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Abstract

Résumeé

The stress equivalence principle for saturated porous mediais studied in the plastic domain
using a homogenization approach. The skeleton is composed of a micro-isotropic and
micro-homogeneous material. The stress localization law in saturated porous mediais first
obtained. This makesit possible to define an appropriate effective stress tensor in the sense
of the stress equivalence principle. The form of the effective stress tensor is examined
for two particular yield functions of skeleton material. To cite this article: D. Lydzba,
J.-F. Shao, C. R. Mecanique 330 (2002) 297-303. 0 2002 Académie des sciences/Editions
scientifiques et médicales Elsevier SAS
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Principe d’équivalence en contrainte pour milieux poreux saturés

Le principe d'équivalence en contrainte pour milieux poreux saturés est éudié dans le
domaine plastique en utilisant une approche d’ homogénéisation. Le squelette est composé
d’un matériau micro-isotrope et micro-homogéne. La loi de locdisation des contraintes
dans le milieu poreux saturé est d'abord déterminée. Celle-ci permet de définir une
contrainte effective appropriée dans le sens du principe d' équivalence en contrainte. La
forme du tenseur des contraintes effectives est étudiée pour deux fonctions de charge
particuliéres du matériau squelette. Pour citer cet article: D. Lydzba, J.-F. Shao, C. R.
Mecanique 330 (2002) 297-303. 0 2002 Académie des sciences/Editions scientifiques et
meédicales Elsevier SAS

milieux granulaires / milieux poreux / contrainte effective / poroplasticité / homogé-
néisation

1. Introduction

The concept of effective stress provides a possibility to extend the constitutive equations and
complementary plastic laws of dry material to saturated porous media by using the strain and stress
equivalence principles [1]. The validity of the strain equivalence principle in the elastic domain has been
confirmed from theoretical point of view ([2,3], among others). The validity of the effective stress concept
in the inelastic range is still an open problem, particularly for cohesive materials like rocks and concrete.
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Recently, based on a strong assumption on the plastic change of porosity, a plastic effective stress has
been proposed for the plastic modeling of porous media [4]. The validity of the assumption used needs,
however, to be checked. More rigorous results, based on a homogenization approach, have also been
obtained [5-7]. Particularly, it hasbeen shownin [5,6], that the failure surface of asaturated porous medium
can be expressed by that for dried material replacing the usual stress by the effective one. The appropriate
form of the effective stress depends on the kind of failure criterion used at micro-level. The authorsin [7]
have found similar results concerning the initial yield surface. These studies were limited to two particular
states of plastic domain. The present paper proposes a generalization of the work in [5,7] to the full plastic
hardening domain. The porous medium is assumed to be composed of a micro-homogeneous and micro-
isotropic skeleton material. A homogenization approach for periodic media[8] is used.

2. Stress localization law

2.1. Dry material

For the porous medium without any liquid in the pores, alocal boundary value problem with a prescribed
distribution of plastic strain inside the unit cell can be written [8]:

Ul:},l' = 0 |n VS
Uisjn,' =0 onT
o (v) = Cijkn [exn(u) — &7),] in Vg 1
ui(y) =Eijyj+ui(y) in Vg

f(a) <0, uf(y) Y-periodic, on; antiperiodic

where ofjl () are components of the solid micro-stress tensor, u; (y) — the displacement field, 7 (y) —the
fluctuating part of the displacement field, E;; — the solid macro-strain tensor (treated as given), e;; (1) —
the solid micro-strain tensor and sf’» (y) —the plastic micro-strain tensor (considered as given), C;jx — the
elastic stiffnesstensor of the skeleton material. Thefunction f (ol.sj) < Orepresentstheplastic yield criterion
(at microscopic level). V; isthe volume of the solid material within the unit cell, I" — the phase separation
surface.

Introducing a plastic macro-strain tensor Ei’;. and a self-equilibrated residual stress field o{fs(y) (the
stress field under a null macro-stress), the above local problem can be transformed to:

ol (v) = o/7°(») = [Cijkn + Cijimeim (")) (Exn — Ef,) 2
and, finally, to the stress localization law [8]:
ol (1) =0 = Lijkn N Zy, Lijen (¥) = [Cijpg + Cijimein (677)] 5225?;, )

Thetensor X}, (= ﬁ Jv, o5 dy) isthe solid macro-stresstensor, SQ‘;’,‘(}, istheoverall elastic compliance

tensor, L;jx,(y) are components of the stress localization operator and Eikh(y) are components of the
fluctuating part of the displacement field at {e{’j(y) =0, E;j =8i8;n}, &; is the Kronecker symbol and
[Vl denotes a measure of the unit cell volume.

The plastic macro-strain tensor Ei’;. and residual stress field o{fs(y) are linear functionals of the plastic

micro-strain field 55. (y) and are determined by the following formulae [8]:
El = L / Linij (¥)ep, (v) dy (4)
VI Jv,
o) =~ /V | Rijin (v, e, (v') dy’ ©)
where R;jx; (y, y") depends only on the geometry of microstructure within the unit cell.
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2.2. Fully saturated material

For the porous material saturated with a liquid pressure p and with a prescribed distribution of plastic
strain g; (y) alocal boundary value problem can be written:

”, =0 in Vs
Ul]n, = p6,~jn,~ onl’
a5 (v) = Cijin [exn (@) — &), inV; (6)
it;(y) = Ejjy; +iif () in Vv,

f(af) <0, af(y) Y-periodic, o;n; antiperiodic
Asfor the dry material, the abovelocal problem can be transformed to:
ol (v) = &.7°(y) = [Cijin + Cijimeim ()] [Exn — E,] + Cijrnern () p (7)
where: E” and ores(y) are again the linear funtionals (4) and (5) of the plastic micro-strain field &; (y)
n;i(y) are componentsof the fluctuating part of the displacement field at {e,j (y) =0, El] =0,p=1} [2]
The assumption of the micro-homogeneity and micro-isotropy of the skeleton material implies[7]:

L E )8
ni(y) = 37& (8

and therefore, Eg. (7) can be rewritten as:

PSkn

3K, €)

ol (V) = 6Py + pdij = [C,jkh+CUzmezm(E )] Ewmn—El, + 0

where K is abulk modulus of the skeleton material.
The above equation, after the volume averaging, results in the stress localization law for the saturated
material;

o (y) = 5750 + pdij = Lijen () Z(, (10)

where £¢ (= ﬁ Iy, (0};(») + péij) dy) is the so-called Terzaghi's effective stress tensor.

3. Form of the effective stress

Following [8], the closure of the elastic domain in the macro-stress space, at prescribed distribution of
residual stressfield, can be expressed as:
e dry material

Eo({0/7°}) = {={; | f(Lijin O E}, +0[(y) <0Vy e Vi} (11)

e saturated material

Es(p. {6/7°}) = {= | f (Lijin O () — pdij +6/7°(»)) <OVy e Vs } (12
The set Es(p; {6{?}) denotes, at prescribed residua stress field and value of p, the closure of the elastic
domain in the Terzaghi’s effective stress space.

Itis clear from the above definitions that determination of the elastic domain, for both cases, requiresthe
knowledge of the whole field of the residual stress {o{fs(y)} —for the dry material and {&irfs(y)s} —for the
saturated material. In practice, however, some approximate models as work — or strain-hardening laws are
used. For instance, assuming the strain-hardening rule to be valid for the dry material, the closure of the
elastic domain is then approximated as:

o (Ef) = {3 | Fo(Sij: x(E})) <0} 13)

where Fp (X7 x( E” )) represents the macroscopic loading function for the dry material.

lj;
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In the following, the concept of effective stress is examined by considering two classic plastic yield
criteriafor the skeleton material.

3.1. The Von-Mises criterion

This criterion is pressure insensitive. Therefore, defining for the saturated material an equivalent stress
as.

o (v) =0 (y) + pdij 14
one gets the following identities:
- _ . - _ )
05 () = Cijun (€4, ) — &f),)  With eff i) = exn(@) + & "
s
P ey MO _afe) =
f("ij) =f<"ij ). s eq
Clerén doy
The property (15b) together with the definition of the elastic domain (12) imply:
Es(p. {6irfs )= {257 | f(L ijkh ) Sk +5res(y)) <O0VyeVs} (16)
Theidentities (15) enable also to transform the local problem (Egs. (6)) to the equivalent one:
eq .
o; j ;=0 in Vs
O’ ;=0 onT’
iejq = Cljkh [ez(;{, W) — é/fh] in Vs (17)
- N e Ddij .
i (y) = E;jyj +uf(y) wuthE"_E,,+3K” in V,
f(oif') <0, uf(y) Y-periodic, o;n; antiperiodic

ij
Furthermore, for the plastic deformation of the skeleton matenal governed by an associative plastic flow
rule, the properties (15b) lead to:

. (8f/80kq)cklmnemn ) af
Er(y) =

or f(G,'i'q (Y)> =0n f(U,'j'q (Y)) =0 (18)

otherwise

The system of Eqs. (17), (18) represents the local elasto-plastic problem for the saturated material
expressed by the equivalent fields introduced. It is clear that the corresponding local problem for the dry
material is of the same form, except it contains the solid’s strain and stress fields instead of the equivalent
ones.

Let usnow consider the saturated porous materid, initially free of the plastic micro-strainfield, subjected
toahistory {E;; (1), p(¢)}. Let the pair:

{Eij@0), p()} = {eij(a(y, 1)), & (v, 0)} (19)

to characterize a solution of the local elasto-plastic problem for the saturated material, i.e., the loading

history and corresponding micro-strain fields induced in the unit cell. According to the system obtained
(Egs. (17), (18)), the above pair is equivalent to:

{E O} = {e] (a(y,0), &y, 0} (20)

(3f/3<7kq)Ckzmn(3f/30;fﬂz) da;f!

or:
{Eij)=E] O} {eij(uy,0) =¢] (a(y, 1), el (v,0) =8y, 1) } (21)

The latter relation is a solution of the local problem for the dry material. It indicates that the solution
for the saturated material can be recovered from the solution of the local problem for the dry materia by

300



Pour citer cet article : D. Lydzba, J.-F. Shao, C. R. Mecanique 330 (2002) 297-303

imposing the history {E;; (1)} = {Ej () + (p(1)/(3K;))d;;}. For these corresponding local problems, as a
consequence of the functional relations (4), (5) and the constitutive equations, one gets also:
o) =0y (. 10: 0[P (v ) =GP(v,1) VyeVs 5 PO o
{ Fho=Fo: -0 M A T

where the variables on the left side of Egs. (22) correspond to the dry material whereas on the right side to
the saturated material.

Now, comparing the definitions of the elastic domains (11) and (16), it follows immediately from (22)
that:

Es(p. {3{°}) =Ep({a/°}) (23)

which clearly indicates that the Terzaghi’s effective stress fulfills the stress equivalence principle for the
material considered. It is obvious that this statement can be extended also for porous materials composed
of a uniform material obeying any arbitrary pressure insensitive yield criterion with an associated or a
non-associative plastic flow rule. For the case of non-associative plasticity, the plastic potential has to be,
however, of the form:

g(oij) =ali+g(Jz2, J3) (24)

where I isthefirst invariant of stresstensor, J3 isthethird invariant of deviatoric stresstensor, g(J2, J3) is
an arbitrary function of J> and J3, ‘a’ isaparameter (could bea = 0). Such the form of the plastic potential
allows to express the rate of the plastic micro-strain using the equivalent fields introduced above and the
formulais of the same form as for the dry material. Therefore, the relations (22) aswell as the identity (23)
are still hold true.
Let usreturn to approximate models. If, for example, a description for the dry material uses, in aplastic
range, the loading function (13) and a plastic flow rule as:
pr 5 00
H Ix;;

therefore, it follows from (22) that the model can be also successfully adopted for a description of the
saturated material, using the Terzaghi’s effective stress, i.e.:

(25)

Es(p. Ef) ={={ | Fo(={"; x (E}})) <0} (26)
- G (=T
fj - 3(2;?) 1)

The aboverelations clearly indicate that the Terzaghi’s effective stress fulfills, in the plastic range, the stress
aswell asthe strain equivalence principle for saturated media.

3.2. The Coulomb-Mohr criterion

The criterion is a pressure-sensitive. In contrast to the former case, we do not attempt to validate or not
the concept of effective stressfor any arbitrary history {Ej (1), p(t)}. The effective stress concept has been,
however, confirmed for a particular history corresponding to a so-called drained condition, i.e., the history
{Ej (1), p(r) =const.}. In the following, this case is only considered. The equivalent stress has now the
following form:

eq Gi; + pSij
% T 15 ptge/e (28)
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which fulfills the identity:

rlop) = (1+ 72 ) (o) @)

where: ¢ represents a friction angle (¢ > 0), ¢ is the internal cohesion of the skeleton material (¢ > 0 is
assumed). This equivalent stress was proposed in [5] for the study of failure criterion of saturated porous
media.

Since p > 0, Eq. (29) implies:

) af(a.S.) 8f(aeq)
K eq 12
f(aij) <0 if f(oij ) <0; dom 3Gkh

Therelations (30) enableto transform the local problem (Egs. (6)) to the equivalent one described by the
system (17). Egs. (17c¢) and (17d) involve now, however, the new equivalent variables, i.e.:

(30)

b i 8kn/ (3K
ijq ) = Cijn (ezz(ﬁ) _ #) with eZZ(ﬁ) _ exn () + pdin/(3Ks)
1+ ptge/c _ 14+ ptge/c (31)
- " . Eii + pdii/(3K5)
Gi(y) = E{fy; +uf(y) with ES/ = W

Furthermore, for a given pore pressure (p(t) = const.) and the associated plastic flow rule, a rate of the
plastic micro-strain can be presented as:

4 ) (af/aakq)cklmnemn ) 8f f eq _ 20 _eq .
ij i - or f(o;7(») =0A f(o;(y)) =0 o
T4 ptgere ~ | O Cum @ ooy boif Y f (32)

Again, as for the Von Mises criterion, the local elasto-plastic problem for the saturated material,
expressed by the equivalent fields, is of the same form as for the dry material. Therefore, if the pair:

{Eij(0), p(t) = const.} = {ej (a(y,0), &/ (v, 0} (33)
characterize a solution of the local elasto-plastic problem for the saturated medium then one gets for the
dry medium:

- l(y.1)
{Eij) = Eie;l(l)} — {eij (u(y.0) = equ (i(y,0), € l](y, 1) = W} (34)
For these corresponding local problems, the relation (34) implies:
eq res 5ir/$(y 1)
O’li(y’t)z(fl/ (y’t)’ Uij (yvt)=1+ t /C’ Vyevs
EP(I) Py (35)
ElPty=—"" - w5.1)=x%
i () 1+ pige/c. ij (1) ij ()

where the variables on the |eft side correspond to the dry material whereas on the right side to the saturated
material.

The volume average of the equivalent micro-stress tensor (28) gives the macroscopic equivalent stress
tensor :

pop ES'T 1 / “(y)d (36)
P T ptge/e VI T
Accordingly, the closure of the elastic domain for the saturated material can be expressed as:
o/ 2(y)
E“ (p,{5/=))< oif Lij T4 —L ) <0, VyeV 37
(p. {53 ){ i f( 3 ) B+ ye (37)
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which together with the definition of the elastic domain (11) and the relations (35) result in:

51
e (. {o1) = Eo({ e }) -

The above result clearly indicates, that the equivalent macro-stress defined by (36) fulfills the stress
equivalence principle, at the drained condition. It is clear that this statement is also valid for a non-
associative plastic flow rule described by the potential (24) with afunction g(J2, J3) being a homogeneous
function of deviatoric stress of the degree one.

According the approximate model described by (13) and (25), it follows from (35) that the model can
be also successfully adopted, using the equivalent macro-stresstensor introduced, for the saturated material
subjected to the drained condition, i.e.:

— EP
=0 B3 = {5 | P (i (g )) <) ®
~p
E;; AG (=]
i _ 06 (40)
1+ ptge/c 9%

4. Conclusion

Thevalidity of the effective stress concept has been investigated for saturated porous media composed of
micro-homogeneous and micro-isotropic skeleton material. Two kinds of materials have been considered,
respectively obeying a pressure independent (Von-Mises for instance) or a pressure dependent (Coulomb—
Mohr) yield criterion at the local level. For the first type of material, it has been proved that the Terzaghi's
effective stress fulfills, in the plastic range, the stress as well as the strain equivalence principles. For the
second type of material, the effective stress tensor proposed in [5] for failure condition is generalized to
plastic hardening range. Its validity has been proved for the drained condition.
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