, J=24
0 a) C
—,—=|< —
oh on

0< RiCLI*gSK (

0 < Ricy+ )
~ ngK( \|t1|2

and so on U N {z; # 0} we have for j > 2,

0<R - =Ricgy [, -2 | =
ST e\ Gz, 075 )
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and
0< R, = Ric (i i)z;mw (i i)<L<L
11 &sK azl’az—l m2|t1|2m—2 q” 8sk ah,aﬁ = m2|t1|2m = |Z1|2,
as desired. O

Remark 12. We expect that the sharp bound in (6) in general is of the form D cf. [62]

|z1121og? |z
when dim B = 1. One may be able to show this by proving an asymptotic expanéion for the fiber

integral in (4) which can be differentiated term-by-term, as in [3, 56].

4. Rational curves and rigidity

Recall that B is a Fano manifold, hence uniruled. Let v : P! — B be a rational curve (i.e. a
nonconstant holomorphic map) whose image is not contained in D. Our first result of this section
shows that v is a free rational curve, in the terminology of Mori Theory, cf. [35].

4.1. Freeness of the rational curve

By Grothendieck’s Theorem, the vector bundle v* T B splits and so we can write

P-=

v*TB= O(a;), (11)
i=1
for some integers a;, which we order by a; > - -+ > a,. Dualizing, we have
n
v*Qp=Po(-ay, 12)
i=1
and
n
q:=-Kg-v(P) = Z a; >0, (13)

i=1
since B is Fano.
On B° we equip Q}; with the Hermitian metric hsk induced by the special Kdhler metric wgk.

Lemma 13. We have a,;, > 0.

Proof. This argument was suggested to us by M. Paun. Consider the nontrivial section v €
H°(P',v*Q}, ® O(a,)) which corresponds to the quotient morphism v*TB — @(ay). Equip
L := O(a,) with a smooth metric k; on P!, and equip v* Q}g with the smooth metric v* hsx on
P\v~1(D) which is the pullback of the metric induced by wsk. Thus, the curvature of v* hsx
is Griffiths nonpositive on PL\v1(D), since wsk has nonnegative bisectional curvature on B°
and dualization reverses the sign of Griffiths positivity (see e.g. [11, Section VIL.6]). Equip then
v* Qg ® O (ay,) with the metric & = v* hsg ® hy on P1\v~"1(D).

Differentiating loglvli on P\v~1(D) we have the well-known identity of (1,1)-forms on
PL\v-1(D) ,

2
i0510g|u|§l _ IVvlh vy, zi>h| Ry, - (Ry* gy (V), V) py
vl lvl},

)

vl
where Vv is an V*QIB ® O(ay)-valued (1,0)-form, so |V vlfl is a (1,1)-form, and similarly for the
other terms. Using Cauchy-Schwarz we have

2
|<Vv,v>h|2<|vv|h
it T

h h
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and since on P \v~1(D) the curvature of v* hek is Griffiths nonpositive, we can estimate
<RV* hs]( ( U)) U) h

iddlog|v|? > -Ry,
Bln t w2 (14)

2 _Rer

Since Ry, is a smooth form on P!, we see that log|v|? is quasi-psh on P'\v~!(D), and using (3)

we see that

2

sup loglvff, <C+ sup loglvl., o

PI\v-1(D) PI\v-1(D)

< oo,

where hp is the smooth metric on Qg induced by wg. Thus log| vlfl is bounded above, hence by
the Grauert-Remmert extension theorem [15] the inequality Ry, + iddlog| Uli > 0 extends over
the singularities to all of P! (in the weak sense). Integrating this over P! and using Stokes thus
gives

anzf Rh,:f (Ry, +i0dlog|vl2) >0,
Pl ’ Pl ’

as desired. O

Lemma 13 says that every rational curve in B which is not contained in D is free, and by Mori
Theory it deforms to cover a Zariski dense subset of B (see e.g. [35]).

The pullback morphism V*Qllg — Qﬂl],1 dualizes to a nontrivial morphism @ (2) — v*TB, and
hence a; > 2. Using this observation and Lemma 13 we can write the splittings in (11) and (12) as

V’TBZ0O(a)) &80 (a,_s) 6%, (15)
VOLEO(-a)e---e0(-a, ) e0%, (16)

forsome0< /< n—1,wherea; >a,>--->a,_¢>1,a1 > 2, and

n—¢
q= Z ai.
i=1

Recall now a result by Cho-Miyaoka—-Shepherd-Barron [10, Corollary 0.4 (11)], which uses
Mori theory:

Theorem 14. Let B be a uniruled projective manifold, D an effective divisor, and suppose that, for
any rational curve v : P' — B which is not contained in D, we have the inequality

—Kg-vPHY>n+1. a7
Then B = P".

If, in our setting, for all rational curves v : P! — B not contained in D we have ¢ =0, i.e. a; >0
for all 7, then since a; > 2 it would follow that —Kj - v(P!) = Z?zl a; > n+1 and so B would be
isomorphic to P”. In other words, if B Z P" then there exists a rational curve v, : P! — B not
contained in D which has ¢ > 1, i.e. there are some trivial factors @®* in the splitting (11). We
may also assume that the anticanonical degree g := — K3z - vo(P!) is as small as possible among all
rational curves not contained in D (and satisfies 2 < g < n), and we will call these minimal degree
rational curves, which is consistent with the standard terminology, e.g. in [29]. By Lemma 13, this
rational curve v is free and so it deforms to cover a Zariski dense subset of B. Let £ be the
irreducible component of the space of rational curves in B (see [35, Section I1.2]) which contains
v, which we fix once and for all. From Mori Theory (see [35] and [29, Section 3]) we have that £
is a quasiprojective variety equipped with a universal P!-bundle p : % — % and an evaluation
map p:9% — B. For any t € £ we will also write

U, = pfl(t) cu,
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so %, = P! is the rational curve corresponding to ¢, and
Vii=ploy, % — B,

will denote the morphism to B.

Furthermore, the generic rational curve in £ is free and not contained in D, £ is smooth at
such curves, and the integers a;, ¢ in the decomposition (15) are the same for all generic such
curves. Given x € B° there is some minimal degree rational curve v in % that passes through x
and is smooth at x. Thanks to [35, Proposition I1.3.7], we can also assume that v(P1) intersects
D only at the regular points of D (since the singularities of D have codimension at least 2 in B),
and that these intersections are transverse. The evaluation morphism p: % — B is a submersion
over a Zariski open subset of B, which up to enlarging D we may assume equals B°. Thus, if we
define %° := u~1(B°), then %° is smooth and u : %° — B° is a submersion. The metric gsg on
T B° induces by pullback a metric u* T B° over %°, which we will denote by the same symbol, and
similarly for the connections V and VS¥, which induce pullback connections denoted in the same
way.

Lemma 15. There is a locally free sheaf V'* on % such that for every t € X, the restriction V'* |% of
¥t to the rational curve U; equals the factor G®¢ in the splitting (16) for vy Q}B.

Proof. For the sake of clarity, we first define the fiber 7# at any point on %, = P'. For this, we
consider v;‘Q}g, which from the splitting (16) is isomorphic to G(-a;) & --- & G (—a,_) ® 0. Its
space of global sections HO (%t,v’;Q}g) is then ¢-dimensional, and we can find a basis of such
sections which are linearly independent at all points of P!. The fiber of #* at any point on %; is
then defined as the linear span of any given basis of H (%, v;‘Q}g).

To prove that this collection of /-dimensional vector spaces form a locally free sheaf, con-
sider first the locally free sheaf u*Q}g on %, and take its direct image sheaf p*u*Q}g. Since
(%, u*Q}BI%) = ¢ is independent of t, Grauert’s Theorem on direct images [21, Corol-
lary I11.12.9] shows that p*,u*Q}3 is a locally free sheaf on .#". We then set 7% = p* p*,u*Qé, which
is a locally free sheaf over % whose fibers agree with our previous description. U

Our main interest will be with the restriction of 7! to %°, which will be denoted with the same
notation. This is a holomorphic vector bundle over %°, which is naturally a subbundle of u* Q...
We then define a holomorphic subbundle 7 c u* TB° over %° as the annihilator of 7*, namely

¥V ={veu*TB®|y(v) =0, forally e ¥*}.

For any t € £ we have that the restriction of 7 to %; equals the factor G(a;) ® --- & O(a,—,) in
the splitting (15) for v; T B. Observe that since the pullback morphism V;Q}g - Qulml dualizes to a
nontrivial morphism @(2) — v; T B, it follows that the tangent direction to the image of v; at any
point on this curve (which is a line in 7B°) when pulled back via y lies in the fiber of 7 over %;.

We then define a smooth complex subbundle A < u*TB° over %° as the gsg-orthogonal
complement of 7, and A* c p*Q}go as its annihilator (or equivalently as the gsx-orthogonal
complement of 7*), so that over 2° we have the splittings

W TB =Ve N, uQh=7'en" (18)

The bundles .4, 4 are not yet known to be holomorphic (we will prove this later on). Note also
that the (complex antilinear) smooth isomorphism

* o * ~1
p TB® — pu* Qpo, 19)

defined by the metric gsx (by “lowering the index” and conjugating) maps .4/ isomorphically
onto 7%,
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4.2. The rigidity theorem

We have the following rigidity statement:

Theorem 16. Given a rational curve %, for some t € X, with morphismv,:P' — B, and given a
section ue HO®L, 7t |%), letv; hsk be the smooth metric onv; Qy over P'\v; (D) induced by gsk,
and let Ryx g be its curvature. Then we have:
(@ onP"\v;1(D) we have
Ry pge (), U)y* pge = 0. (20)
(b) Let{ be the smooth section of A |,, over P'\v;!(D) which corresponds to u under (19),
and let a be a tangent vector to v;(P'). Then at any point on v;(P') N B° the curvature
tensor of gsx satisfies

Rz =0, 1)
and hence
Z(a,(,B)=0, forallBeTB°. (22)
(c) For{ asin (b), and for any section v € HO(P!, 7/|%), at any point on v¢(PY) N B° we have
R,z =0, 23)
as well as
Z(w,{,p) =0, forallfe TB°. (24)

(d) Every sectionue H'®',¥*|,, ) is parallel on P'\v;' (D) with respect to the Chern connec-

tion V induced by wsx.
(e) The splitting V?Q}a =yt |% o N1 |% is preserved by V.
Proof.
(a). Equip Vﬁ|% with the smooth metric /2 on I]J’l\v;l(D) induced by wsk via 7/ﬁ|% — v’;Q}B —
Q}g. Since wsk has nonnegative bisectional curvature, the induced metric on Q}z (and hence also
the one on v’;Qllg) is Griffiths nonpositively curved, and since curvature decreases in subbundles,

the metric h is also Griffiths nonpositively curved.
Asin (14), on Pl\v;1 (D) we have

IVul? _ vy, uypl? _(Rp(u), u)p,

1'6510g|u|2 =
" lul? lul2
S _ B, w0 (25)
= 2
el
> 0.

Thus log| uli is psh on P! \v;1 (D), and again using (3) we see that

sup logluli <C+ sup logluli*hg < 00,
PL\wv; (D) PL\v; (D) !

where hp is the smooth metric on Qg induced by wp. Thus loglul%l is bounded above, and by
the Grauert-Remmert extension theorem [15] it extends to a global psh function on P!, which is
therefore constant.

Thus Iuli is a nonzero constant, and from (25) we deduce that

(Rp(w), uyp, =0, (26)
on P'\v; (D). But using again the curvature decreasing property, we have

0 = <Rh(u)r u)h < <Rv;‘th(u); u)v?hs]( < Or
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and so
<Rv; hSK(u)’ u)v;‘ hsk = 0; (27)
on P\v;1(D), which proves (20).

(b). Since a € TB° is a tangent vector to v,(P1) and since u is equal to the image of { under (19),

we have
aa

0= (RV’; hSK(u)’ u)v;hSK = _R *{Z)
which proves (21). The identity (22) is then a consequence of (1).

(c). Givenve H (IPI,7/|%) and a point x € v;(PH) N B°, we can find a holomorphic family {vg}sea
of rational curves in £ that pass through x, with tangent vectors a; at x (with A ¢ £ a small disc
in some chart centered at our original point ¢ € %), and such that % |s:ta5 =v(x).Let w= %vs
be the first-order deformation (holomorphic) vector field on this family. When restricted to each
9, w is a section of

ViTB =7, @ N |, =P0a)ec™,
1

and since w(x) = 0, it must be a section of the @; G (q;) factors, namely a section of 7/|%. Pick
a smooth family U of 1-forms on this family, i.e. a C* section of the relative cotangent bundle,
with ug:=Uly, € HO(IP1,7/’3|%), and with u; = u. Then by definition along v we have

Uy, =0,
for all s€ A, and so along v; we have
LUy, = (diwU) |y, + twdU)|y, = twdU)|y,,,

which vanishes at x since w(x) =0.

We now use this to prove (24), which by (1) implies (23). For this, let (s, s € A, be the smooth
section of A ‘%5 over P1\v;1(D) which maps to u; under (19), and recall that from (22) at x we
have

Ex(“s; CS; ﬁ) = Oy
for all s € A. Taking <| _, of this, we get

OZEX(V,{,ﬁ)"FEx((X,Lw(,ﬁ). (28)

Now at x we have that L,,( is the vector that maps to L, U under (19), since at x the metric gsk
does not get differentiated as it does not depend on s. Since we have shown that (L, U)(x) =0,
we deduce that (L,,{)(x) = 0, and so (24) follows from (28).

(d). Given asection ue H°(P!,v}7¥), an analogous computation as in (a) gives
0=i00|ul?, = Vul — (Rp(w), uyp = Vul3, (29)
and so we conclude that Vu = 0 on P'\v; (D).
(e). This is a direct consequence of part (d) and [33, Proposition 1.4.18]. O
Given x € %° and v € ¥, { € N4, recall from (18) that
Vo Ny = TuwB°, (30)

so we can view v and ¢ also as tangent vectors in B°. With this in mind, we have the following
useful corollary:
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Corollary 17. Letx€%°, and let v € Vy,{ € Ny. Then at u(x) € B° the curvature of the metric gsg
satisfies
RW(E =0, (31)
as well as
Z(w,{,p) =0, forallBe TyxB°. (32)

Proof. Let t € Z be such that the corresponding rational curve %; contains x, and as usual
denoted by v, : P! — B the corresponding morphism. Since 7/|% =e®;0(a;), a; >0, is a globally
generated vector bundle, we can find a global section V € HO([P’f, 7/|%) such that V(x) = v. Let
thenu e 7/xﬁ be the covector which is the image of { under (19). Since V4 | @, = ©® is a trivial vector

bundle, we can find a global section U € HO(P1,7/’1|%) such that U(x) = u. Then Theorem 16 (c)
applies to U and V, and (31), (32) follow from (23), (24). O

5. The Ricci curvature in the direction of A

Given x € %° and vectors v € 7,{ € 4, (which we can also view as tangent vectors in T;(y)B°
using (30)), Corollary 17 shows that at p1(x) the Riemann curvature tensor of gsk satisfies

R,z =0
As customary, we define the “rough Laplacian” of the Riemann curvature tensor of gsk, evaluated
on v,{ by

1
AR5z =5 ;vinRm + ;vlfviRmZ ,
where {e;} is a local unitary frame.

The following is the main result of this section:

Theorem 18. Given x€%° and v € Vy,{ € N, then at u(x) we have

AR5z = Rizpy

Let t € £ be such that the corresponding rational curve %; contains x, and as usual denoted
by v; : P! — B the corresponding morphism. As in the proof of Corollary 17, we can extend v to
a section v € HO(IPI,7/|%) and we can find a section u € HO(I]J’I,7/”|%) such that the image of u
under (19) is a smooth section { € A |4, over p! \v;l (D) which extends the given vector {. The
Ricci curvature Rz along this curve and evaluated at ¢ will also be denoted by Ricg (1, 4), which
is a smooth function on P'\v;1(D).

We wish to show that Ricgg, (1, ) is a constant function on P!\v~!(D). We will proceed in
steps.

0, =0, forallB,ye€ TuxB°. (33)

5.1. Subharmonicity of Ricg (u, it)

To start, we prove the following:
Proposition 19. The function Ricgg (u, i) on Pl \v;1 (D) is subharmonic.
Proof. On B° definefor0<s«1

8s = gsk — SRicgg .

It is clear that given any compact K € B° there is some 0 < sg < 1 such that g, is a Kdhler metric
on K for 0 < s < sk.
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Standard direct computations (cf. [44, p. 185]) show that given any x € B° and two nonzero
(1,0) tangent vectors v,{ at x, we have the evolution equation at x and s = 0 for the bisectional
curvature of g evaluated along v and {

a
&‘S:OR(&)W{Z = AR + R 5 (34)
where, as in Mok [44], we define
_ __p_ _ 12 _ 2 _ _ _ _ _
F(R)m_ﬂZVRWWRmﬁ uzvu%wm +§V|RUW| Re (R,,uRWawLRmRWM).

Equation (34) is identical to the corresponding evolution of the bisectional curvature in the
directions v, along the Kdhler-Ricci flow, see [44]. Thanks to the crucial Lemma 20 below, we
see that
3( R(gy)
0sls=0 Es
Equip v;‘Q}B over the compact set v; ! (K) with the Hermitian metric ks induced by g;. At any
point y € v;l (K) for 0 < s < sk, using the argument in (25), we have
<Rh§|(u)2, U) g S
ulhs

z(x) = 0. (35)

vl

idéloglulis + (36)

We know from Theorem 16 (d), that u is parallel with respect to kg (the metric induced by gsk),
hence (assuming without loss that u is nontrivial) we can scale and assume without loss that
IuliO =1onP!\v;}(D). On the other hand, from Theorem 16 (a), we know that (20) holds, and so

(Ring (W), Uy = 0.

Thus the LHS of (36) vanishes at y for s = 0 and is nonnegative for 0 < s < sk, hence at y we have

0 — (Rp, (1), up
oga— (iaalogluli +M)
sls= s
s=0 Iulhs 37)
_(0 0
=i00|— u2)+—) Ry, (w), u)y,.,
(65 s:ol |hx Y t:0< hs (1), U)
and writing u = ujdzj and Iulis = uiu_jgij, observe that
0 iy — s rj 0 o wineS e TR R i
3slsco Ujuj8s | = —Uj u]gSKgSK& s:Ogs'rs = U U; 85k 8sik Rrs = Ricgy (u, 1).
Furthermore, we can write
(Rp, (), Uy, = ~R(8s) ,5,78:" 8¢ upi,
SO 5
3slsco (Rp, (), u) g = " as L:OR(gs)ya(E — R pigRyi — RypiBpo
but the last two terms vanish since using (1) and (24), we can write
R 5t =Evig=uwq =0 R,57=ZEuq=0iq =0,
and putting these all together gives
AT (1 0
0 < i00 (Ricgg (1, ) &L:OR(&)W{Z 58

< 100 (Ricgy (1, 1)),
using (35). Since K € B° is arbitrary, this shows that the function Ricgg (1, 1) is subharmonic on
PI\v;1(D). O

We used the following lemma, which is the analog of “condition (f)” in Mok, but the proof here
is substantially easier:
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Lemma 20. In the setting of Theorem 18, at u(x) we have

AR _.->0, F(R)

vt =

vv{(
Proof. Recall from (1) that

Ris7= gSK EikpEjeg-
From (31) we then see that at p(x) we have

— — = 2

0=R, ;7= % =gl

and so Z,¢5(x) =0 forall § € Ty B°, and furthermore for all y, v € T}, B°
0= %EzzcﬁEuvﬁ = Rypcy-

Now take the definition of AR and use (1) and the fact that = is holomorphic to get
AR 57 = Z |VI~U(P| + ZRe(_,,ng ViZup) =) |VI—V(I?|
Lp
since E,¢p(x) = 0. For the F (R) term, from its definition we see that at u(x) we have

_ 2
F(R) 57 = ;RUEMVR(Zvﬁ * ’;lRUZ#V|

As in Mok [44, (7)], if we pick {e,} a unitary basis of eigenvectors of the Hermitian form Hy (u,v) =
R,5,%, then in this basis we see that

= 2
F(R)UE(Z - ;RvﬁuﬁR(Z,uﬁ + l; |RVEH‘7| > 0 (39)

0

5.2. Constancy of Ricgg (u, 1)

The next step is the following:
Proposition 21. The function Ricgg, (u, 1) on Pl \v;1 (D) is constant.

Proof. Since the function Ricgg (1, ) on pl \v;1 (D) is subharmonic by Proposition 19, it suffices
to show that it is bounded.

Recall that, using (30), our sections v,{ can be viewed as vector fields along v,(P') n B°. Our
first claim is that for every y e v +(P1)n B° and local sections v of ¥ and { of A near ¥, we have

RuZ =0. (40)
Indeed, recall from (1) that
Ry( = ZEVWE(WP
p.q
where {e)} is a gsx-unitary frame at our point y. Since u* TB° = ¥ & ./, we may choose the frame
sothateje ¥ for1 < j<n-¢,and eje A for n—¢+1 < j < n. Recalling from (32) that Z;,,,, =0
whenever u €7 and v e A, we see that =, 4 = 0 except possibly when 1 < p, g < n— ¢, so that

n—¢ -
R:= Y. EupgZipg=0,
p.q=1
since E¢pq =0 when 1< p, g < n—¢, proving our claim.

Recall that, as explained earlier, we may assume that v,(P!) intersects D only at regular points
of D and that these intersections are transverse. To prove the boundedness of Ricgg (1, &) it
suffices to prove near any of the finitely many points in v; ~1(D). Let y be such a point, and choose
an open neighborhood U of z = v;(y) in B with local holomorphic coordinates centered at z such
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that DNU ={z; =0} and v;[P)NU = {z2 = --- = z,, = 0}, so that 0; is tangent to the rational curve
while 05, ...,0,, are tangent to D. We will work on v;l (UnN{z; #0}) which in our chart is identified
with {z; #0,z2,=---=2, =0} =: V.

Thanks to Proposition 11 we know that on V we have

0<R;<C, 2<i<n, (41)

0<R;;< (42)

lz112"
Using (3), together with the fact that u is a holomorphic section on all of P!, we see that

51‘1/p ICI%gB < ngpluliigB < o0. (43)

In our coordinates we can write

(=¢"01+ Y ¢o;=:¢"01+(p,

j=2
and the function ¢! is equal to (dzy, u) g5 . From (43) we see that
2
sup ICly: g, <00, (44)
and from this and (41) we see that on V we have

0< R(DG <C. (45)

Since 0, is the tangent vector to v (PY, it belongs to 7/|%. On the other hand { belongs to
N |%, hence (40) (restricted to V) gives

0=R;(21) =¢" (21 Ry1(21) + R (21),
and since Ricgg > 0 on {z; # 0}, Cauchy-Schwarz together with (41) and (45) give
1 1 1 1
I{" (z1)IR,7(21) = |RIG(ZI)| < 311(21)23([)5(21)2 < CRy7(z1)2,
i.e.
1
(M (2R (21)2 < C,
and using again that Ricgg 2> 0, together with (45) we can estimate
0< Rz(21) < CIEH(2)PRy7(21) + CR, —(21) < C,
as desired. O

We can now conclude the proof of Theorem 18, by showing that at y(x) we have

AR, 57

Indeed, Proposition 21 shows that the function Ricgg, (1, &) on pl \v;1 (D) is constant, hence going
back to (38) and recalling (35) and (34) shows that

=0, F(R) (46)

Uﬁ(f =0.

P
0=75s L:OR(&)W@ =AR,;+F(R) 07

Recalling Lemma 20, we see that (46) holds. To finally deduce from (46) that the last equality
in (33) holds, it suffices to plug in the fact that F(R) VT = 0 into (39), and see that

_ 2=
;V IRz,51" =0,

as desired.
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6. Constructing a parallel subbundle of u* T B°

Recall that above we have constructed a decomposition y*TB° =7 & A over %°, where 7 is a
nontrivial holomorphic subbundle, which is not equal to u* T B° whenever B Z P".
The following is then our main theorem (Theorem 3):

Theorem 22. The holomorphic subbundleV < u* TB® over %° is preserved by V, the pullback of
the Levi-Civita connection of wsk.

Recall that by Theorem 5 f is either of maximal variation or isotrivial. The proof of Theorem 22
will be quite different in these two cases.

Observe that after Theorem 22 is proved, it follows that the orthogonal complement A" c
©* TB° is also a holomorphic subbundle, preserved by V, see e.g. [33, Proposition 1.4.18], and
the same holds for their duals 7*, 4% c u*QL..

6.1. Maximal Variation Case

In this section we give the proof of Theorem 22 in the case when f has maximal variation. Recall
from Corollary 6 that in this case gsk has positive Ricci curvature on B°.

We work at a point x € %°. Let v be a local holomorphic section of 7 near x, and let
Y : (—¢€,€) — %° be a smooth curve with y(0) = x,y(0) = # 0. The goal of Theorem 22 is then
to show that Vv € 7. Using the decomposition u* TB° = 7 & ./, we can write

VT]U:_é_(r €€7/x;(€=/vx»

(the minus sign is only to match the notation in Mok [44]), so we wish to show that { = 0. The
following argument is a modification of a result of Mok [44, Proposition 3.1'], specifically of
equation (21) on p. 211:

Proposition 23. At u(x) we have

R

o =0 7

forall{' € N.

Here and in the following we are again using (30) to view {,{’ also as tangent vectors in T B°.
Also, since V is the pullback connection, when taking V, for some v € T%° it is really only
U« (v) € TB® that enters.

Proof. For 1 € (—¢,¢€), let (1) be the parallel transport of v(x) along v, let v(#) = v|y (s, and define
¢(0),¢(1) by
Bt) = v(t) + t& (1) + t{ (1),  &() € V), { (1) € Ny,
so that
0=V,B(0) =Vyv+£(0)+(0),
and so we see that ¢(0) = &,{(0) = {. Given an arbitrary {’ € A%, let y(¢) be the parallel transport of
(" along y, so that (0) = ¢" and V) x(£) = 0. We can also write

X =@ +10(), (1) € Nyw,0) €V,
and {’(0) = {'. We can expand at the point y(¢)

R +t(2ReR +2ReR ;- +2ReR

vZ(’?)
+2ReR

d ve'y

+2ReR

dd
+ tz(R

Ry paoymnzm =

+2ReR +2ReR

vé (9? vl 0?

+ R{Z(’F +2ReR

vv00 vE('0 V({0

o o 3
+ Regpz s‘((’(’) +0@),
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where O(£%) denotes a vector-valued function of length bounded above by C#3. Recalling (1), we
can express the curvature tensor in terms of =, and since Z(v,{’, 8) = Z(,{’, ) = 0 for all {' € A4
and all § € Ty B° (by Corollary 17), many terms in this expansion vanish. Using furthermore
that Rz 55 = 0forall §,6 € Ty B° (by Theorem 18), the expression finally reduces to

_ 42 _ o 3
Ry paonwrm = ¢ (Ruaee + Rm/(') +0(17).
Defining (similarly to Mok)

A=R _-+R

vidd " e
and since the bisectional curvature is nonnegative, we have ijeé >0, and so

A>R (48)

e
At this point notice that

1 d?
V2 R

T 2472 =g BOBOXWX® T Y TuE T (49)

using that (1), y(¢) are parallel along y and that V is a pullback connection. On the other hand
we claim that at x we have

2
wavajcr? 2 0;

for all real tangent vectors w at x. Indeed, pick a curve in %° passing through x and tangent to
w, and let (1), {’ (¢) be the parallel transport of v,{’ along this curve, then R >0, and

R, 07 =0 by Corollary 17, and so

(o0 (O (1)

2
0<d - 2

—| R —=V: R
S de2lizo w0l T ww

U?(’? ’

as claimed. But recall that Theorem 18 showed that AR5 = 0, and since this is an average of
terms of the form V%UWRUE(’F as U« (w) varies among all gsg-unit tangent vectors at u(x), we see
that necessarily VfUWRUW,? =0 for all w. Using (48) and (49) we get

0= meRuw =2A>R

v oy 2
which proves (47). O

Or

Now that (47) is established, we can show that { = 0 as follows: combining (47) with (1) gives

E¢.¢,P) =0,

for all B € T,y B° and all {’ € A%. But thanks to Corollary 17 we also have
E¢ P =0,

for all § € T, B° and all u € ¥, and since Ty B° = ¥y & A%, it follows that
EGmP) =0,

forall y,Be Ty x)B°. From the formula for the curvature tensor,
Ricgy ((,0) =Y I, ep, eq)* =0.
p.q

Since we assume f of maximal variation, Ricgy, >0 on B°, and so { = 0. This concludes the proof
of Theorem 22 when f has maximal variation.
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6.2. Isotrivial Case

In this section we give the proof of Theorem 22 in the case when f is isotrivial, and so wsk is
flat by Corollary 6. We wish to show that the subbundle 7 < u* T'B° is parallel under V, and by
duality this is equivalent to showing that 7* c u*QL, is parallel under V. Recall that p : % — &
is a P1-bundle. Thus, given x € %° and v € T,%°, we can decompose T, %° as the direct sum
of the tangent line to the vertical P! direction and a complementary subspace, and thus write
v = v + V2, where v) is tangent to a rational curve %; (for some t € %) that contains x (which on
9, corresponds to a point y € P!) and v, is transverse to %;. The rational curve morphism will
be as usual denoted by v, : P! — B. We may also assume that v,(P!) intersects D only at regular
points of D. Since v is free, we can deform it in a 1-parameter family 7 : P! x A — B, with s € A
(where A c % is a small disc in some chart centered at ¢ € %), such that v, := (-, s) : P! — B are
rational curves in £ which are also not contained in D and such that the first order deformation
vector % | s=tVs € HO([P’l,v;‘ T B) agrees with v, at x. Up to shrinking A, we have a natural inclusion
o : P! x A — 9 such that poo =m. The intersection o (P! x A) Nn° is Zariski open in og(P! x A)
and contains the point (y,0).

We then choose a smooth (1,0) vector field V on P! x A which restricted to P! x {0} is the first
order deformation vector, and so it satisfies do (y,0)(V) = v2. To prove that Vtis preserved by V,,
at x, it will suffice to construct a smooth frame uy, ..., u, for a* V" over P! x A such that

Vvu) (0 o™V, 1<i<y, (50)
where V also denotes the pullback connection, since by Theorem 16 (d) we have that along v,
(Vo ui)(x) =0.

For every s € A, o* |[P,1 (s} is a trivial vector bundle of rank ¢ over v, which over P! \1/5_1 (D)
is equipped with the metric induced by wsk. For each s € A we can then choose a global
holomorphic frame u;(s), ..., uy(s) € HO(P1,0*7/”|P1X{S}), smoothly dependent on s € A. Thanks
to Theorem 16(d), each u;(s) is parallel (with respect to the connection induced by wsk) over
Pl\vs’l(D). Varying s, these sections define a smooth frame uy, ..., u, of o* V4 over P! x A, which
is parallel when restricted to each (P! x {sh) N7~ 1(B°). Fix now any 1 < i</, and recall that

n*Qllgo = Veo* N, (51)
where A* is the annihilator of A < u* TB°. Let 2 be the gsk-orthogonal projection onto the
o* At factor, which is defined on 7~ (B°) and consider

PVvuy),

a smooth section of o* N¥ < n*Q}BO over 717 1(B°). Let also ¢ : P — P! x A be the embedding
z+— (z,0),s0moL="vy.

Lemma24. The pullbackt* (2 (Vv u) toP'\v;!(D) is a parallel section of /*|,, overP'\v;! (D).

Proof. We work at an arbitrary point in P!\v; (D), let W be any local holomorphic vector field
near our point which is tangent to the P! factor. Since the splitting

viQp. =7, e N,
is preserved by V (by Theorem 16 (e)), and since gsk is flat, we have
Vw (* (P (Vyu)) =" (Vw (P (Vyu)))
=1"(PVwVvyu;)
=P VyVwu; + Viw,v i)
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Now, since u; is parallel along the rational curve vs(P1)\D for all s € C, we have that Vy u;
vanishes identically on U x A and so

VyVwu; =0.
Furthermore, [W, V] = —Ly W is also tangent to v(PY, so Viw,vui =0 too. O

Since 1* ((Vy u;)) is parallel, it is in particular holomorphic over P\v;1(D). The following
Lemma then implies that 1* (2(Vy u;)) extends to a holomorphic section of v; Q}, over P':

Proposition 25. Letr w € H'(P'\v;!(D),v;Qj},) be a holomorphic section which is parallel with
respect to V (the Chern connection induced by wsx). Then w extends to a holomorphic section of
v;Qy, over all of P'.

Proof. Since w is parallel, its pointwise length lei;gSK is constant on IPl\vgl(D). Recall that
from (3) we have that

wsk > C ' wg, (52)
on B°. Since v;!(D) is a finite subset of P!, we consider the extension problem of w across each
of these points, so let y € vt‘l (D) be one of them. Recall that D is regular at the point x = v(y),
and we can choose local holomorphic coordinates z;, ...z, on a chart U centered at x such that
DU = {z; = 0}. The volume form wgy is given by a fiber integration as in (4), and its asymptotic
behavior near D is studied in [20, Theorem 2.1] (see also [7, 19] for the case when dimB =1
and [32], [56] for dim B arbitrary) where it is shown that

wgy < (~loglzi )}, (53)

|21 |2(177)
on Un{z # 0}, for some C >0 and y € (0, 1]. Combining (52) and (53) gives the crude bound

wsk < (~loglz1) ws, (54)

|21 20-7)
see also [59, (2.1) and Theorem 3.4] and [20, Theorem 1.1] for sharper and more general such
bounds. Passing to the dual metric on Q}g and pulling back via v;, (54) implies that on the
punctured neighborhood V;l(Uﬂ {z1 #0) of y in P! we have

!
2

* < D — 2
Vi8B |z 20-D)

_ C - -
(—loglz11) IwIV;gSK— Iz PO

lw| (~loglz1)C,

and from this we see that lei*gB is L' in v;1 (U n{z #0}). Since v;Qy is a trivial bundle over
t

v;l (U), we can represent w locally as an n-tuple of holomorphic functions on vt‘l (Unfz #0),
and since these functions are in L2, they extend holomorphically across the point y (see e.g. [48,
Proposition 1.14]), which gives us the desired extension of w. O

At this point we have shown that (* (22 (Vy u;)) gives a holomorphic section w € HO(P!, V}*Q};).

Recalling the splitting (12), we see that w must be a section of the factor 0%, i.e. a section
of 7/”|%. Since it is also a section of A u|%, it must be identically zero. This shows that
1*(@2(Vyu;)) =0, and so 1* (Vyu;) € Vﬂl%, and so (50) is established. This concludes the proof
of Theorem 22 when f is isotrivial.

7. Obtaining a parallel (1, 1)-form and Hwang’s Theorem

In this section we show how to combine our main theorem 3 with results of Voisin [60],
Hwang [27, 28] and Bakker—Schnell [2] to deduce Theorem 2. The key step is the following:

Theorem 26. Suppose that B Z P". Then there is a nontrivial real (1,1)-form ¥ on B° with
VS&y = 0 and w not proportional to wsk.
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First, we show that Theorem 2 follows from this (we do not need to assume that X is
projective):

Proof of Theorem 2. Suppose for a contradiction that B # P". Then by Theorem 26 the 2-
forms wsk and ¥ on B° are both VSX-parallel and not proportional, and thus they give us a 2-
dimensional space of global sections of the local system R? f,Rx- over B°. However, as observed
by Voisin [60, Lemma 5.5], a result of Matsushita [41] together with Deligne’s invariant cycles
theorem show that this space of sections is always 1-dimensional, a contradiction. g

Since B Z P", we know that 7 ¢ u* TB° is a nontrivial proper holomorphic subbundle over
°,which by Theorem 22 is preserved by V. As mentioned after Theorem 22, the gsx-orthogonal
complement A < p* TB° of 7 is also a nontrivial proper holomorphic subbundle over %/° which
is preserved by V. Define real subbundles 7, A of u* TR B® over %° by

Te={v+71]| v€7/}c,u*TRB°,

and analogously for AR. The bundle 74 is isomorphic to ¥ via the usual inverse map T™®B— TB
given by u — %’“‘) (and similarly for A®), and on %° we have a splitting

W TRB® = I & M. (55)
Consider now the Stein factorization of p: % — B, given by
u—27%B,

where % — Z has connected fibers and p : Z — Bis finite. Define also Z° := p~!(B°). To complete
the proof of Theorem 26, we will then need the following theorem which is implicit in the work of
Hwang [28], and also appears in the recent work of Bakker-Schnell ([2, Proposition 3.2 and proof
of Theorem 1.1]) relying on ideas of Hwang [27, 28]:

vSK

Theorem 27. Suppose the splitting (55) is preserved by V", then p : Z — B is an isomorphism.

We can now give the proof of Theorem 26:

Proof of Theorem 26. Since B Z P", we have the nontrivial splitting (55). By definition, 7 is
preserved by J, and since 7 is preserved by V (and VJ = 0), it follows that 7 is also preserved
by V.

We claim that 7% is preserved by VK, To see this, recall that Freed shows in [13, (1.29)] that the
special Kdhler connection on T®B is given by

VK=v+A+a4, (56)

where as usual V is the Levi-Civita connection of gsx and A € A*Hom(TB°, TB°) is given by
Afj = V-1g§=ijk, (57)
and the same holds for the pullback connection on %°. Given a local section a of 7 and a local
(1,0) vector field v € T, we wish to show that
SK =

va(a +a) € Wp.

Since we know that V., ;(a + @) € 74, it suffices to check that
(A+A),5(@+@) = Ay(a) + Ay(a) € T,

and so it suffices to see that
Ay(@) eV,
or equivalently that gSK(A,,(a),Z ) =0 for all local sections { of A". But from (57) we see that

gsx(Ay(@),0) = V=-1E(, a,0),
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which vanishes by Theorem 16 (c). This concludes the proof that 74 is preserved by VSX. An
analogous argument shows that .44 is also preserved by V5K, and so the splitting (55) is preserved
by V3K, Applying Theorem 27 we see that p: Z° — B° is an isomorphism, so we may assume that
1 :%° — B° has connected fibers. The vector bundle u* T® B° is trivial when restricted to these
fibers, and its subbundles 7, AR restricted to a fiber are preserved by the pullback connection
V3K (which when restricted to the fiber is a trivial connection), and so 7 and A% are pullbacks of
vector bundles on B° (denoted by the same notation), which are subbundles of T® B° and are still
preserved by V5K,

We then define a (1,1)-form ¥ on B° by projecting wsk onto 7. Since wsk = 0 and 7 is
preserved by V5K it follows that VSKIII =0 (and also Vi = 0 for the same reason), and since 7 is a
nontrivial proper subbundle of T® B°, we see that v is nonzero and not proportional to wsk, and
we are done. O

vSK

8. Comments about the case when B is singular

It is tempting to ask whether our method can be used to prove that B = P" even when B is
singular. As mentioned in the Introduction, this is currently known only for n < 2 [6, 26, 49]. In
general, it is known that B is a normal projective variety, with at worst kit singularities, which
is Fano with Picard number one. The natural generalization of our approach (following [52],
who generalized Mori’s Theorem [45] to the singular setting) would be to consider a functorial
resolution of singularities  : B — B and to show that we must have B = P", which forces B = P"
as well. In this setting, B is a uniruled projective manifold and D = 7~ (D) is a divisor, so many
of our arguments above can be repeated on B° := B\ D, which carries a special Kdhler metric ws.
The fact that 7 is functorial gives us a morphism : 7* TB — T B which is an isomorphism on B°,
where TB = Hom(QAlB, Op) is the reflexive tangent sheaf. Given a rational curve v : P! — B, which
is not contained in D, pulling back y via v we obtain a sheaf injection

o = @ov)*'TB - v*TB,

between these vector bundles on P! (which both split as a direct sum of line bundles which
should have nonnegative degrees). Here we use the standard reflexive pullback notation
(mo)¥ITB := (v*a* TB)**. Using Theorem 14, if B 2 P" then v* TB contains a nontrivial @
factor, hence so does /. To implement our strategy, one would need a rigidity statement like in
Theorem 16 for either one of these trivial summands, and a crucial ingredient of the proof of the
rigidity statement is that sections of the dual of the relevant bundle should have bounded norm
(with respect to the pullback of wsk). The first fundamental issue is that it is not clear to us how
to show that sections of v*QL or of «/* have bounded norm. The key ingredient for this when
B is smooth was the estimate (3), but when B is singular this by itself is not sufficient to prove
boundedness.

What can be shown using results in [16] is rather that sections of the reflexive pullback
(mo v)[*]Qg] have bounded norm, but in general the Grothendieck decomposition of this vec-
tor bundle is different from those of v* Q% and «/*, and it may happen that these have some non-
trivial @ factor but (77 o v)[*! Qg] does not, which invalidates our approach. This undesirable phe-
nomenon can only happen when the generic rational curve (of the type that we are considering)
when projected down to B always passes through some singular point of B. This however seems
unavoidable in general, as finding low-degree rational curves in normal Fano varieties that can be
deformed to avoid the singularities is a very delicate problem in algebraic geometry, see e.g. [31,
34, 61].
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