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Abstract. In this article, we investigate an initial and boundary value problem for a class of compressible non-
Newtonian fluids, provided the initial energy is small and the initial density containing the vacuum state is
allowed. For p > 2, we obtain the existence and uniqueness of the global strong solution for this problem in a
one-dimensional bounded interval.
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1. Introduction and main result

The motion of an isentropic compressible viscous fluid can be expressed by Navier-Stokes
equations in the following form in R3 [1]:

0:p +div(pu) =0,
0¢(pu) + div(pu@u) + Vr =divT,

where p, u = (u, up, u3) and = ap? (a > 0,y > 1) represent the density, velocity and pressure,
respectively. The parameter T is the viscous stress tensor depending on E; ;(Vu):

Epi(vuy = 2, O
H - ax]' axi )
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Considering non-Newtonian fluids, Ladyzhenskaya [2] first presented a new form I’ to investigate
the incompressible model:

;= (o + | E(VW|P %) E; (V)

where the model can be divided into five types when the parameters g, ¢; and p are assigned
different values.

Later, there emerged some literature on compressible non-Newtonian fluids. Mamontov [3]
obtained the global existence of sufficiently regular solutions for compressible non-Newtonian
fluid equations in two and three dimensions, provided the initial density is strictly positive. Ad-
ditionally, taking into account the appearance of the initial vacuum, Choe and Kim [4] studied a
strong solution for isentropic compressible fluids while the initial data satisfied a natural compat-
ibility condition and some other conditions. Yuan and Xu [5] proved the existence and unique-
ness of local strong solutions for one-dimensional non-Newtonian fluids with the initial value
satisfying the compatibility condition. For more details about the local solutions for compress-
ible non-Newtonian fluids, one can refer for instance to papers [6-9].

Recently, in the study of global solutions for compressible non-Newtonian equations, Fang,
Zhu and Guo [10] established the global classical solution to the equation with large initial data
and vacuum while the initial density satisfied some restrictions. Yuan, Si and Feng [11] showed
existence and uniqueness of the global strong solution to the initial boundary value problem of
the equation with small initial energy and vacuum. For more related results on Navier-Stokes
equations and non-Newtonian fluids, the readers are referred to [12-19] and the references
therein.

Inspired by these works, in this paper, we deal with the following compressible non-Newtonian
fluid, which is called a shear thickening fluid, in one-dimensional bounded intervals:

pr+(pwyx=0, (x,1)eQxR",
) ) p-2 (1.1
(o) + (pu)x + 7y = [(uy + o) 2 Uyly,
subject to the initial and boundary conditions
(P,u)|t:0:(P0,u0), X€ [0) 1]) (12)
Ulx=0 = Ulx=1=0, £=0.

Here the unknown functions p = p(x, t) and u = u(x, t); the initial density pg = 0; Q:=(0,1); p > 2
and po > 0 are given constants.
We now demonstrate our main result as follows.

Theorem 1. Assume p > 2 and that the initial value (po, ug) satisfies
po€ H'(Q), upe H}(Q)nH*(Q), 0<po<p, (1.3)

and the compatibility condition

2 2 _ 12
— ((ug, + po) 2 Uox)x +Tx(po) = py' 8, forae xeQ, (1.4)

wlhere g € L?(Q). Then there exists a constant € = £(a,y, p) > 0 such that if the initial energy Ey :=
fo ((1/2)pg u(z) + apg/(y — 1)) dx satisfies Ey < €, then problem (1.1)-(1.2) has a unique global strong
solution (p, u), which satisfies

peC(0, T H'(Q), p:€C(0,TIL*(Q), useL*(0,T; Hy(Q)),

ue C([0,T; WJ"’(Q)) NL>(0, T; HA(Q), /pus € L™(0, T;L*(Q),

(7= +M0)p772 ux)x € C([0, T1; L*()),

for0< T < oco.
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Since the global existence of the solution (Theorem 1) is obtained mainly by the global
estimates of the local solution, the result that contains the local strong solution for problem (1.1)—
(1.2) is given as follows.

Proposition 2 ( [20]). Suppose that p > 2 and the initial value (py, ug) satisfies the following
conditions:

0<poe H'(Q), upe H}(Q)n H*(Q).
If there exists a function g € L*(Q) satisfying

2 p2 _ 12
((ugy + Ho) 2 Uox)x +TTx(p0) =y °8, forae xeQ,

then there exists a time T, € (0,+00) such that problem (1.1)-(1.2) has a unique local strong
solution (p, u), which satisfies

peC(0, T.J; H'(Q), preCUO, T.LEI*(Q), € L*(0, T Hy (Q)),
ue C([0, T.J; Wy P () L0, Tu; HA(Q), /Pty € L0, To; LA(Q),
(W2 + o) " ) € CA10, TuJ; L2().

2. A priori estimates

In this section, we obtain a priori estimates of the smooth solution. Fix the time T > 0, and let
(o, u) be a smooth solution of problem (1.1)-(1.2) on Q x (0, T, where the initial value (pg, up)
satisfies conditions (1.3)—(1.4).

As a matter of convenience, we denote

=t uty, 1olp=1-lm@ 1=y, f'dx:=f9'dx,

where Q:=(0,1), 1< p<ocoand keN.
Next, we state the following important energy estimate.

Lemma 3. Suppose (p,u) is smooth and solves problem (1.1)-(1.2) on Q x (0, T1; then one has

1 Y r -2
sup (—pu2+£)dx+f f(ui+y0)p7uidxdt=Eg. 2.1)
o<t=TJ \2 y-1 0

Proof. Multiplying (1.1) and (1.2) by ayp’"1 and u, respectively, and adding them together, one
can conclude (2.1) after integrating the result equation by parts over Q x (0, T). O

For p > 2, considering the smooth solution of problem (1.1)-(1.2) on Q x (0, T], we have the
following a priori estimates.

Proposition 4. Under the condition described in Theorem 1, there exists a positive constant €
depending only on a, y and p such that if (p, u), which is a smooth solution of problem (1.1)-(1.2)
on Q x (0, T1, satisfies the inequalities

a(T)
sup Iqu||Z+f Iv/pulsde < 2K, 2.2)
0<t<o(T) 0
T 2 1/2
sup am||ux||5+f a™/pul5de <2E,?, 2.3)
0<t<T 0
T Pz
sup amll\/ﬁu||§+f amf(u)zﬁ,uo)T W2dxde<2E)4, (2.4)
0<t<T 0
sup lplleo =2p, (2.5)
0<t<T
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where m and K (not necessarily small) are positive constants, then the solution makes the following
estimates hold true:

a(T)
sup uclfy+ [ 1vpildde<K, 2.6)
0<t=<o(T) 0
T 2 1/2
sup am||ux||5+f a™|/pullsde < Ey'?, 2.7
0=<t<T 0
T -2
sup am||\/ﬁu||§+f amf(u§+p0)p7u§dxdts E6/4, (2.8)
0<t<T 0
70
sup [[plleo = —, (2.9
0<t<T 4

where we suppose that Ey < € and o (t) := min{l, £}.

Proof. To make the proof process rigorous but not lengthy, this proof can be divided into four
steps.

Step 1. Estimate for [ uy/l p.
First, from (1.1);, equation (1.1), can be rewritten in the following form:

p-2
PU+T0 = [(U2 + o) 2 Uiyl (2.10)

Multiplying (2.10) by 0”&z and integrating the result over Q, we can deduce after integrating by
parts and using the boundary value condition u|sq = 0 that

-2
Umfpuzdx+amf(u)zc+uo)pT UgUy dx =1 + I, (2.11)

where I; = 0™ [[(u2 + o) P22, uuydx and I = —0™ [, itdx.
Due to ulsq = 0, integration by parts leads to

L

m 2 p2 _ _m 2 2
o™ [ [(us+po) 2 lxuuxdx=—0" [ (ux+po) 2 (Uuy)xdx

m 2 22 3 m 2 2
-0 (uy+ o) 2 uydx—o (U + Ho) 2 ullyuxydx. (2.12)
Owing to [[(¢2 + uo) P22 uy] | = (12 + o) P22y, |, one obtains

L

m 2 22 3 m 2 2
-0 (us+ o) 2 uydx—o (us+Ho) 2 Ulxlyrdx

IA

p-2
Comlluxlloof(ui+uo) 7 utdx
p=2
+ Co™lutcles [ 6+ o) % izl
p-2
= CUmlluxllwf(u§+uo) 7 uldx
p-2
+CU’"||ux||oof|[(u§+uo) 2 uylxlluldx
m 2 22z o
< Co IIuXIIOO/(uxﬂJo) z yidx. (2.13)
Second, integrating by parts again and using (1.1); as well as u;|3q = 0 give

d
L= T (Umfﬂuxdx) —mam_la/fﬂuxdx+yomf7ruidx. (2.14)
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Computing the left-hand-side terms of (2.11), one has

_ 1 _
am/(u§+po)p72uxuxtdx = Ea’”[(ui+,uo)p72(ui)tdx

1 2 :
= —amff (s+uo)pTZ dsdx
0

2 2
> %Umffoux 7 dsdx
- %%f‘”ﬂpd"- (2.15)
Finally, substituting (2.13)—(2.15) into (2.11) yields
%(?Imﬂlg—gm[ﬂuxdx +Umfp|u|2dx

N m 2 p2 o
=C(p)o ||uxlloof(ux+uo) z yydx
+Co™ | uxlloofndx+C0m|| ux||§ofndx. (2.16)

Step 2. Estimate for ||/pit>.
To start with, multiplying (2.10) by u and differentiating the resulting equation with respect to
X give

(Pt + (xt)x = (G2 + 1) 7 1) xudlx. 2.17)
Then, differentiating (2.10) with respect to ¢ leads to
(0 + () = (2 + 1) 7 1)), 2.18)
which together with (2.17) implies
(Pt + (Uit + Ty + (Urt)x = (1 + o) T w)xulx+ (G2 4 p0)' T wdsly  (2.19)
A direct calculation on the right-hand side of (2.19) gives
(P ¢+ (PUTl) x + Toxp + (UTTx)
= (P =2 + )T 1 (g + i) + 0+ )T (s + it (2.20)
Next, multiplying (2.20) by & and dealing with the left-hand-side terms by (1.1); yield
3(OUP)  + 5 (PULP)  + (70 T+ (UTC) 1) + Y TCU Ui
= (P20l + 1) T Wt + Ut + W2+ 1) T (e + uti)lait. (2:21)

Finally, multiplying (2.21) by ¢"" and integrating it over (2, we can obtain after integrating by parts
and using the Cauchy-Schwarz inequality that

1d X P2 |
Ea(omfplulzdx)+amf(ui+po) p uidx
:—(p—Z)Umf(u§+po)pT4uiuidx+(p—2)amf(u§+po)p774u§uxdx
+Umf(u§+,uo)p7_2u§uxdx—0mfy7tuxuxdx

—2
< (p—l)amf(u)zcﬂ.to)pT uiluxldx+crmf|y7tuxux|dx. (2.22)
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Step 3. Estimate for | 1|l and proofs of (2.6)-(2.8).

First, set
Fi= 2 +0)7 th -0 (2.23)
It follows from (1.1), that
Fy = pu. (2.24)
We can deduce from (2.23) and (2.24) that
IFxll2 < C()Ily/pttll2, (2.25)
luxlloo = CllFlloo + C(P). (2.26)

By the fundamental formula for integration, there exists ¢ € (0, 1) satisfying

¢
F(¢) :f Fydx+ F(0),
0

which combined with (2.24) and the Cauchy-Schwarz inequality yields

F(f)Sj:lpitldx+F(0)SC(ﬁ)II\/ﬁL'tII2+C(ﬁ). (2.27)
The fact, together with (2.26) and (2.27), leads to
luxlloo = C(P)IVPUl2+ C(P). (2.28)
Owing to (2.28), one gets
oM uxlloo < C(E) @™ I/pul3)'?a™"? + C(p). (2.29)

Then, putting (2.29) into (2.16) and integrating the result over [0, f], we can deduce from condi-
tions (2.1)—(2.4) and m = 2 that

o™ t
(7||ux||5—amfnuxdx)(t)+fo o™ /Bl ds
_ m t 2 p=2 2
=C(p)o ||ux||oo+1)f0 [+ 0 i axds

t
+Cf 0" Yo' lugllowds- sup | dx
0

Oss=<t

t
+Cf amlluxlliods- sup | mdx. (2.30)
0

O=ss=<t

Due to
t 1
f o™ o' |uylloods < f o™ Muglloods
0 0
1
< Cp) fo o™ ly/Bill2 ds + C(p)
1 1/2
<[ omivpuias) +ce

< C(PI+EY (2.31)

and

t t t
fo " gl ds < C(p) fo o™ /il ds+C(p) fo o™ lly/pitlls ds +C(p)
< C(P)A+E?+E™, (2.32)
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combining with (2.30) gives

T
o112
sup amllux||5+f o™ ly/pul;dr
0<t<T 0

< C(Ey(1+E)™*") +C(p)Eo(1+ E}/* + By
< Ci(p)Eo < Ep'?,
where Ej < §; := min{l, Cl_z}.
Second, inequality (2.28) implies that
oM luxlZ, = CP)a™Il/pulsds+C(p)o™y/pill,ds+ C(p)
< C(P)A+E)*+ E®). (2.33)

Substituting (2.33) into (2.22), integrating the obtained result over [0, f] and using conditions
(2.3)—(2.4) as well as the Cauchy-Schwarz inequality, one can conclude that

1 t _
E(U'"fplitlzdx +f0 Umf(u§+y0)p72uidxds
t _ t
s(p—l)fo a’”f(ui+p0)”72u§|ux|dxds+fo Umflynuxuxldxds

1 1
t _ 2 t _ 2
f f(u§+,uo)p72u§dxds) (f Umf(u§+uo)p72 u)zcdxds)
0 0

! 2 P2 5 Bt 2 2
+C sup (frrdx) (f f(ux+u0)T uxdxds) ([ amlluxlloods) . (2.34)
0<s<t 0 0

T
=
sup a’"||\/ﬁu||§+f omf(ui+y0) z uidxdt
0<t<T 0

<COEROU+E"+E®+CE) (1 +E)*+E)™
<G (P)E? < E)'4,

2.1
< C sup (0" luyxlls,)?
O<s<t

Hence

where Ey < 0, := min{d, C2’4}.
Finally, to prove (2.6), taking m =0 in (2.16) gives

d (1
ai;mm@—fmu+fpmﬁ

p=2
<Cl ux||oof(u§+yo) 2 utdx+C| ux||§ofndx. (2.35)

Integrating (2.35) over [0,0(T)] and combining with (2.2), (2.28) and p > 2 as well as the Holder
inequality lead to

1 p o 2
—lluxll +f lotllsds
p xlip o o 2
o(T) ) p=2 o(T) )
< C(ﬁ)f IIthlloof(ux+po)T uydxds+ Cf Iqulloofndxds+fﬂ|ux|dx
0 0

_ ol 2 r=2 5 _ p pl2 %
< C(p)f f(ux+po) 2 uxdxds+C(p)( sup ||ux||,[,+u0 )
0 0<s<o(T)

o(T) A 2
XLL n«ﬁunzdﬁ (ﬁ; j}ux+;m)z uxdxdq

o(T)
+C(p) sup ﬂdx-fo (||\/ﬁu||§+1)ds+0(p)fpmx~||ux||p

O<s=o(T)
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< C(P)Ey+C(P)2K + b

)W2KV2EL2 4+ C(5)Ey(2K +1) + C(B) EoKY'P
<GP K+l + DE)?.

Consequently,

a(T)
12
sup ||ux||,’§+f Iypulide <K,
0<t=<o(T) 0

where Ey < 83 := min{8, K2C5 22K + ul'? +1)72).

Step 4. Estimate for || ol co-
To obtain the estimate for | p |-, we recall the following Zlotnik inequality.

Lemma 5 (Zlotnik inequality). Suppose that a function y satisfies
Diy() = f(y)+D:b(t) onl0,T1,y(0) = yo, (2.36)
where f € C(R) and y,be WY1 (0, T). If f (00) = —oo and
|b(£2) — b(#1)] < No + N1 (12 — 1),

forall0 < t) < t, = T with some Ny = 0 and Ny = 0, then the following inequality holds:

y(t) <max{yp, &+ Ny <oco onl0,T].
Here ¢ is a constant, which satisfies

fO=-Ny, forézé

This proof is similar to that of [21, Lemma 1.3]; so the details are omitted.
With the help of (1.1);, one gets

Dip = —puy < pluyl, (2.37)

where D;p = p; + pxu. Using the definition of F gives

-2

2 _r _p2 _p=2
[uxl=(us+ o)™ 2 |[F+m| <o 2 |Fl+ug~ 2 |7l (2.38)

By virtue of (2.37), (2.38) and Lemma 5, one can obtain

_p2 _p=2
2 2

Dip = py ° pri+py * plF]
_p2 _p2 _p2
< -y 2 pm+2u, * pm+p, * plF]
p-2
N

IA

—ap, * p"' +Dib(),

where b(t) = Cfot lpF(, 9llcods+ C(p) fot ||p2||oods and p = p(x(2), 7).

For 0 = 4 < t, < T, to evaluate |b(f;) — b(t;)|, we first calculate fJ loF(:, 8)lleods and
s 10?10 ds, separately.

Using the definition of F, Equations (1.2) and (2.1), one can deduce from the Minkowski
inequality and the Cauchy-Schwarz inequality that

2 N P2 o
f IFll;ds s[ (pozf(ux+,u0)7uxdx+fﬂdx) ds
nh 51

173 2 p-2 2 153
<=C f(ux+p0)7uxdxds+f fﬂdxds
5] 5]
< CEy+CEy(tz - 171) (2.39)
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and

173
f |Fll2ds
5]

7] p-2
Sftl (I3 + o) 2 uxllz + lI7tll2) ds
2 p-2 p-2 %
an ((llux||<2>o+,uo)7 -f(uiwo)Tuidx) ds+CH)EY2(t, — 1)
Iz p-2 % 1] p-2 %
<[ o= as) ([ k07 s axas) + @0

1
2 p-2 2
< ( (sl + po) 2 ds) Ey*+ C(P)E) (1, - tn). (2.40)
n
It follows from the fact W11(Q) — L®(Q) that
loF(, 8)lloo = Cll(pF)xlli + ClloFlly = Clipxl2- IIFll2 + Cllpll2 - | Fxll2 + C(@) I Fll1 (2.41)
and

1%l = Clippxll + Clip?l1 < Clipll2 + C(Dllplh

< C(p) (fp”dx) (fldx) +C(p) (fp"dx) (fldx)
L 1 L
< C(p)E,” +C(P)E] < C(P)E,". (2.42)

At present, we need to take into account the following two cases.

Casel.0O<t1i<thp<o(T).
From (2.1), (2.25) and (2.39)—(2.42), we can infer from the Holder inequality that

%) 2]
|b(t2)—b(m|scf ||pF(-,s)||oods+C(p)f 10% leods
n n

%] 1
<CE) | UFlz2+lpl2-1Fxlz2+Fl1)ds+C(PE, (2 - t1)
n

t t 7] 1
<C@) [ 1FIds+C) [l IvFulads+ C) [ IFIds+ CHIE (12— )
fn 151 n

1
7] -2 2
<C(p) (f (luxl2, +po) = ds) E2+ CPEY?(ta— 1)
n

%] 1
+C(p) sup |Ip||2-f Ilv/pullods+CEy+ CEg(12 — 1) + C(P)E, (t2— 11)
n

Hh=<t=sp
1
< C(PEY? + COBY (12— 1)) + CO) By ®Y KV2 + CEy + CEy (1 - 11) + CO)EY (12— 1)
1
<C(p,K)E,".
In view of Lemma 5, for ¢ € [0,0(T)], N7 and Ny are assigned values as follows:

Ny =0 and Np=Cy(p,K)E ®";

then f(&) = —auy " "?"2¢r*1 <0 for all = & = 0. One deduces from Lemma 5 that
i 35
sup ploo = maxip, &} + Catm, . K)Ey " = L,

1€[0,0(T)]
where Ej < §,4 := min{f3, (C;lﬁ/Z)ZV}.

C. R. Mécanique, 2021, 349, n° 1, 29-41



38 Jianjun Xu and Hongjun Yuan

Case2.0(T)<h<t<T.
Making use of (2.3), (2.25) and (2.39)-(2.42), we can conclude from the Cauchy-Schwarz

inequality and the Young inequality with ¢ that

t 173
|b(t2) = b(t)l < C(B) | [IFlleods+CP) | lIp*loods

n n
%] 1
= C(ﬁ)/ (IFlz +lpllz- IFxl2 + I Fll) ds+ C(P)Ey" (12— 11)
n

2 2] 173 1
<CE) | IFl2ds+C@) | lplz-lvpulads+Cp) | IFI1ds+CPIE, (t2—t)
h n

n

h<t<ty

(% m 2 _—m b2\ 1/2 12 -
= C(p) (0"luxlle -0 + o) 2 ds| Ey'“+C(P)E, “(t2—t1)+C(p) sup lpl2
n

t 1/2 t> 1/2 1
X(f amll\/ﬁullgds) (f cr_mds) +CE0+CE0(I2—t1)+C(‘5)EgY(t2—l‘1)
n 151
< COE (12— )"+ COIEY*(t - 1) + COIEY “ B4 (1 — 1)"?
1
+CEo+CEy(ty — 1) + C(D)E," (12— 1)

1 L 1 1
< C(p) (EOZ +Ey + }1) (- )2+ C(p)(EE + Eg+ EJ' ) (12 — 1) + CEy

1
< C(PES (- 1)"* + C(P)EY" (1 — 1) + CEy

1
< C(p,ME;* + m+CP)E, ) (&2 — 1),

where we have used sup; <,,, 0(1)"" <Cforo(T) <t <1 < T and @ = min{1/2,1/2y + 1/4}.
Then, we assign values to N; and Nj as follows:

Ni=n+Co@E," and No=Cs(pmE".
Noting that
_p2 )
F@=—auy™7 & <Ny = ~[n+Co(p) By "

and setting

- 1
E=(apy? ),

one can obtain after using Lemma 5 that

p—2
2

3p - 3p 70
sup  llplloo = maX{—p,cf} +No = SL Cs(p,ME" < L
telo(T), T 2 2 4
where Ey < 85 := min{8y, (C; ' 6/4)" 29, [(1 - ) C; 112"} and p > (@~ P ~2"%) V0D,
Thus, the proof of Proposition 4 is finished. U

Now, we discuss the higher estimates of the smooth solution (p, ). Hereafter, C denotes
a positive constant, which may depend on T, K, a, y, p and the initial value. One deduces
from (2.6) and (2.7) that

T
sup llu,lf+ f IpalZdr<cC. (2.43)
0

0<t<T

Putting m = 0 into (2.22) shows that

1d . p=2 .
zE(fplulzdx)+f(ui+,uo) 2 uidx

s(p—1)f(u§+p0)p7_2u§|ux|dx+f|y7ruxux|dx
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1 = -2 -2

< z[(ui+u0)p7uidx+cf(u§+p0)p7u§dx+cf(ui+uo)_p7u,zcdx
1 -2 -2

< zf(u)zc+u0)pTuidx+Cf(u§+po)pTuidx+C||ux||§o
1 P2

Szf(ui+ﬂo) 7 05 dx+ Cllxelly - llulZ, + Cllugll, + C

1 -2
< Ef(uiwo)’% i dx+ C(P) 1+ 1y/pal),

which combined with (2.43) and (2.28) gives after using the Gronwall inequality that

T )
sup ||\/ﬁu||§+f f(u§+p0)p7u§dxdtsc, (2.44)
0<t<T 0
sup lluxlleo = C. (2.45)
0<t<T

Applying 9, to (1.1); and taking the inner product on the resulting equation with 2p, over Q,
we can obtain after integrating by parts that

9 0212 < CllpalEltgloo + 1) + Clltgs 2 (2.46)
dr Pxlia Pxll2UlUxlloo xxll2
Equation (1.1), implies
el < (W2 + 1)~ 7 (lpitl +yp" ) + C. (2.47)
Combining with (2.47), (2.44) and (2.45) yields
luxxllz = Cllpxllz +C. (2.48)
Putting (2.48) into (2.46) gives

d
771012 = Clloxlz (ltxlloo + 1.
Using (2.45), (2.43) and the Gronwall inequality, one infers

sup llpxl3<C. (2.49)
0<t<T

This fact together with (2.48) gives

2
sup [luxxll; = C.
0<t<T

One deduces from (1.1);, (2.45), (2.49) and the Holder inequality that

sup [lp¢ll2 = C sup [luxlleo + Cllpxll2 = C.
0<t<T 0=t=T

Next, (1.1),, (2.44) and (2.49) lead to
) p=2 .
(w5 + o) 2 uxllz < Clly/pitllz + Cllpxllz < C.
Using the Poincaré inequality and (2.45), one can infer that
lull g < Clluxllz < Clluglloo = C.

From (2.44), one gets

T
f lugll5de < C.
0

Based on the above discussion, the following result can be derived directly.

Lemma 6. The following inequality holds:

p-2 .
sup (luxxllz +llpellz + 1 (U2 + o) 2 ux)xllz+Il(p,u)HHle0 I, ucl5de < C.

0<t<T
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3. Proof of Theorem 1

Under the condition that a priori estimates are given in the previous section, we are ready to give
the proof of the main result in this paper.

Due to Proposition 2, there exists a positive time T., which satisfies that the initial and
boundary value problem (1.1)-(1.2) has a local unique strong solution (p,#) on Q x (0, T]. It
follows from a priori estimates, Proposition 4 and Lemma 6 that the local strong solution (p, ©)
can be extended to the whole time.

Owing to (1.3), there exists a T; € (0, T,] satisfying that (2.2)-(2.5) hold for T = T;. Let

T = sup{T | (2.2)-(2.5) hold}. 3.1)
Then, for any 0 < 7 < T < T* with T finite, we can conclude from Lemmas 3 and 6 that
pY%ue C([r, T); L*(Q)). 3.2)

Further, we assert that T* = co. Otherwise, we suppose T* < co. According to Proposition 4,
inequalities (2.7)-(2.9) hold for T = T*. We can deduce from (3.2) and Lemma 6 that (p(x, T*),
u(x, T*)) satisfies (1.3), where g(x) := Voul(x, T*) for x € Q. Noting Proposition 2, we find that
there exists T** > T* such that inequalities (2.2)—(2.5) hold true for T = T**. This implies a
contradiction to (3.1). Moreover, forany 0 < T < T* = oo, the uniqueness of solution (p, u), which
is defined on Q x (0, T, can be inferred from Proposition 2 and Lemma 6.
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