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Abstract

We present results in this Note concerning a vector version in the framework of linearized elasticity (see
Homogenization of an elastic medium reinforced by anisotropic fibers, in press), of our previous work in which w
studied the homogenization of a scalar nonlinear monotone problem posed on a fibered medium (see A. Sili, Homog
of a nonlinear monotone problem in an anisotropic medium, in press). Here, we assume that parallel elastic anisotro
periodically distributed with a period of sizeε in a cubeΩ, are surrounded by a soft elastic material, the elasticity coeffici
of this material being in the ratioε2 with those of the fibers. We prove that the homogenized problem is nonlocal and inv
variables linked together with the anisotropy of the fibers.To cite this article: A. Sili, C. R. Mecanique 331 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Homogénéisation d’un milieu élastique renforcé par des fibres anisotropes.Nous présentons dans cette Note les résu
concernant la version vectorielle, dans le cadre de l’élasticité linéarisée (voir A. Sili, Homogenization of an elastic
reinforced by anisotropic fibers, à paraître) de notre précédent travail sur l’homogénéisation d’un problème scalaire no
monotone posé dans un milieu fibré (voir A. Sili, Homogenization of a nonlinear monotone problem in an anisotropic m
à paraître). Ici, nous supposons que les fibres élastiques, parallèles et anisotropes, sont périodiquement réparties d
Ω avec une période de tailleε, et entourées d’un matériau élastique mou, les coefficients de ce matériau étant dans un
de ε2 avec ceux des fibres. Nous montrons que le problème homogénéisé est non local et fait apparaître des variab
l’anisotropie.Pour citer cet article : A. Sili, C. R. Mecanique 331 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Keywords:Computational solid mechanics; Linear elasticity; Embodded fibers; Anisotropic

Mots-clés :Mécanique des solides numérique ; Élasticité linéaire ; Fibres noyées ; Anisotropes

1. Introduction

We consider an heterogeneous elastic medium, the reference configuration of which is assumed to be
Ω = ω × (−1

2,
1
2) = ω × I . We assume thatΩ is made from two different elastic materials: the first is t
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contained in a setFε of parallel fibers of radiusrε, 0 < r < 1
2, obtained by anε-periodic repetition of one o

them. The second material which surrounds the fibers is assumed to be a soft material and correspon
regionMε = Ω − Fε of Ω . We shall consider a problem with mixed homogeneous boundary conditions i
cases: the first case corresponds to Dirichlet conditions on the union of the lower faceΩ−1/2 = ω × {−1

2} and the
upper faceΩ1/2 = ω× {1

2} of Ω ; this part of the boundary will be denoted byΓD . We denote byΓN the rest of the
boundary ofΩ which is subject to Neumann conditions. Hence,

ΓD = Ω−1/2 ∪Ω−1/2; ΓN = ∂Ω − ΓD (1)

In the second case, we assume Dirichlet conditions only on the lower faceΩ−1/2 (still denoted byΓD) and
Neumann conditions elsewhere (ΓN ). The domainω is a partition of squaresCi

ε of size ε > 0, each of them
containing the diskωi

ε of centerxi
ε = ε(i1, i2) and of radiusrε with some 0< r < 1

2. The cellY i
ε is then defined

by Y i
ε = Ci

ε × I , so that:

Ω =
⋃
i∈Iε

Y i
ε , whereIε = {

i = (i1, i2) ∈ Z
2, Ci

ε ⊂ ω
}

(2)

The fiberF i
ε and the setFε of all the fibers are defined by:

F i
ε = ωi

ε × I, Fε =
⋃
i∈Iε

F i
ε (3)

The region occupied by the soft material will be denoted byMε:

Mε = Ω − Fε (4)

Throughout this Note, we denote byx = (x ′, x3) the generic point ofR3. The Latin indicesi, j, k, l, . . . run over
the set{1,2,3} and the Greek indicesα,β, . . . (exceptε which takes its values in a decreasing sequence of inte
run over the set{1,2}. Unless otherwise stated, the Einstein summation convention with repeated indices
used.

The characteristic function of a setB will be denoted byχB and its Lebesgue measure by|B|. We introduce the
squareY , the diskD of radiusr < 1

2 centered inY :

Y =
(

−1

2
,

1

2

)2

, D = D(0, r) (5)

We denote byC#(Y ) the space of continuous functions inR
2 that areY -periodic.

Let A be a fourth order tensor satisfying the following hypotheses: for almost all(x, y) ∈ Ω × Y , for all
i, j, k, l ∈ {1,2,3} and for all symmetric 2× 2 tensore = (eij ),

Aijkl = Ajikl = Aklij (6)

y → Aijkl(x, y) is periodic with periodY (7)

Aijkl ∈ L∞(�Ω;C#(Y )
)

(8)

∃m> 0, Aijkl (x, y)ekleij � meij eij (9)

Let

f ∈ (L2(Ω)
)3 (10)

We consider the variational formulation of the equilibrium equation of a bodyΩ which is only subject to volume
forcesf ε, its lower and upper faces being fixed. We assume that the forces in the directionx3 are more importan
than the one in the transversal directions; more precisely,f ε = (εfα,f3). Setting

Φ = {
φ ∈ (H 1(Ω)

)3: φ = 0 onΓD

}
(11)
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we consider the problem:

uε ∈ Φ,∫
Ω

(
χFεA

(
x ′, x3,

x ′

ε

)
+ ε2χMεA

(
x ′, x3,

x ′

ε

))
e(uε)e(φ)(x)dx

=
∫
Ω

(
εfα(x)φα(x)+ f3(x)φ3(x)

)
dx, ∀φ ∈ Φ

(12)

Under hypotheses (6)–(10), the use of the Korn’s inequality and the Lax–Milgram theorem gives existe
uniqueness of the solutionuε for eachε. The homogenization procedure consists in the study of the beha
of uε asε tends to zero.

The main difficulty comes from the fact that the radius of each fiber has the same order than the sizeε of the
period of the structure and the order of magnitude of the coefficients in the fibers are more important than
of the coefficients in the matrix, the ratio beingε2. An other choice of the scalings for the loading terms and
the ratio between the elasticity coefficients inside the fibers and outside them was considered in [1].

We perform the asymptotic analysis without any assumption on the isotropy of the material in the fibe
on the one in the matrix, so that we expect to obtain a coupling homogenized problem involving in particu
anisotropy of the fibers as it was shown in the scalar case, see [14]. For a single rod with a constant ra
one-dimensional model is derived in [3]; a different approach is presented in [4] for partially heterogeneous
rods and in [2] for curved rods.

In the case of rigid isotropic fibers with very thin radiusrε , i.e., under the assumptionrε/ε → 0, λε → ∞,
µε → ∞, whereλε andµε are the Lamé coefficients of the fibers, it was proved in [13] that the homoge
material is a second gradient material. This situation was addressed in a more general context in
commutativity of the limits first with respect to the thickness of the structure and then with respect to th
of the period or conversely was considered in [6–9] and [10].

In the case of a single rod, it was proved in [3] that the reduction problem 3d–1d leads to a limit problem
consists of a system in which arise a Bernoulli–Navier type displacementu, another displacementv due to the
anisotropy of the cylinder and a two-dimensional displacementw. The case of a cylinder having heterogenei
through its axis was studied in [11]. In the homogenization process we consider here, it is natural to
to keep at the limit some sides of the limit problem obtained in [3], since we are in presence of seve
cylinders (the fibers). Actually, we prove that the homogenized problem involves a variableu linked together
with the displacements in the fibers. This variable can be seen as an ‘homogenized form’ of the Bernoulli
displacement obtained in [3]. In particular, the transversal displacementsuα depend on the variablex ′ and they are
strongly linked with another variablez(x, y) which describes the displacements outside the fibers, see below f
definition of the corresponding spaces. Similarly, the anisotropic variablev and the two-dimensional displaceme
w of [3] take here a homogenized form.

Globally, our approach is similar to that developped in [3]: in the first step, the limit problem is writt
a system involving different variables (Theorem 2.1); then, after writing some of these variables in terms
solutions of elementary problems which depend only on the coefficients of the tensorA, we give the final form of
the homogenized problem (Theorem 2.2). Note the nonlocal character of the equation given in Theorem
macroscopic displacementsu in the fibers are connected with the displacementsz outside them, see the preci
definition ofu andz below. In other words, these two variables are not independent and the homogenized e
given in Theorem 2.2 must be seen as a single equation involving the pair(u, z) rather than a system of a tw
equations onu andz.

In addition to the spaceΦ defined by (11), we will use the following spaces and notations.
We denote byyR the pointyR = (−y2, y1) obtained fromy by a rotation. As usual, the strain tensore(φ) is

defined componentwise by:eij (φ)(x) = 1
2(

∂φi

∂xj
+ ∂φj

∂xi
)(x) while the notationeyαβ(φ)(x, y) = 1

2(
∂φα

∂yβ
+ ∂φβ

∂yα
)(x, y)
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will be used for the components of the strain tensor in the basic cellY . We also use the abbreviated notat

e(φ) = ( eαβ (φ) eα3(φ)

eα3(φ) e33(φ)

)
. If B denotes a fourth order tensor, then the scalar product of the matricesBe(φ) and

e(φ) will be denoted as:Be(φ) e(φ) = ∑
i,j (Be(φ))i,j (e(φ))i,j . We denote byH 1

# (Y ) the space of function

in H 1
Loc(R

2) which are Y -periodic and byC#(Y ) (resp. C∞
# (Y )), the space of continuous (resp. infinite

differentiable) functions inR2 which areY -periodic.
We denote byH 1

0 (I) (resp.H 1
b (I)) the space of functionsu in the one-dimensional Sobolev spaceH 1(I) whith

zero trace on the boundary ofI (resp. such thatu(−1
2) = 0); the spaceH 2

0 (I) (resp.H 2
b (I)) denotes the subspac

of H 1
0 (I) (resp.H 1

b (I)) of functions with derivative inH 1
0 (I) (resp.H 1

b (I)). We denote byH 1
m(D)) the subspace

of functions inH 1(D)) with zero average overD.
We set:

U = {
u = (u1, u2, u3), uα ∈ H 1(Ω)∩ L2(ω;H 2

0 (I)
)
, u3 ∈ L2(ω;H 1

0 (I)
)}

(13)

V = {
v = (v1, v2, v3): ∃c ∈ L2(ω;H 1

0 (I)
)
, vα(x, y)= c(x)yR

α in Ω ×D, v3 ∈ L2(Ω;H 1
m(D)

)}
(14)

W = {
w = (w1,w2,0): wα ∈ L2(Ω;H 1

m(D)
)
,

∫
D

(y1w2 − y2w1)dy = 0, a.e. inΩ
}

(15)



Z =
{
z = (z1, z2, z3) ∈ (L2

(
Ω;H 1

#(Y )
))3

,

∫
D

zi dy = 0, ∀i = 1,2,3, ∃u = (u1, u2,0) ∈ U,

∃c ∈ L2
(
ω;H 1

0 (I)
)
: zα(x, y) = −yβ

∂uα

∂xβ
(x)+ c(x)yR

α in Ω ×D, ∀α = 1,2,

z3(x, y)= −yα
∂uα

∂x3
(x) in Ω ×D

} (16)

For the sake of brevity, we put:

T = U × V ×W ×Z (17)

Before giving the results, let us recall the definition of the two-scale convergence (see [12]) for which we
symbol⇀⇀.

Definition 1.1.A sequencezε in L2(Ω) two-scale converges to a functionz ∈ L2(Ω × Y ) if:

∀φ ∈ D
(
Ω;C∞

# (Y )
)
,

∫
Ω

zε(x)φ

(
x,

x ′

ε

)
dx −→

∫
Ω

∫
Y

z(x, y)φ(x, y)dxdy (18)

In order to describe the homogenized problem corresponding to the situation where Dirichlet condition
prescribed on the lower faceΩ−1/2 an analogous space still denoted byT is defined by replacing in (13
(14) and (17) the spacesH 1

0 (I) andH 2
0 (I) respectively byH 1

b (I) andH 2
b (I). Taking into account this remark

Theorem 2.1 below is concerned with the caseΓD = Ω−1/2 ∪ Ω1/2 as well as the caseΓD = Ω−1/2.
Our main results are the following.

2. Statement of the results

Theorem 2.1.Assume(6)–(10). Letuε be the sequence of solutions of(12).
There exist

(u, v,w, z) ∈ T (19)
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such that for allα,β = 1,2, the following convergences hold true:

eαβ(uε)χFε ⇀⇀e
y
αβ(w)χD(y) (20)

eα3(uε)χFε ⇀⇀
1

2

(
∂v3

∂yα
+ ∂c

∂x3
yR
α

)
χD(y) (21)

e33(uε)χFε ⇀⇀

(
∂u3

∂x3
− yα

∂2uα

∂x2
3

)
χD(y) (22)

eαβ(uε)χMε ⇀⇀
(
eαβ(u)+ e

y
αβ(z)

)
χ(Y−D)(y) (23)

eα3(uε)χMε ⇀⇀
1

2

(
∂uα

∂x3
+ ∂z3

∂yα

)
χ(Y−D)(y) (24)

e33(uε)χMε ⇀⇀ 0 (25)

(u, v,w, z) is the unique solution of the problem:

(u, v,w, z) ∈ T ,∫
Ω×D

A

(
e
y
αβ(w) 1

2

(
∂v3
∂yα

+ ∂c
∂x3

yR
α

)
1
2

(
∂v3
∂yα

+ ∂c
∂x3

yR
α

)
∂u3
∂x3

− yα
∂2uα

∂x2
3

)(
e
y
αβ(w̄) 1

2

(
∂v̄3
∂yα

+ ∂c̄
∂x3

yR
α

)
1
2

(
∂v̄3
∂yα

+ ∂c̄
∂x3

yR
α

)
∂ū3
∂x3

− yα
∂2ūα

∂x2
3

)
dx dy

+
∫

Ω×(Y−D)

A

(
eαβ(u)(x)+ e

y
αβ(z)

1
2

(
∂uα

∂x3
+ ∂z3

∂yα

)
1
2

(
∂uα

∂x3
+ ∂z3

∂yα

)
0

)
(
eαβ(ū)(x)+ e

y
αβ(z̄)

1
2

(
∂ūα

∂x3
+ ∂z̄3

∂yα

)
1
2

(
∂ūα

∂x3
+ ∂z̄3

∂yα

)
0

)
dx dy

=
∫
Ω

∫
Y

(
fα(x)ūα(x)+ f3(x)

(
ū3(x)+ z̄3(x, y)

))
dx dy

∀(ū, v̄, w̄, z̄) ∈ T

(26)

Remark 2.1.Problem (26) is a well posed problem on the spaceU × V ×W ×Z which is a Hilbert space for th
norm

(∥∥∥∥∂u3

∂x3

∥∥∥∥2

L2(Ω)

+
∑
α

∥∥∥∥∂2uα

∂x2
3

∥∥∥∥2

L2(Ω)

+
∑
α,β

(∥∥eαβ(u)∥∥2
L2(Ω)

+
∥∥∥∥ ∂v3

∂yα
+ ∂c

∂x3
yR
α

∥∥∥∥2

L2(Ω×D)

+ ∥∥eyαβ(w)
∥∥2
L2(Ω×D)

+ ∥∥eyαβ(z)∥∥2
L2(Ω×Y )

)
+
∑
α

∥∥∥∥ ∂z3

∂yα

∥∥∥∥2

L2(Ω×Y )

)1/2 (27)

Convergences (21)–(25) suggest that the solutionuε of (12) behaves as:(
uα(x)

ε
+ zα

(
x,

x ′

ε

)
+ ε wα

(
x,

x ′

ε

)
, z3

(
x,

x ′

ε

)
+ u3(x)+ ε v3

(
x,

x ′

ε

))
.

Such test functions imply that the quantitiesexαβ(z)χD(y)
∂u3
∂xα

(x), and(∂zα/∂x3 + ∂z3/∂xα)χD(y) for α,β =
1,2 do not appear at the limit. This is indeed the case since the two-scale limitsσαβ(x, y) (resp.σα3(x, y)) of
Aαβklekl(uε)χFε (resp.Aα3klekl(uε)χFε ) are such that

∫
D
yασγβ dy = ∫

D
yασα3 dy = ∫

D
σα3 dy = 0, for each

α,β, γ = 1,2 (there is no summation) and
∫
D
(y1σ23 + y2σ13)dy = 0.

In order to get another formulation of the homogenized problem (26), we first write the variablesv andw in
terms ofu via elementary solutions(v̂(p)3 , ŵ(p)), p = 1,2,3, and(v̂3, ŵ) which depend only on the coefficien
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medium,
Aijkl of the tensorA. In the caseΓD = Ω−1/2, problem (26) is then written in the following form; the ca
ΓD = Ω−1/2 ∪ Ω1/2 also leads to a problem on(u, z) but with supplementary terms due to the condit
c(x ′,−1

2) = c(x ′, 1
2) = 0, see [15].

Theorem 2.2.In the caseΓD = Ω−1/2, the homogenized problem(26)admits the following formulation: (u, z) is
the unique solution of

(u, z) ∈ U ×Z,

∫
Ω

A0(x)


∂2u1
∂x2

3
∂2u2
∂x2

3
∂u3
∂x3




∂2ū1
∂x2

3
∂2ū2
∂x2

3
∂ū3
∂x3

 dx +
∫

Ω×(Y−D)

A

(
eαβ(u)(x)+ e

y
αβ(z)

1
2

(
∂uα

∂x3
+ ∂z3

∂yα

)
1
2

(
∂uα

∂x3
+ ∂z3

∂yα

)
0

)

×
(
eαβ(ū)(x)+ e

y
αβ(z̄)

1
2

(
∂ūα

∂x3
+ ∂z̄3

∂yα

)
1
2

(
∂ūα

∂x3
+ ∂z̄3

∂yα

)
0

)
dx dy

=
∫
Ω

∫
Y

(
fα(x)ūα(x)+ f3(x)

(
ū3(x)+ z̄3(x, y)

))
dx dy

∀(ū, z̄) ∈ U ×Z

(28)

The coefficientsA0
ij of the homogenized3 × 3 matrix A0 are given in terms of the elementary solutio

(v̂
(p)

3 , ŵ(p)), p = 1,2,3, and(v̂3, ŵ).
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