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Abstract

The incremental energy minimization is examined as a method of determining solution paths for time-independent dissipative
solids. Isothermal quasi-static deformations are considered, and the deformation work is locally decomposed into the increments
in free energy and intrinsic dissipation. General conditions necessary for the applicability of the minimization procedure are
derived and discussetio cite thisarticle: H. Petryk, C. R. Mecanique 331 (2003).
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Résumé

Minimisation d’énergie excédentaire dans solides dissipatifs. Nous étudions la minimisation d’énergie excédentaire
comme méthode possible de détermination des solutions sous forme de chemin de déformation pour des solides dissipatifs
indépendant de temps. On considére les déformations quasi-statiques, et le travail de déformation est décomposé localement en
deux parties, I'excédent d’énergie libre, et la dissipation intrinseque. Nous discutons les conditions dérivées ici, nécessaires afin
de rendre la procédure de minimisation applicable au probleme Bosgciter cet article: H. Petryk, C. R. Mecanique 331
(2003).
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1. Introduction

This paper is concerned with a variational method of determining the response of an inelastic body to slowly
varying loading. It is based on the concept of the minimizatiomofementalenergy supplied to the examined
systemapparently first developed by Petryk [1-3] for a class of rate-independent problems at finite deformation.
Essentially the same idea can also be found in more recent papers by other authors, e.g., [4—6]. An advantage of
the incremental energy minimization method is that it provides a criterion of choice if non-unique solutions exist.
Justification of that approach follows from its consistency with Hill's bifurcation theory [7,8], as shown in [2], and
with the concept of instability of plastic deformation processes or paths [3]. The non-convex minimization of an

E-mail addresshpetryk@ippt.gov.pl (H. Petryk).

1631-0721/$ — see front mattell 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights
reserved.
doi:10.1016/S1631-0721(03)00109-8



470 H. Petryk / C. R. Mecanique 331 (2003) 469-474

incremental energy supply enables crossing multiple bifurcation points with automatic selection of the post-critical
deformation path in finite element simulations [9,10]. A general condition of applicability is that the global tangent
stiffness matrix must be symmetric.

The deformation work, which is the principal part of the minimized energy functional, is usually expressed as
an integral of the stress power. According to classical thermodynamics, the work supplied in isothermal quasi-
static deformation can be decomposed into the increments in free energy and intrinsic dissipation. With this
decomposition adopted, the aim of this paper is to examine the applicability of the incremental energy minimization
to time-independent dissipative solids when the increments of internal state variables are treated as independent
unknowns. As opposed to the closely related earlier works dealing with path stability, see [11,4] for comparison,
the main task here is to characterize the minimization procedure itself along with its prerequisities. In particular,
a symmetry restriction on the dissipation function is derived as a condition necessary for the intrinsic consistency
between the first- and second-order minimization. This symmetry restriction has not been mentioned in some recent
works dealing with numerical applications of the minimization procedure.

2. Minimization of incremental energy

Following the approach originated in [1,2], consider the minimization problem
AE — min subject to kinematical constrains (1)

whereAE is the increment in energy to be supplied from external sources to the mechaysitsah consisting
of the deformed body and the loading device, in order to produce quasi-statically a deformation increment,
generally with the help of additional perturbing forces. The préfixienotes a virtual increment from a given
state, corresponding to an incremeit of a loading parameter used to define changes in external constrains.
For inelastic solids with path-dependent energy consumption, (1) is fundamentally different from the usual energy
minimization atfixedA.

Suppose that the minimum in (1) exists, and denote iMBP. Then (1) can be rewritten as

AE° < AE subject to kinematical constrains (2)
Under the restriction to isothermal processi, is defined as follows
AE =AW + AR (3)

whereAW is the total work increment supplied to the deforming body, A2l is a potential energy increment of
the loading device, assuming that the incremental loadingnservativén an overall sense. A further insight into
the meaning oA E is gained if the mechanical system is imagined to be placed in a heat reservoirAFhean
be identified with a change in the internal energy of the resulting compound thermodynamic system {deforming
body+ loading devicet heat reservoir} [11].
The mathematical expression for the basic physical quantitymay depend on the problem. In particular, for
a continuous body that in a fixed reference configuration occupies a d@hadinolumeV, the deformation work
incrementAW can be split at constant temperature as follows

AW:/Ade:/(AqH—AD)dV:/Wdt, W:/wdv, w=¢+D (4)
B B B

where a superimposed dot denotes the forward rate (one-sided material time derivative) with respect tbisme
the Helmholtz free energy density, afidis the intrinsic dissipation density, being a path-dependent integral of a
local dissipation functiorD. The constitutive law used to determingV is here time-independent and local. The
analysis can be extended to global internal variables [4].
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Let a local material staté be characterized in terms of the deformation gradieand internal state variables
considered in the reference configuration, denoted collectively,tso thatG := (F, ) at a fixed temperature.
The two functionsp and D needed to determin& W from (4) are assumed to be given. For a smooth free energy
density functionp, denoted for simplicity by the same symbol as its value, we have the usual formulae

¢=¢(F,(¥), ¢,F :Sv _¢,ac :A (5)

where the comma as a subscript denotes the partial Fréchet deri@&isvihe transposed nominal stress, ahd
stands for the set of the thermodynamic driving forces conjugate focontinuous dissipation functiop for a
time-independent material is assumed to satisfy

D=D(a,a) >0, D(ra,a)=rD(a,a) forallr >0 (6)
The condition of thermodynamic compatibility
D=A-& (7)

equivalenttab = S- F, is necessary fat to be compatible with the current thermodynamic ford€§), while (7)
fails for othervirtual &. A central dot denotes full contraction (or a scalar product). It will be convenient to rewrite
the condition (7) in a more mathematical form as follows

&eL@G), LG =& D@ ) =AQ) - a (8)

L(G) being thus defined as a conedirspace within which the dissipation functi@dnyields the actual value of the
dissipation rate. Note thd? is necessarily linear iet within that cone.

The question arises under which circumstances the minimizer in (2) is a solution to the incremental boundary-
value problem, satisfying locally the constitutive law. Whatever might be an approximate sense of a solution in
small but finite increments, the minimization procedure (2) should yield an exact solution in the first-order rates in
the limit as the magnitude of all increments tends to zero. To examine this, applicability of the minimization rule
(1) or (2) must be checked fax E developed up to theecondorder terms.

Denote byGo = (Fo, @) a fixed initial state from which any increment is initiated. Assuming that the function
¢ is twice Fréchet differentiable, we obtain

A¢p= A1+ Azp+0(p?). p=alAF||+ |Ac|, 0<a=const 9)
where @p?)/p2 — 0 asp — 0, ||x|| = (x - X)1/2 denotes a norm in an appropriate (Hilbert) space, and

A1¢ = S(Go) - AF — A(Go) - Ae, Aop = 3AS-AF — JAA - Aa, (10)

Under the assumption that the functibrie, o) possesses the Fréchet derivaitvg with respect tax, we have

D(&, a0+ Aa) = D(a, o) + D1(d, Aer) + [|&c]|o(]| Aet]]), D1(&, @) =@ - D o (6, ag) (11)
whereD1(ra, &) = r D1(e, &) for everyr > 0 andD1 (e, &) is linear with respect té&. It follows that

AD = A1D + AD + 0| Ace||?) (12)
on a radial path of constant direction of the tang@nt where

A1D = D(Aa, ag), A2D = $D1(Ae, Aat) (13)

In contrast to (10), the formulae (13) do not apply to arbitrary circuitous patessipace, cf. [12]. In this paper
we restrict attention to smooth paths of bounded curvature that startdgoamd are kept fixed agAa|| — O.
Under the simplifying assumption thé&x is Gateaux differentiable with respectdoat & # 0 (but notat e = 0),
and usingD = D 4 - & as the well-known consequence of{6Yalidity of (13) is extended to such ‘direct’ paths.
The case whem is not differentiable with respect o can be examined separately.
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3. Conditionsfor applicability of the incremental energy minimization
3.1. First-order minimization
We haveA E = E At to first order, where from (3), (4) and (5),

E:/(D(d,ao)—A(go).dc)dv+/5(go).|':dv+9 (14)
B B
By the principle of virtual power, and excluding unilateral constraints for simplicity, the current global state is
in mechanical equilibrium if and only if the sum of the last two terms in (14) has a constant value for all virtual
(kinematically admissible) velocity fields. This is required for applicability of the minimization (1) to first order,
along with another necessary condition

D(a,a0) — A(Go) -a >0 forall virtuala (15)

which must hold almost everywhere i since otherwis& would be unbounded from below.

If the above two conditions imposed on the initighteof incremental energy minimization are satisfied then,
from (8), E > E° holds true if and only if the minimizing rai@° € £(Go) almost everywhere is. If, moreover,
alsoa € £(Go) in B thenE = EO. Clearly, to selec&?, the energy minimization (2) must be extended to the
second-order terms, which is examined in Subsection 3.2.

Remark 1. In general, convexity of the dissipation functiédnwith respect tax need not be assumed in advance
when applying the incremental energy minimization. However, fulfillment of (15) is relateahteexificatior{i.e.
finding a convex envelope) db; this problem is not pursued further here.

Denote by superscript 0 the quantities evaluated along a path determined by applying the minimization
procedure (1) successively. The condition (15) must hold along that path at the beginning of a next time step,
since otherwise no minimum of could be found at that instant and the minimization procedure would break
down. Therefore, by treating the left-hand expression in (15) as a function of time at vafjalble fixede, its
forward increment must be non-negative if the expression vanishes initially, which is the éase&ifGp). For a
time step arbitrarily small, this yields

Di(&,d%) —A°.&>0 foralla e £(Go) (16)

The above argument and result (16) are, in essence, the same as those established first by Nguyen (cf. [13]);
however, his starting point was the assumed maximum dissipation principle, and not the minimization (1) as here.

3.2. Second-order local minimization with respecéto

We begin with the remark that in energy calculations with accuracy to the second-order terms, the leading terms
like in A1D or A1¢, and henceAa or AF therein, must be also correct to second order, e.g., on substituting
Ao =a At + %&(At)z. In turn, in the second-order terpw it suffices to substitutde = a At. Here and below,
all derivatives are evaluated .

Suppose first that (2) holds to second orderdiet &° € £(Go) and the only difference between both sides of
(2) is due tax # &°. This can be shown to imply locally

D(Ae®, o) — AGo) - Ae® =o( || Ae®|?) 4

Next, on using (12) and (9), takirg= 0 and substituting (17), and rearranging with the help of (13), (10), and
(8), it is shown that the fulfillment of (2) to second order implies [11]

lim (Agw — Aw?)/ (A2 >0atF=F° = J(@) > J(&°) forall & € £(Go) (18)
r—
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almost everywhere i, whereF? is fixed and

J(6) = 3@ ¢ aq 6+ 3D1(d,6) +FO ¢ py - d (19)
We note that fulfillment of (18) requires/dr&®)/dr = 0 atr = 1, which yields
D1(a%, 6% — A°.4°=0 (20)

as a consequence of (2), whe# is related to(F°, &% through (5). HenceJ (&% = 3F° - ¢ ko - &° and
Auw®=3ASY. AF® = 150. FO(Ar)?, to second order.
For existencef a minimum in (18) it is necessary thata) be bounded from below, which requires

& Goq &+ Di(e,&) >0 forallae L£(Go) (21)

Condition (21) is imposed on the currestateand related to directional stability of equilibrium, cf. [13,11].
3.3. The symmetry condition

The first variation of/ (&) ate = &° reads
8J (&% = 3Dy (a° + 86, @°) + D1 (6%, &% + 8&) — D1 (@, &°) — A® - 5a (22)

for an infinitesimalsé. More rigorously, the variation (22) represents the Gateaux differentidl atf¢® in the
direction ofsa. Clearly, if (18) holds, then thene-sidedvariations J (&%) > 0 wheneves® + s& € L(Go). If the
minimizera? is an interior point of£(Go) with respect to the direction @, in the sense that the equivalence:

(a®+8a e L(Gy) < a°—8aeL(Gy) holds forinfinitesimabea (23)

thensJ (&®) = 0 for 8« satisfying (23). Moreover, a similar variation of the left-hand expression in (16) must also
vanish aix = &9, as a consequence of (16) and (20). Jointly, this requires

D1(6°,¢° + 8&) = D1(¢° + 6@, %) subject to (23) (24)

This is the symmetry restriction imposed on the functidn that is, on the dissipation functiab itself. In fact,

the condition (24) should be satisfié advance being necessary for applicability of the incremental energy
minimization (1) to the first- and second-order simultaneously. Other forms of (24) can be specified, e.g., if
D1(é, &) linear with respect t& in a convexC(Go) then (24) holds for everg® € £(Go) if and only if

D1(a, &) = Dy(a,a) forallea,ac L(Gop). (25)

Remark 2. In the special case of classical (single-mode) plasticity, the ¢dge) reduces to a single ray -

space, and the symmetry condition (24) is satisfied automatically. Another special case when (24) holds trivially
is whenD(a) is state-independent. In general, (24) represents an additional restriction imposed on the constitutive
law.

Consider a minimize&® of J (@) associated with sorfe” and another oné® + s&° associated witlf + §FO
for an infinitesimabFC. Since each minimizer lies withif(Go) and satisfies (20), after some transformations with
the use of (20), (22) and (5) it follows that

86 - A%=a.54° and & ¢ or - FO=60- ¢ oF - SF° (26)

From now on, the superscript 0 is omitted for brevity. If a minimizerelated tdS, is a single valued, continuous
and piecewise differentiable (but never fully linear) functiofraghen, from (26), (5) and by the time-independence
of the material, we obtain

§S-F=S.6F and S=Ug(F,Go). U=3SF (27)
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This form of the constitutive rate relationship, postulated long ago by Hill [7], is shown here to follow from the
minimization (18) applied to finding as a function of.

Remark 3. Note that the symmetry requirement (24) hast been used when deriving another symmetry
condition (27). However, as shown above, the symmetry restriction (24) is required for the intrinsic consistency
between the first- and second-order incremental energy minimization.

3.4. Second-order global minimization

Applicability of (2) up to second-order terms within the incremental constitutive frameworlawtha function
of F was thoroughly examined [2,3]. Here we only recall that the minimizer is shown to satisfy automatically the
rate form of the principle of virtual power if an only if the potential form (27) holds, and then the second-order
minimization (1) is shown to reduce to

/U(AF, go)dv+---=(At)2/U(ﬁ, Go)dV +--- — min (28)
B B

subject to kinematical constrains. In (28), only the leading term (correspondingWo) is displayed, and the
second-order terms added in case of configuration-dependent loading as well as all higher-order terms are dotted.

It should be noted that the minimizer determined from (28) under assumption (27) represents an exact solution
in velocities, in the limit asAt — 0. Finite increments found from (28) are merely approximate unless further
constitutive assumptions are introduced. Recent examples of the use of (28) can be found in several references
listed in the Introduction.
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