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Abstract In this work we consider a planar stationary flow of an incompressible viscous fluid in a
semi-infinite strip governed by the standard Stokes system. We show how this fluid can
be stopped at a finite distance from the entrance of the semi-infinite strip by means of
a feedback source depending in a sublinear way on the velocity field. This localization
effect is proved by reducing the problem to a non-linear biharmonic type one for which the
localization of solutions is obtained through the application of an energy method, in the
spirit of the monograph by S.N. Antontsev, J.I. Díaz and S.I. Shmarev (Energy Methods
for Free Boundary Problems: Applications to Non-Linear PDEs and Fluid Mechanics,
Birkäuser, Boston, 2002). Since the presence of the non-linear terms defined by the source
is not standard in fluid mechanics literature, we give also some results about the existence
and uniqueness of weak solutions for this problem. To cite this article: S.N. Antontsev et
al., C. R. Mecanique 330 (2002) 797–802.
 2002 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS
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Sur le confinement d’un fluide visqueux par le biais d’un champ
extérieur avec mémoire

Résumé Dans ce travail nous considérons un écoulement plan stationaire incompressible d’un fluide
visqueux situé dans un milieu semi-infini régi par le système de Stokes standard. Nous
montrons comment ce fluide peut être arrêté à une distance finie de l’entrée du milieu,
utilisant une source avec mémoire dépendant d’une manière sous-linéaire du champ de
vitesses. Cet effet de localisation est atteint en réduisant le problème à un problème non
linéaire du type biharmonique, où la localisation des solutions est obtenue par l’application
d’une méthode d’énergie dans l’esprit de la monographie de S.N. Antontsev, J.I. Díaz and
S.I. Shmarev (Energy Methods for Free Boundary Problems: Applications to Non-Linear
PDEs and Fluid Mechanics, Birkäuser, Boston, 2002). En outre, du fait que la présence de
terms non linéaires definis par la source est non fréquente dans la littérature de la mécanique
des fluides, nous donnons aussi des résultats sur l’existence et l’unicité des solutions faibles
de ce problème. Pour citer cet article : S.N. Antontsev et al., C. R. Mecanique 330 (2002)
797–802.
 2002 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS
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1. Introduction

The main problem we consider in this paper deals with the study of the planar stationary flow of an
incompressible viscous fluid in a semi-infinite strip � = (0,+∞) × (0,L), L > 0, of velocity u(x) =
(u(x), v(x)), x = (x, y) ∈ �, satisfying the following Stokes system

−ν�u = f − ∇p in � (1)

divu = 0 in � (2)

u(0, y)= u∗(y), y ∈ (0,L) (3)

u(x,0)= u(x,L) = 0, x ∈ (0,+∞) (4)∣∣u(x, y)∣∣ → 0, as x → +∞ and y ∈ (0,L) (5)

where p = p(x, y) stands here for the hydrostatic pressure divided by the constant density of the fluid and ν

is the kinematics viscosity coefficient. We assume that the non-zero velocity at the strip entrance satisfies

u∗ ∈ H1/2(0,L) (6)

u∗ = (u∗, v∗), and the compatibility conditions∫ L

0
u∗(s)ds = 0 (7)

and

u∗(0)= u∗(L) = 0 (8)

in the sense of pseudo-traces. In what follows we shall denote problem (1)–(8) as P(�,u∗, f). We
also assume that the external body force is given in a feedback form, f : � × R

2 → R
2, f(x,u) =

(f1(x,u), f2(x,u)), such that, for every u ∈ R
2, u = (u, v), and for almost all x ∈ �,

−f(x,u) · u � δχf(x) |u|1+σ − g(x) (9)

for some δ > 0, 0 < σ < 1 and

g ∈ L1(�xg
)
, g � 0, g(x) = 0 a.e. in �xg (10)

for some xf , xg with 0 � xg < xf � +∞ and xf large enough. Here �xg = (0, xg) × (0,L), �xg =
(xg,+∞)× (0,L) and χf denotes the characteristic function of the interval (0, xf).

We address the resemblance about our formulation and the important question of the confinement of a
plasma typical of the magnetohydrodynamics (MHD) to the detailed version of this Note [2].

2. Existence and uniqueness result

Since the presence of the non-linear terms defined by f(x,u) is not standard in fluid mechanics literature,
we collect in this section some results about the existence and uniqueness of weak solutions for problem
P(�,u∗, f).
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We shall search solutions such that
∫
�

|∇u|2 dx < +∞. Moreover, due to the fact that the Poincaré
inequality holds, our searched solution will be an element of the Sobolev space H1(�) simplifying, in this
way, the functional framework needed for other unbounded domains.

In order to define the notion of weak solution, we introduce the functional spaces

H̃(�) =
{

u ∈ H1(�) : divu = 0, u(0, ·) = u∗(·), u(x,0) = u(x,L) = 0, x ∈ (0,+∞), lim
x→+∞|u| = 0

}
and

H̃0(�)=
{

u ∈ H1(�) : div u = 0, u(0, ·)= 0, u(x,0)= u(x,L) = 0, x ∈ (0,+∞), lim
x→+∞|u| = 0

}
In this section we shall assume that f : �× R

2 → R
2, with f(x,u) = (f1(x,u), f2(x,u)), u = (u, v),

f(x,u)= −δχf(x)
(|u|σ−1u(x),0

) − h(x,u) (11)

for some δ > 0, 0 � xf � +∞ and 0 < σ < 1. Here h(x,u) is a Carathéodory function such that

h(x,u) · u � −g(x) for every u ∈ R
2 and a.e. x ∈ � (12)

for some

g ∈ L1(�xg
)
, g � 0, g(x) = 0 a.e. in �xg (13)

with 0 � xg < xf , and

HM ∈ L1(�xf
)

for all M > 0 (14)

where HM(x) = sup|u|�M |h(x,u)|.
Notice that no upper restriction on the growth of |f(x,u)| with respect to u is imposed. Due to that,

sometimes this type of non-linear terms are called strongly non linear.

DEFINITION 2.1. – We say that a vector function u is a weak solution of problem P(�,u∗, f) if:
(i) u ∈ H̃(�);

(ii) f(x,u) ∈ L1
loc(�);

(iii) ν
∫
� ∇u : ∇ϕ dx = ∫

� f · ϕ dx, for all ϕ ∈ H̃0(�)∩ L∞(�) with compact support.

THEOREM 2.2. – Under the above assumptions (11)–(14) on f(x,u), there exists, at least, one weak
solution of problem P(�,u∗, f). Moreover, f(x,u) · u lies in L1(�) and u satisfies to the energy estimate∫

�

(|∇u|2 + χf |u|1+σ + ∣∣h(x,u) · u
∣∣)dx

� C(L, δ, ν, σ )
(‖u∗‖2

H1/2(0,L)
+ ‖g‖L1(�xg ) + 1

)
Problem P(�,u∗, f) has only one solution, if, in addition, the inequality(

f(x,u1)− f(x,u2)
) · (u1 − u2) � 0

holds for every u1,u2 ∈ R
2 and almost every x ∈ �.

The existence of a weak solution is proved by invoking some known results for the Stokes problem in
domains with an unbounded boundary (see, e.g., Galdi [3], Chapter VI) and using the Shauder fixed point
theorem in the spirit of Bernis [4], Theorem 6.1, with a truncation on the vector field u conform Vrabie [5],
Definition 3.4.3, and using also some arguments from measure theory which can be found in Brezis and
Browder [6].
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To prove the uniqueness of solutions we use a vector version of a result due to Brezis and Browder [7]
assuring that if T ∈ L1(�) ∩ H−1(�) and u ∈ H 1(�) are such that T (x)u(x) � 0 a.e. in �, then
T u ∈ L1(�) and

〈T ,u〉H−1(�)×H 1(�) =
∫
�

T (x)u(x)dx

See [2] for a complete proof.

Remark 1. – The above existence theorem admits many different variations: σ � 1, case of σ = 0; more
general unbounded sets �; etc. Our presentation is strictly motivated by the results on the localization effect
in the simplest case of � given by the constant semi-infinite strip.

3. Localization effect

In the previous section, the existence of a weak solution having a finite global energy

E :=
∫
�

(|∇u|2 + χf |u|1+σ
)

dx

has been established.

THEOREM 3.1. – Assume f satisfies (9) and (10). Then:
(i) if xf = +∞ (xf is given in (10)) and u is any weak solution of P(�,u∗, f) with finite energy E, then

u(x, y)= 0 for x > a′, where

a′ = 7 + σ

1 − σ

(
C

ν2

min2(ν, δ)

)2/(3+σ)(
L

π

)(1+σ)/(3+σ)

E(1−σ)/(2(3+σ)) (15)

with C a positive constant depending on σ ;
(ii) if xf < +∞ and xf > a′ (a′ given by (15)), then there exists at least one weak solution u of P(�,u∗, f)

with a finite energy E, such that u(x, y)= 0 for x > a′;
(iii) if, in addition to the conditions of (ii), we assume f non-increasing, then the conclusion of (ii) holds

for the unique solution of P(�,u∗, f).

In order to prove this theorem, we introduce the associated stream function, say ψ , with the weak solu-
tion u, i.e.,

u = ψy and v = −ψx in �. (16)

By classical methods, we can reduce the study of problem P(�,u∗, f), to the consideration of the higher
order problem

Pψ



ν�2ψ + ∂f1

∂y
(x,ψy,−ψx)− ∂f2

∂x
(x,ψy,−ψx) = 0 in �

ψ(x,0) = ψ(x,L) = 0 for x ∈ (0,+∞)

∂ψ

∂n
(x,0)= ∂ψ

∂n
(x,L) = 0 for x ∈ (0,+∞)

ψ(0, y) = ∫ y

0 u∗(s)ds,
∂ψ

∂n
(0, y)= v∗(y) for y ∈ (0,L)

ψ(x, y),
∣∣∇ψ(x, y)

∣∣ → 0 as x → +∞ and for y ∈ (0,L)

where the pressure term does not appear anymore.
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DEFINITION 3.2. – A function ψ is called a weak solution of problem Pψ if:
(i) ψ ∈ H2(�), f(x,ψy,−ψx) ∈ L1

loc(�);
(ii) ψ(0, y) = ∫ y

0 u∗(s)ds, ∂ψ
∂n

(0, y)= v∗(y) for y ∈ (0,L), ψ(x,0) = ψ(x,L) = ∂ψ
∂n

(x,0) = ∂ψ
∂n

(x,L) =
0 for x ∈ (0,+∞) and ψ(0,0) = ψ(0,L) = 0;

(iii) ψ, |∇ψ| → 0, when x → +∞;
(iv) ν

∫
�
�ψ�φ dx − ∫

�
(f1(x,ψy,−ψx)φy − f2(x,ψy,−ψx)φx)dx = 0, for all φ ∈ H2

0(�)W 1,∞(�)

with compact support.

If u is a weak solution of problem P(�,u∗, f) in the sense of Definition 2.1, then ψ , given by (16), is a
weak solution of problem Pψ in the sense of Definition 3.2.

To establish the localization effect, we will apply the so-called energy methods for free boundary
problems (see Antontsev et al. [1]) introduced by Antontsev [8], improved by Díaz and Véron [9,10] and
extended by several authors amongst whom Bernis [11].

We shall use here the technique of integrating over a family of variable half-planes, which requires zero
boundary conditions. We observe that the only non-zero boundary condition in problem P(�,u∗, f), or
problem Pψ , is on the boundary x = 0. Thus, following Bernis [11], we are lead to introduce a weighted
function which will cancel the terms on this boundary. For m � 2, let ψ(x)(x − a)m+ = ψ(x)(x − a)m if
x > a and ψ(x)(x − a)m+ = 0 otherwise, where a � 0 is a variable parameter and ψ is a weak solution
of Pψ . We remark that this function is not, in general, an admissible test function, because � is unbounded.
But, we can overcome this difficulty following Bernis [12], Appendix II, and we take that function as a test
function in Definition 3.2. Then, proceeding as in [2], Lemmas 3.2 and 3.6, we obtain

E4(a)� C
ν2

min2(ν, δ)

(
L

π

)(1+σ)/2(
E2(a)

)(5−σ)/4
(17)

and

E2(a)� 1

2
E0(a)+C

ν2

min2(ν, δ)

[
2 +

(
L

π

)2](
L

π

)2(1+σ)/(3+σ)(
E0(a)

)4/(3+σ) (18)

where C means two different positive constants depending on σ and xg is given in (10). Notice that in the
inequalities (17) and (18) it arise the energy type terms which depend on a

Em(a) =
∫
�

(∣∣D2ψ
∣∣2 + |ψy |1+σ

)
(x − a)m+ dx

Finally, since σ ∈ (0,1), using a result of Bernis [12], Appendix III, we get the desired result.
Assume now that xf < +∞. Then we construct a weak solution in the following way u(x) = ũ(x) if

x � a′ and u(x) = 0 otherwise, with ũ(x) weak solution of P(�,u∗, f) with xf = +∞. By the proof of
the above case and the assumption a′ < xf , we get that u(x) is a weak solution of the original problem
P(�,u∗, f).

See [2] for a complete proof.

Remark 2. – Obviously, we obtain an analogous localization effect if we replace the role of variables x

and y for the study of unbounded sets of the form � = (0,L)× (0,+∞).

Remark 3. – We obtain the same localization effect if we consider the non-constant semi-infinite strip � =
(0,+∞) × (L1(x),L2(x)), with L1,L2 ∈ C2(0,+∞), 0 < k1 � |L2(x) − L1(x)| � k2 < +∞, |L′

1(x)|,|L′
2(x)| � k3 < +∞, and |L′′

1(x)|, |L′′
2(x)| � k4 < +∞ for all x � 0.

Remark 4. – In the case of σ = 1, the above arguments lead to the inequality

Em(a) � CEm−2(a) for a � xg
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and then an exponential decay is derived (this type of decay is optimal).

Remark 5. – The localization effect can be extended to the limit case σ = 0 following the approach
presented in Díaz [13].

Remark 6. – The main result of this section applies to the family of stationary problems obtained by implicit
discretization of the associated parabolic problem, i.e. to the family of problems{ un − un−1

τ
− ν�un = f(x,un)− ∇pn in �

div un = 0 in �
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