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Abstract

In this work, we address the numerical solution of some non-linear problems arising in the time discretization o
structure interaction problems with fully implicit schemes. At each time step, we have to solve a highly non-linear c
system, since the fluid domain depends on the unknown displacement of the structure. We propose a modified fi
algorithm which combines the Block-Gauss–Seidel iterations with a transpiration formulation. Numerical experimen
the great improvement in computing time with respect to the standard method.To cite this article: S. Deparis et al., C. R.
Mecanique 331 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Accélération avec des conditions de transpiration d’un algorithme de point fixe en interaction fluide–structure.Dans
cette Note on s’intéresse à la résolution numérique des problèmes non-linéaires issus de la discrétisation en temp
schémas implicites, de problèmes d’interaction fluide–structure. A chaque pas de temps, on doit résoudre un systè
fortement non-linéaire, car le domaine fluide dépend de l’inconnue associée au déplacement de la structure. Nous
un algorithme de point fixe modifié qui combine des itérations Block-Gauss–Seidel avec une formulation de type trans
Des expériences numériques mettent en évidence le gain en temps de calcul par rapport à la méthode standard.Pour citer cet
article : S. Deparis et al., C. R. Mecanique 331 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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Dans ce travail on s’intéresse à la résolution numérique des problèmes non-linéaires issus de la disc
en temps, avec des schémas implicites, de problèmes d’interaction fluide–structure. Des expériences nu
montrent que ces schémas sont les seuls qui assurent stabilité quand la densité du fluide est comparable à
structure (voir [8]). Ainsi, à chaque pas de temps, on doit résoudre un système couplé fortement non-linéa
proposons un algorithme de point fixe modifié qui combine des itérations Block-Gauss–Seidel (BGS) (c
[2]) avec une formulation en transpiration (voir [4,5,7]). Des expériences numériques mettent en évidence
en temps de calcul par rapport à la méthode BGS standard.

Le système sous étude occupe, à l’instantt � 0, un domaine mobileΩ(t) ⊂ R
3. Ce domaine comporte un

structure déformableΩs(t) (paroi artérielle, pipe-line,...) et un fluide en mouvement (sang, pétrole,...) s
complémentaireΩ f(t) deΩs(t) dansΩ(t). Le fluide est supposé newtonien et incompressible, son état est
par sa vitesse et pression(u,p). L’évolution du solide (en grands déplacements) est décrite par son mouvem
son tenseur de contraintes(xs, S). L’évolution du domaineΩ(t) est représentée par une carte ALE (Arbitrairem
Lagrangienne–Eulérienne)x, qui nous permet d’écrire les équations fluide en formalisme ALE. Ainsi, on ob
la formulation forte couplée fluide–structure (1).

On suppose que les Éqs. (1) ont été discrétisées en espace et on considère un schéma implicit
discrétisation en temps. Par conséquent, à chaque pas de temps, on doit résoudre un système couplé n
ou, de manière équivalente, le problème de point-fixe (2). Typiquement la résolution du problème (2) es
par des itérations BGS (3). Cependant, il est bien connu que cette stratégie est très coûteuse en temps
En effet, à la lente convergence de l’algorithme se rajoute le coût de la mise à jour du maillage et des ma
fluide à chaque itération BGS.

Si l’interface fluide–structure exhibe des « petites » variations (par rapport à une tolérance TOLtrans donnée)
entre les étapesk et k + 1 de (3), le mouvement de l’interface peut être pris en compte, dans le fluide,
moyen de conditions de type transpiration (voir [4,5,7]). Classiquement, ces conditions on été développ
résoudre, à faible coût (domaine fluide fixe), des problèmes d’interaction fluide–structure avec des mouve
l’interface de petite amplitude. Dans cette note nous proposons un algorithme de point-fixe modifié qui c
les itérations BGS (2) classiques avec un formulation de type transpiration. La Fig. 2 montre les diff
étapes de cet algorithme. Les tolérances TOLin

trans et TOLout
trans définissent les intervalles d’amplitudes relativ

du déplacement de l’interface dans lequels la transpiration est utilisée. On remarque que le test de con
principal de l’algorithme est toujours effectué après deux itérations consécutives de la méthode BGS stan

Dans la Fig. 3 on a représenté le nombre de sous-itérations pour chaque pas de temps effectuées avec
standard BGS et BGS avec transpiration. Dans la méthode proposée le nombre d’itérations BGS est fortem
et le nombre total d’itérations est similaire à celui de la méthode standard. Le gain en temps de calcul es
sur 240 pas de temps. Pour une analyse complète de cette approche voir [3].

1. Introduction

In this work, we focus on the numerical solution of non-linear systems of equations arising in the
discretization of fluid–structure interaction problems where the fluid is incompressible and the structure esp
relatively large displacements. Numerical evidences and analyses carried out on simplified problems s
implicit schemes are required to ensure stable numerical solutions for problems where the fluid and s
densities are comparable, as it happens, for instance, in haemodynamics applications (see for instan
Consequently, we have to solve at each time step a highly non-linear coupled system where the fluid
depends on the structural motion.

To this purpose, we here propose a modified fixed-point algorithm which combines Block-Gauss–Seide
iterations (see [2]) with a transpiration formulation (see [4,5,7]). The underlying idea of our approach re
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the observation that whenever the interface deformation associated to standard (BGS) iterations is mo
can be treated through transpiration techniques, which do not require updating the fluid computational m
system matrices. In fact, they just involve suitable modifications of the interface boundary conditions. Nu
experiments will point out the excellent improvement in computing time obtained by the proposed alg
A more complete analysis of this approach will be reported in a forthcoming paper [3].

2. Mechanical problem

The system under study occupies a moving domainΩ(t) in its actual configuration. It is made of a deforma
structureΩs(t) (for instance the wall of a blood vessel or of a pipe-line,...) surrounding a fluid under motion (b
oil,...) in the complementΩ f(t) of Ωs(t) in Ω(t). We aim to find the time evolution of the configurationΩ(t), as
well as the velocity and Cauchy stress tensor within the fluid and the structure.

To this aim, we consider the basic conservation and constitutive laws, yet, because of the possibly large s
displacements, the time variation of the actual configuration can not be neglected. More precisely, we des
evolution ofΩ(t) by means of an Arbitrary Lagrangian Eulerian (ALE) mappingx :Ω0 × R

+ → R
3, which maps

any pointx0 of a fixed (reference) configurationΩ0 to its imagex(x0, t) in the actual configurationΩ(t). On the
structure (xs = x|Ωs

0
), the pointxs(x0, t) corresponds to the position, at timet , of the material pointx0, which

implies that the configuration (or grid) velocityw = ẋ in Ωs
0 is equal to the actual structural velocity. In this wa

we recover the usual Lagrangian description of the structure motion. Conversely, in the fluid domain, the m
x f = x|Ω f

0
can be any reasonable extension of the material interface deformation:x f = Ext(xs|Γ w

0
), ẋ f|Γ w

0
= ẋs|Γ w

0
.

The fluid will be assumed to be Newtonian, viscous, homogeneous and incompressible with densityρ and kinetic
viscosityµ. Its behavior is described by its velocityu and pressurep. The elastic solid under large displaceme
is described by its velocityws = ẋs and stress tensorS (second Piola–Kirchoff tensor). The fieldS is related
to xs trough an appropriate constitutive law. The coupling between the solid and the fluid is realized t
standard boundary conditions at the fluid–structure interfaceΓ w

0 , namely, the kinematic condition, expressing
continuity of the velocity, and the continuity of the stress. That is,u = ẋs andFSn0 = Jσ(u,p)F−Tn0, with
F = ∇0x, J = detF , σ(u,p)= −p I +µ[∇u+ (∇u)T]. Heren0 stands for the unit normal vector onΓ w

0 pointing
insideΩs

0. The ALE mapx allows us to recast the fluid equations into the reference domainΩ f
0. Thus, the strong

coupled problem, with an ALE formulation for the fluid, is given by:

∂Jρu

∂t

∣∣
∣
∣
x0

+ div0
{
J
[
ρu⊗ (u−w)− σ(u,p)]F−T} = 0, in Ω f

0

divu= 0, in Ω f(t) (1)

ρs
0ẍ

s − div0(FS)= f, inΩs
0

provided with the above interface conditions. Specific choices of the boundary conditions to be impo
∂Ωs

0 \ Γ w
0 and on the inlet and outlet boundariesΓ in(t) andΓ out(t) will depend on the specific problem und

consideration.

3. Discrete problem and algorithm

We assume that Eqs. (1) have been appropriately discretized in space, for instance, by a FEM formula
we consider fully implicit schemes for the time discretization. At each time step, we have to solve a high
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Fig. 1. Taylor expansion of the velocity.

linear system, where the fluid domain and the structural displacement are tightly coupled. We formally w
non-linear system as a fixed point problem,

(x f,wf)=M
(
(x f,wf), (xs,ws)

)
(fluid mesh update)

(u,p)= F
(
(u,p), (x f,wf)

)
(fluid subproblem)

(xs,ws)= S
(
(xs,ws), (u,p)

)
(solid subproblem)

(2)

where(u,p), (xs,ws) and(xf,wf) stand, respectively, for the discretized fluid velocity and pressure, the stru
motion and velocity, and the fluid domain motion and velocity at a given time step.

Standard strategies to solve (2) are Block-Jacobi or Block-Gauss–Seidel iterations, see [2]. For insta
Block-Gauss–Seidel method consists in sub-iterating between the three subproblems. Fork � 0 we set

(
xk+1

f ,wk+1
f

) =M
((
xkf ,w

k
f

)
,
(
xks ,w

k
s

))
(update the fluid mesh)

(uk+1,pk+1)=F
(
(uk,pk),

(
xk+1

f ,wk+1
f

))
(solve the fluid subproblem)

(
xk+1

s ,wk+1
s

) = S
((
xks ,w

k
s

)
, (uk+1,pk+1)

)
(solve the solid subproblem)

(3)

with u0, p0, x0
s , w0

s, x0
f andw0

f given from the preceding time step. We stop the iterations when the diffe
between two successive interface displacement falls below a fixed tolerance. Eventually, we can add a r
step on the structure displacement, see [6,8].

It is well known that this strategy is very CPU time consuming. Indeed, we must add, to the often
convergence of the algorithm, the cost of updating the fluid mesh and the corresponding fluid matrices
iteration. In this paper, we propose a method to improve the performance of the standard BGS iteration (3

Whenever the fluid–structure interface exhibits a ‘small’ variation (with respect to a specified tole
TOLtrans) between stepsk andk+ 1 of the BGS method (3), the interface motion can be taken into account fo
fluid problem through transpiration boundary conditions, without the need of updating the mesh and, conse
the system matrices. Indeed, transpiration techniques have been developed in the past (see for instance
order to solve at low cost fluid–structure interaction problems featuring moderate deformation.

A transpiration interface condition onΓ kw can be derived, in a heuristic way (see [7] and refer to [4,5] for a m
rigorous justification), from a truncated Taylor expansion of the fluid velocity in the vicinity of the reference
structure interfaceΓ kw, see Fig. 1. Thus, the kinematic coupling condition is replaced by the following transpi
conditionuk+1 = wk+1

f − ∇uk+1(xk+1
f − xkf ), onΓ kw. The implicit dependence onuk+1 can be made explicit b

modifying the relation intouk+1 = wk+1
f − ∇uk(xk+1

f − xkf ). This latter condition can now be used to solve
fluid subproblem in the fixed fluid domainΩ trans

f =Ωkf . In the same way, the fluid load at the moving interface
be recovered from a similar Taylor expansion.

By exploiting the previous considerations we have derived the modified BGS algorithm reported in Fig.
boxes on the right of Fig. 2 represents the transpiration loop. Here, instead of updating fluid mesh and mat
just enforce the transpiration velocitywk+1

f at the interface. Tolerances TOLin
transand TOLout

transdefine the range o
relative interface displacements where the transpiration formulation will be used. The convergence test of th
algorithm is always done after two standard BGS iterations (2x in the figure), in order to ensure the converge
of the original coupled problem. This also implies that the algorithm terminates with standard BGS iteratio
with an updated mesh.
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n large
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Fig. 2. Diagram of the proposed algorithm. On the left the BGS part, on the right the transpiration steps.

4. Numerical experiment

We have applied the above algorithm to a fluid–structure problem arising in the modeling of blood flow o
arteries. Namely, a thin elastic tube conveying an incompressible viscous fluid. In order to simplify the prob
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Fig. 3. Iterations history.

considered the axisymmetric incompressible Navier–Stokes equations (see [1]) combined with a generaliz
model (see [8]) for the structure.

The initial domain is a cylinder of radiusR = 0.5 cm and lengthL= 12 cm. The cylinder wall may deform on
along the radial direction. The fluid and the structure are initially at rest. On the outlet we imposeσ(u,p)n = 0

and on the inlet two ‘pressure waves’ of a period of 5 ms, i.e.,
P
(j)

in
2 [1− cos(2πt

5 )], with P (1)in = 4× 104 dynes/cm2

andP (2)in = 1
2P

(1)
in . The fluid density isρ = 1 gr/cm3 and the viscosityµ = 0.035 poise. For the structure w

have taken: densityρw = 1.1 gr/cm3, thicknessh = 0.1 cm, Young modulusE = 0.75× 106 dynes/cm2 and
Poisson coefficientν = 0.5. We have adopted axisymmetricP1 isoP2/P1 finite elements for the fluid andP1 for
the structure. For the time discretization we have used a mid-point scheme for the structure and implicit E
the fluid equations (see [8]), with a time step of t = 0.1 ms. We have used the following values for the toleran
in the proposed numerical scheme TOLin

trans= 0.03, TOLout
trans= 0.12 and MAXITERtrans= 50.

In Fig. 3 we report the number of sub-iterations per time step required by the standard BGS method co
with the one obtained using the modified BGS scheme with transpiration. The number of BGS iterations is
reduced in the transpiration version. Let us notice that at each time step, the number of outer iterations i
equal in the two schemes. However, the computing time is greatly reduced: a gain of 48% over 240 time s
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