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Abstract

Particle—boundary and particle—particle interactions in Electrophoresis are examined by considering a 2-particle cluster near
a plane boundary. The advocated treatment holds for two insulating particles of arbitrary shapes and zeta potential functions
and resorts to 13 boundary-integral equations. Preliminary results reveal that, depending upon the addressed velocity nature
(translational or angular), wall-particle may be stronger or weaker than particle—particle interabbiaii this article:
A. Sdllier, C. R. Mecanique 331 (2003).
0O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.
Résumé

Electrophor ése de deux particules en présence d’une paroi plane. On examine I'électrophorése d'une particule isolante,
sous l'action d’'un champ électrique unifornte,,, en présence d'une seconde particule isolante et d'une paroi plane
parfaitement conductrice et normal&g, ou isolante et paralléleB.,. La méthode préconisée utilise 13 équations intégrales
de frontiére et on montre que, selon la nature (translation ou rotation) de la vitesse examinée, les intéractions paroi—particule
peuvent étre plus fortes ou moindres que les intéractions particule—parfiouteciter cet article: A. Sellier, C. R. Mecanique
331 (2003).
0O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.
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Version francaise abr égée

On place au dessus du plan d’équationyz = 0 en coordonnées cartésienngs= OM - g;, deux particules
solidesP, (n =1,2) dans un électrolyte de viscosité et permittivités uniformes (voir la Fig. 1). La surface
isolanteS, de P, admet le zéta potentig), et sous le champ électriql&, uniforme P, acquiert une vitesse
de translatiolJ™ (celle d’un pointO, de P,) et de rotation2™, fonctions desE/u, 0102, h, = OOp, - €3,
¢, et du planX : isolant, de zéta potentiel uniforngg et paralléle &, (Cas 1) ou parfaitement conducteur et
normal aE, (Cas 2). Les cas d'une sphére sans [2-5] ou avec [9¥1€ de deux sphéres [6—8] saBsont été
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résolus (aveg; et¢r uniformes sauf dans [12]). Cette Note envisage deux particules de formes et de zéta potentiels
arbitraires en présence d&

Dans le domaine fluid&2 le champ électrique e = E.c — V¢. Le potentiely et I'écoulement(u, p), de
tenseur des contraintes vérifient [10] le probléme (2)—(5) o est la normale sortante sW= S1 U S, et
r = OM. LaparticuleP, d'inertie négligeable migre librement ce qui conduit[1] & (6). Le théoréme de réciprocité
[13] étendu aux 12 écoulements de Stoke'd"’, p(L”)”), assujettis pouf. € {T, R} & (7) ol est le symbol de

Kronecker et induisant su$ les efforts surfaciqueéL”)”', permet de réécrire (2)—(6) sous la forme de (8), (9)
(n) _

avecs’ = ¢, — w SUrS, (Cas 1) ow’ = ¢, surS, (Cas 2) etV;” = U™ - g;, Q;") =02 .¢,. Le systtme
(8), de matrice symétrique et définie négative [13], admet une solution udiitte2®, U@ 2@) obtenue en
calculantVg et f(L")’i surS par résolution numérique de 13 équations intégrales de Fredholm de seconde ((10))
ou de premiére ((11); voir [15]) espéceMi (x1, x2, —x3) est le symétrique d&f (x1, x2, x3) par rapport a. En
effet, 'approximation de via (10) et donc de ses dérivées tangentielles conduit, gr¥ee-an = E, - n, a celle
de V¢ surS. La discrétisation (isoparamétrique avec un maillagg doeuds de triangles curvilignes stif16])
de (10), (11) débouche sur des systémes linéaires traités par factorisétion

Pour Eoc = Ee1 # 0 (Cas 1) et deux sphéres de rayende centresO,, et de zéta potentiels uniformes
¢, astreints a (14), tracons les mobilités non nubhé@(d, A) et wf”)(d, A), introduites par (15), oul et A
sont des parameétres de séparation sphére—sphéresphére. Notons que po@, seule (voir (1))u§") (0,0) =
8i18n1, wf") (0, 0) =0 a savoir quetf”) (d,\) — ;18,1 et wf") (d, ») représentent I'influence des seules intéractions
paroi—sphéréX'S) si d = 0 et combinées paroi—sphére et sphére—spi®fe— SS) sid > 0 sur la migration de
P, seule. Les cas d'une sphére aBdd = 0, [11]) et de deux sphéres sa@s(1 = 0, [7]) montrent (voir le
Tableau 1) que le choi¥; = N, = 866 assure une précision de l'ordre d& 30~ pour Maxd, ») < 0,9. La
Fig. 2 procure sous ce choix, en fonctiondet pourd = 0; 0,3; 0,6; 0,8 et Q9, les seules fonctions non nulles
u, w?, w0, 1) etwiPd, 1) = 100wsP (0, 1) — wi (d, 1)] sid > 0. Les intéractions combinédss — $S
sont ainsi plus importantes pouui“) etw(zz) (voir Figs. 2 (a), (b), (d)) mais moindres pouugl) (voir Fig. 2(c)) que
les intéraction’S. Les intéractions paroi—sphére sont faibles pt:ﬁﬁ)r (ad fixé u&") varie peu aveg aux Figs. 2
(a) et (b) et les intéractions combinéEs — S§, positives pouu(ll) et négatives pour(lz), croissent jusqu’a 20%
avecd. A I'opposé, pourwé”) les intéractionsy'S — SS s’avérent faibles (au plus 3%), positives pdur (voir
w’z(l)) mais positives ou négatives pdBs (voir wéz)).

1. Introduction

We consider two solid and insulating particlBs (n = 1, 2) freely suspended above a plane boundgrin a
viscous electrolyte of constant dielectric permittivitand viscosityu (see Fig. 1).

n I34 03
on 9 N
U(l) 1 n
Py | P,
S : .
0, H 0, U
) S
E. !
o ha 0] ! ha Y(z3 =0)

Fig. 1. Two solid particle$?; andP, lying near the insulating plang'.
Fig. 1. Deux particules solideB; et P, au voisinage du plan isolatt.
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Particle—electrolyte interactions induce on the surfgef P, a so-called “zeta potential” functiot), and
applying a uniform external electric fiell, results in a motion of, [1] of unknown translational velocity "
(the velocity of one poinD,, of P,,) and angular velocity2 ™. Since this migration, termed electrophoresis, plays
a key role in particle analysis and/or separation it is of prime interest to detetkiifle 2 ™). If h, = d(0,, X)
and H = 0103 respectively denote typica,-wall andP; — P, separations, available works [2—12] only deal,
for Eo uniform, with the following cases:

(i) A single particleP1(h1 = ho = H = o0). If ¢1 is uniform the Smoluchowski solution
UY =eqiEo/n, @Y =0 (1)

holds [2—4]. If¢1 is non-uniformP; may both rotate and translate [5].

(ii) Two particles without boundarie@1 = hp = 00). Such circumstances focuse #a — P interactions and
has only received attention for two spheres of unifgynic—8].

(iii) One particle’P1 near a plane wall (H = oo). The available literature ([9-11] for a sphere wgthuniform
and [12] for any shape angd function) handles two cases:
Case 1:X is insulating, of uniform zeta potentia}, and parallel tE .
Case 2.¥ is normal toE, and perfectly conducting.

This Note extends the method advocated in [12] to a 2-particle cluster near thE walibove Cases 1 and 2.
It also both encloses and discusses our preliminary results.

2. Relevant boundary-integral equationsand numerical treatment

We use cartesian coordinates = OM - e; with X' located atrz = 0 and the usual summation convention
with r = OM = (x;x)Y2, U™ = U"e; and2™ = 2{"e;. In the fluid domains2 the electric field becomes
E = E — V¢. If n denotes the unit outward normal 6n= S; U S, the perturbation potentigl and the fluid flow
(u, p) obey [10]

V2p=V.-u=0 and uVu=Vp in2, (V¢,p)— (0,00 asr— oo 2)
Véo-n=Ex-n and u=U"D 42" A0M —¢,E/u onsS, (3)
Case 1V¢ -e3=E, -e3=0 and u:—gi"’E onx, u—>—%Eoo asr — 0o (4)
Case2p=0 and u=0 onX¥Y, u—0 asr— (5)

According to [1],E applies zero net force and torque on the freely-suspended p&®liclé o = o (U, p) denotes
the stress tensor one thus supplements (2)—(5) with the relations

/e,»-a-ndS,,:O; /[e,»AOnM]-a-ndS,,zo fori e{1,2,3}, ne{1,2} (6)
Sn S)l

For L € {T, R}, let us consider twelve Stokes flows,”"*, p\"') such that

u(L’l)’i =0 onY and as — oo, u(T’l)’i =8,m& and u%’)’i =8uml€& AOnM] onsS, (7)

wheres denotes the Kronecker delta and subscriptsr R respectively hold for a translation or a rotation7f.

Designating byf(L”)’i the surface stress induced Snby (u(L")’i, p(L”)’i) and extending to our multiply-connected
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and semi-infinite domaite the Lorentz reciprocal theorem [13], one arrives, under velocity boundary conditions
(3)—(5), at the equations

(n), ( ) (n) (m) _ (n),
A(m)lL]U " (m) IL]‘Q " /§ f A ldS (8)

with ¢’ =¢, — ¢, onS,, in Case 1¢' = ¢, onS, in Case 2 and

AN :/ej APdS,,  BOYY _/(e, AOmM) - ds,, 9)
S S
Note [13] that (8) admits a symmetric and negative-definitex122 matrix. By virtue of (8), (9), the unique
solution(U®D, 2@, U@, @) is gained by evaluating ¢ andf”"* onS = 81 U S, only. If M’ (x1, x2, —x3) is
the symmetric oM (x1, x2, x3) with respect to the plan¥&, the functionp obeys in Caseé (I = 1, 2) the boundary-
integral equation

n(P) PM’.n(P)

P
—47¢ (M) + f [6(P) = (M) ]—5— 5= dSp + (-1 / ¢(P)—os— dSp
S S
/[ o n](P){iJr( T }dsp (10)
S

A non-trivial generalization to two particles of results established for one particle [14,15] shows that the required
surface stresg&™" fulfills the boundary-integral equation

—8rpu[u’ e j](M)=/[G(])-k+G’;k](P, M[f (P) - & ] dSp (11)
S
G%(P.M)=5;1/PM + (PM -€;)(PM - ¢;)/ PM® (12)
Gl (P, M)=G% (P, M) — 2¢;[(OM - e3)/ PM"?]
x {8iaPM” - €j — 8;3PM’ - & + OP-e3[8;x — 3(PM' - ;) (PM’ - &)/ PM"?]} (13)

with ¢1 = ¢2 =1, c3 = —1. Thus, inverting one and twelve Fredholm boundary-integral equations (10) and (11)
respectively yieldsp andf(L")” on §. The numerical implementation usesNg-node mesh of isoparametric,
curvilinear and triangular 6-node boundary elements$Spifil6] and solves the linear systems associated to (10),
(11) by Gaussian elimination. Finally,¢ is deduced o from the linkV¢ - n = E - n and the calculation of its
tangential derivatives from the numerical approximatiog of

3. Preéliminary resultsand discussion

We report numerical results for an “horizontal” 2-sphere cluster ®ith= Fe; # 0 (Case 1). Each sphef®,
has radiug, centerO,, and uniform zeta potentig], with
(=D"a
d

whered andx denote sphere—sphere and sphere-wall separation parameters. Thezgaaedaf, uniform and
non-zero may be easily deduced from the above choi¢g[of;) by symmetry properties. Non-zero and so-called
electrophoretic “mobilities”

u(d, ) =p[U" - &]/leEg]),  w(d 2 =p[R" &]/leE] (15)

OOn =

e1+;e3, 0<d<1,0<i<l, ¢f=t1—Cw#0, ty=C—(uw=0 (14)
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are computed withV = 2N1 = 2N> collocations points onS = S U S2. If A =0 or d = 0 one recovers
circumstances (ii) or (iii) (two spheres free from boundaries or one sphere with a plane boundary). As shown
in Table 1, using a refined 866-node mesh on each sphere yields numerical errors of orddi®f*5n the range
Max(d, 1) < 0.9.

Table 1

Comparison between theoretical [7,11] and computed non-zero mobulﬁé(so, 0.9), wgl)(o, 0.9) and u(ll) (0.9, 0) for different settings
N1 =Ny

Tableau 1

Mobilités non nullesu(ll)(o; 0,9), wgl)(o; 0,9) etu(ll) (0,9; 0) pour différents choix d&/; = N». Comparaisons avec [7,11]

N1=N; uP 0,09 uP 111 wiP(0,0.9) wiP [11] u{P (09,0 WP 71
74 0.99869 0.99789 —0.20454 ~0.20389 0.82046 0.79031
242 0.99625 0.99789 ~0.20563 ~0.20389 0.79455 0.79031
530 0.99794 0.99789 ~0.20354 ~0.20389 0.79199 0.79031
866 0.99779 0.99789 ~0.20338 ~0.20389 0.79023 0.79031
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Fig. 2. Non-zero electrophoretic mobilitie”, w? andwy® for d =0 (<)), d = 0.3 (s),d = 0.6 (o), d = 0.8 (») or d =09 (>). (a): u'".
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Fig. 2. Mobilités non nuIIeS¢<1"), w;z) et w'z(l) pourd =0 (<1),d =0,3 (¢), d = 0,6 (0), d =0,8 (») oud =0,9 (>). (a) :u(ll). (b) : u(12).
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Non-zero mobilitiesu(ln)(d, A) and w(z") (d, »), computed withN; = No = 866, are plotted versus and for

d=0,0.3,0.6,0.8 and 0.9 in Figs. 2(a)—(d). For clarity, our Fig. 2(c) actually displays funatighe0, ) =
w§1> 0, 2) andu/z(l) d,)) = 10[w§1)(0, A) — wgl) (d, M)] ford > 0. Inview of (1), a single sphef®@, has mobilities
uf’“(o, 0) = 8,181, wlf") (0,0) = 0 (sinceg, = 8,1). Thus, functionsu(l") — 8,1 and w(l") are due to pure sphere—
wall (SW) interactions ifd = 0 and combined sphere—wall and sphere—sphere (SW-SS) interactidns G
Note that SW-SS interactions are greater Qfﬁﬁ’? andwgz); see Figs. 2(a), (b), (d)) or weaker (fmﬁl); see Fig.

2(c)) than SW interactions. th‘l") sphere—wall interactions are weak fokO. < 0.9 (each curve is nearly flat)

whereas combined SW-SS interactions, negativezﬁﬂrand positive foru(lz), increase with? up to 20% of the

unit Smoluchowski mobility. Mobilitieswg’) exhibit opposite trends: combined SW-SS interactions (reducing to

quantitieSw(z”)) are weak (less than 3%), positive fBi (remind definition ofw’z(l) and see Fig. 2(c)) and either

positive or negative foP, (see Fig. 2(d)).

4. Concluding remarks

Even for our simple “horizontal” 2-sphere cluster, the relative magnitude of particle—particle and particle—wall
interactions deeply depends upon the velocity nature (translational or angular). A strong accuracy is needed in all
computations and the boundary-integral treatment is quite suitable for such a refined analysis. Finally, particle—
particle and wall—particle interactions depend upon the cluster nature (shape and zeta potential of each particle)
and orientation relative tB,, and X'. Such issues are currently investigated.
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