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Abstract

We present results in this Note concerning a vector version in the framework of linearized elasticity (see A. Sili,
Homogenization of an elastic medium reinforced by anisotropic fibers, in press), of our previous work in which we have
studied the homogenization of a scalar nonlinear monotone problem posed on a fibered medium (see A. Sili, Homogenization
of a nonlinear monotone problem in an anisotropic medium, in press). Here, we assume that parallel elastic anisotropic fibers,
periodically distributed with a period of sizein a cubes?, are surrounded by a soft elastic material, the elasticity coefficients
of this material being in the ratie? with those of the fibers. We prove that the homogenized problem is nonlocal and involves
variables linked together with the anisotropy of the fib&tscite thisarticle: A. Sili, C. R. Mecanique 331 (2003).
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Résumé

Homogénéisation d'un milieu élastique renforcé par des fibres anisotropeblous présentons dans cette Note les résultats
concernant la version vectorielle, dans le cadre de I'élasticité linéarisée (voir A. Sili, Homogenization of an elastic medium
reinforced by anisotropic fibers, a paraitre) de notre précédent travail sur 'homogénéisation d’'un probléme scalaire non linéaire
monotone posé dans un milieu fibré (voir A. Sili, Homogenization of a nonlinear monotone problem in an anisotropic medium,

a paraitre). Ici, nous supposons que les fibres élastiques, paralléles et anisotropes, sont périodiquement réparties dans un cube
£2 avec une période de taille et entourées d’'un matériau élastique mou, les coefficients de ce matériau étant dans un rapport

de 2 avec ceux des fibres. Nous montrons que le probléme homogénéisé est non local et fait apparaitre des variables diies a
I'anisotropie.Pour citer cet article: A. Sili, C. R. Mecanique 331 (2003).
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1. Introduction

We consider an heterogeneous elastic medium, the reference configuration of which is assumed to be the cube
2 =wx (—%, %) =w x I. We assume tha®2 is made from two different elastic materials: the first is that
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contained in a sef; of parallel fibers of radiuse, 0 <r < % obtained by are-periodic repetition of one of

them. The second material which surrounds the fibers is assumed to be a soft material and corresponds to the
regionM, = 2 — F. of £2. We shall consider a problem with mixed homogeneous boundary conditions in two
cases: the first case corresponds to Dirichlet conditions on the union of the lowe? fage= o x —%} and the

upper face2y/2 = w x {%} of £2; this part of the boundary will be denoted by . We denote by the rest of the
boundary of2 which is subject to Neumann conditions. Hence,

I'p=02_12U8R_12; I'v=0982—-1TIp 1)

In the second case, we assume Dirichlet conditions only on the lowerZ?agg (still denoted byI'p) and
Neumann conditions elsewher&)(). The domainw is a partition of square€’ of sizee > 0, each of them
containing the diskoé of centerxé = ¢(i1, i2) and of radius-¢ with some O< r < % The ceIIYs" is then defined
by Y! = C! x I, so that:

2=\ vl wherel, ={i=(i1.i2) € Z% CiC )} 2)

i€l

The fibeng and the sef of all the fibers are defined by:

Fl=oix1,  F.=|]JF 3)
i€l
The region occupied by the soft material will be denotedhy
Me=S — F; 4)

Throughout this Note, we denote by= (x’, x3) the generic point oR3. The Latin indices, j, k.1, ... run over
the sef{1, 2, 3} and the Greekindices 8, ... (excepte which takes its values in a decreasing sequence of integers)
run over the setl, 2}. Unless otherwise stated, the Einstein summation convention with repeated indices will be
used.

The characteristic function of a sBtwill be denoted byy g and its Lebesgue measure [B/. We introduce the
squarey, the diskD of radiusr < % centered irv:

1 1)\2
Y=—%, 2 D=D
(-53) ©.1) ©)
We denote byCx(Y) the space of continuous functionsi¥ that areY -periodic.

Let A be a fourth order tensor satisfying the following hypotheses: for almostcall) € 22 x Y, for all
i,j k,1e{l, 2 3}andforall symmetric X 2 tensore = (e;;),

Ajjki = Ajirt = Auij (6)
y — Ajju(x, y) is periodic with periodr @)
Ajjir € L®(82; Cy(Y)) (8)
Im >0, Aju(x,yexe >me;je;; 9)
Let
2 3
fe(L () (10)

We consider the variational formulation of the equilibrium equation of a k@dyhich is only subject to volume
forcesf*, its lower and upper faces being fixed. We assume that the forces in the direcaommore important
than the one in the transversal directions; more precigély (¢f,, f3). Setting

®={¢pec(H(2)* ¢=00nIp) (11)
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we consider the problem:

ug € P,
/ x/ 2 / x!
xr A x, — )+ eSqm A X s e(ug)e(p)(x) dx
2

=/(8fa(X)¢a(X)+f3(X)¢3(X))dx, Vo e
2

Under hypotheses (6)—(10), the use of the Korn’s inequality and the Lax—Milgram theorem gives existence and
uniqueness of the solutian. for eache. The homogenization procedure consists in the study of the behaviour
of u, ase tends to zero.

The main difficulty comes from the fact that the radius of each fiber has the same order than thefdize
period of the structure and the order of magnitude of the coefficients in the fibers are more important than the one
of the coefficients in the matrix, the ratio bein§ An other choice of the scalings for the loading terms and for
the ratio between the elasticity coefficients inside the fibers and outside them was considered in [1].

We perform the asymptotic analysis without any assumption on the isotropy of the material in the fibers, nor
on the one in the matrix, so that we expect to obtain a coupling homogenized problem involving in particular the
anisotropy of the fibers as it was shown in the scalar case, see [14]. For a single rod with a constant radius, the
one-dimensional model is derived in [3]; a different approach is presented in [4] for partially heterogeneous straight
rods and in [2] for curved rods.

In the case of rigid isotropic fibers with very thin radius i.e., under the assumption/e — 0, A, — oo,
ne — 00, Where, and . are the Lamé coefficients of the fibers, it was proved in [13] that the homogenized
material is a second gradient material. This situation was addressed in a more general context in [5]. The
commutativity of the limits first with respect to the thickness of the structure and then with respect to the size
of the period or conversely was considered in [6—9] and [10].

In the case of a single rod, it was proved in [3] that the reduction problem 3d-1d leads to a limit problem which
consists of a system in which arise a Bernoulli-Navier type displacemeariother displacement due to the
anisotropy of the cylinder and a two-dimensional displacementhe case of a cylinder having heterogeneities
through its axis was studied in [11]. In the homogenization process we consider here, it is natural to expect
to keep at the limit some sides of the limit problem obtained in [3], since we are in presence of several thin
cylinders (the fibers). Actually, we prove that the homogenized problem involves a vawidiolked together
with the displacements in the fibers. This variable can be seen as an ‘homogenized form’ of the Bernoulli-Navier
displacement obtained in [3]. In particular, the transversal displacemguispend on the variable and they are
strongly linked with another variablgx, y) which describes the displacements outside the fibers, see below for the
definition of the corresponding spaces. Similarly, the anisotropic variade the two-dimensional displacement
w of [3] take here a homogenized form.

Globally, our approach is similar to that developped in [3]: in the first step, the limit problem is written as
a system involving different variables (Theorem 2.1); then, after writing some of these variables in terms of the
solutions of elementary problems which depend only on the coefficients of the #naergive the final form of
the homogenized problem (Theorem 2.2). Note the nonlocal character of the equation given in Theorem 2.2: the
macroscopic displacemenisin the fibers are connected with the displacementsitside them, see the precise
definition ofu andz below. In other words, these two variables are not independent and the homogenized equation
given in Theorem 2.2 must be seen as a single equation involving thé&upair rather than a system of a two
equations om andz.

In addition to the space defined by (11), we will use the following spaces and notations.

We denote by the pointy® = (—y», y1) obtained fromy by a rotation. As usual, the strain tensp) is

defined componentwise by;; (¢)(x) = %(g% + %{)(x) while the notatione); (¢)(x, y) = %(g%: + %)(x, y)

(12)
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will be used for the components of the strain tensor in the basicYcéle also use the abbreviated notation

e(¢) = (:“/;Ef;; zz((g;) If B denotes a fourth order tensor, then the scalar product of the maBiegs and

e(¢) will be denoted asBe(¢) e(¢p) = Zi’j(Be((ﬁ))i’j(e((ﬁ))i’j. We denote byH#}(Y) the space of functions
in HLloc(Rz) which are Y-periodic and byCy(Y) (resp. Cg°(Y)), the space of continuous (resp. infinitely
differentiable) functions ifR? which areY -periodic.

We denote b3H01(I) (resp.Hbl(I)) the space of functionsin the one-dimensional Sobolev spagé(/) whith
zero trace on the boundary Hf(resp. such that —%) =0); the spaceHg(I) (resp.Hbz(I)) denotes the subspace
of Hg(I) (resp.H}:(I)) of functions with derivative inH} (1) (resp.H}(I)). We denote by} (D)) the subspace
of functions inH1(D)) with zero average oveb.

We set:
U= {u = (u1,u2,u3), Uy € Hl(.Q) N Lz(w; HOZ(I)), us € Lz(a); H&(I))} (13)
V= {v=(v1,v2,v3): 3c € L¥(w; HG (D)), va(x, y) = c(x)y®in 2 x D, vze L?(2; H(D))} (14)
W = {w = (w1, w2, 0): we € L3(2; HY(D)), /(ylwz — yow1)dy =0, a.e.ing} (15)
D

zZ= {z = (21, 22, 23) € (L2($2; HXD)))®, / zidy=0, Vi=1,23, Ju=(u1,u20) €U,
o
3c € L2(; HAD): za(x, y) = —yﬂaﬂ(x) +e()yRin 2 x D, Va=1,2, (16)
X

Oty .
23(x,y) = —yo— ) iIN 2 x D
0x3
For the sake of brevity, we put:
T=UxVxWx2Z 17)
Before giving the results, let us recall the definition of the two-scale convergence (see [12]) for which we use the
symbol——,
Definition 1.1. A sequence; in L?(£2) two-scale converges to a functiere L2(£2 x Y) if:

V¢ € D(£2; C(Y)), /zs(x)qﬁ(x,x;) dr — //z(x,y)fﬁ(x,y)dxdy (18)
2 Y

In order to describe the homogenized problem corresponding to the situation where Dirichlet condition is only
prescribed on the lower fac&_1,> an analogous space still denoted Byis defined by replacing in (13),
(14) and (17) the spacdsol(l) and Hg(l) respectively byHbl(I) and Hbz(l). Taking into account this remark,
Theorem 2.1 below is concerned with the cé%e= £2_1,> U £21/> as well as the casEp = §2_1/».

Our main results are the following.

2. Statement of the results

Theorem 2.1.Assumg6)—(10) Letu, be the sequence of solutions(@®R).
There exist

(u,v,w,z)eT (19)
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such that for alle, 8 = 1, 2, the following convergences hold true

Cap (Ue) XF, == €pg (W) XD () (20)
1/0v3 dc

ea3(Ue) XF, —— E(E + 8—y§)XD(y) (21)
ou 92u

e33(ug) XF, —~— (8—3 - ya—g)XD(y) (22)
X3 3x3

eap(e) xm, —=— (eap () + €,5(2)) X(r—D) () (23)
1/0u, 0z3

NN il 24

eq3(Ue) XM, 2(8x3 + 3y >X(y py(») (24)

e33(ue) xm, ~—0 (25)

(u, v, w, z) is the unique solution of the problem

(u,v,w,z) €T,
003

y d dc R Y (= ac R
eyp (W) 2(3;)3 + a_éya) eyp(W) 2(a>(y + 3_;3))0!)
/ A ;(ng dc ouz azua 1.(81;3 ac ) duz azﬁa dXdy
2

QxD m—i_axsy‘)‘) ax3 ¢ 3)6% 2\ 0yq +3x3ya 9x3 o 3)6%
(@@ + @ 35+ )
+ (Bua + 313) 0
2x(Y—D) dx3 1 9y (26)

@0+ @ FEHE)
Bua 313) 0 g
3X3 Bya

\

/ fa(x)ua(x)+f3(X)(u3(x)+z3(x y))) dxdy
2y
Yu,v,w,z) €T

Remark 2.1.Problem (26) is a well posed problem on the spdce V x W x Z which is a Hilbert space for the
norm

ous 2 Bzua 2 < 2 H3U3 dc g 2
— + + eap (1) nill vt
(‘ 9x3ll L2(e) Xa: 0x5 |l L) QX,; learliey 0y« 9x3"" || L2 p) 27)
iz 2 1/2
+[ecp(w ||L2(A’2><D) + lleas @ HLZ(.QXY) 3va |l L22xr)

Convergences (21)—(25) suggest that the solutioof (12) behaves as:

Ug(x) x’ x’ x’ x’
+za|x,— ) tews|x,— ), z3|x,— ) +usx)+evz|x,— )|
& & & & &

Such test functions imply that the quantlt%(z)xp(y) 3“3 (x), and(0z4/0x3 + 9z3/0x4) xp(y) for a, B =
1,2 do not appear at the limit. This is indeed the case since the two-scale digpits, y) (resp.ox3(x, y)) of
Agprier(ue) xr, (resp.Aqauen(ue)xr,) are such thatf, yoo,5dy = [ ya0u3dy = [, 003dy = 0, for each
a, B,y = 1,2 (there is no summation) and (y1023+ y2013) dy = 0.

In order to get another formulation of the homogenized problem (26), we first write the variaatesw in
terms ofu via elementary solutlonev(”) wP), p=1,2,3, and(d3, w) which depend only on the coefficients
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Ajji of the tensorA. In the casel'’p = £2_1/7, problem (26) is then written in the following form; the case
I'p = $2_1/2U 21> also leads to a problem o, z) but with supplementary terms due to the condition

c(x',—3) =c(x', 3) =0, see [15].

Theorem 2.2.In the casel'p = £2_1/2, the homogenized proble{®6) admits the following formulatian(x, z) is
the unique solution of

(u,z) el x Z,

dx ox. . 3 (G e
/ﬁ%)§% %é det ACM%?;%@ AMJMU

X x =
s a_ug a_ug 2x(Y—D) o3

0x3 0x3

<€aﬂ (@) (x) + €5 (2) %(g% + g_;z)> dx dy -~
dily 0z
35+ 550 °
N / (fa ()it (o) + f300)(@3(x) + Z3(x, ))) de dy

Yu,z) el x 2

The coefficientsA?j of the homogenize8 x 3 matrix A are given in terms of the elementary solutions
@, 0P), p=1,2,3, and(is, ).
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