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Abstract A novel collision strategy has been implemented for simulation of particulate flows using
a Lagrange multiplier/fictitious domain method. In this Note, we present this new collision
strategy that is based on Newton's principle of transfer of momentum. With this method,
we have simulated motion of two discs under the influence of gravity in aviscousfluid, and
the motion of 1008 discs under the effect of gravity. To cite this article: P. Parthasarathy,
C. R. Mecanique 330 (2002) 77-81. O 2002 Académie des sciences/Editions scientifiques
et médicales Elsevier SAS

fluid mechanics

Sur le traitement des collisions lors de la simulation numérique des
écoulements particulaires

Résumé Dans cette Note on présente une nouvelle méthode pour le trai tment des collisions lors
de la simulation numérique des écoulements particulaires. Cette méthode est basée sur le
principe de Newton sur le transfert d es moments. Ce traitment des collisions a été combiné
avec des méthodes de domaines fictifs avec multiplicateurs de Lagrange &fin de simuler
numérique ment des écoulement de mélanges de particules solides/fluides Newtoniens
vis queux incompressibles. La méthodologie ci-dessus a été vaidée en simulant la
sadimentation de deux disques rigides dans un fluide Newtonien visqueux incompressible,
puis appliquée ala sédimentation de 1008 disques dans un fluide de méme type. Pour citer
cet article: P. Parthasarathy, C. R. Mecanique 330 (2002) 77-81. O 2002 Académie des
sciences/Editions scientifiques et médicales Elsevier SAS

mécanique des fluides

1. Introduction

In [1] and [2] a distributed Lagrange multiplier/fictitious domain method was presented for simulation
of the motion of rigid bodies in a Newtonian fluid. In this Note, we present results using this formulation
for several discs moving due to gravity in a Newtonian fluid with a novel, more physical, collision strategy
implementation. In our work, we use the principle of conservation of momentum to come up with impulses
that originate due to collisions and use these impulses to accurately move the particles in the simulation.
Results for the motion of two particles falling due to gravity in afluid and the motion of 1008 discsfalling
under gravity are shown to highlight the accuracy and robustness of the algorithm have been presented in
this Note.
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2. Combined formulation

Let @ c R? (in our case d = 2; see Fig. 1) be aregion filled with a Newtonian, viscous, incompressible
fluid of density ps and viscosity vs. Let there be N moving bodies {B; } ", in this fluid with density
{p j}N ;- For this system, the flow of the fluid is described by the Na\/ler—StokesequatlonswhHethe motion
of rlgld bodies is described by Newton—Euler’'s equations. To obtain a combined weak formulation for
this problem, we define the following functional spaces Wy, (t) = {v | v € (H1(Q))¢, v =go(t) on T},
L3(Q)={q1q € L?Q), [oqdx=0}, and A;(t) = HX(B;(1)*),Vj=1,...,N.

With these spaces, we define the fictitious domain formulation with distributed L agrange multipliers for
our problem as:

Fort >0, findu(), p(1), {V;j1),G;{®), @), A; (t)} -, such that

ut) € Weo (1),  p(t) € L3(), (Vi) eR?, G;(1) eR?, w;(1) eR3 1) eAj(t)}j.V:l (2.1)

and
au N
,Oj/ <_+UVU)~de+21)f/D(U)ZD(V)d)C—Z<)»/,V—Y/'—0/X(B—j))(>.
Q \ 01 Q P B /
r dav; dw;
/va de+jzl( ,O])|:Mj 4 ~Y+(|jd—t/+0)jx|jwj>~0j] (2.2)
N
Z( >Mg Y;, We (H Q) VY eR?, Vo, c R
j=1
/qV~u(t)dx=0, Vg € L?(Q) (2.3)
JQ
%:v,-, Vj=1....N (2.4)
(. u@) = V@) —wj) x Gj(t)x; >j. =0, Vm;eA;(),V¥j=1....N (2.5
Vi0=V? ;0=e. G;j0=G% Vj=1..N (2.6)
N
- —> -
u(x,0) =up(x), vxeQ\|JB;0 ad ux.,00=VI+w?xG% VWxeB;0 (27)
j=1

In Egs. (2.1)~(2.7), u (= {u;}¢_,) and p are the velocity and pressure of the fluid. V;, ;, Mj, 1, G;
are the translational velocity, rotational velocity, mass, moment of inertia (about G ;) and center of mass
of the jth particle respectively. {X; }N , isafamily of Lagrange multipliers, D(v) = (Vv + VV/)/2 isthe
strain-rate tensor, and g isthe accel eratlon dueto gravity.

{ 2
t\sz g
- Figure 1. Example of atwo-dimenional flow region with two discs.
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3. Collision model

To time-discretize the system we employ the Marchuk—Yanenko splitting (more details on this particul ar
implementation of the M—Y scheme can be found in [1] and [2]). In our implementation, the velocity of
particles and their positional change are computed at different steps and hence, there needs to be a good
model for detecting collisions so that the particles do not overlap each other’ sboundary. We use the principle
of conservation of momentum applied on inelastic collision as shown here.

Consider discs 1 and 2 that are about to collide as in Fig. 1. Let their pre-collisional velocities in the
normal and tangential directions be V,,1, V2, Vi1, Vi2. Let w1 and w2 be the pre-collisional rotational
velocitiesand r1 and r be their radii. The relative velocities are given by

Vin = Va1 — Va2, Vie =Vie— Vio+r1Q1 — 22 (3.1)

At the time of collision, impulses are generated both in the normal and tangential direction and let these
be represented by J, and J; respectively. The impulses are given by,

J}’l = _m(l + en)Vrn and J[ =€y Vr[ (32)
where
_ mim?2 Unl — Un2
m=—-— epp=———
m1 + mp Vil — V2

m1 and m2 are the respective masses of the particles, and e, is the coefficient of restitution that takes into
account inelasticity in collisions. ¢; is given by,

. 1
€ = if [ Jtmax| > sl Jnl, dSGe,:—:—gm (3.3

Pk~

[Vie|”
where Jimax = —2mV,;, and u; and . are the coefficients of static and kinetic frictions respectively. The
“else” partin (3.3) signifies the occurence of zero post-collisional tangential relative velocity. Now the new
velocitiesare given by,

Ju Jr Ji
vp1=Vy1+ —, vi1=Vii+—, w1 =w1+ —
mi m1 I (3.4)
Ju Jr Ji '
vp2=Vy2 — —, v2=Vio——, w2 =w2+ —
mo my I

where I; and I, are the moments of inertia of the two bodies and the lower case symbolsindicate vel ocities
after collision. A 3-dimensional variant of this method can be found in [3]. Extension of this method to
wall-particle collisionsis straightforward.

Thismodel has been implemented in such away that each collision in atime step At istracked and the
collisions proceed from the earliest to the last, taking into account the changes in the system due to each
collision. This is achieved by detecting the first collision, moving all particles to the time instan ¢ of that
particular collision and applying the collision model to the particlesinvolved. This process of detecting the
first collision and applying the collision model isrepeated until al collisionswithin Ar have been detected.

4. Numerical experiments

We simulated the well documented case of two discs, one on top of another separated by asmall distance,
falling under the effect of gravity. It has been seen that the top disc accelerates due to lower drag and the
drafting, kissing and tumbling phenomenon occurs. We have compared our results with the results of [1].
For this simulation, we used a uniform grid of gridlength Az = 1/192 and timestep At = 0.001. Discs
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of density p; = 1.5 and diameter D = 0.25 were dropped in a fluid of density py = 1.0 and viscosity
vy = 0.01 contained in adomain Q = (0, 2) x (0, 6).

The comparison shown in Fig. 2 shows a very different behaviour after the discs collide while the pre-
collisional developmentisvery similar. Since in our collision scheme we take into account friction between
the discsduring collision, angular vel ocity increases rapidly after collision. Dueto the conversion some part
of the energy from tranglational to rotational, we see that tranglational velocity reducesin our simulationin
comparison to [1]. The maximum Reynolds number (based on particle diameter Re= Du /v ) reached was
418.

To test the robustness of our algorithm, we simulated the sedimentation of 1008 discs. With the fluid
properties remaining the same as in the previous experiment, we used the following parameters, p; = 1.5

b

\incm/s
Vincm/s
&

Ly

Figure 2. Velocity versus time plots of
two particles. From left to right:

(2) velocity in the direction
perpendicular to gravity (2) velocity in
the direction of gravity and (3) rotational
velocity (solid lines indicate present
work and dashed lines (- -) indicate
results from [1]).

@ inradfs

Figure 3. Evolution of motion of 1008 particles of specific gravity 1.5 sedimenting in a viscous fluid under the effect
of gravity. From left to right, evolutiontracedat r =0, t = 1.0, t = 2.0, 7 = 3.0 and ¢ = 3.28 time units.
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for al particles, D = 0.09, Ah = 1/128, At =0.001 and 2 = (0, 2) x (0, 7). Fig. 3 shows the progress of
the sedimentation. The algorithm was abl e to handle effectively alarge number of collisions, in the order of
tensof thousandsin one time step. The advantage of our algorithm is that thereis no possibility of two discs
overlapping each other at any point and no checks have to be introduced for this. The collision parameters
used in all our experimentsaree,, = 0.95, uy = 0.2 and uy; = 0.2.
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