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Abstract

This Note deals with the linearized water-wave problem involving a surface-piercing cylinder in water of infinite depth.
A solution to this problem is proved to be unique for all values of the radian frequency when the cylinder intersecting the free
surface at arbitrary angles is subjected to certain geometric arrangeifeait® this article: N. Kuznetsov, C. R. Mecanique
332 (2004).
0 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé
L’unicitédu probléme des ondes de surface pour les corps qui inter sectent la surface libre sous desangles arbitraires.
Cette Note porte sur un probleme linéarisée du mouvement sur la houle d’un cylindre flottant dans une mer de profondeur infinie.
L'unicité du probleme est démontrée pour toutes les valeurs de la fréquence d’ondes si la forme du cylindre qui peut intersecter
la surface libre sous d'angles arbitraires satisfait a des certaines conditions géomé®aguerer cet article: N. Kuznetsov,
C. R. Mecanique 332 (2004).
0 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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1. Inroduction

In 1950, John [1] proved the first result on uniqueness in the water-wave problem (WWP for short, in what
follows). He considered surface-piercing bodies subjected to the condition now usually referred to as John’s
condition. In the two-dimensional case it includes the following two requirements:

E-mail address: nikuz@wave.ipme.ru (N. Kuznetsov).

1631-0721/$ — see front mattér 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crme.2003.10.008



74 N. Kuznetsov / C. R. Mecanique 332 (2004) 73-78

(i) there is one and only one surface-piercing cylinder in the set of cylinders forming the immersed obstacle
between the horizontal free surface and the rigid bottom;

(i) the whole obstacle is contained within the strip between two vertical lines through the points, where the
surface-piercing contour intersects the free surface of water, outside of this strip the bottom is horizontal.

Much later, Simon and Ursell [2] demonstrated that if condition (i) holds, then condition (ii) can be replaced
by a weaker one. Namely, if the depth is infinite, then the whole obstacle must be confined to the angular domain
between the lines inclined at/4 to the vertical and going through two points, where the surface-piercing contour
intersects the free surface. If the depth is finite, then the result in [2] requires that the whole obstacle is confined
to an angular domain between the lines going through the same two points and inclined at a certain angle to the
vertical that is smaller than /4.

Further development of the linear theory of water waves (see the book [3] for an updated account of this theory)
shown that condition (i) is essential for the uniqueness theorem to be true. This became clear when Mclver [4]
constructed an example of a nontrivial solution to the homogeneous WWP with two surface-piercing cylinders each
satisfying modified (i), but separated by a nonzero spacing. Mclver’s result has increased interest in determining
conditions under which a solution is unique, but even before that, the importance of this question was emphasized
by Ursell, who placed it first in his list [5] of unsolved and unfinished problems in the theory of water waves.

In the passed few years, some progress was achieved concerning the uniqueness in the WWP in two and three
dimensions. However, conditions, providing uniqueness for bodies which intersect the free surface at angles to the
vertical greater than those obtained in [2], were not found so far. The aim of this Note is to fill in this gap, at least
partially. We will be mainly concerned with the case of a surface-piercing cylinder in water of infinite depth, but
results for other geometries of obstacles will be also mentioned.

2. Two equivalent statements of the problem

Let W denote the cross-section of a domain occupied by an inviscid, incompressible, heavy fluid (water). It is
assumed thaV = R2 \ B, whereR2 = {—oc0 < x < +00, y < 0} and B is a simply connected domain ®2
attached t&R? and such that: (a) faf = 9 B N R2, the closureS is a piecewis& ?-curve without cusps; (1Y is
not tangent to the-axis at(4a, 0) which, without loss of generality, are taken as the endpoinss ®husB is the
cross-section of the immersed part of an infinitely long cylinder floating in the water surface. If the surface tension
is negligible and the water motion is assumed to be irrotational, then the small-amplitude oscillations of water
such that the radian frequency is equalbt@re described mathematically by a complex-valued velocity potential
¢ satisfying the following boundary value problem:

V=0 inW, ¢,=v¢ onF={lx|>a, y=0}, dp/on=f onS (1)
¢y Fivg =0(1) uniformlyiny € (—oo,0] as +x — 400 (2)

This problem must be complemented by the condition that the Dirichlet integyalfocally finite. In (1), f is
a given function orf that depends on the type of problem (radiation or scattering)dse nonnegative spectral
parameter equal 10°/g, whereg is the acceleration due to gravity.

Since we are interested in the question of uniqueness, wg pud in which case the following conditions hold
(cf. [3], Section 2.2):

¢ (x,y)=0O([x?+ yz]_l/z) and |V¢|=0([x?+ yz]_l) asx?+ y?— oo
They imply that

/|V¢|2dxdy<oo, /¢2dx<oo 3)
w F
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whose meaning is that the kinetic and potential energy of waves per unit length of cylinder’s generators is finite.
If the Neumann condition is homogeneous, then conditions (3) can be imposed instead of (2) gaodnsbe
assumed to be real because if it were complex, then both the real and imaginary parts would separately satisfy the
problem.

Let us rewrite problem (1), (3) using the bipolar coordingtes) because this leads to essential simplifications
in the proof of uniqueness. The standard way to introduce them is as follows (see, for example, [6], Section 2.01;
[7], Section 10.1):

x = asinhu/(coshu — cosv), y =asinv/(coshu — cosv) 4)

wherea was defined in condition (b) fof. Let us describe some properties of (4) that maps conforr&lipnto
{—00 < u < +00, —1 < v < 0}. The metric coefficients arg 1 = g2» = a?/(coshu — cosv)2. The points(+a, 0)

on the(x, y) plane go to infinity on théu, v) plane, the origin on the latter plane corresponds to the point at infinity
on the(x, y) plane, and each coordinate line

{(fu>0, v=0}, o=const -7 <o <0 (5)
is represented on th, y) plane by the following circular arc:
x2+(y—acota)2=a2(colza+1), +x>0, y<O0 (6)

that hag+a, 0) as one of its endpoints (see Fig. 1, where several such arcs are shown by dashed lines; the second
family of the coordinate lines ifR2, semicircles which have their centres on thaxis and are orthogonal to
curves (6), will not be used in the present context). Moredveto < u < 400, v=—x} and{fu > 0, v =0}
are the images of|x| < a, y = 0} and{£x > a, y = 0}, respectively. Therefore; is mapped onto the whole
u-axis (this is the first reason for using the bipolar coordinates) and the imdgfei®f curvilinear strip denoted
by W. Apart from theu-axis, the boundar§)V includes the image af. It follows from properties of (4) that this
curve denoted by lies between the-axis and the horizontal line = —x and asymptotes the horizontal lines
v = —at asu — +oo (this is the second reason for introducifag v)). Herea . € (0, ) is the angle betweesi
andF at(+a, 0).

Let o(u,v) = ¢(x(u, v), y(u, v)), wherex(u, v) andy(u, v) are given by (4). Then we get from (1) with the
homogeneous Neumann condition:

V2p=0 inW, (coshu — 1)g, =vagp forv=0, Vo-n=0 onS 7)
Heren is the unit normal t&5 exterior with respect tdV. Moreover, conditions (3) imply that
+00 2( 0)
¢,
Vo|? _—
/| ¢|“dudv < oo, /Cosm_ldu<oo (8)
w —00

which completes the second statement of the homogeneous WWP.

3. Integral identities

According to (8), the first Green'’s identity can be appliedVh and in view of (7) we get:

+00 5 0
/|V¢|2dudu=ua/$du 9)
w —00

Another integral identity will be derived from the following identity proposed by Vainberg and Maz'ya [8] (see
also [3], Section 2.2.2):

Qugy + @)V =V - (2up, + )V — 292 — (u|Vg|?), (10)
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which is straightforward to verify. Let us integrate this identity ovet =W N {|u| < b}, whereb is sufficiently
large. Using (7) and the divergence theorem, we get

2/ goidu dv—i—/u . n|V<p|2dS
w S
+b
= /[ZM% (1, 0) + ¢(u, 0) ]y (u, 0) du + Z + /(214% + @)pu dv (11)
—b ¢
+
whereS’ = SN {|u| < b}, u=(u,0), > denotes the summation of two terms corresponding to the upper and
lower signs, respectively, antl. = W’ N {u = +b}. Using the free-surface boundary condition, we transform the
first term in the right-hand side as follows:
+b

va/[Zugou(u,O)+<p(u,O)]

—b

+b
0 inh
v(.0) du = va ﬂfpz(uﬂ)du+va[

u@?(u, 0) u=+b
coshu — 1 (coshu — 1)2
b

costu —1],__,
Here the last expression is obtained by integration by parts. From (3) it follows ¢hay) tends to constants as
(x,y) = (%a,0), and sop(u, v) has the same property as— +oo. Therefore, the integrated term in the last
equality tends to zero ds— oo. The integral in the right-hand side of the last equality convergés-asoco in

view of (8). Furthermore, (8) implies that there exists a sequénge® such that the last sum in (11) tends to zero
asby — oo. This can be demonstrated in the same way as in the proof of Lemma 1.1 in [8]. Passing to the limit in
the transformed equation (11) with= b, andk — oo, we arrive at the following integral identity:

+00

u Sinhu
)2<p2(u, 0) du

2 | ¢? -n|Ve|?ds = —_—
/(pududv—i—/u n|Ve|“dS =va (coshe —1

w S —00
Subtracting this from (9) multiplied by two, we get

+00

u sinhu — 2(coshu — 1)
2/¢§dudv—/u-n|w|2ds+va/ (Coshi — D)2 9%, 0)du =0 (12)
w S —00

This identity will be used in the next section for proving the uniqueness theorem for the WWP.

4. Conditionsof uniqueness

It is easy to see thatsinhu — 2(coshu — 1) > 0 for allu € R and the equality holds only for=0.1fu-n <0
on S, then the expression in the left-hand side in (12) is strictly positive for a nontgvilherefore, (12) leads to
a contradiction unlesg is equal to zero identically. Hence, the following assertion is proved.

Proposition 4.1. Let u- n < 0 on S, then the homogeneous boundary value problem (7), (8) has only a trivial
solution for all positive values of v.

Let us reformulate this uniqueness theorem in terms of the WWP. For this purpose we note that the inequality
u - n < 0 that must hold o means that each horizontal half-axis (5) that begins onthgis and goes te-co,
crossesS at most once. Moreovedl| transversal intersections of these half-axeswith S are pointsof entry into W.
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Since the circular arcs (6) beginning on the negagiaxis and ending atta, 0) correspond to the half-axes (5),
we get the following equivalent formulation of the uniqueness theorem proven.

Proposition 4.2. Let all transversal intersections of curves (6) with S be points of entry into W, then the
homogeneous WWP has only a trivial solution for all positive values of v.

5. Discussion

Uniqueness has been established in the two-dimensional WWP for all values of the radian frequency provided
that the contousS, bounding the cross-section of a surface-piercing cylinder, satisfies the transversality condition
with the circular arcs (6) which belong to one of two families of the coordinate lines of the bipolar coordinates (4).
This condition requires that curves (6) enter into the water domain; several similar conditions of uniqueness were
obtained earlier in a number of papers by Vainberg, Maz'ya, and Kuznetsov (see also [3], Chapters 2 and 3). The
novelty of the present result is that: (1) it imposes no restriction on the angles fornfedily the free surfacé’;

(2) S is not supposed to be symmetric about a vertical axis. The second feature distinguishes the present result from
that of Mclver [9]. She also considered the two-dimensional WWP and proved a condition of uniqueness that has
property (1), but her result has a drawback being valid only for symmetric solutions (they are given by even in
functions) when the obstacle is symmetric aboutytbexis.

Unfortunately, the way, in which the differential identity (10) was applied in this Note, cannot be generalized to
the problem of a surface-piercing cylinder in oblique waves like it was done in [8], where the case of a water layer
with a bottom hole was considered. Since the problem of oblique waves involves the modified Helmholtz equation,
it is necessary to apply the divergence theorem in the left-hand side as well as in the right one. This leads to an
extra term on the left in (12), and since that term has the wrong sign, no conclusion about the uniqueness could be
made for the problem of oblique waves.

It is easy to give examples of contousgS) for which Proposition 4.2 (Proposition 4.1) is true. It is obvious
that Proposition 4.2 is valid for every circular cylinder belonging to the family (6). Another simple example is a
cylinder whose cross-section is an ellipse with the following properties. It goes thfaugl®) and its major axis
is vertical.

If Sis given by

v=—a+ (,3 +u2)71, where O<a < and O< ,371 <o

then Proposition 4.1 obviously holds. In order to describe the corresponding$oneshas to substitute the latter
expression fow into (4), thus obtaining parametric equationsSofvith u as the parameter varying d Both
angles betweel and the curves, obtained in this way, are equal &

If S is composed of parts for either of which all transversal intersections with curves (6) are points of entry of
curves (6) into the water domain, then Proposition 4.2 is true for this ciir#®r example, a part of an ellipse
with the vertical major axis can be attached from below to a circular segment given by (6) (see Fig. 1, where all
curves (6) shown by dashed lines entérexcept for that one whose continuations are the circular patgofen
by (6)).

Furthermore, the water domaiii may have finite depth because Proposition 4.2 remains true if an infinite
curve H that bound9v from below has the following two properties: #) asymptotes a horizontal line at infinity;
(N all transversal intersections &f with curves (6) are points of entry of curves (6) ita In particular, (1) holds
whenH is a horizontal straight line. The obstacle immersed in water may also include totally submerged cylinders
in addition to the surface-piercing one. Of course, the boundary of either totally submerged body must satisfy the
same transversality condition with curves (6).

In conclusion, it should be mentioned that there is another problem for which Propositions 4.1 and 4.2 provide
the unigueness. Since the statement of the two-dimensional problem of a cylinder moored at an infinite rigid dock
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Fig. 1. An example oB for which Proposition 4.2 holds; dashed lines are curves (6). Both angles befveaehF are equal to each other and
are smaller tham /4.

distinguishes from the statement of problem (1), (2), we give the corresponding formulation, while the details of
the proof can be reconstructed by combining our considerations in Sections 3 and 4 with the argument in [1],
pp. 79-81.

LetL ={—00<x < +00, —d <y < 0},d > 0, be alayer of finite depth. By we denote the same curve as in
Section 2, but assume that maxyes|y| <d. Let

D={-co<x—a, y=0} and F={a<x<+o0, y=0}

be the rigid dock and the free surface, respectively. A complex-valued velocity poténtralst satisfy the
following boundary value problem:

V=0 inW=L\B, ¢y=v¢p OnF, dp/dn=f onSUD, (13)
¢y —ikogp =0(1) uniformlyiny € [—d, 0] asx — +o0, ¢=0(1) asx > —o© (14)

Again, (13) and (14) must be complemented by the condition that the Dirichlet integpabkdbcally finite; f is
a given function onS U D, depending on the type of problem, wherégsn (14) is the only positive root of
kotanhkod = v.
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